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A b s t r a c t  

The time-dependent d i f f u s i o n  e q u a t i o n  is solved f o r  

an i n f i n i t e  layer of f l u i d  in w h i c h  t h e r e  are t i d a l  or 

s u r f  a c e  waveso The hydrodynamical dis t u r b a n c e s  J . +  found 

t o  produce perturbations i n  t h e  otherwise t ime- independen t  

t e m p e r a t u r e  d i s - t r i b u t i o n ,  The p e r t u r b a t i o ~ ~ s  a r e  f o u n d  t o  

p r o p a g a t e ,  ~v l? i le  r e t a i l l i n ~  t h e i r  f o r m  or else getting 

dispersed, and in g e n e r a l  be s i m i l a r  t o  the hydrodynamic 

waves. P r o p a g a t i o n  of the  h e a t  associated with t h e  per- 

t u r b a t i o n  i n  t he  temperature d i s t r i b u t i o n  is  LIlen shown 

t o  g ive  rise t o  c o n v e c t i o n ,  



I n t r o d u c t i o n  

The concept of fo rced  convection i s  normally a s soc i a t ed  

wi th  s t reaming through a duct  o r  p a s t  an o b s t a c l e ,  I n  such 

mechanisms t h e  co ld  (o r  s o l u t e  absorbing)  f l u i d  a t  t he  v i c i n -  

i t y  of t he  h e a t  ( o r  mass) sources  i s  being c o n t i n u a l l y  r e -  

p len ished .  Less  a t t e n t i o n  has been paid  t o  convection mech- 

anisms i n  w h i c h  t he  mean v e l o c i t y  of the  f l u i d  is  smal l  and 

convec t ion  r e s u l t s  from a wave t r a v e l l i n g  through the  essen-  

t i a l l y  s t a g n a n t  f l u i d .  I t  i s  shown here t h a t  according t o  

t he  accepted incompress ible  f l u i d  dynamics and d i f f u s i o n  laws 

t h i s  form of t r a n s f e r  can e x i s t .  The hydrodynamical wave 

g i v e s  r i s e  t o  a  p e r t u r b a t i o n  i n  t he  otherwise time independ- 

e n t  temperature  ( o r  concen t r a t i on )  d i s t r i b u t i o n .  The per-  

t u r b a t i o n  propaga tes  a s  f a s t  as  t he  t r a v e l l i n g  mechanical 

waves, I t  i s  a l s o  s i m i l a r  t o  t hese  i n  va r ious  o the r  senses ,  

This phenomenon w i l l  b e  t h e r e f o r e  r e f e r r e d  t o  a s  "heat  waveH. 

Furthermore,  i t  i s  t r e a t e d  here  by extending the  w e l l  known 

p e r t u r b a t i o n  type of a n a l y s i s  of hydrodynamic waves, 

A t t e n t i o n  i s  focused on hea t  waves i n  an i n f i n i t e  l a y e r  of 

f l u i d .  When undis turbed i t s  depth h i s  uniform. The tempera- 

t u r e  of t he  s o l i d  bottom ancl the  p o s s i b l y  d i s t o r t e d  f r e e  s u r f a c e ,  

T  and T, a r e  a l s o  taken t o  be uniform. The temperature ( o r  .. 
c o n c e n t r a t i o n )  d i s t r i b u t i o n  i s  no longer l i n e a r  w i t h  the  

h e i g h t  when s u r f a c e  o r  t i d a l  waves a r e  p re sen t ,  This devia-  

t i o n  i s  p a r t l y  due t o  the  geomet r ica l  d i s t o r t i o n  of the  

o therwise  uniform l a y e r  and p a r t l y  due t o  convection.  In the  

ca se  of s u r f a c e  waves i t  i s  p o s s i b l e  t o  make a c l e a r  d i s t i n c t i o n  



between the  two e f f e c t s .  Convection, i n  such case is thus 

shown t o  be produced by hor izonta l  d r i f t  of isothermal f l u i d  

p a r t i c l e s .  Again d r i f  - E .  is  shown t o  be c lose ly  l inked 

w i t h  convection which i s  produced by t i d a l  waves. I t  is 

s i g n i f i c a n t  t h a t ,  i n  theory, so  long as the above mentioned 

condi t ions  hold no convection takes place when the motion of 

the f l u i d  i s  uniform and p a r a l l e l ,  This sub jec t  could 

be of p r a c t i c a l  i n t e r e s t ,  because t i d a l  waves a re  normally 

f a s t e r  than ocean currents.  Furthermore, the two of t e n  do 

not  appear a t  the  same time and place.  Hence heat waves may 

be re l evan t  t o  weather s tudies .  



