


Secar,c?-order, i s o t h e r m a l  i r r eve r s i . b l e  checj  cal 

re;-ictions o f  single a n d  t w o  snec i e s  i n  a homogeneous 

t~.r'.jal exit f i e l d  are s t u d i e d - ,  Ecc!~ ease  i s  d i v i d e 8  i ~ t o  

taro p a r t s ,  TPle f irs-t; p;~rt;, ~ - t o ~ : I ~ a ~ t i c a l . l y  des-tribu'led 

c~?c?~i! ical  r e a c  t i o n  ( ~t;it!!cut diffusion ) , i s  designed t o  

d e v e l o p  a worf:abl.e cl .c~;urc w!iic!i can be compared u i t h  t h e  

e x a c t  s o l  u+- j on.  111 t1.e second p a r t ,  t1.e clos!rre cicvel.oped 

in t h e  first part i s  ~ e n e r ~ l . i z c d  t o  s t u d y  r eac t i ons  which 

arc coupled wi th  r no l ecn l a r  & i f f u s i o n ,  

For  t h e  very rapid  reaction t h e  a p p r o x i z a t i o n  com- 

pares wel.3 w i t h  t h e  exact s o l u t i o n  as f a r  as mean con- 

cevt  rat i on an2 r o o t  9.2a.1 sqllztye f luc+;ca t i o n  o f  c o ~ c e ~ t r a -  

t i011  a re  concerned ,  It p r e d i c t s  t h e  ske.i:ness l e s s  sa t i s -  

For  the r a p i d  r e a c t i o n ,  t h a t  i s  when t h e  chemical 

k i n e t i d  r e a c t i o n  r a t e  is greater thsn the molecular 

d i f f u s i o n  rate, aoZecu la r  d j f f v s l o n  a ~ d  i n i t i a l  f l u c t u a t i o n s  

r e a c t i o n ,  Tlowe~er f dr t h e  case t h a t .  t h e  molezul  ar d i f -  

f u s i o n  rat: i s  c r e n t e r  t h a n  t 3 o  r e a c t i o n  r a t e ,  neither 

d j.l'Iuaior: nor ir? it i 31 fl rrct;?:n-5ic.c~ 'ra.ve !!:u~h i n f l u e c c e  on 



react; i o n  mrzst depend 021 :;he rnc3l.ccular d i f  f u s i - o n  t o  b r i n g  

t h e  t t c ~  r eac tan t s  t o g c t h e r  be fo re  t h e  r e a c t i o n  can s t a r t ,  
4 

Vhen  he k i n e t i c  reaction rate i s  much less than t h e  - '  % 

m o l e c u l a r  djffusion r a t e ,  t h e  mol-ecular d i f f u s i o n  al-ways 

h r i n ~ ; ~  t h e  t;vo reac tants  toge-L-hcr, and  -t;!le time scale f o r  

eortr~? n t i n y  tip)e reac,t.i on is d e t e r m i n e d  by t h e  chemical 

kirtet-its, 

For ra~7I.d secor%d-order  clze~ni cal  rea.c?;i.on o f  two 

cpee ics  wit;:.: S"+e 'SaKie mo1ecultr1- diffnzivit;:vr and s t o j c f i j o -  . 
metrically p r e s e n t  i n  t h e  systern, OgBrients theore t i ca l .  

z n a l y s i s  shoxed t h a t  b o t h  t h e  mean and t h e  r o o t  mean 

t-3/4 asyn~totlcslly and t h a t  t 5 c  r e l a t i v e  i n t e n s i t y  o f  

each spec ies  approaches  a c o n s t a n t  value of  TT - 1, Our 

c l o s u r e  p r e d i c t s  t hese  a s y m p t o t i c  r e s u l t s  qu i t e 'we l l .  
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1 
- 

1. ' I n t r o d u c t i o n  

C h e m i c a l  r e a c t i o n  i n  a turbulent flow f i e l d  i s  n o t o r i o u s-  

l y  d i f f i c u l t :  t o  handle ana1y.t-2.cal-ly even f o r  t he  f i r s t  o r d e r .  

T h i s  probl-em can  be d e s c r i b e d  by' t h e  mass c o n s e r v a t i o n  

e a u a t i o n  and  t h e  i n i t i a l  c o n d i t i o n s .  t h e  t h r e e  f a c t o r s  i n -  

f l ucnc ing  t h c  c o n c e n t r a t i o n  f i e l d  a .re  t u r b u l e n t  c o n v e c t i o n ,  

molecular di.f f u s i o n  ,and chemica l  r e a c t i o n .  The i n f  lruence of 

each factor was d c s c r i b r d  by ~ o r r s i n l  l13'and may be recal led  : 

It 2s  e m p i r i c a l l y  e s t a b l - i s h e d  t h a t  t u r b u l e n t  c o n v e c t i o n  

s t r e t ~ r ~ e s  t l ie  5 s o - c c n c e n t r a t i o n  s u r f a c e  c o n t i n u o u s l y  on t h e  

average"..: By i s o p y c n i c  mass c o n s e r v a t i o n ,  t h i s  t e n d s  t o  b r i n g  - 
surfaces ever c l o s e r  t o g e t h e r ,  i . e ,  t o  i n c r e a s e  the s c a l a r  

- - g r a d i e n t  E l u c t u a t i o n  l e v e l .  From t h e  F o u r i e r  a n a l y s i s  v iew 
Z - 

point  t h i s  i s  p r o p a g a t i o n  t o  h i g h e r  and h igher  wave numbers 
! 

i n  t h e  s p e c t r ~ r n  of .the c o n c e t ~ t r a t i o n  f  1 u c t u . a t i o n  f i e l d .  

A l t h o u g h  t h e  c o n v e c t i v e  term i n  t h e  mass c o n s e r v a t i o n  e q u a t i o n  

is. l i n e a r ,  t h i s  p a r t i c u l a r  be f i av io r  r e s e m b l e s  t h a t  of a 

nonlinear phenomena. 

