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ABSTRACT 

A list of distributional Mellin transforms is derived. 

Singular distributions that are considered include delta 

functionals and pseudofunctions obtained from Hadmard ' s 
Finite Part. The ordinary d.$stributions include algebraic 

and elementary transcendental functions, Proofs or deri- 

vations are provided for all results. 
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I . INTRODUCTION 
1 ? 

The occurrence hf distributiohs or generalized functions 
I 

is becoming increasingly more prevalent in modern analysis 

today. The generalized aoncepts of distribution theory 
I 

are being put to use in all fields of theoretical work. 

This has created a need of extending the various mathematical 
I 

I tables to include functions of thzs type. 

The task of expanding tables to make them commensurate 

I with the developing use of distribution theory is only in 

I its infancy. In the literature, only extensive tables of 

distributional Laplace transf orrns may be found (1 , 1 2). - 
The Kellin transf o m .  m {f (x)) = iP (x) xs-I dx = F (s ) , ' 

and most others have been treated thus far essentially only 

in a classical manner. 1n [5, 61, several distributions in 

the latter operations are considered by means of forming 

the Cauchy Principle Value of a divergent integral. This, 
i 

B though, is the extent of the availability of distributions 

I in the existing tables of operational transforms. 

1 The object of this investigation is to begin a table 
i 

I of Mellin Transforms that will be comparable to those exist- 

1 ing for the Laplace transformation ([I , 1 21) in the distri- 
butional sense. Nan, of the singular distributions that 



will be considered are formed by extracting Hadamard1s 

Finite Part ( I  11 , section 1 - 4) from a divergent integral. 
The delta functional and series of delta functionals are , 

also included, Algebraic and elementary transcendental 

1 functions copprise the ordinary distributions that are 
I 

I considered. FoLlowing the list of transforms, proofs or 

derivations are provided for all results. 

The symbols used for the higher functions and the mador- 

I i t y  of notations adopted are those used by ~rd6l~i et a1 

I in [ 3 - 6 ) .  A reference accompanies each function in the 

I glossary indicating where further representations and formulas 

. using it may be found. 

A number found In brackets, [ 1, will denote a reference 

I included in the bibliography.  races ,{ 1, will enclose an 
equation number. "Pf" indicates a pseudofunction ( [ 1 ] , 
section 1-4). "Fp" represents Hadamard1s finite part of 

i an integral. 



I 

I 
I 

GLOSSARY OF SYMBOLS 

a, b -- Real positive numbers 
I 

I, t, a, -- Real numbers 
I 

j, k, n, -- integers 
a, 8 ,  7, z ,  s ,  -- complex numbers 

1, k = 0, d # 0  Factorial ~unction{[7], section 18) 

( d  1 2 k - 1 )  k = 1,2,,3,.*. 

r(z) = J:e-t tzo1 at Be z)0 Gamma Function 

I {[ 31, section 1 . I - I  .4) 
0. 

r(a, a )  = Je-tta-1 ,t , Incomplete Gamma Function 
2 

{[41, eection 9.1 and 9.2) 

r ( & )  T ( P )  Beta J?unotion - - r Z  d + e  { 131, section 1.5) 

- log n)= 0;5772156649. .. Eulert s Constant 
N+- 

I (k + 1 ) = 1+1/2 + 1 / 3  * . 1 /k - r Logarithmic derivative 

of Gamma Function 

f [31, section I .7) 





G( I;). = $ ( 1 / 2  + z / 2 )  - ~r ( d 2 )  {[3], section 1 . 8 1  

Whittaker Function 

i a = 1 / 2 - k + p , ;  c = 2 p , + 1  {[3], section 6.93 

0 ,  x < o  

Heavisidels Step Function 

1 ,  x > o  - 

Delta Functional 



'= I '. LIST OF MELLIN TRaNSFORMS 

1 - 1  ( s )  <Re s < s 

["'x "x"] - 
dx dx 

I . . 
* This listing is obtained f rom[2] ,  pp. 58 - 59 

; 

i . 7  



2. Algebraic Punctions 
! 

gP 

f ( x )  ; (x) x -  dx 
* 

-a 4+S 
2-1 I +  (x-a) xd 

4 + S  s f -  4 - 00 4 Re s <-Re 4 
i 

'9 
2-2 Pf I + (&a) (x-a) as+7 r ('7 - .+ I ) f (-+q) B # I ,  ~+7#0 ,1 ,2 , . .  

r ( I  - S )  7 # -1 ,- 2,.., -m < Re s < -Ref 

2-4 Pf I +  (x-a) . 

(x-a) . as-' l o - ( I S )  - m < ~ e s < 1  

1 +(x-a) 1 +(b-x) 
2-5 Pf 

(x-a) as-1 [log + - v,( I -a) ~ + t , 2 ; 3 ,  ... 
I c.' s f *  

I a <  b 
-(k) "-'9 (; ,I , 1 -a)] 

: a 

I 
I .  

8 

.. . . - -- - --  





(dl * 

c u .  
3 
n 
(d 

A 
V + .- 

Icu 





3. ELENENTAR' TRANSCENDENTAL FUNCTIONS 

3 -1 1+(x-a) log( x-a) 
s -@<Re 6 < 0 .  