Genera l  P e r t u r b a t i o n  A n a l y s i s  

I n  t h e  problems under c o n s i d e r a t i o n  t h e  governing 

d i f f u s i o n  e q u a t i o n  

i s  s o l v e d  t o g e t h e r  w i t h  t h e  boundary c o n d i t i o n s  

Here T(x, 5 .6 )  i s  t h e  t empera tu re  ( o r  t h e  c o n c e n t r a t i o n  

of t h e  s o l u t e )  and K is t h e  d i f f u s i v i t y  of t h e  f l u i d ,  Con- 

v e n t i o n a l  c a r t e s i a n  c o - o r d i n a t e s  (x,?) a r e  used  he re  and 

V2 i s  t h e  L a p l a c i a n  o p e r a t o r  i n  these .  The v e l o c i t y  corn- 

p o n e n t s  a r e  (u, LT) , 7 deno tes  t h e  e l e v a t i o n  of t h e  f r e e  

s u r f  a c e  above i t s  u n d i s t u r b e d  p o s i t i o n  y = o  , and i s  

t h e  t ime ,  

A s  ment ioned,  t h e  va r i ' ab les  U, V and a r e  of 06) , 7 
Though d i f f e r e n t  p h y s i c a l  s i g n i f i c a n c e  is  a t t a c h e d  t o  t h e  

pa ramete r  & i n  t h e  c a s e s  of s u r f a c e  and t i d a l  waves, i n  b o t h  

c a s e s  The dependent  v a r i a b l e  can  t h e r e f o r e  be 

expanded thus :  



where c is  the  v e l o c i t y  of wave propagat ion and I. i s  a  

c h a r a c t e r i s t i c  l eng th .  Since T does no t  van ish  when & 

i s  z e r o ,  o r  when t h e r e  a r e  no waves, t h i s  v a r i a b l e  i s  

assumed t o  be expandable i n  t he  fol lowing form: 

00 

When t h e  expansions ( 4 )  and (5 )  a r e  i n s e r t e d  i n t o  equa t ions  

( 1 )  and (3) and l i k e  powers of & a r e  equated,  t he  fo l lowing  

r e l a t i o n s h i p s  a r e  obta ined 

where Ghn is  the  Kronecker d e l t a .  The boundary con- 

d i t i o n  f o r  t he  exposed su r f ace  i s  der ived  by expanding 

T ( x . 7 . t )  i n  Taylor s e r i e s ,  a s  shown 

? 

and s u b s t i t u t i n g  i n t o  equa t ion  (2  ) from (4)  and (5 ) .  The 

r e s u l t i n g  boundary condi t ions  imposed on & a r e  t h e r e f o r e  



and sn on. Every  term i n  the expacs ion ( 5 )  i s  therefore  

g!:: ,~~.r:n~?5 by a dete::n:inate second order  d i f f e r e n t i a l  system, 

Thbz ;7je c a n  be .solved c~a.: .czc$ivelg f o r  3 = 0 ,  J . prcviding 

.i 
. - I  (..4 , , v,, and E. wh, ich  appear  in ( /,) and ( 2 _ )  a r e  

.I.% i * .  The so1ul : ion f::,r 0, is c b ~ r i 0 u s I . y  

'7 ' .. a.rrlce I:T!IPM C = o  +he TcnFerazurc i s  g iven  by t h i s  term 

i5?l lyp A .. i t :  ref)resents  the 5 te;lii;r dis- t r ihut ion  7,vhieh i s  

cer?--rt',ed uh .,en vTa-t7es a r e   res sen*, 

Ir. s u c h  cnse u an? k a re  the  r and y der iva t ives  of 

The wave p o t e n t i a l  Lli [2) 

I 
The e l e v a t i o n  of the free sur face  i s  



The c h a r a c t e r i s t i c  l eng th  C. is  taken t o  be w-' which i s  

('2fl1-' t imes the  wave length .  From the  l a s t  express ion  one 

f i n d s  t h a t  E W - '  is very n e a r l y  equal  t o  t he  ampli tude 

of t h e  d i s t u r b a n c e  of t h e  f r e e  s u r f a c e ,  s o  t h a t  & is  a 

measure of i ts s lope.  