- The e f f e c t  of m o l e c u l a r  d i f f u s i o n  i s  t o  smear o u t  these 

f l u c t u a t i o n  g r a d i e n t s .  The d i f f u s i o n  terms i n  t h e  e q u a t i o n  

of c o n s e r v a t i o n  of mass c a u s e  no  t r z n s f  e r  th rough  t h e  

s p e c t r u m ,  b u t  t h e y  d o  d i s c r i m i n a t e  a g a i n s t  s h o r t e r  wave- 

l e n g t h  because their e f f e c t  i s  p r o p o r t i o n a l ' t o  t h e  s p a t i a l  . 

derivative rather t h a n  t h e  f 2 u c t u a t i o n  l e v e l  itself. 

-,- - 
x- Nurribcrs i n  brnc:ltets d e s i g n a t e  b i b l i o g r a p h y  attthe orid O? 

*'?<$ !l::::pys 

t 
? 
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1 

2 

- Little of  a general n a t u r e -c a n  be s a i d  a b o u t  t h e  e f f e c t  

of c h e m i c a l  r e a c t i o n  terms on a homogeneous s c a l a r  f l u c t u a t i o n  

f i e l d  b e c a u s e  of t h e  v a r i e t y  of f u n c t i o n  forms encoun te red  

f o r  d i f f e r e n t  r e a c t i o n s .  G e n e r a l l y ,  t h e  r e a c t i o n  r a t e  between 

two corrrponents depend upon the c o n c e n t r a t i o n s  of b o t h .  With 

a g r e a t  e x c e s s  of o n e ,  however,  t h e  r a t e  e x p r e s s i o n  can b e  

approxirriated as a f u n c t i o n  of t h e  o t h e r  component o n l y ,  d(r) .  
A number of c h e x i c a l  r e a c t i o n  r a t e s  a r e  w e l l  approximated as 

a simple power of the l o c a l  c o n c e n t r a t i o n ,  7" , where n i s  

c a l l e d  t h e  o r d e r  of r e a c t i o n .  F o r  s e c o n d- o r d e r  r e a c t i o n s ,  t h e  

n o n l i n e a r  r e a c t i o n  term m u s t  c a u s e  n o t  o n l y  a  l o s s  i n  s p e c t r a l  

c o n t e n t  d u r i n g  f l .ow o u t  t k o u g h  wavenunber s p a c e  ( a s  does  t h e  

f i r s t - o r d e

r  

r e a c t i o n )  b u t  a l s o  some a d d i t i o n a l  s p e c t r a l  ' 

t r a n s f e r  [ 21. 

D u r i r ~ g  the p a s t  f e w  y e a r s ,  p e o p l e  have  s t u d i e d  t h i s  

d i f f i c u l t  p r o h l e n  w i t h  a v a r i - e t y  of a p p r o x i m a t i o n s  and 

d i f f e r e n t  methods of a p p r o a c h .  

Toor  and h i s  c o l l e a g u e s  [ 3 ) ,  [ 4 ] ,  [ 5 ]  used t h e  t r a n s f o r r ~ a -  



and s e c o n d- o r d e r  i r l i  a n  i s o t r o p i c  t-4~:bul.ence f o r  t h e  decay  

r a t e s  of mean c o n r e n t r a t r i o n  and f l u c t u a t i o n  w i t h  some s i m p l i -  

f y i n g  a s s u n p t i o n s .  The p r i n c i p a l  hypolrhesis  i n t r W u c e d  was 

t h a t  a  f i r s t - o r d e r  r e a c t i o n  h a s  n o  e f f e c t  on t h e  s i z e  

s t r u c t u r e  o f  the scalar f i e l d .  H e  a n a l y z e d  som'e l i m i t  c a s e s  

w i t h o u t  e x p l i c i t  e o a n s i d e r a t i o n  of t h e  c o n v e c t i v e  e f f e c t  of 

t h e  t u r b u l e n c e .  

. L e e  [ 7 f a p ~ I - 2  ed K r a i c h n a n ' s  d i r e c t  i n t e r a c t i o n  h y p o t h e s i s  

[ S] t o  b o t h  t h e  convective term and t h e  n o n l i n e a r  c o n c e n t r a-  

t i o n  t e r m  of a o n e  species c h e m i c a l  r e a c t i o n .  T h i s  a ~ a l y s i s  * 

is o n l y  appropriate for '  s16w r e a c t i o n s .  F o r  t h e  c l o s u r e s  t o  i 
i 
1 y i e l d  c o n s i s t e n t  resalt w i t h  f a s t r e a c t i o n s ,  t h e  i n i t i a l  mean 
I 

c o n c e n t r a t i o n  m u s t  be a t  least  t w i c e  t h e  r o o t  mean s a u a r e  

- 1- - c o n c e n t r a t i o n  f l u c t u a t i o n s  s i n c e  t h e  d i r e c t  i n t e r a c t i o n  hypo- 
a 
? 
F t h e s i s  in it-s. p r e s m n t  form i s  o n l y  a p p l i c a b l e  t o  c o n c e n t r a c t i o n  
i 

i f i e l d s  of l o w  i n i t j a l  r e l a t i v e  i n t e n s i t y  [ 9 ] .  

1 
I - OIBrien has t r e a t e d  one s p e c i e s  , v e r y  f a s t ,  s t o c h a s -  

t i c a l l y  d i s t r i b u t e d  reactions of f i r s t  and second o r d e r  i n  
! 
! h i s  s e r i e s  of repor@s  f 10) , f 111 , [ 1 2  1 .  The ' c o n v e c t i v e  and 
i 

1 
d i f f u s i o n  terms d o  .not a p p e a r  i n  t h e s e  r e a c t i o n s .  A c l o s u r e ,  

1 which satisfies i n i t i a l  and  a s y m p t o t i c  c o n d i t i o n s ,  f o r  second-  
i 

: I 
o r d e r  r e a c t i o n  i s  p r o p o s e d  suc ,cessf  u l l y  . O I B r i e n  [ 9 ]  t h e n  used 

d t h i s  c l . o s u r e  appraxirnat5on and proposed a s t a t i s t i c a l  indepen-  

i d e n c e  s o l u t i o n  t o  the c o m p l e t e  one  s p e c i e s  r~roblern of co!nbined 

- i  
{ r e a c t i o n ,  t i~ rbu l -en- t  convection, a n d  mol e c u l - a r  d i f f u s i o n .  

