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Summary. The author applies the two-variable expansion procedure to an 

example i n  singular perturbations and shows how the val idi ty  of t h i s  pro- 

cedure can be established i n  many cases (including some nonlinear problems). 

1. The boundary value problem 

(1 1) eYf' + y' = h' ( t )  O s t g l  

i n  which i s  a given in f in i t e ly  differentiable function, s i s  a small 

positive p a m e t e r ,  and a and fl are  given numbers independent of s, has 

often been used to  i . l lus t ra te  features of boundary layer theory or, more 

generally, of certain techniques for singular perturbations. 

Some time ago [2] I.used, t h i s  example t o  5 l lus t ra te  the use of the 

technique developed by P. A. Lagerstrom and h i s  associates, i n  particular 

S. Kaplun [L] . According t o  Kaplun and Lagerstrom one obtains f i r s t  an 

"outer expansionTf of the form 

f o r  the so1ut;ion of (1.11, (1.2)- This expansion i s  supposed t o  hold for  

t >  0, and it can be made t o  sa t i s fy  the second, but it w i l l  i n  general 

fa,il t o  sa t i s fy  the f i r s t ,  of  the boundary conditions (1.2).  I n  the present 

case 

(1 -14) 

CQ n 
@ - p + X [ l ~ ( ~ )  (t) - h(n) (l)] ( -e l  . 

0 
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. One then introduces the "stretching t ransf  ormation1! 

and obtains an "inner expansionI1 of the form 

. . 
holding for  bounded 7 .  This expansion can be made t o  s a t i s fy  the f i r s t ,  

but not the second, boundary condition (1.2), and it will contain unde- 

termined constants. I n  the present case, 

where the a re  the undetermined constants. A matching process which 

need not be described fur ther  here leads t o  t he  conclusion tha t  the outer 

and inner expansions % r i l l  be consistent i f  

A~ = B - a  + h(0) - ( 1 )  % = (-1) n-lh(n)(~-) n r 1 

i s  chcssn. 

Neither the  outor nor the  inner expansion i s  val id  throughout the 

interval  0 t 1, and f o r  t h i s  reason Kaplun and Lagerstrom propose a 

!rcomposite expan,c,ionI1, which i n  the present case. tak6s the form 

yC - rue + (l-e-t/e) + ( t )  
0 

and can be shown t o  hold vaiformly throughout the i n t e r v d  0 S t s 1. 

2. Once the poss ib i l i t y  0 f . a  uniform expansion has been recognized, and 

the general character of such an expansion i s  knom, one might t r y  t o  

construct the expansion by the so-called two-variable expansion technique 

(see f o r  instance [l] Chapter 3) without going through the p~e l iminary  

' stages of inner and outer expansions and niatching. At t h i s  point  it is 



necessary t o  discuss b r i e f ly  the  matllematical character of the various 

expansions. 

In  a l l  three  expansions s + O+. Both the' outer and inner expansions 

are asymptotic expa.nsions i n  the c lass ica l  (~o inca rh )  sense, with coeff i- 

cients depending on a parameter, I n  (1.4), t may be regarded a s  a f ixed 

parameter, 0 < t S 1, while i n  (1.1), T may be considered fixed, T 2 0.  

Now, the coefficient of en i n  (1.8) depends on both t and 7. These para- 

meters a re  re la ted  by the s t re tching transformation t = s~ and cannot 

both be fixed a s  e + O+. Thus, (1.8) i s  not an asymptotic expansion i n  

the c lass ica l  sense. 

The composite expa,nsion (1.8) i s  a general asymptotic expansion -- i n  

the following sense. Given an asymptotic scale  ( )  ( i n  our case {en]), 

an asymptotic expansion 

(2.1) F(€ 1- ,- Fln(€) [vn1 
- i t h  respect t o  t h i s  scale  i s  characterized by the property tha t  

(2.2) ~ ( 4  - C ~ ~ ( € 1  = 0(vn) 
6 N  

for  each N. This def ini t ion does not demand t h a t  Fn be a multiple of cp n ' 
it does not even demand t h a t  F be of the same order of magnitude as  cp, n 