3 -2 l+( x-a) log(x+b) 



atb 

3-6 l+(x-a)log lx-b\ s b s  - I(,) ( rr ctn-ns)+log ( b - a ~ + + ~ ( ~ , l , s + ~ ) l  
s 

-00 4 Re.s 0 ~:-I,-2,-31 b l r  atb 

3-7 1+(x-a)log1x2-b21 -_ a s \g(-$-. 1,;) + log(a2-b2)] - m < W  s < O  
8 

a>b 

3 -8 l,(x-a)log 1x2-a2 I as - [y(-s)--$(-s)-log - m  < R ~ S < O  
S C .  '3 

I 3 -u l+(x-a) l+(b -XI 2 ~ 9  s ( -s)/ Log!+(;) 3 (81, -8 , )  + l o g  

I log (x-a) a4b (boa))] s#0,1 ,2 , . . .  



9 
3 -15 pfl+(x-a) (x-a) ~ ( 7 + l ) a ~ + '  Tf! (*~+l, ~ + l + e ; a . ;  ) 

e -4 x-8) -004Res  4 -  

-il.Z&-ab] 
3 -16 l+( x-a) sin b(x-a) r( 6, -iab)+ 

2 i  . 

6. ( diq-'b] -; R - a b ]  3 -17 l+(x-a) cbs b(x-a) r ( s ,  -iab) + B 
2 \ 

3 -18 1+( x-a) l+(b -x) s+2 s+3. a a 

28 
sinh d(x-a) g ( s , s+ l ;  d$-ead%(s,s+l; . . - db)) 

s *+I. s s  $a2 3-19 l+(x-a)l+(b-x) cosh - 8 . 1 ~ 2 ( ~ ; ~ ,  2 ,-I$+ bB 
8 2 s 

d(x-a) 
2 (a, arl; .I b) + ead if (s,s+l; - db)} 

a 4 b  
84 0,-1, -2, a * .  . 

I 



4. STEP AND DELTA FUNCTIONALS 



PROOFS AID DERIVATIONS OF RESULTS 

I 5 .  P.1gebraic Functions 

? *+s 
-a s4 d 

( 5 -1) Derivation of formula 2-1, m fl+(x-a)x?)= - ;F -a, 4 Re s <-Re d, 

follows by direct integration. 

(5-2) Derivation of formula 2-2, 

' -00 < ~e s ( - ~ e  
T# -4 -2, a.1 

consider first, Re l > -1, thus t he  Pf becomes classical, 

Which follows from the change of variable, :+-$., the def in i t im  of the 

I Beta Function, and a standard result found for example in [3)  , pge  9, 



Now t o  extend 15-2-11 to  include a l l  values of 7 except r -1, -2,. . . 

for  Re s < - ~ e (  d -k) 

where -1<Re.(<O b 0,1,2, .. . 
Proof r F r o m  [ 11 , section 2-5, eqn.(g), 
r 

-1 i Red (0, 

k d 
Thus : d. Pf (x-a) l+(x-a) 4 - ) ( - 1 )  ~ ~ ( x - a ) ' - ~ l + ( x - a )  

d xk  
{ 5  -2 -3) 

Using {5-2-J-) 

1 
I Also from formula 1-7 

Combining and rearranging { 5-2-31 , f 5-24) and { 5-2-5) 9 



.. . 
By setting ')2 = o< -k, formula 2-2 has been derived by comparing 

{5 -2 -1~  ..a {5-2-61 . 
I ( 5-3) Derivation of f0rihd.a 2-3, 

I F i r s t  consider Re 17-1, thus the pseudofunction reduces to classical 

) - 5 9 (sf is uniformly convergent over the Row, (1- 
Y=0 . 

interval ff t A 5 x G b with f 7 0 asd R e  3 7 -1. Using this in the 

I the above a@ integrating term by term yields: 



sm2e 
6+'l-U - - I - = ( ( ,  applying the def in i t ia  [ 5 -3 -1) 

I .  of the Hypergeometric Function ' to the above givaa: 

"The interchange of the l i m i t  and summation is valid by Abelt s 
The orein. lr 

I NOW, from [ 3 1 ,page 3-04, equation ( 46) J 

~fa ,b;c; l )  n T(c)  r(c-a-b) c 0, -I, -2,. . . Re c > Re (arb) ' 
r(c-a)r(c-b)  f 5-3-S\ 

s + y ~ 0 , 1 , 2 , . . . R e ' ? ) - l ,  s f 1  15-34) 

Row to extend { 5-3-4\ to include all 3 except 9 = -1, -2,. .. 



Pros f : 
__RC 

From [l] , sect ion 2-5, equation (8), . . 

i From Oonpyla 1-7, 

1 Combining i.5 -3 -5) , { 5 -3 -6 3 9 and f 5 -3 -7) 

a ( f 8 8 1 + ( l - ~ ) y  s * d ~ ~ ( - d , l - ~ - d ; 2 - ~ - d ; - )  P +()+(b-x) ( a )  = b-a b 
4 4 84.4-1 b 



bs+d-l a ( 1 )  ( l a - )  (y 
9 ] = -z 

a+a-1 Y=O N! (2-S-a 

Combining this with ~ - ~ - 8 )  , 

s*.c-l jZ 0,1,2,. .. s f 1 -I< a c o 

Q.E.D. f 5-3-91 

How this proof can be repeated for -2&("-1, ./ then -3&&2, etc*  

!Thus by induction formula 2-3 is proven. 

ij-4) Proof of formula 2-4 



several preliminary results w i l l  be beded: 

F ~ Q P ~  [ I ]  , seation 2-5, equation (qo), 

I s -1 
In 'artiaular, P 

I (54-2)  