- 1 O I B r i e n ,  i n  ansther a n a l y s i s  f 131 , a p p l i e d  K r a i c h n a n ' s  
5 
1 I 

\ 

I 

i I 

i 

L 
I 



~ a g r a n g i a n  h i s  t o r y  d i r e c t  i n t e r a c t i o n  approximat ion 

t r o p i c  . t u rbu len t  mixing of a second --order  r e a c t i o n .  

t o  i s o -  

The 

r e s u l t i n g  c lo scd  sets of equa t ions  were p re sen ted  and a n  i 
I 
i 

abri-dgement of them was c a r r i e d  o u t .  

To d a t e  most t ' l r eo re t i ca l  work has  been l i m i t e d  t o  

c a s e s  of s i n g l e  species chemical  r e a c t i o n  w i t h  t h e  n o t a b l e  

cxccp t ions  of Toor ' s  a n a l y s i s  mentioned b e f o r e ,  Pearson s 

[ 141 s i -ngula r  peri:u;-bati on a r i a ly s i s  of t h e  d i f f u s i o n  of one 
! 

r e a c t a n t  i n t o  a  s m i - i n f i n i t e  medium c o n t a i n i n g  a  second 

r e a c t a n t  195th whiz4 it r e a c t s  acco rd ing  t o  a second-order  

equa t ion  , and O f  B r i e n  ?s f 15 3 r e c e n t  r e p o r t  of two s p e c i e s ,  

v e r y  r a p i d ,  i s o t h e r m a l ,  i - r r e v e r s  i b l c  , second-order  ,chemical  

r e a c t i o n  i n  a homogeneous t u r b u l e n c e .  Some nurneri.ca1- models 

of two s p e c i e s  r e a c t i o n s  have r e c e n t l y  appeared [ 16 1 , i 3-71. 

It i s  t h e  pu rpose  of t h i s  paper  t o  s t u d y  two s p e c i e s  

second-orded r e a c t i o n s .  The s i n g l e  s p e c i e s  skcond-order 

r e a c t i o n  .is a l s o  p r e s e n t e d  i n  t h e  hope of developing a 

workable  c l o s u r e  which can b e  e a s i l y  g e n e r a l i z e d  t o  t h e  

m u l t i s p e c i e s  c a s e  as  O I B r i e n l s  could n o t .  IJe w i l l  f o l l o w  

0' B r i e n l s  i d e a  of c l o s u r e  approximat ion which r e l a t e s  t h i r d  

moment t o  t h e  f i r s t  and second moments f o r  t h e  r e a c t i o n  term. 

The s t o c h a s t i c a l l y  d i s t r i b u t e d  , ' r e a c t i o n  f o r  bo th  s i n g l e  eitd 

two s p e c i e s  i s  s t u d i e d  i n  o r d e r  t o  t e s t  t h e  c l o s u r e  by 

comparing i t  w i t h  e x a c t  s o l u t i o n s  which e x i s t  i n  a n a l y t i c a l  

In t h i s  p r - c l i ~ ~ t i n n r y  c l o s u r e  a n a l y s i s  t h e  c x p l i c i  t 

-- -. 



d n c o r p o r a t i o n  of t u r b u 2 e n t  c o n v e c t i a n  i s  n o t  c o n s i d e r e d  

e x c e p t .  t o  p o i n t  o u t  that i n  t h e  l i m i t  of no  m o l e c u l a r  

d i f f u s i o n  t h e  t u r b u l e n c e  p l a y s  no  r o l e  i n  de tern i ing  t h e  

decay  of mean and r o u t  mean s q u a r e  c o n c e n t r a t i o n s  of a 

I hornoger~eous c o n c e n t r a t i o n  f i e l d  i n  a homogeneous t u r b u l e n c e  I 

i 

[181.  T h i s  i n v a r i a n c e  m u s t  be s a t i s f i e d .  by any s u c c e s s f u l  

c l o s u r e .  It i s  a u t o m c i t i c a l l y  i n c o r p o r a t e d  i n t o  t h e  c l o s u r e s  

g e n e r a t e d  by t h e  method d e v e l o p e d  h e r e .  

" The f o l l o w i n g  c o n d i t i o n s  a r e  a l s o  assumed i n  o r d e r  t c  

make t h e  model  s i m p l e  T. 

A. The c o n c e n t r a t i o n  of t h e  r e a c t a n t s  and t u r b u l e n c e  

a re  assumed homogeneous and i s o t r o p i c .  

B. The c h e m i c a l  r e a c t i o n  i s  i r r e v e r s i b l e .  

C. Any d y n a n i c  or c h e m i c a l  r o l e  t h a t  t h e  p r o d u c t  o r  

p r o d u c t s  may play w i l l  be ignored .  

d. The r e a c t i o n  r a t e  f l c o n s t a n t n  and t h e  m o l e c u l a r  

d i f f u s i v i t y  a re  i n d e e d  c o n s t a n t  i n  . s p a c e- t i m e .  



Second-Order Chcmi cal React--ioxi of Single Spccrl es 2. - - - - -  --- 
Conoj-d e r  the isothermal, irreversible rezction of 

the . t ype  

A + A ----s p r o d u c t s  . 

i n  an i s o t r o p i c ,  homogeneous turbulence, The sys tem as u 

s e c o n d- o r d e r  c h z ~ i c a 2  r c a c t i o n  i s  d e s c r i b e d  by t h e  nass  

conser-Tat ion eqirut i o n  

j7 - - - . ( 1 ? - 1 

2 -k - --- 1 L I' (2.1 ) 

. . The f l u i i !  j.s assurrie",ncorfipreus~cle, p.g - 0 .  

The problerr, is ciade s tochas4 ; ic  'by assigning i n i t i a l  

cond i t i . on s  in a statistical manner [ l  l ]  . 
. - - - Following Jrorrsin [ I ]  by d e f i n i r j g  '7 (t) as the nean 

and ")' (5,t) as t h e  rand.om fluctuation in concentrat ion, 

t h e  f o l l o w i n g  r e l a t i o n  h o l d s  (1) : 

(2.2)  

C - -  

,i, = - d c  7 77"(<,*) 
--- 

2 - - 1c q: .L. ,y ' ( i , i )  -- 1-.- u- yyY($,i) 
2ki. k * - 

( 2 .3 )  
I 

Where h o n o ~ e n e i t y  has been used. The e x i s t e n c e  of  .. ;. 

t r i ~ I 5  fl::ct~izt i o ! ~  cancentration rnonznt s in eqva t i cn  

-- - . 



