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ABSTRACT :

Analyses are presented concerning the problem of combined
convection, conduction, and radiatiorn within a gazs for laminar flow
between parallel black plates. The thermal boundary condition at
the plate surfaces is taken to be that of a uniform heat flux, and fully
developed flow and heat transfer are assumed. Results are given for
infrared radiative heat transfer and the specific case for which the
absorbing-emitting gas is carbon monoxide, which has a single im-
portant vibration-rotation band. The methods of analysis, however,

are easily extended to gases having multiple hand spectra, such as

carbon dioxide and water vapor.

Several methods of treating the radiative transfer process with-

in the gas are considered. It is found that the gray gas approximation

greatly overestimates radiative transfer within the gas, and it thus
predicts bulk temperature differences which are too small. An opti-
cally thin analysis is also found to be generally inapplicable, since
radiative transfer will usually be of importance only under optically
non-thin conditions. A method of analysis is illustrated which

incorporates the realities of the vibration-rotation band structure.
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INTRODUCTION

The purpose of the present paper is to i

titusirate several

analytical methods for treating nengrey radiative transfer in cases

€
=]

when other modes of energy transfer simulfanecuzly cccur ]

ur. The
specific physical problem consists of fully devaloped laminar flow

and heat transfer between parallel plates having a uniform wall heat
flux, and results are presented for carbon monoxide. This work
constitutes an extension of the analyses reported by the authors in
Reference 1.

Only a limited number of analyses concerning duct flow of ab-
sorbing-emitting gases are available. Viskanta (Re:i., 2) has treated
laminar flow in a parallel plate channel under the assumption that the
gas is gray. Turbulent flow of water vapor in the entrance region of
an annular duct has been in{festigated by Nichols (Ref. 3). The nongray
nature of the gas was accounted for through use of the statistical model
for vibration-rotation bands. Another nongray analysis is that of
deSoto and Edwards (Ref. 4), which treats laminar flow of carbon
dioxide in the entrance region of a circular tube. In this case an ex-
ponential model was used to describe the spectral absorption coefficient
for each vibration-rotation band, although the temperature profile was
assumed to be independent of the radiativé transfer process.

In the present investigation attention is restricted to carbon

'monoxide, which has a single fundamental band, and overtone bands




will be neglected. The methods of analysis, however, are easily

extended to gases having multiple band spectra, such as carbon dioxide

and water vapor.

BASIC EQUATIONS

A G o S, s i | ], i i o, M s

The physic=] model and coordinate system are illustrated in

Figure 1. Laminar flow of carbon monoxide between infinite parallel

plates is considered under the condition of a uniform wall heat flux. !

The plates are taken to be black, and only fully developed flow and

.
e

heat transfer are considerad. Attention will additionally be restricted i

to small temperature differences, such that consian’ properties and

linearized radiation may be assumed.

Since, for a uniform wall heat flux, the wall temperature varies
in the axial direction, there will exist radiative transfer between wall
elements located at different axial positions, and in general this would | R

preclude the possibility of achieving fully developed heat transfer.

For linearized radiation, however, it is easily shown that fully developed

heat transfer can be attained, with the subsequent result that there will

be no net radiative transfer between wall elements. In addition, it

will be assumed that radiative transfer within the gas in the axial direc- i

tion may be neglected.

Noting that for a uniform wall heat flux and fully developed heat




transfer
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i the {1 4 K . . . .
then within confines of the foregoing assumptions, conservation

of energy is expresssad by

J2XZ Y ,»’s:fya o DT ! I
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Upon integrating :his squaticn, and noting that dT/dy = 0 and Qg = 0

at y =1L/2, on= has

Jd7 22<3 4y Ze
Lz ) < /

Jdy Tk 13Ty T (2)

where the wave number integration is taken over the single vibration-
rotation band of carbon monoxide. In turn, from Reference 5 the

spectral radiative flux may be expressed as

4 Nomenclature is listed at the end of the paper.
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L) &é‘“‘%&} = T ‘ (4)

In the following it will be convenient to employ the exponential kernel

1

1

|
approximation (Ref. 5) i i

3x/2

El) = Se

such that Eq. (4) becomes i

o0 ™ %Sj[%@ - &, |k, exp[- Lus-2)|d2 i

(5)