The s o l u t i o n  f o r  6, i s  i n  t h i s  case govexned by 

where t h e  r i g h t  hand s i d e s  of equat ions  (I1) and (21) a r e  

eva lua t ed  by making use of ( 6 ) ,  (7)  and (8). One can 

e a s i l y  v e r i f y  t h a t  t he  s o l u t i o n  f o r  0, is 

When use  i s  made of equat ions  (6) -(9) equa t ions  ( I 2 )  and 

(z2) a r e  f o u i ; d  t o  read  



These toge the r  w i th  (32) y i e ld  

Funct ion 0, f o r  j 2 w i l l  no t  be evaluated wi th in  t h e  

framework of t h i s  t r e a t i s e  because the  mechanical d i s tu rbance  

which i s  O k 3 )  propagates a t  a  v e l o c i t y  d i f f e r e n t  t han  C . 
Therefore ,  though the  method employed here i s  i n  p r i n c i p l e  

a p p l i c a b l e  the  a lgeb ra  involved i n  the  s o l u t i o n s  f o r  8; 

becomes p r o h i b i t i v e l y  cumbersome f o r  j 2 2  . 
I n  t h i s  s o l u t i o n  (3 B, /1d) i s  equal t o  t h e  r i g h t  hand 

s i d e  of equa t ions  (Ij) and v vanishes,  f o r  j = 0, 1, 2. 

P h y s i c a l l y  t h i s  means t h a t  the  temperature of every f l u i d  

p a r t i c l e  i s  f i x e d  and t h a t  equal  amounts of h e a t  a r e  con- 

ducted i n t o  and ou t  of every u n i t  volume. The processes  of 

d i f f u s i o n  and conductions thus do no t  i n t e r a c t .  This i s  n o t ,  

by any means, an unlmown phenomenon. D i s t r i b u t i o n s  which 

have t h e  same p rope r ty  could be produced by l e t t i n g  t h e  f low 

between the  isothermal  su r f  aces 5 -  and . - A  be p a r a l l e l  

( 3 )  and uniform. Such case  is a l s o  t r e a t e d  by OtBrien . 
I n  view of t h e  l a s t  remarks and the  form of the  s o l u t i o n ,  

T s a t i s f i e s  t h e  Laplace equa t ion  i n  (3.5)  a s  wel l  as  ('M,'Y) 

where x l =  x - L  f . The cond i t i ons  (2 . )  and (3.) f o r  j = a , l , 2 .  
J J 

can a l s o  be expressed i n  terms of x '  . The s o l u t i o n  f o r  T 



is  the re fo re  the  s teady s t a t e  d i s t r i b u t i o n  i n  a s o l i d  s t r i p  - - -  --- - - -  
bounded by a wavy (s tat ionary!)  top surface and a plane 

bottom, It is t o  be expected t h a t  the increase  i n  the  area 

of the  top  su r face  due t o  i t s  d i s t o r t i o n  increases  the mean 

f l u x  across  such s o l i d  s t r i p  of length ( 2 ~ 1 ~ )  , This in-  

c rease  i s  represented by the f i r s t  term i n  the c u r l y  bracket 

of equat ion (10). The cont r ibut ion  of t h i s  term t o  the solu-  

t i o n  f o r  temperature d i s t r i b u t i o n  T ( r ,  5 , f )  i n  the wave- 

ca r ry ing  f l u i d ,  i s  therefore  recognized as the r e s u l t  of t h e  

geometr ical  d i s t o r t i o n  of the l aye r  r a the r  than a convective 

e f f e c t .  