I 
- - 

7 
I 
1 

(2.3) demons.trates t h e  unclosed n a t u r e  of t h e  moment I 
i 

fornula t ion  and t h e  necess i ty  of r e s o r t i n g ,  i n  g e n e r a l ,  

to approximation techniques.  

2.1 Closure f o r  S t o c h a s t i c a l l y  Dis t r ibu ted  

i s i n g l e  Species  Reactions 
i 

t For s t o c h a s t i c a l l y  d i s t r i b u t e d  r e a c t i o n s  , t h a t  i s  

t h o s e  ~ r i t h o u t  tu rbu len t  convection o r  molecular d i f f u s i o n  

b u t  randomly d i s t r i b u t e d ,  t h e  concent ra t ion  f i e l d  

equations obeys ( 2 . 1 )  with - u = 0 and D =. 0 

Before  analys ing  t h i s  s i t u a t i o n  we p o i n t  out t h a t  
1 

for ~a very rapid reac t ion ' ,  LC FCE>/'DI~~ and LCP(;)/I?'>~~ 
I 
I 

the  concen t ra t ion  f i e l d  w i l l  i n i t i a l l v  obey ( 2 . b )  u p  t o  a I 
I , 

T ',-s''~ t i m e  s i g n i f i c a n t l y  l e s s  than I?/D or- Y, 1* . 
I 



k% id 

8 

T h e r e  are  some a s y ~ p t o t i c  p r o p e r t i e s  of  ( 2 . 5 )  C12-J I 
I 

which w i l l  p l a y  a r o l e  in checking t h e  c l o s u r e  we w i l l  I 

1 
6 

propose. I 
i 

i 

(2.7) 
f 
i 

- 
(2.8) 

j 
L-jm 7-1Li 1 +-4 " -t- l - 0  

I 
i 

-- 
a 

-6 ( 2 . 9 )  1 L i i ~  ,j.'z -cCt 
t-12 

I 
1 

The realizabillly c o n d i t i o n s  which we inpose  and 



. * 
&&4.t4 

*=-*L"8 < 

9 

Then 

.- -. 1 - 3  
., $2 

7 -- (7 7'" - .- ~3 - (-2.  - (j 11 7'- -+. 2 @ -:T- .j- 6 ---* 
7" i-' T 

s o  t h a t  (2.12) i s  s a t i s f i e d  if (2 .10 )  arid ( 2 . 1 1 )  a re  val:;d 

and 0+0, 

From ( 2 . 5 )  and t h e  c l o s u r c  ( 2 . 1 3 ) ,  t h e  dfffex-e~ztial  

equa t ion  f o r  f i r s t  and second moments of t h e  concen t r a t i on  
* 

a r e  

a F  - ----- x - 3- 7") (2 .14)  
3s 

- -  (2.15) 

From (2.15) we see t h a t  7 2 0  and d e c r e a s e s  t o  z e r o  a s  
I 

t approaches infinity i f  @SO. 7 can no t  be smaller  than  

ze ro ,because  :;f it were  t h a n T = O  a t  some time. From (2.15)  

F/f must be f i n i t e ,  t h i s  means t h a t  T a p p r o a c h e s  z e r o  

b e f o r e  docs and remains a t  zero t h e r e a f t e r .  Now, when v=0  

a t  sorne time, (2 .14 )  would g i v e  2 7 /at=0.  Theref o re  =O 

t h e r e a f t e r  . Theref  o r e  

- 
#-LC? - . 1' 2 C' 

- 
x.\ ; - ', :?- 0 

I 
arc s a t i s f  icd. I 

i 
Frc!? t : l~c  iiSovc :!I-!rui::cnt w12c.n t i s  vc.ry l a r g e  thc first 1 

1 
I 

- 
- - 



a- 
* "&.B" f 

I 

- - 
I a 
i 

-" 10 
i 
t 

t 
te3-r~ o f  t h e  l e f t  hanr? s i d e  of E ~ ,  (2,14-) will be dortlinant, f 

i 

-- -2-28 - i 
~ J c &  ( 2  e + 1) t i 

1 

I 
a nd  

1 
i 
i 

- 
K / k h & 3  - 1 ~ ) t - 3 - ~ @  i f 0 4 1  

j 
i 
i 

-5-48 if 6 - 1 5 - 4 2  @ + f)t- t 

O q r i e n *  (.12] used t v o  t y p i c a l  i n i t i a l  c o n c e n t r a t i o n  
i 
1 
I 

- - d i s t r i b u t i o r : ~  which ~ i . ~ r e  ? of ( 2 . 9 )  ;posi"tve e ~ a ~ u e s  and 
2 

6 = 1.5, 9/14 resgect-ively, 

For 8 =. 1.5 

YX-=. '"; -5 

T - ~ - G  

The sign o f  'y" is posi t ive  j.nsteac? o f  n e ~ a t i v e  t r l~en  t * 

a p n r ~ a c h e s  i x ~ f  init?, 

For  8 = 9/11, y a n d  F d r o p  s lower  than  t k e y  S P ~ O I I I ~  bik i 

t h e  cF-ns 2 r e  correct, 

-1. 
F o r  I c:l--:.c\rzaL . . i r 2 i t i a l  cot:cerf;l-a"; ic.1.1 6 ist rj ?lilt j 0.-s 

-* --- 
X- ;-.x ,: 2 , -, (2 ,31 )  at.,!l Eq,  ( 2 . 7 2 )  

.? -. -.  i 
.. . ' - i  :'. ;;q, ( 2 * -, /J 1 I 

I 
1 









I 
i 

5 1, xe have 

- 
If 77' r, 0, then (2.20) is s a t i s f i e d ,  

.- 
From ( 2 . 2 9 ) ,  we see t h a t  0 5 'J''fj,) 4- is s a t i s f i e d  if 
- - 