- %5:[6"0(2') = e/w] R exp}} —\iﬁé[g (2-%!)] dz

The actual variation of K with ®m throughout the vibration-

rotation band is quite complicated. With the exception of high pressures,

T S SRS Cr e ———

the band consists of a large number of individual rotational lines, and
any attempt at incorporating this discrete line structure into the fore-

going equations would prove to be a formidable task. An alternate

approach, which has been employed by the authors in Reference 1, con-
sists of expressing the total radiative heat flux in terms of the derivative !

of the total band absorptance. This procedure does account for the




discrete line structure of the band, and its use will be illustrated in

the following section.

EAND AEBSORPTANCE MODEL

e bt a1 3 o

Since a vibration-rotation band is very narrow compared with
the black-body spectrum, one may assume that ew(T) =~ e (T)
within Eq. (5), where ew {T) denotes Planck's function evaluated at
the band center, and for tie fundamental band of carbon monoxide

~1
W, = 2,143 cm . Furthermore, with the assumption of linearized

radiation

de
R e

Equation (5) may thus be rephrased as

Z%___ dewc {S [7’(2) T]/ﬁ exp[ LA (y4- 2)]0’2

- @ -rlenp[- o9 les}

The total band absorptance is defined as (Ref. 6)

A = L@[/‘ exp(-1,4) | do
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and correspondingly

S

! — /'\/ i .
A = Q w EXP (K t—,’\la

“ad)
where the prime denotes differentiation with resvect to y. Thus

combination of Eqs. {3} and {8} yields

% =3 Ce‘*c{ 1) -7 A [E(4-2)]d=

(9)

- j:[r(?.) -7 A [3(2-4)] d%}

It will be convenient to recast this result in termns of the dimen-
sionless band absorptance A= A./AO, where A  is the band width
o
parameter, and for the carbon monoxide fundamental band this is given

by (Ref. 7)

Ya
B -
A = 38 300)

Furthermore, it will be advantageous to employ the dimensionless

quantities

L = C:P(j uc.—; C:PL.
‘ 2
o = -7 N = kco P

ZL/K A (dew, /IT)

where, for carbon monoxide (Ref. 7)
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With the above definitions, Egs. (7} and (¥
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where A (u) denotes the derivative of A{u) with respect to u.

integrodifferential equation describes the dimens

ture 6(u),

(o)

The dimensionless bulk temperature is in turn

_ -7 _ & (% ____)
% = ek T W jo o) (g, ~ dz)

This

innless gas tempera=-

and the boundary coadition for the 2suation follows to be

given by Eq. (6) as

(11)

It remains to specify the dimensionless band absorptance

Z(u)y

Tien and Lowder (Ref. 8) has been employed.

A = Inefle) [(H3m

and in the present study the semi~emperical formulation of

This is of the form

)

(12)




where

F(B) = 2.94 {fi ~expl- z.éa,é’:)]

“

and for the carbon monoxide fundamentiai band (Ref, 7}

6.4 2

B = ©.0866F {*5’;?‘3’>

It is important to realize that Eq. (12) does, at least in a semi-
emperical sense, account for the line structure of the band. This
line structure dependency is introduced through the parameter B8,
which is a measure of the ratio of line halfwidth to line spacing.

Equation (10) has been solved numerically, and the subsequeht
results for eb will be presented in the last section of the paper.
Aside from these numerical results, however, Eq. (10) possesses

two limiting solutions, and these will be described in the following

two sections.