The p o s s i b i l i t i e s  of producing an overa l l  x-directed 

hea t  ( o r  mass) t r a n s f e r  w i l l  now be considered, bearing i n  

mind t h a t  each of the  two modes of t r a n s f e r  do not  i n t e r a c t ,  

Since the  impressed gradient  i s  e s s e n t i a l l y  v e r t i c a l  the 

mean a x i a l  conduction i s  expected t o  vanish, Indeed, the 

time i n t e g r a l  of ( 2  / . over a period id+,+ 
i s  zero.  The mean convective t r a n s f e r  s i m i l a r l y  vanishes,  

because f l u i d  p a r t i c l e s  r e t a i n  t h e i r  temperature while t r a c -  

ing c losed  contours around poin ts  which a re  f ixed  i n  space, 

Conversely convection i s  bound t o  be observed w i t h  wave 

motion i n  which the mean pos i t ions  of the isothermal p a r t i c l e s  

t ransverse  a x i a l  d is tances ,  Such, so ca l l ed ,  d r i f t  is  

assoc ia ted  w i t h  the i n f i n i t e  t r a i n  of waves under considera- 

t i o n ,  but i s  of an order t h a t  i s  neglected wi th in  the frame- 

work of t h i s  a n a l y s i & 7 % t  is shown i n  the next  paragraph 

t h a t  d r i f t  and hence convection can be produced by wave-system 



of O(C) . 
Consider t h e  fol lowing gene ra l i za t ion  of t h e  express ions  

Here (OM) is of E and f o r  the sake of b r e v i t y  and 

s i m p l i c i t y  terms of O(6') a re  neglected.  A t  time f=o 

the  fo l lowing  ho lds  

X T h i s  r e l a t i o n s h i p  could (bu t  need no t  n e c e s s a r i l y )  be 

one of t h e  i n i t i a l  condi t ions .  In any case  i t  i s  assumed 

here  t h a t  F(X) is continuous,  even i n  2t and decreases  

more r a p i d l y  than  IX/" f o r  l a r g e  \r/ . Under some circum- 

s t a n c e s  (which w i l l  be discussed l a t e r )  C is independent 

of \NI SO t h a t  a t a n y  time t > o  7 i s  Q F ( X - C $ )  

The d e f l e c t i o n  of the  f r e e  su r f ace  and the  a s soc i a t ed  

v e l o c i t y  f i e l d  t he re fo re  vanish f a r  from the  moving s e c t i o n  

3~ = c f I n  the  event  t h a t  F(r) is everywhere pos i -  

t i v e ,  i . e .  when t h e  t r a v e l l i n g  wave is a s soc i a t ed  w i t h  a 

l o c a l i z e d  'swelS of the  otherwise uniform l a y e r ,  the  propa- 

g a t i n g  d i s tu rbance  produces a  d r i f t .  For hydrodynamic wave 

of t h e  form (11) the  temperature d i s t r i b u t i o n  i s  



I t  is  impor tan t  t o  n o t e  t h a t  t h e  e x p r e s s i o n s  i n  e q u a t i o n s  

(ll), (12)  and (14) a r e  l i n e a r  s u p e r p o s i t i o n s  of s o l u t i o n s  

of t h e  form (7),  (8) and ( 9 ) .  Therefore  i n  t h e  g e n e r a l i z e d  

wave sys tem t o o  f l u i d  p a r t i c l e s  a r e  i so the rmal  and t h e  

arguments  about  t h e  e f f e c t  of t h i s  p r o p e r t y  on t h e  convec- 

t i o n  hold .  Thus w i t h  T= a s  a  r e f e r e n c e  tempera ture  

t h e  h e a t  s t o r e d  i n  a  wave of breadth  t! i s  

where 8 i s  t h e  s p e c i f i c  h e a t ,  This  i s  ob ta ined  by s e t t i n g  

i n  e q u a t i o n  (14)  f = o and i n t e g r a t i n g  t h e  time-dependent 

term w i t h  r e s p e c t  t o  y , *. and r I n  view of t h e  

assumed p r o p e r t i e s  of F/*) (jL i s  f i n i t e  and nun- 

z e r o .  The form of t h e  s o l u t i o n  ( 1 4 )  ind ica tes  t h a t  t h e  

time-dependent component of 7- and t h e  a s s o c i a t e d  b e a t  , 
p r o p a g a t e s  w i t h  t h e  v e l o c i t y  C Therefore though i s  

p r o p o r t i o n a l  t o  ( a / k l  , which i s  s m a l l ,  t h e  r a t e  of h e a t  

f l o w  C Q  cou ld  under some c i rcumstances  be s i g n i f i c a n t .  