0 5 -  y 2 ( u ) = ~  . -"  J is a decreasine: f u n c t i o n  of  t and it 

decreases f a s t e r  than Therefore ,  from (2.21) . , . ,  

- - 2 - 2  ,-\ 27~) 2 0 



2.3 @ _ ~ a ~ . i s o ~ !  of  --- the C l o s u r e  Sol-ut j -on t r l t h  a n  Exact 

Solu t j .on  f o r  S t o c h ~ s t  i c a . l l y  D i . s t r i h u t e d  React i o n s  .- .- --- i 
o f  S i n ~ l e  S p e c i e s  - I 1 

I n  view o f  t h e  r e l a t i o n  ( 2 , 6 ) ,  it is  p o s s i b l e  t o  i 
compare the p 2 - e d i c t i o n s  of t h e  cl .osure with t h o s e  o b t a i n e d  1 

I 
I 

exactly when e x p l i c i - t  i n i t i a l  p r o b a b i l i t y  d i s t r i b u t i o n s  I 
I 

P(T(0 ) )  of t h e  c o n c e n t r a t i o n  f i e l d  a re  p r e s c r i b e d .  We have 

carrj.ed out such a comparison w i t h  t h r e e  t y p i c a l  d i s t r i b u- .  

t ion 
' .  

I-F,y $9: I (2.37) 
i 

PiY) z ~ j p ' < -  r o . ~  1 

Where Cb, ,U are d e t e r n i n e d  by t h e  i n i t i a l  v a l u e  $ (o )  o r  - - -- 
ya(o), s ince  T o( ~ )  = P (o)/F(o) = 1. 

I 
'J. = J A, c \ ~  T ~ ( ~ ~ J  

/"l =-LA 
> A,. 1 v\\lt?1")1 . . 

With t h e s e  forixs o f  P (  p(0))  it is p o s s i b l e  t o  inte~ratc 

(2.5), f o r  exanple, by u s i r ~ g  Gaussian-Tlncuerre ,v;::ndrat,ure 
7 

i 
i 



f l l l l y  3?21:e4 in L l n c s  w i t h o u t  a s tar  * on F i g s ,  1-1 t o  
? 

4-3. Pigs. 1-1 t9 1-3 a r e  f o r  d i s - t r l b v . t i o n  ( 2 . 3 1 ) .  Pigs, / 
2-1 to 2-3 are f o r  dist,ri!.!s?tir\n ( 2 . 3 2 ) .  Figs.3-1 t o  4-5 a r e  

- 
f o r  ~ 1 . i  s t r i b ~ r t i o n  ( 2 . 3 3 )  ~ v i t h  two  d i f ' f e r e n t  v a l u e s  of ] / > (0 ) .  

8 j s  d e t c r m i ~ e r l  h;r t h e  closure form ( 2 . 1 3 )  a n d  t h e  i n i t i a l  - 1 I 
~alues co;r.p:~.i;ed .Pro?: Eq. (2.5) .  E q s .  ( 2 . 2 1 )  and (2.22),  I I 

7 

9 v j t f i i n i t i a l .  ca:idit ions T3(0) = I and  TO), are solved  1 
I I 

- 
[21].  7-3 is obtr-zineci 11sin3 c l .os~ l re  (2.1 3 ) .  They . a r e  sbowr, 

on i s -  t-r) 4-3 with.stars on t h e  l i n e s .  Table 1 lists:. I 

both  e x a c t  acd approxi~nte solu t j -ons  f o r  many d i f f e r e n t  

i n i t j a l  c o r d i - t j o r s  a t  one p a r t i c t l l a r  t, Wit11 821, as in 
- 

t h e  c a s e s  o f  d ' s t r i37r%ion  (,?.TI), ( 2 , 7 7 ) ,  the c l o s u r e  ~ i v e s  
- . *. Y3al~ iays  positive whic!~ i s  n o t  a p r o p e r t y  of t h e ' e x a c t   sol.^- 

t i o r ,  n e - ~ e r t 5 e l e s s  f o r  7 a n d  7 t h i s  i s  f a i r  asreement wi th 
t 

t h e  e x a c t  s o l u t  i o r  . 
O@Rr.ier! t121 usert ano the r  k i n d  o f  c l o s u r e  

- 7-2-2--1 3 2  7 % "  /i,7 -p - /Ac  y-  
and showed t2at there. e x i s t  a xax iu i~a  p d s i t i v e  va lue  of A o ,  

Amax' such  t h a t  f o r  any A>Anlal: t h e  closlxre s a t  f.sf l es  

a l l  t h e  asyr,_srtotlc c o r ~ d i - t i o n s  a24 t h e  r e a l ? : . z ~ ~ b i l i t y  . ,. 

c o ~ d i t j r n s .  ITe t h e ?  adjl*s'ed A, , A such t h a t  i n i t i a l  s l d  
0 i 

asprpto . i ; j  c cord if ! s \ ~ s  a r e  satisf i e d  . The cl o s ~ l r e  a g p r o x i n a -  

ti@?> p r c f i i r $ i o ~  +:>deed a;rees v e r y  w e l l  w i t h  t h e  e x a c t  

1 k adjxis+?ent  of A, ar.d A. is 2 

h 
i 
b 



( 5 h e Z )  (k s--) A X %  = blf- 
T' 

t 
t ( e c W z )  c a) .L (11 ) = ( 0 ~ x 1  ,,I ;L - 
D 

amnssa a& a~dirmxa m sg 

' sma?sLs wo-r+3za.z - - 

30 a3uz.1 s ~ q q  a a I o s  0 %  $uyod a m d s  OM$ uaanTaq, uor%syaxxoa 

* Q ~ a d o ~ d  pa%snCpe sr  q u ~ q s u o ~  A C ~ z x q r q ~ ~  ayq 37 

ssauways j o  u o r $ a t p a ~ d  ayq. uo agcxn3a.e . axom sr a s m o p  

s , u a ~ . r ~ , o  qnq 4 u o ? $ n ~ o s  $ x x a  ayq og $ a a d s a ~  y$riil uoyqg;rquaauoa 