OPTICALLY THIN LIMIT

In the present notation, the optically thin limit corresponds to
u << 1. There are basically two ways of obtaining this limiting
solution. One is to employ Eq. (1) together with the optically thin

formulation for dqR/dy (see for example Ref. 1). The alternate

method, which will be employed here, is to directly obtain the limiting

10




form of Eq. (10) for u << 1, Proceeding in this manner, one may

note from Eq. (12) that for u<<1
A {:’(-’5} =

and Eq. (10) correspondingly reduces io

Jo ( w® T 3. [ e
Uoga ~2\3= = “+/==32:“”*“‘f5 ol du’
°dJu ar T3 EV NN () o
(13)
L, >
- § o) du |
LL .
Upon differentiating this equation, and letting I = y/L, one has
d*e 3uZ N
- = - : (14)
Jer ~ m @ = 2(5-87)

with the boundary conditions

©=C ; §=0

Jdo _ Y.
_'—"é"**o > %‘*z

Note that pressure appears in Eq. (14) through the grouping
2
U /N~ P.
Equation (14) possesses an elementary solution, and from Eq. (11)

the dimensionless bulk temperature is found to be
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form of Eq. (10) for u < <1, Proceeding in this manner, one may

note from Eq. (12) that for u<<1
Alu) = u

and Eq. (10) correspondingly reduces to

(13)

d*e 3ur (14)

with the boundary conditions

© = C ,5:0

JOo /
_— = O : = .
d E J E
Note that pressure appears in Eq. (14) through the grouping
2
u /N~P.
Equation (14) possesses an elementary solution, and from Eq. (11)

the dimensionless bulk temperature is found to be

11
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o = E76 4”/*&":‘.“]:“&T 288 | 24  i2 (15)
6= Tm7E\ e ) T TME T MR T sm,
where
M, = B4
w2t
4 i /V

It should b¢ noted that this form of the optically thin limit is
based upon the exponential kernel approximation: 1. e., it employs

the optically thin form of Eq. (5) rather than Eq. {4). If, instead, one

employed Eq. (4) and made use of the Planck mean and modified Planck

mean coefficients (as in Ref. 1), the optically thix sclution would be
identical to Eq. {15}, except that MZ& woulid be weplacsd by

2
M = 4u_ /N.

LARGE o _LIMIT

The second limiting solution gorresponds to u >>1, Convén-
tionally, this might be regarded as an optically thick limit, and one
might attempt to employ the Rosseland equation for the total radiative
flux. As pointed out in Reference 1, however, a useable Rosseland

mean absorption coefficient does not appear to exist for vibration-

rotation bands. The reason for this is that, in order for the Rosseland

equation to apply, the gas must be optically thick for all values of wave

number that contribute to the absorption-emission process.
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With respect to a vibration-rotation band in the limit u, >> 1,
the central portion of the band will be opague, and radiative transfer
within the gas will be due solely to the wing regions of the band., Here
the spectral absorption coefficient, K decreases in an asymptotic
manner towards zero. Consequently, regardiess of the magnitude of
the gas layer thickness L, the spectral optical thickness, KUJL’ will
vary from optically thick to optically thin within the band wings, and
this precludes the possibility of employing the Rosseland equation,

A more complete discussion of this is given in Reference 1,

Even though the Rosseland equation is specifically inapplicable,

Eq. (10) does possess a proper limiting form for = >> 1. To obtain

this limit, note that for large u Eg. (!2) may be written as

Alu) = /”’“*7,/?‘*'”» (16)
The first term in this expression denotes the dimensionless band
absorptance, in the limit u > > 1, for the molecular model of a
vibrating nonrigid rotator (Ref. 9).

Upon substituting Eq. (16) into Eq. (10), it is found that, in the
limit u >>1, only.the first term in Eq. (16) contributes to the infe-
grals in Eq. (10). Thus, with A= lnu, and again letting € = v/ L,
Eq. (10) reduces to |

Jo _ 3 U (1 rony _E’
Je 2<3€z'25)f/“7\,—§o@(€)‘é—_‘§r (17)
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7, = 60‘%,97?35:‘ [T(z)-7] SXFE%@@'@]O@

(19)

= 60, 7§ [T()-Texp [- 22 (2-4)]dz

Upon differentiating this equation twice, the integrals repeat them-

selves and may be eliminated, with the result

dzfﬁ 7 =2 3 o7
Tar 7 %5,9,2; = J207K,T, &g (20)

This is, in fact, simply one form of the well-known differential

approximation (Ref. 5).
The simultaneous solution of Eqs. (1) and (20) is straightforward,

and *he final result for the dimensionless bulk temperature is

0, = C [24 — J2Myt M F (Mf“/2M2“24>éMz]

—

o

20 178 /7]
& M7 70 M} 70

where
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Before turning to the numerical results which have been obtained
from the previous analyses, it will be of interest to discuss the parafn-
eters which enter into the analyses. Consider first the gray gas solu=
tion. The governing parameters are N and To? and these are the
conventional parameters which describe combined conduction and
radiation. The relative importance of conduction versus radiation
within the gas is denoted respectively by N and ﬁ/TOZ in the opti-
cally thick and optically thin limits (Ref. 5).