From 191 , Page 8, eqn* (12-8A), , 
> 

w 

ax - - - 1 log ~sog(a+  t ) [ 5 -4-31 
a a 

a+ 6 

=om [ 3 ]  , Page 16, equaticm (131, 

Now, making the changes of variables 1 1-6 and t= a - (5-4-4) bet-8 
X * 

y ' ( l - s ) + ~  = l im+ 
6+0 6-r o+ 

1-8 
x(x-a) 

4+6 4+6 

or rearranging, 

1 l i m  a d x  
.+o4 i f- - 

x (x-a) a Q+C x( %-a) 
a+a 

' 22 



Now adding l i m  1 log s to each side and using {5-hO3) 
:,i -:t.-; 4 4  7 s  

I A comparison with { 5-4-21 yields, 

. .  
( 5 -4) Derivation of formula 2-5 

I Formula 3-12 will be used, It is proven indeperdently in section 6-12,' 

Thus, 
8 ' !' a -S 

I 
l,(x-a)l,(b-x)log(.x-a) $ ( -s)ilog$.+ ( $ (5 ( $ 1 3  - 8 ) + l O i 3 ( b 4 ) )  

I 
I Now 



[ :, 
I ; 
I Using k = 1 in [ 5 -4-1) in the above gives : 

I #  i& ualng formula 1-7, ( 5 -5 -1) , and rearranging, , 

( 5-6) Proof of Z O ~ U ~ E L  2-6, 

Proof by induction: - 

I Asaum, (5-6-1) i a  true for k = n, then 



I 

Now, from [1] , gectiw 2-5, equation (23), 
I 

, . ;< 

d l+(x-a) 6 (x-a) 
3. 

n: dx 

s -n -1 n+l s-n-1 ( -1) ( l a ) ( 2 - ~ ) ~  - a * 

/I - 
'rj Gn-J.)! 

[loo a- Y ( M ~ - S ) +  ~ ( n ) ]  

n+2 
(-1) (1-s), a 

s -n -1 [ log  a- Y (n+l-a) r 9 (n+l)] 
r 

'n : 

-- (Re s < n t l  Q.E.D. 
I 

( 5 -7) Proof gf formula 2 -7, 



1 
i Xpduction proof: { 5-7-12 is true f o r  k d  by formula 2-5 
I 
i Assume { 5-74,) 16 t rue  for  b n ,  then: 
i ,  

8 j4 0, n'+l, 'd+2, . . . { 5-74) 

U s b g  formula 1-7, ( 5 -7-2) , and the relat ion proven (a~pandix 1, { ~ 1 - 3 )  , 
gives : 

s 4 -1 b "N-t ( - ( a  [ log a + 9 (ncl) - 9 (n+l-8) -( $ s(:, 1, n + l - ~ ) \  
= a  

n! 
bs-l H-2 3 n+2 z, .. 

- 8 )  ( - 1  ! ( 1 )  . ( 1  ( l - ~ ) ~ - ~ b = - ~  
rr - 

( b -&) u=o n: (b-i)  n3 
s # u+1, h-2, h+3, . . 

i Q.E.D. 

I 
' .  

26 



(5-8) Derivation of formula 218, 

By a part181 fraction expansion, 

Combining formula 24, 5-8-L) , anb ( 5 - 8 9 )  give8 the dealred n8ult. 

(5-9)  Derivation 'of formula 2-9, 



I Now using a result proven in  appendix 2,'. ! . . 

Using formula 2-4 and 15-9-21 in (5-8-1) with a=b gives the daaired 

result, Since the Mellin transform integral converges for a l l  Re a 4 2, 

the region of convergence for the expression can be extended by analytic 

continuation to incLude the interval - 00 < Re a < 2 but a4 1. 

( 5  -10) Derivation of formula 2-10, 
a 

s - ~ [ I ~ ; ~  - U((i-s)-(k~l*nc.cns+.t+(-~,i,s~ 
- s + 0 , - 1 - 2  - = < R e  8 4 2 

a < b  . 

I How, using { 5-9-2) A t h  a replaced by b, { 5 -9-1) , and the result proven 

in  appendix 2, ... I ' 

+ J?"~X' x + b  '- bs-I L e F t l x  1+ x + l+(x-bl) ( ~ + b )  

1, But from I 3)  , page 16, equations (U) , 
s (z) - 9 (1-z)= -T &I(? Z) { 5 -10-1) 

1 
, Y(-;+z)- *(A - e ) - ' ~  tan (n z) ( 5 -10-2) 

2 

I 

1 .  . .  

. a  . 

28 



Thus, 

Tr 9 s -1 bs-l [TTc$n(2) 4- nhI(y) ] - b TI crc s (5-10-3) 

0 4 ~ e r  i i  . . f 

1 

Also, a - .  
a 

s + u 1  8 a .  1 x = g ( - & i , . ~ l ~  i o r a < b  , 

X +  B b yso b b 
e O < R e a ( @  {5-10-4) 

1 

Combining { 5 -10 -3) and (5 -10 -4) gives : 

, - 
0 < Re s < 1 but with analytic continuation -a < Re s 4 1 

Finally putting formula 2-4 and { 5 -10 -5) in { 5 08-11 and extending 

the region of convergence by analytic continuation gives the desired result. 

( 5 -11) Derivation of formula 2- l l ,  . 