S u b s t i t u t i n ~  ( 2 . 3 4 )  and (2.35)' i n t o  (2.251, we obtain 

- - 

- - Equation ( 2 . 2 8 )  becomes 

Equa?;ion ( 2 . 2 9 )  becomes 

T 5 i s  would s a t i s f y  





Two i n i t i a l  c o c d i t i o n s  a r e  ~ i v e n  

z ( 0 )  = 0 I 

I - I 
7 ' ( 0 )  =: 1- I 

For  the sane i n i t l a 1  c o n d i t i o n s  on s i n g l e  p o i n t  i 
i 

----- -- t 
.-. ! 

quz:r!: i.", e s  f " c q ~  ;?"LCC), and T ( o ) ,  8 h a s  t h e  same I 

va lues  in (2.19) as was detcrni .ned b;~ e x z c t  s o l u t i o n s  ir?, 

t h e  ' p r e v i o u s  lzse o f  the  c l o s u r e  (2.1 '3) .  

A t F i p  (2.41), (2.4 2 ) ,  and (-2.43) arc so lved  n u ~ e r i c a l l y  1 I - * 

by . ~ i s - ! r z  iiun,7e-TCutta :+k tk~od  1211 f o r  s e v e r a l  ~ r a l u e s  of  d ,  
- - ar;d t k e  c l o s u r e  (2 .17)  gives  -7. Tho r e s u l t s  a r e  show-. 

a l s o  in Figs, 1-1 t o  4-3 and l i s t e d  i n  Table  1. When d i s  

order of 1 0  t h e  g r e a + e r  A i s  t h e  s l o w e r  T .decays, bu t  

when b!:,>10, T i  d o e s  not; depend t o o  s t r o ~ 2 l . y  on d , For  e x a v l e ,  
- 

f o r  a 10:-:lornnl d i . s t r i 3 u t i o n ,  ~ ' ( 0 )  = 2 ,  t h e  raximum 1 a --- i 
di f fe re !?ce  between 1-I wken d = 10 and + = 100 is o n l y  abo-~t :  I 

J 

1 . 5  $ up t o  d i n e ~ ~ s i o n l e s s  to = 37(0) t = 2 ,  where t h e  . . ! 
9 

+ react!on i s  a b o ~ z t  67 $ ccm?l.eted, Also when d > l o ,  t h e  ,S 
I 

val.ve of .,: a1.d t h e  -type of t h e  d e n s i t y  f u n c t i o ~  seem t o  

he:-2 l i t t l e  effect o:, u p  t o  to = 2 .  

t 1 
a 

,, e exrcn-t *?:at lirher! d i f f  us.; 01: nhcno:nera i.s a d d e d  9 

& 
i 

j.r140 t h e  ::.cn,:+'o-! s;rste-? t h c  : f l l r c t ~ ~ ; z t i o n  w i l l  decay " o r e  

2 L *  , "'!,c, r7 nr;il-rr i r . d c c d  p r c d  j c - t s  ti-:is p r o y e r t y  



3, Seco?;d-order Cl~cmical - Reaction of' t w o  Sn~cies 

Consider  t h e  i so the rmal  i r r e ~ e r s i b l e  r e a c t i o n  of t h e  

type 

A +- n B ----+ products  

i n  i s o t r o p i c ,  hornogeneo~as turbulence .  The system U S  a 

1 second- orde r  chernrical r e a c t i o n  i s  descr ibed  by t h e  mass I 

: i * 
4 
t L conservat ion equa t ions  i 

I I 
I 

- - d  

I 
. . 

The fluid i s  assumed incompress ib le ,  , 1 
3 I 
I y. g =  0 
i 

i 
4 
b As in t h e  s i n g l e  s p e c i e s  if one tries l to  form- . the-equzt -  1 

I 

t i o n s  for the  moments, t h e  number of unknowns i n c r e a s e  

faster than t h e  equa t ions  formed, Therefore,  the approxi-  

@ation techniques have t o  be used aga in  t o  c l o s e  t h e  s y s t e c .  

Define t he  f o l l o w i n g  dimension1 ess  groups: 

--b r," = -TI.) -. 
" 

' 176 ib - 
' lb -- - 4  TI.) * f + i  t z * * . .  



CI. - . .,-*-- 

'i 

- - d 
f 

- -  1 
I -.. lf -= 
l C 0 q j o j  i- 
i 
I 

F 4 = .- - - 
C h -(;\.a) L~ 

7 t*) 6 , .-b--- 
I " T&b, 

b b  5 = --- 
b L \  

1 
9 After draping superscripts, (3.1) and (3.2) become 

i 
f 
i ;ST' - - % - t ' y - ( u _ p , \ =  dV'~,-p.nr,. 21 ( 3 . 3 )  
i 

0 
f - - 3  
C 
I 

3 .  Second-Order S t o c h a s t i c a l l - y  Distributed 
I 

$ Chemical React ion  of t w o  Spec ie s  
d 
a" Por stochasticaily distributed reactants the kinetic 

equat ions  are froa ( 3 . 3 )  and (3.4) 

If thc initial c o n c e n t r a t i o n s  Tki.1, -'pb(0) t 
prescribed d e t e r m i n i s t i c a l l y  t h e n  t h e  s o l u t i o n  

and (3.5) is 

a r e  f 

* I 

of (3 .5)  - 1 
I 
i 



2 

d e n s i t y ,  P C T ~ ( o ) ,  '\:(O) 1 ,  e x a c t  express ions  f o r  c o n c e n t r a t i o  n i i 
1 

' , 
> 
t moments can be der ived as following : 

li 

As i n  section 2-1, t h e  r e a l i z a b i l i t y  c o n d i t i o n s  we' 



24 

--- - >YL 
6 t 7" + -- -1- R 

[ -i 
(3.16) 

I 
4 -- - 

?;>: ! 3: = rtirTb +-A 
1; i 

i 

(3.17) I 

d 
I 

rn +hese c l o s ~ z r e s  seduce t o  closure (2.13) if species a and 
I 

i 
b =re 5den t lca1 ,  

gf6 see i f  (3.1.4) and (3 .15)  a r e  s a t i s f i e d ,  we have I 

, -- 
-;.i- - -? -2- -.-- -- - 7 ' ~ ~  t -r, ,, , - y q -y,%% + @ - l J A h -  i 

- -- -- -. c T  i 

XiZ %& 7iL 
+f 1-F+ ----+ --A -- 

I 
- - $ F r , Q  # 1 

- > 

i 
I . 32t-- 
-? 
C 

1 

I 
G 

I 

. 4 
d ... . 