Considering next the band absorptance model, Eqs. (10) and (‘12)
illustrate that the governing parameters are N, u and B. The first
two constitute the nongray counterparts of N and To? while B is the

line structure parameter and does not arise in a gray gas analysis.

16
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It may further be noted from Eq. (15) that the optically thin limit in-
volves the single parameter N/uoz, which is analogous to the gray
gas parameter FI/TOZ‘. On the cther hand, in the large U limit
Eq. (17) yields the parameter N/uoy which is not analogous to the
gray gas counterpart. This again iliustrates that the laxrge u liinit
for a vibration-rotation band differs from the conventicnal optically
thick limit. The absence cf the line structure parameter B in both
the optically thin and large u limits is discussed in Reference 1.
For the purpose of comparing sclutions, it will be advantageous
to present results in terms of the dimensicnal guantities I, and P.
The band absorptance results are 1llustrated in Figures 2 and 3 for wall
températures of 500°K and 1000°K respectively, The limiting value of
Gb = =0.243 corresponds to negligible radiation, and the effect of radia-~
tion increases with increasing plate spacing. As would be expected,
radiative transfer is more pronounced for the higher wall temperature.
Also illustrated in Figures 2 and 3 is the limiting solution for
large U and recall that this solution is independent of pressure.
Since u = COZPL, it is evident that, for a given wall temperature,

the large u limit can be obtained either by going to large values of

L or to high pressures. This is evident from Figures 2 and 3, although

for moderate pressures unrealistically large values of L are necessary.,

The gray gas and optically thin solutions are compared in Figure 4
for a wall temperature of 1000°K and a pressure of one atmosphere.

The optically thin limit greatly overestimates the influence of radiation,

17
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and it is evident that when radiation is of importance the radiative
transfer process is in turn not optically thin.

Note tha,t the gray gas solution also overegiimates the importance
of radiation. The reason for this is that the optical thickness of the
gas based upon the Planck mean coefficient can be csveral orders of
magnitude less than that based upon the maximum absorptioﬁ co=
efficient within the vibraticn-rotaiion band {(Ref. 1y, Correspondingly,
the gray gas assumption may predict optically thin radiation under

conditions for which the real process is not optically thin.
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En(X)

NOMENC LATURE

total band absorptance, cm’l

band width parameter, cmhl
specific heat at constant pressure, cal/g/ °k

. m}_ mz
correlation parameter, atm cm

. . 2 -
Planck's function, watts/cm” /em .
Planck's function evaluated at temperature Tl
Planck®s function evaluated at wave number W,
exponential integral
;2
thermal conductivity, watts/cm /’OK
distance between plates, cm
pressure, atm
2
wall heat flux, watts/cm
total radiation heat flux, '\ava.rtts/cmZ
2 -1
spectral radiation heat flux, wa.tts/cm /em
o
temperature, K
o
wall temperature, K
o
bulk temperature, K
mean velocity, cm/sec
2
dimensionless coordinate, C:Q Py
2
dimensionless path length, GO PL

axial coordinate, cm

transverse coordinate, cm.
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u

u
C

thermal diffusivity, cmz/sec

-1
spectral absorption coefficient, cm

. -1

Planck mean coefficient, cm

dimensionless coordinate, y/L
. 3

density, g/cm

Slefan«Boltzmar: constant

optical thickness, K_pL

-1

wave number, cm

-1
band center, cm
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Fig. 1 Physical model and coordinate system.
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. 2 Band absorptance results for T, = 500°K.
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Fig. 3 Band absorptance results for Tl = 1000°K.
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Fig. 4 Comparison of results for T1 = 1000 Kand P=1atm.