T h i s  s e c t i o n  i s  concluded w i t h  some remarks about  t h e  

v a l i d i t y  and a p p l i c a b i l i t y  of t h e  f o r e g o i n g  arguments and 

r e s u l t s ,  The v e l o c i t y  of s u r f  ace  waves i s  r e l a t e d  t o  t h e  

g r a v i t a t i o n a l  a c c e l e r a t i o n  CJ by 



T h e r e f o r e ,  when w i s  v e r y  smal l  c i s  w-independent ,  

a s  assumed, and is  equa l  t o  the  maximum a t t a i n a b l e  v a l u e  

C ~ A ) ' ~ .  There fo re  when t h e  c a u s i n g  d i s t u r b a n c e  i s  such t h a t  

t h e  nx d e r i v a t i v e s  of F ~ I )  f a r e  of 0 (A-b) , 

{(L) is  v e r y  s m a l l  beyond the  range  - al-'c 1 .cL-' 

where E d d l  , and t h e  r e s u l t i n g  (hydrodynamic and) 

h e a t  wave p r o p a g a t e s  wi th  t h a t  v e l o c i t y .  However, i f  t h e  

s u r f a c e  wave i s  produced by a more abrup t  o r  s h a r p  d i s t u r -  

bance, ) is n o t  smooth, and t h e  major c o n t r i b u t i o n s  t o  

t ime dependent  components of e q u a t i o n s  ((ll), (12)  and) (13) 

a r e  due t o  i n t e g r a t i o n  w i t h  r e s p e c t  t o  '~rt beyond t h e  above- 

mentioned range .  The (hydrodynamical and) h e a t  wave g e t s  

d i s p e r s e d ,  and a s i g n i f i c a n t  p a r t  of t h e  h e a t  Q propaga tes  

w i t h  a  v e l o c i t y  s l o w e r  than  . Consequently t h e  r e -  

s u l t i n g  r a t e  of h e a t  f l o w  is  lower than  (gAjbd A more 

e x a c t  e x p r e s s i o n  f o r  i t  can be ob ta ined  by m u l t i p l y i n g  t h e  

i n t e g r a n d  of e q u a t i o n  (13) b y  ~ ( h n )  , s e t t i n g  t = o  and 

c a r r y i n g  o u t  t h e  i n t e g r a t i o n  w i t h  r e s p e c t  ko 3 a n d x  

a s  be fo re .  

Hea t  C a r r i e d  by T i d a l  Waves 

I n  t h i s  c a s e  t h e  dep th  of t h e  l a y e r  1\ i s  taken t o  be 

t h e  c h a r a c t e r i s t i c  l e n g t h  L . The parameter  E is  t h e  r a t i o  

of t h e  ampl i tude  of t h e  f r e e  s u r f a c e  d e f l e c t i o n  t o  . 
The non d imens iona l  components of v e l o c i t y  and t h e  d e f l e c t i o n  

a r e  F1-j 



The functions G and 14 are solutions of the one-dimensional 

wave equation which represent incoming and outgoing waves, 

The expressions for u, , and E ,  are inserted in 

equations (I1), (Z1) and (31). The non homogeneous part of 

these turn out to be functions of 9 , (x trf) and (x - c f )  , 

This leads one to seek a solution which is expressible in 

terms of the three variables. Since, as will be shown, such 

solution exists, it may be concluded that like surface waves, 

incoming and outgoing tidal waves are accompanied by heat 

waves. 

The solution is assumed to have the following form: 

In this expansion Q ,  and k j  are functions of 3 only. 