It is d i f f i c u l t  t o  see  t h a t  (3.14) and (3.15) are s a t i s f i e d  

In general, t h e y  can be proved f o r  t he  s p e c i a l  case t h a t  

the j o i n t  ~ r o h c h i l i t y  d e n s i t y  f u n c t i o n  o f  t h e  i n i t i a l  con- . 

ce9trations x,(,(0), Tb{0)  5.s log-nor.oal  and 8 = 1. There fo re  

- ---- - 
i 5 

- -  &-:z - [-Z;F.- - y2 ' 
-- - ----- 

i' T )  = - 1  (TJlf && )< -.. - .. - .  . 
.t 

'b 
iH 

li 1; i b 
9 -..- . '8 

- 7 y X  . 3. 1;;- '--ci- -- (-2' " ; --* 
!& - !; EjF) -  - =:.--.- T*> (j;T f- 7;i.f- 

- i 7 1  1 %  ' 2  b '7 1, * I tl I!) 
I 

f 
i 

- i- er?d 5-73 t h i s  czsc  if (3.1.0)  t o  (3.17) arc v ? ~ ! j d ,  (3.1.4) a ~ d  
$ 

1 



i 

i (3.15)  a re  s a t i s f i e d  by t h e  c l o s u r e s  (3.16) and (3.17). 
? 

t Forming t h e  first and second moment equat ions  from 

(3 .5)  and (3 .6)  and us ing  t h e  c lo su re s  (3.16) and (3.17), 



* 
-- -  

co 'ndi t_i .onc,  S i n c e  c(0) =E(o)  =I, we have 

- % 
c= c 1, ( I  + Y~YQ))) 

- 7 = [I, \I-+-- YC(.,,~" 

I I) T 
,4 .= - - 

2- kn CI t yq ( 3 ) )  

I 
7~ - L t,n [ I  +T~Q)) 2 I 

; 
A Me clef i re  a correlation c o e f f . i c i e n t  p k j  
z 

f 

"LI 7 b  p! ------- - p = --,, ,d --; '/A 
I a )  yo ig) 
I 
r 
Z TI! e I? 

1. I VL .\/2 

1 
j >  @ i \ , = . - - c E - ~ ~  ( E X P [ Y ) - I J  + / )  

h 7'fl 
5 
h 

--zc -- 
F So t h a t  if % ( 0 )  , Y ~ ( o ) ,  & ( o )  a r e .  s n e c i f  i e d  , 21.1 t k e  para- 
i 

F, meters in t h e  de:?sity ffucntion ?(  G ( O ) ,  x(0)) a r e  provi3e5, 

1 E q ~ ~ a t j o n  (T.9) i n  c o ~  junction w i t h  (3.23) yZ e l d s  exap t  
i ! 
\ 

s o l u t i  o r s  for. 81.1. moments. Figs. 5-1 t o  8-5 a r e  so:i-ie of 

f 
e" t h e s e  exact  solu%io_r.s,  
I 

A s  we pointed o - ~ t  ahoxre, 8 = 1 for t ? e  13s-ror-a: 
I 
2 .  

f dis t r ibut in17.  (3.18) t o  ( 3 - 2 2 )  a r e  sqlve3 wi th  t 3 e  sane 1 
I initial c o n d i t i o ? ~  as t k e  exact  s o l u t i o ~ s  b; usi::e t h e  
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Rtrnge-Ku-i;ta fkt-thod [21 j . These c losure  s o l u t i o n s  are shown 

%y a line with * an the same f i g u r e  as t h e  corresponding 

i exact s o l u t i o n ,  Table 2 lists bo th  exac t  and approximate 
a 
c s o l ~ t i o n s  a t  t = 10 f o r  many d i f f e r e n t  i n i t i a l  conditi.ons. 

3 ,2  Second-Order Chernical Rea.tt i or! of ttro 
i 

Saccies wl th ?+To3 ecu la r  Diffusion 

In this sange o f  r e a c t i o n  system w i t h  s p a t i a l  cor re la -  

ti.or,s, w e  nccd c los~ares  f o r  t h e  third ~ o m e n t s  ~ ~ & ' & ( ~ , t )  

Neg lec t i ng  convective terms,  (3.3) and (3.4) become 
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P x = 0 and t h c r c f  ore  automatically satisfy (3.14) and (7.15). 

By isotropy we Cave I ; I 
4 I 
4 

f --- -- 
I x( fL' 7; x' I; (3.28) 

and 
t --- I- 

1 

% 4 7 = 2:, rXx' (3.29) 
f 

1 . I  
I :I 
h 
I. 

The. f 011-owlng moment e q u a t i o n s  a r e  formed f rom (3.24) I 
i 

and (3.25) by u s i n g  closures ( 3 . 2 6 ) ,  (3 .2 '7)  

c o n d i t i o n s  o f  isotropy and homogeneity. 

and t h e  
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unkno~dns cou ld  be s o l v e d  i n  p r j . n c i p a 1  at least numerically, 

but it is difficult. A s  a s imp le  example and i n  o r d e r  t o  

sc@ t h e  ras1.e t h a t  plays. kTe w i l l  c o n s i d e r  the case 

tha t ;  A : ,  %,:o rsactants are presen ted  s toich_i_ometr ica11y,  

B;...S$ecies a and b a r e  s i m i l a r l y  d i s t r i b u t e d .  

C, Diffusivities a re  t h e  same, -j'= 1. 