Expanding by partial fractions gives : 

r+(x+(a+b)* 

(x-a) 2(x+b) 



q, Using formul~ 2-6 with B = 2 and the difference formula for ?(z), 
;r 

Putting formula 2-4, {5-8-2) , and-{5-~-2\ 14 15-11-1) gives, 
r 

, P it(x-a)(a+i)* (e-~ . ) ( i+b)a'-~  [ l og  2 - ~ ( I . - S ) +  

2 C s -1 
(x-a> (x+ b) 

"I 

and by anglytic continuation -a C Re a ( 3 

( 5 -12) Derivation of formula8 2-12, 

This foklows frum inserting formula 2-4, { 5-11-21 , and 5-9- i )  in 

{ 5 -ll-1) w i t h  a I b. The region of oonwrgence in s has been extended . 
by analytic continuation. 

, 



I 
1 ( 5 -13) Derivation of formula 2-13, 

a. 

P, 1+(x-a)(a+b)2} as-' j [(s + 1)(1;9-2] a [ log = c - 9 (1-a)]. 

- %. { (x-as2(x+'b) 
a .-,- . -.,. 

8, 

a < b s 4 1,2 -w  < Re s C 3 4 0,-1,-2,.** 

mis formula is obtained by combining formula 2-4, ( 5-ll-2) , 1 5-10-5)', 
f 5 - 1 1  , snd using analytic continustion. 

( 5-14) Derivation of f ormsaa 2 -14, 

b-+ 

s -1 
dx + b  log.\ * 

s-1 ' s-1 a - 1  
-b dx + b , log b % 

b. - x 

3 1 

1 



Making the change of variable, ,X = bt, using { 5 -4-4) w i t h  2 = s gives r 

low, using formula 2 -4 and { 5 -14 -2) with a in of b, 

Q.E.D. 

( 7-15) Derivation of formula 2-15, 

m{~flw)) X-a X-b mipi l e )  f l i p f  1 ~ )  



U s h g  analytlc co~t inuat ion ,  f 5-15 -1) , (5-15-2 1 and formla 2-4 gives 

- he dl:..;iscd result. 

I ( 5-16) Derivation of formula 2 4, 

a a l-s 
li(x-;i(a'-;) - a s-l[log E -  r ( l - a ) + ( ~ )  v*ns 

x-a x-b 

Now, using formulir 2 -14, and the above, 
. .. . 

\ 

I Using analytic continuation, { 5-15-1) , 15-16-2) , and formula 2-4 g i n s  

the desired resul t .  

I 33 



( 5-17] Derivation of formula 2-17, 

Now, 2 Pi 1+( x -a) (a  -b) 
2 

(X-a) (X-b) 

Using analytic continuation and 15-11-2) , {5-15-2) 9 and formula 2-4 

gives the result .  

( 5 -18) Derivation of formula 2-18, 

P l+(x-a) (a-b) 

[ ( ~ - a ) ~ ( x - b )  

n 8 

b 1-6 

I + 1 -  a - -  nc*. S + ~ B ( ~ I . , S $  

I Uq l n g  analytic continuation and { 5 -11 -2 } , { 5 -16 -2) , 5 -17-1) ,and 

forpula 2-4 gives the result.  

( 5 -19) Gr iva t ion  of formula 2-19, L 

77 iPf - is-l [(E)' $(31,.)- f l E b n S ]  

I -a< ~e s < 1 s 4 0,-~,-2, ... a 4 b 

I This resul t  i s  given as { 5-16-2) . . . 

I 
I 34 

1 , 



( 5 ~ 2 0 )  Derivation of formula 2-20, 

. This result is from { 5-15-21 . 
( 5-21) Derivation of formula 2-21, 

' This r e su l t  has been derived as { 5 -10-3) . 
( 5 -22) Derivation of formula 2 -22, 

I '  
This result i s  gj.-fen as (5-8-2) . 

( 5-23) Derivation of formula 2-23, 

This Result has been derived as (5-9-2) . 
( 5 -24) Derivation of fornula 2-24, 

I+  (x-a)}' - baa [n csc n .-(+)' 9 (-+,l,s)] a < b , 

- - < R e s < 1  s @, -1, -2, . . . 
This re~ult has been derived as { 5-10-5) . 

I 
35 

I 



( 5 -25) Derivation of formula 2-25, 
i 

j pf I+ (a-x]) - as-' [log t - Yl (o)) ar, > R e s > o  
I a - X  

I 

I This result .has' bean derived as {5-14-2) . 
(5-26) Derivation of formula 2-26 

Using { 5-16-11 and formula 9-25, with analytic continuation gives the 

result,  - 

( 5-27) Derivation of formula 2-27, 

P 1, (b-x) 1 + ( 8 - 4  

{ (x-b2 } -m[ ( ~ - b ) ~  



From [ 13 , section 2-5, equation (24), 
i 

d Pi l+(b-x) P 1 (b-x) . (k) . - f, + - (-l)lr 6 (x-b) 
m' - 

dx (x-blk (x-b) + k : { 5 -27 -2) 

1 : I Thus, 

And using formulas 1-7 and 2-25 gives with analytic continuation: 

low using formula 1-7, { 5-16-11 , and analytic continuation, 

Combining (5 -27-1) , $5  -27-3) , { 5 -27 -4) and applying analytic continuation, 

Pi I+ (x-a)l, (b-x) 

s -1 
( $1 

6 ( :#l,s-l)- 
(s-l)(l-;) 



- 
(5-28) Derivation of formula 2-28, 

I /. 

I 

s b 
. . mi1*} n - -b +(  31,s) b i a  0 < Re B (.a 

a 

7: 

This result is given as { 5 -16 -1) . 
. (5129) Derivation of formula 2 -29, 

I 

1 ::;I 2 ={s-1)b s -2 [~(s-1)-logb--1 s + 1  O * 4 R a s < 0  
c 1 

$+ 5 -27-31 supplies this result. 