(alt.hough the l a t t e r  property happens t o  hold i n  (1.8) and many other ' 

general asynptotic expansions) . 
The most conspicuous fea ture  of general asymptotic expansions i s  an 

obvious and fundamental l ack  of uniqueness. If a function F possesses an 

asyrnp*l;otic expansion, i n  the sense of (2.2), with respect t o  an asymptotic 

scale {rpd, then it w i l l  possess an i n f i n i t y  of such expansions (with res- 

pect t o  tne saxe scale).  Kathematically, a l l  such expansions are of tie i I 
same standing; they a l l  lead  t o  the same er ror  estimate (2.2), although 

I ' I  



the f i r s t  approfinlation and of t e n  en f o r  higher approximations. 

NOIT, it can b s  proved under f a i r l y  general conditions that; u w i l l  

be an approfima.tion t o  a solut ion y of t he  boundary value problem (3 .l) 

i n  the  sense t h a t  

(3 .3)  .Y - u = 0(7j), y' '- uf = 0((l+c-'e-~")7j) 

provided tha t  7 = O(E) and 

with IT! > 1. This r e s u l t  w i l l  be  established,  and the conditions f o r  i t s  

validi'cy w i l l  be given i n  f u l l  de ta i l ,  i n  a forthcoming paper [3]. Ear- 

l i e r ,  a sirriilar bu t  nlore elaborate theorem was proved by h r i l l e t t  [ 53 

whose r e s u l t  i s  nore general i n  t h a t  i t  requ i res  only 71 = o(1) i n  p lace  

o f  the more s t r ingen t  condition 7 = o ( E ) .  

Because of the nonlinear chsract.er of F i n  (3.1) i t  does not appear 

t o  be f ea s ib l e  t o  r e l a x  the  conditions i n  (3.4) -;even i f  one i s  wi l l ing 

t o  a,ccept a weaker r e s u l t  than (3.3) . However, i n  the case under conside- 

ra t ion  here, i t  i s  possi<ble t o  achieve fu r t he r  progress by m~king  use of 

trhe l i n e a r i  t j 7  of (1 .I) . 
Let u ( t , e )  be a terl tat ive approximate sol.ution of (1.1), (1.2), and 

s e t  
t 

(30.5)  [ h f ( s )  - E ~ ( s )  - c '(s)]  d~ = k ( t , ~ )  
0 

and 

Then z s a t i s f i e s  



This sys-tsm car1 be solved expl ic i t ly ,  

We now inake the  assumption tha t  u i s  an approximate solution sa t i s -  

fying 

(3.11) J: I eu" + u1  - h1 I d t  = 0(7 )  

Under these conditions c lear ly  It. = 0 ( 7 ) )  and fYom (3.9) a lso z = 0 (1) . 
Moreover, by integrat ion by par t s ,  

/ and hence a lso szl = ~ ( ' q ) .  Thus, under 'the assi?;nptians ( 3 . l l ) ,  (3.12) ve 

have 

(3.13) y - u = ~ ( l ] ) ,  y' - U' = O ( G ' ~ ~ ) ,  

a resu1.t thtii; is weaker than (3.3) but i s  accq)table  i n  rm.njr cases. 

If we make t h e  Elore denm.-ilng assur~~ptlons 

(361.b) ~2 + ,.I/ - hl = ~ ( y )  t o(? 'E e-mt/s) X >  0 

and (3.12), then zlearJLy (3.11) i s  sa t i s f i ed  and hence (3.13) holds. How- 

ever, we have bebte? estimates i n  t h i s  case f o r  the  f i r s t  tern on the  

r igh t  hand s ide of (3.10) . 
rt e-(t-~!/c -t/c ) ds = s(i--3 
" 0 



and 

If we then s e t  

@ ( t , ~ )  = 1 + c-l.ig-mt/c if 0 < m < 1 

= 1 + c-' ( t / ~ )  e -t/c if m = 1 

= 1 + s-le -t/e if rn > 1, 

we have the improved r e s u l t s  

( 3  -15) y - u = o(q) ,  y' - u! = o('rp) 

under the  conditions (3.14), (3.12). This coincides with (3.3) i f  m > 1 

but i s  a new r e s u l t  i f  0 < m I; 1. Moreover, (3.13) and (3.15') hold with- 

out the  r e s t r i c t i o n  V = o ( G ) .  