3.  I n i t i a l  concent ra t ion! ,o f  s p e c i e s  a and b a r e  

j o i n t l y  log-normally d i s t r i b u t e d ,  8 = 1. 
- 

Then =x znd (3.41) to (3.45) become 

C o n b h g  (3.471, (3.48). and (3.49) we get 

spectrum as 



(3.47) plus (3.481, and t h e  u s e  of (3.50) and (3.52) 

gives 

~ T J * ~ ~ Q  kL xi\? ( - ' 2 r ~ y ~ ' l )  d,k] 
0 

Let 
-3 

b\k) = lo c s )  kx FYP (-2 ~ l ? , i )  4 h 

t hen  

Let . . 

S i i h s t i t u t i . n s  ( 3 . 5 5 )  and (9.56) int.o ( 3 . 5 2 )  





4) (k 'O) ,  h0 ( k , ~ ) ,  axid dIL(k ,0)  are givenj or al te rna t ive ly ,  n 4 

the i n i t i a l .  correlation of reactants %T(X,O), ?TX,O), 
p . ~ d  1; I;'(x a r e  known. 

i If t h e  r e a c t a n t s  a and 5 a r e  similarly d i s t r i b u t e d ,  we 

may assume, f a r  example, 

- x - - l i  
^rjr.7i7 c X , ~ )  = p $ i x ) ? ; i D ~  l/b213 

8 

-f 1.) = I 

- 
'3' yb (0,~) p = +ZF-% b' 

.'TqLb') .& (0) I 

Z 

As, ad example, us ing  the  same correlation function f (x )  i 
t 

as in (2.35) c 

1 

$6) = rx p (- q I 

('3.62) 
< 
s 
j 
1 

t h e  f a l l o w i n g  r e l a t i o n s  a r e  ob ta ined .  4 
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r a t e  j r e a c t i o n  must denacd on molecu la r  d r f  f u s i o n  t o  $rips 

t h e  two reactants together before the reaction can s t a r t .  

K i te?  tbc! I ~ i r e % ~ c  roac i - t an  rate is much less than the 

1501 c l u l  ar d -i f f usj o r ,  t", e o l  ecul  ar d if f u s  2 on always hrj r,-.s 

i 1- c\  Tc-3 (-. J .;:; i?c*e ' - - i~~c.3 by t h e  cherrical kinetics. 

n 
*cry t:?e r F 7 - . i d  reactio? w5 t h  t h e  same ninlccl~lar  

cl i r " F i : s i - -  i 5:: n r 4  " c ~ e  rra,ctarS;s s to j .  chiometric3all.y p r e s e n t  

i~ t: e ,  s;:stenl, ~ I 0 ) 3 r i c n  ( 2 2 )  showed t h a t  bot-he eean a r d  

t k c  -0r3-k near! sq-ilsrc f1uctuati.011 of a s n e c i e s  concentratio:: \ 

deca:. as $; -3/4 asynptaticnLLy and t h a t  the relative 

S ~ t e :  s i f ; : r  o f  eac!? s p e c i  e s  approaches a c o n s t a n t  va lue ,  

(n - ! !, These r 'es~l l ts  are checked 'cy carr:;rlr; o u t  the 

c a l ? ; ; ' l r i t i o ~ ,  u p  $0 a 4;ice substaqtially greater than t:?e 

t ime  +'?at; diffusian hecones  s i ~ n j f i c a n t ,  f o r  the case  of 

r ~ .  = C.75 , ,  d =  0.01. The ciirnengion tirne . f o r  d i f f u s i o r !  t o  

> 
2 t =- O(L / D8) 

0 :- 

1 - 1  ) to= O ( C L  
..- > 

! . e  c%lc~~llri!+.;o~:e a r e  exCev:ded tc f," -2.4(30, t 'nes'e a r e  w e l l  

i v I - l - C - )  aS:rr:\+f..i -. c rr.e:;i.-.rt for wh.i ?I: t h . ~  ., ,,, , L V  

;$. ,.- .,:!;, p P  %I t 5  :,.I $1-c t t ~eo r ; -  i s  n r t r  e x z c t  f o r  an 
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d i f - f~ : s i~ : j " ;  ies o f  $ke srjecies a r e  a s svved  eqval and t h e  

rate is 1 cils thaq  tke molecular d i f f u s i o n  r a t e ,  t h e  decay 

o f tl-.e :-e:tm c o r  CP-:rot i o n  d e p e n d s  o:ily weakly on the 

d j f f u s ' l r r i t , ~ - .  Tr! t h j s  case I re cay asslJ2e d i f f ~ ~ s i ~ r i t i e s  of 

each- s;)esies are eql>aL e s e n  t h e y  a re  a c t u a l l y  n o t ,  s o  t\at 

t!:e a b o ~ r c  a:-al;rsis -?a; he used t~ p ~ c d i c t  the c o m p l e t e r e s s  
t 

of reacti or:. 

W k c ~  t h e  ~eaction rate is t h e  satpe o r d e r  as or grea te r  

I than m o l e c ; ~ l a r  dlff~ls!-on r ~ ~ t e ,  t h e  l a t e r  p l a y s  an i m g o r t a r . t  
I 

r o l e ,  au\,i3 it i s  d i : r I i c u l t  t o  j u s t i f y  assuming t !~at  d i f f u-  

s i v i t i e s  o f  each  s5ecies z r e  equal if they are a c t u a l l y  + 

1 

not. This case and t h e  case when t he  r e a c t a n t s  a r e  not  , 

s ~ o i c h i o : ~ c t r k c a l l ~ ~ ~  p r e s e n t  can be so lved  in p r i n c i g l e  3y 

usin: E q s ,  (3.41) t o  (3,45).  

Sn l . u t i ons  for seco~d-order c5emical r e a c t i o n  exist f o r  

t h e  r a p i d  d i f . f~ : s io :?  c o n t r o l l . e d  reaction C33,  145,  r53,  f-ut; 

th-ere is ? o  solutions to the cases t k a t  chezical kFnetFc 

- r c a r t i o n  r n 5 e  and rolecular di-fTus!-oc rate are t h e  sa-e 

o r d e r .  O l l r  closl:re ?eerh?iq~~t? j s  t h e  o n l y  e x i s t s n c  netbqd  

bssed oj1 t x l o  k.?re.C,in e q u n t i ~ n s  o f  s o l v i n g  f o r  t h i s  

sit1-;zt:in>?, i .  e .  3:- C l ( 2 ) .  
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