I .  

, -33) Derivation of formula 2-30, 

1 m { ;:-+-P) - bs-1 [ - (8-1) b ] ..a - - 9 (;,l,s-l) 
a -b a 

8 f'l 0 4 R e s  4 -  

This formula is. expressed as 15-27-4) 

- .  

I i 

I 38 

I 



- 
6. El~mantary Transcendental Functime 

I ,  ~t ~ ( 8 ) -  m{l+(x-s)log(xa)} , and using th. reefit oi ,appendix 3, 
, . 

fonuula 1-7, and formule 2-4, 
i 

x - a  

=asw1 [ l o g : - ~ ( 1 - a ) ]  - a o C R e r < l , '  
4 .  

thur P(s)= a- - c o Z ; R a r  < O  
8 

YA . 
Q.B.D. 



b t t i n g  a = b in { 62-11  and using formula 2-23 gives this result. 

7 

i 
- -- - 

with aid of iormu1a 2-22, < I+(x-a) > = a - 1 , -  ~e s < 1, 

( 6 -4) Derivation of formula 3-4, 

1 

I - iog (a* b)] --<Re s c 0 

a( b 8 4 -1,-2,**. 

x + b  , a 

the desired'result is  obtained. 

( 6 -3) Derivation of f ormulq 3-3, 

1 - $ 2 G( -s) + log(%) 
2 

i Combining ( 6-2-1) and gomula 2-24 gives this result since 
1 

C8C W (a+-1)  rr - CSC W 8 .  

1 (6-5) Derivation .of formula 3 -5, 

8 b 
m [ ~ + ( ~ - )  log lx-b1) = -a [9 (Tl , - s )+ log (a -b)  - ~ < R ~ S < O  

s 1 
a > b  

Integrating by parts, 

{ 1, (xa)log(x-b)) = - -1 [ nslog(a-b) + <.I+ (x-a) xS > 1 
s x - b  

1 a)b - a o Z R e a < O  {6-5-11 

I 
I 

' . 
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Combining f 6-5-11 and formula 2-20 gives the res@t. 

(6 4) Deriyation of formula 3-6, 

b-f 

Pf 
1, (x-a)l+ (b-x) lim 

3 
b - x  

I From formula 2-26, 

b-f 
s -1 

.̂ :lso, lim ys1og(b -x) 
- c+o+ 8 .  

0 
+ S 

8 s 
Since ( b - e )  log c - b log 6 ,  O( 



Therefore  combining { 6-6 -2) , i 6-6-3 1 , [ 6-6 -4) , and removing l i m i t  

Q ,  

operat ion,  

putt ing { 6-6-51 . an8 fornula 3 -1 into 6-6-11 gives : 

Using {5-10-11 in this gives the desired result. 

~ s ~ n g  iormulaa 3-5 and 3-2 in (6-7-11 



Re s, 4 0 a >  b 

Q.E.D. 

(6-8) Derivation of formula 3-8, 

Combin ing  formulas 3-1 .and 3-2 with.  (6-711) when a = b gives the resul+ . 

(6 -9 )   roof of formula 3-9, 



h k 

(l:;O::s ) BOW, -csc n o l i -  c t n ~ w s )  P - 16 -9-2) 

Also, 

a 2. (3"-(- 3" 2 
H(?;,l,s+l)-$(-t,i,~tl) = 

.A. 

= 5 9' (+ ,ld+ g) 
~ 1 -  (n+ s +1) b r b 

{ 6-9 -3) 

Thus {6-9-l), f6-8-25, and."f6:9-3} pi*=* 

Rew ri tin, - c o ( R e s  ( 0  



From [ 8 1  , page 75, equation 324-8a, 

. \ 

a 
Mar, lett ing x = - 

y . I  I s 1" 
a 

[log2(t - l )YB-I  dx = a [.lo0 7. (L-Y) ] y -1 -8 dS 
I 

-1 -s - as [ I' iog2(1-y)y ,dy T j: log2)! y-l-sdY 
. ,b 

1 .  

-2 1 log 7 ' l o g ( l - ~ ) r  { 6 -10-3) 
\: 

. \-I-. 4 
Putting 4 = 1, q ~1 , and p = -s in 1 6 -10 -2) gives : 

Also l e t t i n g  FIX, and using ng = I, p = 1, and q = .  -S in { 6-10-2) , 
I 

-1.-s 2 -. 
1 2 - Y  d. = 

6 

LII 

. r (1-8) 



page 44, equation (3), 

And frm [lo],  page 212, and from [3] page 22, equaticm (10); 

\ . Y'( .z  1 = r (2, 1 2 
\. 

( . combining f6-10-4) &d 16-10-51, andwing {6-10-6), 16-10-7)t 

b e  heifference relation for ' Y ( 2 9, and (111 - T g w s i  
. . .  . .  

I . The f ollbing' lemma :;a\ now needed r 

x-S -1 1'. .'a8 : T . . -- log K log(l-x) dx = (1-s)+ r q'(1-s) + s S = 

Proof: ' 

Using {6-10-7) , \ 

y (1-s)+ r J' @,I-6) . . 
. I  a + 

. 92 s ( 6 -10 -10) ' 

. . 

Row from l 3  1 , page 25, equation (3), 



\ .  