4. We are now rea6y t o  construct  asymptotic ex7,3ansions o f  the  solution 

o f  (1 ,1 ) ,  (1 .2 )  by the  two va r iab le  method. I n  addit ion t,o the  geometri- 

c a l  var iable  t, we u.se the boundary l ayer  variable T = t / c  , and will 

construct  an approximate s o l u t i o r ~  of the form , 

A t  once we not ice  t ha t  this form is not  unambiguous since, f o r  instance, 

t/.r = e. We s h a l l  think of fn a s  bounded functions with Sounded p a r t i a l  

derivatives.  P a r t i a l  d i f fe ren t ia t ion  w i l l  be indicated by sx3scripts5 

s o  t h a t  

Ey straightforward subs t i t i ~ t i on ,  

(h.2) e d  I- U' - h '  = (foT,, + fo7) c1 + (fpLT + f 3.1. + 2fOh 



Since (4 . l )  i s  a p a r t i a l  sum of a general asymptotic expansion fo r  I 

which there  i s  1-ack of uniqueness, we cannot conclude t h a t  fo r  each n I 

the coef f i c ien t  of e n  on the  r i g h t  hand s ide  of (4.2) must vanish. Never- I 
I 

theless,  it i s  plnusibl-e t o  determine f ,, . . . , fN recurrently from 

(4.3) 01-7 + fOT = 0 

(4 4) f l T T  + f l T  = h' - 2fot7 - fot  
I 
I 

- 
(4.5) f n + l , m  + fn+1,7 

- 
- - 2 f n t ~  - fnt f n - ~ , t t  . n = 1 ,  2, ..., N - 1 .  I 

A t  once severa.1 circumstances a r e  noticed.  We have here a syst,em of I 

ri + 1 p a r t i a l  d i f f e r e n t i a l  ecjuations t ~ h i c h  f a i l  t o  determine the  n + 1 1 
functions f,, f , ,  ..., f N .  If these equztions a r e  s a t i s f i ed ,  we have I 

I 
N from (4.2) E U" + U' - h f  = ~ ( c :  ) which i s  not  good enough, since we 1 

I 

must have v=o(cN) t o  make (4.1) the par t j .a l  smn of a general asymptotic 
I 

I 

eqmr~slon; ye t  t he r e  i s  n o  assurance of our being able t o  s a t i s fy  a l so  I 

I 

I n  ord.er t o  c l a r i f y  t he  s i tua t ion ,  l e t  us consider the  simplest , 1 

case, N = 0. From (4.3), 

(4.6) f o ( t , ~ )  .= ~ ~ ( t )  e-' + ~ ~ ( t )  

while from (1.2) , 
(4.7) ~ ~ ( 0 )  + B,(o) = Q ,  ~ ~ ( 1 )  = B .  

A. and Bo a re  n0.t f u r t he r  determined a t  %his s tage .  We now set 

arid obtain I 

Clearl .~,  1 = e i n  t h i s  casc, and i n  order t o  s a t i s f y  (3.11) or (3.14) we 

must haw 13: = h' o r  



i n  view of ( k .  7 ) .  Also, from (4.7) 

(4.10) ~ ~ ( 0 )  = a - P + h ( l )  - h(o), 

and A. i s  not fur ther  de t-ermined a t  t h i s  stage. Qua t ion  (3.14) i s  then 

sa t i s f ied  with 'll = s and m = 1, so tha t  with any A. conforming t o  (4 .10)~ 

t -t/e I 

( 4 : U  
I I y - u o = O ( e ) ,  y - u o = O ( s + - e  ). 

s 

Equation (4.4) now becomes 

1 -7 
flTT + f17 = A. e . 