With this, the governing equation (I1) and boundary con- 

ditions (21) and (3 ) reduce to 
JD 1 

- 7 ~ ' " ( c  + (jj.i + 3; 1) + - J " 

I * *  gc 4181 
+ K ' ~ ) { ~  i -I - K() , - ,  + t i*)) J = c $ + I I ( -  G"+ KO,) .' \ 



Since G and R a r e  f i n i t e  and continuous but otherwise 

a r b i t r a r y  t h e i r  d e r i v a t i v e s  a r e ,  i n  gene ra l ,  mutually inde- 

pendent. Equation (1.3) i k  t he re fo re  s a t i s f i e d  by r equ i r ing  
G'i' K'" t h a t  the c o e f f i c i e n t s  of and f o r  , = 0 ,  I , )  

should vanish.  For j = o  t h i s  requirement y i e l d s  the  

fo l lowing  d i f f e r e n t i a l  equat ions  

By u t i l i z i n g  the  boundary condi t ions  (19)  and (20) these  can 

be r e a d i l y  i n t e g r a t e d .  F o r  J > O  t h i s  requirement y i e ld s  non- 

homogeneous second order  equat ions  governing jJ and kJ , 
i n  which the  non homcgeneous p a r t s  contain  Oeqs and * k t s  of 

lower i n d i c e s .  By using the  boundary condi t ions  the  co- 

e f f  i e i e n t s  i n  equa t ion  (17) can there fore  be evaluated con- 

s e c u t i v e l y  f o r  = a, 1,r . The r e s u l t i n g  so lu t ion  f o r  

i s  found t o  be 

Like the  time-dependent term of equat ion (14) the  

s o l u t i o n  (21) r e p r e s e n t s  p rogress ing  hea t  waves. However, 

un l ike  s u r f a c e  wave t i d a l  and a s soc i a t ed  heat  waves do no t  

g e t  d i spersed .  Therefore when G( ' )  or  Klx)  a re  



( l i k e  F(,L) ) everywhere p o s i t i v e  and van i sh  a t  i n f i n i t y  

t h e  t i d a l  waves c a r r y  non-zero amount of h e a t ,  w i t h  t h e  

v e l o c i t y  of p r o p a g a t i o n  (which happens t o  be fJLj' again) .  

S i n c e  t h e  form of s o l u t i o n  (21)  i n d i c a t e s  t h a t  t h e  two modes 

of t r a n s f e r  i n t e r a c t ,  i t  i s  imposs ib le  t o  r ecogn ize  one of 

t h e s e  a s  t h e  s o l e  cause  of convect ion .  I t  is n e v e r t h e l e s s  

no ted  t h a t  t h e  assumed p o s i t i v e n e s s  of 6 ancl K imply  t h e  

e x i s t a n c e  of ' swelf  and t h e r e f  o r e  d r i f t ,  I t  is  assumed t h a t  

i n  t h e  c a s e  of t 5 d a l  waves t o o ,  t h i s  d r i f t  p l a y s  a  r o l e  i n  

i n d u c i n g  c o n v e c t i o n ,  

Concluding Remarks - 
The d i f f u s i o n  e q u a t i o n  is so lved  f o r  a l z y e r  of f l u i d  

which is  bounded on t h e  t o p  by a  t ime dependent  f r e e  s u r f  ace ,  

Through t h e  l a y e r  e i t h e r  s u r f a c e  o r  t i d a l  waves propagate .  

A v a i l a b i l i t y  of n o n - t r i v i a l  s o l u t i o n  i s  t aken  here  t o  imply 

tha t -  h e a t  waves, w h i c h  have c e r t a i n  p r o p e r t i e s ,  can e x i s t .  

I t  i s ,  however, born i n  mind t h a t  i n  s o l v i n g  t h e  problems 

i n i t i a l  c o n d i t i o n s  were a l t o g e t h e r  ignored .  The r e s u l t i n g  

t e m p e r a t u r e  ( o r  c o n c e n t r a t i o n )  d i s t r i b u t i o n  T ( r ,  1.t) can 

be r e g a r d e d  a s  a s o l u t i o n  of a  w e l l - p o s e d  problem w i t h  

~ ( . r ,  y ,  J f a s  the  i n i t i a l  c o n d i t i o n ,  I t  i s  found t h a t  

such c o n d i t i o n  is r a t h e r  a r t i f i c i a l .  Hence though t h e  r e s u l t  

abou t  t h e  e x i s t e n c e  of h e a t  waves i s  t h e o r e t i c a l l y  conclu-  

s i v e ,  t h e  manner i n  which such waves cou ld  be g e n e r a t e d  has  

y e t  t o  be s t u d i e d .  
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