Using  { 6-10-ll) with Il=2 and Y =l-s', and ( 5-44} .  with 2 = 1-B in 

md integrating by parts. with 

.x-" log X 7 a* 
S A r .  1-xmS $-s log X I ' -1 

d v n ( 1 - x )  ax, 

-s -1 
and,' du E X log X dx, gives: 

1 -is 
log X log (1-x) dx 

S 
R e a ( 1  

. . 
Now let ~ ( x )  P 

I f 4 U o w l n g  can readi ly  be s h m  by repeated application of L'hospitalls 

3ule and using limit of products equal t o  product of limits. 



!. 
C6mbining {6-10-3)) {6-10-8), and {6-10-91, 

\ .  1 

( I - s ) + ~  

f 

I - 2 + . 2  s . S Re rs < 0 { 6 -10-12) 
I.. 



(6 -11) Derivation of formula 3 - l l ,  . 
i 

I - '  

1 
Now using the result proved in Appendix 4, formula 1-7, and formula 3 -10, . 

. I % ,  - . - .. 
' . 

m-. L 3 3 , page 27, equation (31, . . 

$ ( z , s # Y  1 s-1 -9t 
' t  e dt 

R ~ Y > O  and either \ Z \ ( I , ~  c J , R ~ s  > C  

or . s  I 1, Re e > 1 
L. 

{ 6 -12 -11 
: 49 . , 



I , 

I gm let l( =,et in. {6-12-11 &d k t  r 2 a 8 = 1, and J)  - AS; 
f .  . . , 

' 8 

A180  let and X 15 4-41 439 therefom, if ' 



s + l - ] t  s ,  
b s l o g ( b - a ) - a s l o g a l t  , p .  . X  -X dx I x - a  

s 
= 1 - bs idg (b-a) - a 109 a + as log ( 1 - a) 
5 b 



s+l.-1 .g 
the integral in (6-12-2 { 'by part8 with iu a y + 

-, 

1 a 1 1$"2~+-b) dx = - a log X-( - + -g) log (ax + b), {6-124\ 
b 7.:::,,: .:.. {N x 

a 3 

I 

($ - )log (b-a) + L log e ' {6-12-51 . i a a I 

combining {6-12-3) and {6-12-51 , 
I i 

b s -1 8 
dx- b log(ba) 

-aslog b + aslog a+ aslog (b-a) (6-12 -6 1 
I 

Putting 16 -12 -2) in (6 -12 -2) 

1 

s -1 
1 = l o ( - )  X d i  -00  L R B  8 L 0 

A 

The Result can naw be extended by analytic continuation to include 
. . k' 

s except i3 = 0,1,2,,:. r 

. .  Q.E.D. . 
I 

I 

I 
& . ( !  

( I  

I 

. . I 

I 

52 . ' . 
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I , 
. . 

. - 

(643) Proof of formula 3-13, 

qt N .  

S 
I+(x-a) e o d ( ~ * ) ]  r(i1 - 5 E ( ~ , S +  1; da) - . '  

* - . ' 

s 
. , 

. . . Re 4 > 0 :  . .S$O,-1,-2,!.. ' , 

. . 
. ' 

a o '  , { l+(x-a) - . , . - Jae-".;"&] : [I 4X 9-1 

X Letting ih o ( X  in the first integral and U n T  iri the second, . 
, s 
." m 4 

-ax 8-1 - , - - e g .] . 
0 

I 
,a e l l v ~ ~ ~ - l  

P Ca a r(s)- a e . du 

(6-13-1) R e s 7 0  
1 

1 From [3 ] , page 255, equation (1) ,' the iollowing integral 'repfesentatim 

1 - of 'the confluent hypergeometric function i s  obtainadz 



Now using Kummer's first formula given h [7 ]  , page 125, !pheorem 42, 

Using Kunmer *s formula, 

1 

I Combining this renrlt :vifh (6 -13-3 ' and ' {6-13 -1) , 

1 and uhng Aalytio d&inu'ation from Re s > 0, the result can be. extend+ 

to 'Gelude all 8 except d I 0, -1, -2,. . . 
V' " - Q.E;D. 

(6 -14) Derivatfon of :forrmrla 3-14, 

I Integrating t e r m  by term the uniformly convergent series of the expaentiel , ~ 
I 

1 .  function in the interval a d x 6 b, 

- -i (x-a) 
dx I+ (X-B) I.+ (a -x) e 



! 
Employing '{6-13-41 t w i c e  gives the des i red  result. 

(6-15) Proof of forhula 3-1 5, 
1 

7i.f 1+ (x-a)(.-a) . e = r (?+I )it' y (?+I ,?+I +s ;as 
, R e . l 7 0 , ? #  -1.92 ,... 

, 

-*'*'") for Re 17 -1 and, Re * . 0 .  
I I F i r s t  consider nl {I+ ("-a) ("-a 1 e i 

I 
i 

From [5] , page 139, equation (22). ' 

CO 

I I 
2p- 1 1 (t.4 (t_b fU-' -?t 

e dt 

I b 

I +Y-I 9 - Y  ,+p~a-b) = r (2J ) (a+b?  P Wpu ,#+$-t ( a ~ + b ~ )  

I P.e u z 0, Isrg(s+b)l L r, Re p . 7  0 .  {6-15-11 

! p = 8 , ~  
In {6-15-1) , l e t  a = 0, b = a $= (q41)/2, 9 = a ,  and t = x 

' A  

I then, 

P, 

f 
t x S  a gdX dr i& i 

*t' a d  I = r0161) a 4. 4 <? * ~ , 2 . %  (ad) 

2. 