This equation w i l l .  have a par t icular ly  simple solution, 

fl(t, 'r) = ~ ~ ( t ) e - b  Bl(t)  

i f  we make use of the  f~eedcm l e f t  i n  the choice of A. by choosing A: = 0, 

It must be emphasized tha t  t h i s  is  an arbi t rary choice leading t o  a 

simple computation but not influencing the accuracy of  the approxima- 

tions. With A; = 0,  ,the r i g h t  hand side of (4.8) becomes ~ ( c ) ,  SD that  

we may take m > 1 i n  (3.15) and obtain 

(4.13) 
I y - uo = ~ ( e ) ,  yf  - uo = ~ ( e + - e -  t / ~  ) 

but t h i s  estimate i s  no be t t e r  than ( 4 , l l ) .  

We can now repeat tiiitln 

-7 
u l ( t , c )  = CA*(~)  6 e ~ ~ ( t ) ] e  + B3(t) + E B ~ ( ~ )  

the process carr ied out ea r l i e r  with uo and obtain B;(t) = - B;(t), while 

A1 w i l l  be undetermined except for the value of ~ ~ ( 0 ) .  In order t o  sim- 

p l i fy  the eqxation for  f 2, we may choose A; = 0, but t h i s  i s  agaill a rmt- 

ter  of convenience rather than one of principle.  

It w i l l  now be shown tha t  (4.5) can be s a t i s f i e d  by 

(4.14) fn( tY7)  = %(t)e-' + ~ , ( t )  



and then determines & and Bn f o r  1 S n N - 1 but no t  f o r  n = N. It 

nust be s t ressed  t h a t  the  determina't.ion of and Bn is  due t o  our as- 

svming t h a t  fn. is of the  simple form (L.&). The system (4.5) possesses 

solutions i n  which e" i s  rkuit ipl ied by a polynomial i n  T with coeffi- 

cients depending on t, and these  so lu t ions  a r e  highly indeterminate. I n  

fac t ,  a t  every stage of the  construction t h e r e  a r i s e s  the  same lack of 

determination as the  one we encountered i n  r e l a t i o n  t o  f o  a d  a r e  going 

t o  encounter again i n  regard t o  fK. 

Subst i tu t ion of (4. llr) i n  (b. 5)  y i e l d s  

Since t h i s  holds i den t i c a l l y  i n  t and T, we must have 

(401-5) <A = A" B; = -B* n = l ,  2, ..., N-1, n-1 ' n-1 

while from the  boundary condi ti ons 

Star t ing with (L.9) and (4.12), we now see  by induction t h a t  

Apart from the boundary conditions, AN and BN a r e  not  d e t e w n e d  a t  t h i s  

stage. 

Subst i tu t ing 

and taking account of (4. 3) t o  (4.5), we ob ta in  from (b.2), 

N -r 
For t h i s  t o  be O(cN'l) + O(E e ) , it i s  both necessary and suffj.cient 

t ha t  B' + B" - 0,  so th.at the  second equation (L.17) must hold  a l so  
N I?-1 



f o r n = N .  l & m a y a l s o t a k e  = 0 ,  and4  a c c o r d i n g t o  t h e f i r s t e q u a -  "r; 'N 1 I 

t ion  ( 4 . ~ 7 ) ~  f o r  convenience but there i s  no compelling reason t o  make 

t h i s  choice. 

We now. have I 

This i s  precise ly  the  appro-ximation by p a r t i a l  suns of t h e  composite ex- I 
pansion of Kaplun and Lagerstrom. It i s  seen t o  be one of many possible 

expansions of the solut ion of (1.1), (1.2). 

In.conclusion, i t  may be noted t h a t  the degree of a rb i t ra r iness  

i n  the cho5.ce of PL, depends on the avai l .abi l i ty  i n  t h i s  case of the es'ti- 

mate (3.15) under the  conditions (3.14) . The a l t e r n a t i v e  conditions (3. b) I 
are  of wider appl ica t ion and by the same token not t he  b e s t  poss ible  con- I 
di t ions  i n  pa r t i cu l a r  circurr~stances. Had we depended on the  l a t t e r  f o r  ;I 

I I 

the validzition of u, it would have been necessary.-I;o enforce m > 1 and i i 
hence apparently necessary t o  have $ = 0. Thus, the  apparent degree of I I 
freedom i n  $he choice of asymptotic expansion depends e s sen t i a l l y  on the  I 1 
tools  one uses. 
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