Re ')l ;r -1, a(xea1) 7 0 ,  . R e d z O ,  -CQ L R ~  8 L O  

1 
9 .  

. 5 1  

( 1 1  

1 '  

55 
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I 

i 

I 
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1 definit ion from 151 1 Page 264, equation'(2), 
I. 

f 
a, = 1/2 t kt#, c = 2,u- 1 

I 

If k=( s - ~ - 1 ) / 2 ,  =( s + $ / 2 ,  and x=wJ then a, .=!+I , c=s+y+l a d ,  a 

' !  

w -  
w5-i-t (ad) = iT a ( ~ + 1 ,  s*q*~ ; a ~ )  . 16-1 54 . 1 

I 2 ~t , i 
I 

Combining (6-1 5-4) and. {6-15-21 ' I ,  I> 
I 

I 

1 1 -dC%-4) n̂Z b+ (?-a) (x-a), e } = r (* +I ) aJIT y (?+I ,y+l +s; a,) 
i 

b' 

I I 

I Re 3 7 -1 , Re 4 > 0, and - r ~e s L (6-1 5-51 . 
P 

.. 
R e d . 7  0, and - W L  Re s ~ a ,  1 

if 
1 To Prove this more general resu l t  first consider k = q in I .  
i I 

1 

L 

fA5-13 in kppendlx 5 ,  rearranging t h i s  equation gives ' 
: 

- .  i . I  
I 

I (*th -1 C Rep  L 0 ) :  ' , 

I ' 
!I 1 

B ' 1 



1 -cc (x-a) -& -a (x-a) 
Since P, I+ ( x - a ) ( x - a ) ~ ~  e = I., (x-a)(x-a) e J 

I using formula i-7 &a {6-15-51 twice gives, 

t 

I Now the following difference equation is obtained from L3I , page ' 258, 

I equation (71, 

(c-a) (a,c;x)- x (a,c +l;x)  +y (a-1,c;x) = 0 {6-15-81 - 

L e t  %=a&, L= S + p  , a= 1+p in 16-15-81 t o  obtain iiter rearranging, ' 

(+! ,s+p :a! )= a* y ( p + l , s  + p + l ; a #  )-(8-1) y (P+I.,s+p ;ad ) 

(6-15-9) . 

1 putting 16-15-9) into {6-15-71 gives: :: 
P -I,-& ( x - a )  j = p a ) .  s +B -I y.( /3 ,a+p ;ad 3 

I ~ h u d  Y 1, (x-a) (x-a)' e - d  ) = r l ) a  '+I y (?+ l i s t  TS 'l;a.( 1 

I 
...: 

is  nowtruefor R e Y p - 2 a n d  f -1. R e 4 7  0 - * L R e  8 L o .  

I (6 -15 -10.1 . 
. . 

~f k=l is n m  wed in {~5--1\ (alternati* this now mean8 -2. < P 4 -1 

J . . 
'in I 6  -15 -6 1 and the equations following), 6-15 -10) would showit 

\ 
I 

t o  be true for Re 3 7 -3 y f -1 and -2. , Continu&hggby 'induction ths 

I 
I result i s  true for a U  7 except ,? - -01, -2, -3, . . . . . 

. . .. 
i . < . . Q.E.D. 





Again with the aid of {~6-I \  
I 90 w 

1 .  
-ilt s 

yb;(r-a;cos jus-'eYd~ -cab + e ~ j $ ~ , i ' d ~ \  , . i I 

ins -ixs ! 

I r(s,-ia~) + ~ T ~ ( s . I E L ~ )  \ {6-16-31 . I . 
t 1 

1 Re s 1 by analytk continuation from Re s A 0 .  I 
1 

I I 
Now finally using (6-'16-2) and (6-1 6-3\ , i 

1 

I q\+ (x-a) s ~ l  b (x-~)\ = EOS ab ~ k + ( ~ - a )  sin br I 
i - sin a3 Nil+ (x- COB bx . I 
I 

I J s - I ) ~ ~  0-slni 
=Qcos ab e 2 r(a,-iab) + e  i 

I 
6' t ~RJ -jtcj 

- x s i n  ab e r(s,-lab) + e a r(s,iab).\. 

1 = f {e* r(.,-iab)[-sin - 100s a.1 i 

-ins 
+ e" 7 (s,iab) [-sin ab +'i cos 



(6-17) Proof of formula 3-17, 
' a t.1 . . 

Using [6-16 -2) and {6 -16 -3f ' , f 

* .  

Q {~+(x-a,cos "(.-a)] - cos a b {i+ (x-a~cos b ++ a $ b ( x - ) g b  b x \ ,  :' 

. 

[cos [a b) + i sin (a 

I. , '  

!' 

e r (s, -iab) + e R e 8 4 1  

Q.E.D. 
I 

(6-18) Derivation of formula 3-18, .. , 

Using f orm~la 3 -14 twice ' , . i I 
~ j l + ( x - a ) l + ( b - x )  e d(x-a) 

-T ?+(x-a)l+ (b-x) i 



I 

I Now using {6-13-41 , ' , 

i W i t h  the aid of t h i s ,  

Cortibining [6-18-41 , (6 -18-2) , , and [6-18-11 , 
.f 



Using formula 3 -14 twice ', . ? . 

) - x{l+ (x-a)l.+(b-x))~06h d (x-a) 
. . 

, , 

I , . I .  

~ { l +  ( x-EL) l+ (b -x) e - ' 'x-a) 1 ' . . . . . , 

H . ( w + I . ; - ~ I ~ ) -  a s ' s  ( . l ; ~ i l ; - * a ) .  - .  c- * 
.' A 3  

I . . . . 
' t  Z(1,4+1;.(b) - a 

5 
* g (l@+ - 
3 

, t 
- 

0, -1, -2,. . . (6 -19 -11 
. , 

Bow with the-aid of (6-18-31 , ' 
I . . . t. 



( 6  -20) Derivgtion of formula 3-20, . 

This result is  obtained through rearranging ' {6-5-51 . ' 



. Step and Delta ~ e t i o n a l s  
. . 

' (7-1)' Derivation of formula 4-1, 
I' ' 

I .  . * 

( ] = (l?ll, a s -1-k - m ~ R e s  L oo 

k f  0,1,5,.*-* 

This resuit is simply an applicatcton of formula 1-7 to  
Go 

s -1 8-1 . 
J ~ ( i c - a ) l  d x - a  .. ' 

a 

(7-2) Derivation of formula 4-2, 

. . ~ \ 3  d(X-aU)]  = as-': ( I -S~L)  - o o L R e  s L O  
U =  l 

0- ' 

f G(.-av)) - 2 ~ { b  (i-i} -.-f ( a $ )  s -3. y t., &a I JJ= l n ,  

8-12 >a-1 8-1 2 
r a 'n a I = a. s-l f ( l - ~ , l )  

Y" I A/-0 (I+U)'-' 

, R e 8 4 0  

i Q.E,P. 

(7t3) Derivation of forinu&a 4-3, . 

\ 8-1 
~ \ ~ ( - J . . ) ' S ( X - ~ Y )  ( - 1 - 1  - - ( R e . ~ l  . 

- 1  a = #%I 5 (-I)'W (scx-.)\ - i ( - l r c a N ) 8 - 1  up fi 

c - ~ Y  = -as" = -aso1 9 (+&l-&,l) R e a  4 1  
lr= 0 ~ ~ s , I ) ' - ~  

5' 
i 

- Q,E,D. . 
, . 

i 
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I (7-4) Derivation of formula 4-4, . . 

* . 

I s lfi b+ ( x - 4 )  - - a - s  as^ Re S L  0 ,  
. s 

I This folloys immediately from sett ing ~lc = 0 in  formula 2-1. 

i (7-5) Derivation of formula 4-5, 



Appendix 1 

I . . .  
Derivation of equation { ~ l - 3  ) 

using ($1 ~n place of ksM1 in { 5  -4-11 , 
, . 

a4  -L- 
Y = o # ~ - ~ - u ) E  . . .. .. 

,(k-1) ! b-l! . - 

I - Using this equation, 

1 
1 (*-a)$ (b-x), 9) (XI)= - <p,, 1 ( 1  - Y'(X) 

I 
f .  k. P' 

(X  - a)k ( x - 8 )  t 

b 

6 4 0' k-1-U + 

u-0 u! (k-1- U ) € (k - 1): 

i 

+ 

Since, 1 P)(ate) = lim 
6- o+ eK . 

k ! , the above can be 

I written as t , 

. . 
66 



This cem be expressed as: I 



Appendix 2 

Prove : a 1 a - ~( l , . ;a t  1;-1) I? [ Y ' ( ~ + $  - (Y (+ )] 





1 . . 

Appendix 4 \ 

I .- . 

1 
Prove : - I a l+(x-a)log2(x-a), x'" > - (pi l ' ( x e ) ~ o ~ ( x - a ) ,  jc , 

< ~ a ,  x-g : '"> . . 
. . . s 

I Proof: . - 
First determine ~adarssrd 'S ~ i n i t e  -Part or * *  

. . 
I 

Let .rP-'- - as-I+ (x-e) y (x) , 

Integrating by parts, 

. . 

I 
and then, diqCarding - as-' log2 e from i ~ 4 - 2 1  . 

2 

From ~4-1, it then f olkws: ' , 



and integrating by parts: , 

00 . 

a + + 2 / io;(:;bX84 h} ' <~i;r ;. . . a+& Me 



I---- ii 
\ , . 

I 
I . Appendix 5 . - .  

/3?-a: (x-a) &-k-1 d(x-a) prove: - d i p f  $+(x-a)(x-a) - ( F  -k)pf i+ (x-a) (x-) o 
dx .. 

@-k d ( X 4 )  - P ( x )  ( a )  e 

Expanding in a series and differentiating .term by term would 'give: 

Using 15-2-2\ gives: 

p-k-1 -+-a). p-k d(x-a) 
( @  -k)pf h(x-a)(x-a) e - 4 ~ ~  1Jx-a)(xa) e 

. # 

Q.E.D. 
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Appendix 6 

P ~ Q V ~  : . o and = 0 {~6-1) 

i Y  
c, forRe @ L O  

Cz 
v= x *(y 

I 
+ - \ - 1 

Proof: - Iril - R, or R e  (e'"( _r 1 for right half plane 

IQw, 
s -1 - 

C l  
2 2 

j:ple' dy - lie 
8-1 '-u 

Theref ore 'U e d u - 0  for Re B C 0 

~ P P  G*@ 
E 

Similarly &-ll. j ,$-le+u = 0 for R e  s 0 

C,. 

's t the .orLg 
Since the cmly singularity in the inteaand of the results in f~k- l& the 

Cauchy-Goursat theorem ( llj] , page 1 )  1 , seation 49) shows the results are . - 

true for, all contouro in the right half plane. 

.*I. . . 1 
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