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ABSTRACT

4 1ist of distributional Mellin transforms is derived,
Singular distributions that are considered include delta
functionals and pseudofunctions obtained from Hadamard's
Finite Part. The ordinary dﬁstribufions include algebraic
and elementary transcendental functiqns; Proofs or deri-

vations are provided for all results.
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INTRODUCTION

The occurrence of distributions or generalized functions
~1s becoming increasingly more prevalent in modern analysis
todéy. The generalized concepts of distriﬁution theory

are beingvput to use in all pields of theoretical work.

This has created a need of extending the various mathematical

~tables to include functions of this type. -

The task of expanding tables to make them commensurate
with the developing use of;distribution theory is only in
its‘ infancy. 1In the literature, only extensive tables of
- distributional Iaplace transforms maznbe found[i, 12].

The Mellin transform.. m {f(x)} = Sf(x) x* ax = P(s),
and most others have been treated th&s far essentially only
in a classical manner. In[5, 6}, several distributions in
the latter operations are considered by means of forming
the Cauchy Priﬁciple Value df a divergent integral. This,
ithough, is the extent of the avallability of distributions

in the existing tables of'operatioﬁal transforms.

The object of this invéstigation is to begin a table
of Mellin Transforms that will be coﬁparable to those exlist- -
ing for the Laplace transformatian([1, 12])in the distri-
butional sense. Many of the singular distributions that
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- will be conslidered are formed by extracting Hadamard's

Finite Part ([1], sectipn 1 = 4) from a divergent integral.
The delta functional and series of delta functionals are
also included. Algebraic and elemeﬁtary transcendental
functions comprise the ordlnary distributions that are
considered. Following the 1list of transforms, proofs or

derivations are provided for all results,

The symbols used for the higher functions and the major=
ity of notations adopted are those used by Erdélyi et al
in [3-6]. A reference accompanies each function in the

glossary indicating where further representations and formulas

,'using it may be found.

" A number found in brackets, [ ], will denote a reference
included in the bibliography. Braces,{ }, will enclose an
equation number. "P," indicates a pseudofunction ([1],v
section 1-4). "Fp" represents Hadamard's finite part of

an integral.



GLOSSARY OF SYMBOLS

&, b == Real positive numbers
X, ¥, ¢, == Real numbers
Js k, n, == integers

ds Bs 7s Z, S, == complex numbers

'( . =1, k=0,d#0 Factorial Function{[?], section 18}
o
"-l(o(-l- (ot 2)eee(att+ k =1), Xk = 1,2,3,000

, o ,
["(z) = Se‘t £2=1 a¢ Re z50 Gamma Function
, ,

{[3]; section 1.1-1 .4} |

T(a, z) = S‘e"tv"ba"1 dt  Tncomplete Gamma Function
: f[#], section 9.1 and 9.2}

I . .
Bl«,8) = 5(1 -x)""1 xP-1 ax Re « >0, Re g > O

() 7(8)  Beta Function
= T{ <% 8 ) {[3], Section 1.5}
N : S
¥ = lim (Z_-%- - log n): 0¢5772156649., .. Euler's Constant
N <o Jg=l
Y

C =c¢e

Yk +1) =141/2 + 1/3 + «eu 1/k = ¥ Togarithmic derivative
o of Gamma Function

r(z) |
W( ) r,(:) » . k » {[3], section 107}

t}’(z) ._ﬂ_z__;(g

’ Z) Polygamma finetion
{(’[ 3], section 1.16}
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a(z) = ¢ (1/2 + 2/2) - ¢ (2/2)

W

. (2) = 222 Pa, o5 2)
3U“

a =‘1/2 -k+pyc=2p+1

8(x)

Cix) , gx) = jf’m;g(_x) g(x) dx

{[3], section 1.8}

Whittaker Function

{[3], section 6.9}

Heaviside's Step Function

Delta Functional
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1.

LIST OF MELLIN TRANSFORMS

, o ,
f(x) = f(x) %571 ax = 7 (s) for {Re s { 753
. | i< Re

General Operational Formulas*}

£(x) | F(s) =f;‘(x) %51 dx.
,‘i‘(ax) a~SF(s) @&« {Re s < %
£(1/x) - F(=-s) ~;{Re 8 £ -o -
- f(x3) a>o0 o 1/a F(s/a) a% < Re s < a6
£(x™8) a>o0 ~1/a F(-s/a) -a0; < Re s < aw
 (log x)® £(x) 4B F(s) o
- dén g, {Re s { %
xf‘ £(x) ‘ P(s '+‘o<.) (s -Re <)< Re 8 <( :=Re )
™) (=1)" (5=1)(5=2) v (8-n)F(s-n)
(e +m )< Re 8 (g +n)
ay |
( Zx )f(x) (1) 5" P(s) @<Res<®
(_d..x) f(x) (=1)(s=1)"F(s) ®<Re s <@
dx ,
eeg. 1f n =2,
L[,x_e_(x f(x))]
dx dx

# This listing is obtained from({2)], pp. 58 - 59



110 x* £(m) ()

n

1=11 -i—g—[i“'f(x)}

2., Algebraic Functions

2=2

2-3

2=5

dx

T4

Pr

Pe

£(x)
(x=a) x*

14 (x-;a)(x-a)'?

‘ 4?# "1,"2,00;

14 (x -a)

1, (b=-x) (x--a)qz

a<b Mg -z,

Pr 14 (x-a)

Pe

(x=a) -

14(x~a)14(b-x)

- )n(s+d-1 Y(s4d=2) e (s+«c-—i1)F(s+c¢-n)

(o +n-Red ) < Re s < (¢ +n~Reat )

(=1)2(5=1) (8-2) « v (8-0) F(8+e=n)

. (o +n-Res« ) ¢<Re s (o +n=-Red )

H.I“"(s):'._J\f(x) x5=1 dx

(3

A+

(x-a)

a<b

a+s S#=d = £ Re s<=Res
aS* T (+1) [ (-5-4) 8£1, S+7£0,1,2,..
l"'(? - s) -‘oo < Re s < =Re?®
a8+l [ (=s=n) [ (n+1) s £ 1
(1 = s) 84770,1,2, .00
bs+"2 |
B o e -G =T
= F(=7,=5=73 1-5 1;a/b)

2’ [log a/@ -\P(1-s)] -® { Re s {1

as-1 [log% - Y(1-8) 6#£1,2,3, 000
1,,.

-(E)S-1§E(%,1, 1-5)];'1
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- (a=x) (e-x) 5p o m“
(a-2) (s-%)*1 ,
B - X
P g yi-z
Qye
(a+x)_ (e=-x)
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S(are) (e-x)*y
(B+x) (B=X)
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Ndéﬁlev+w
q<®
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128 84 >0~
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(5= 1)9 g ¢

1>8 4> = (=1 4y ,m =) B |-s®

I1>8 94 >0

1>8 84U > o=

,OUOQNI- Q.P' ﬁ&m

T.ano.:.lm

eeefg=C1=‘0t 1 efs

S1L0SO ML, _o®

(s=1 ‘1 ...mlv P _.lmm

1>8 3> 0 =

D) st

€”>8 3> 0~

Aam.— ,...m..vmm * m:.npo.:.ml—&mvnnm -1)s +

Tm_ns\_,_.. .WJ wo&.?nﬁm ...C:...mvuw 1-s®

L

TL#S

mﬁmup_.F

€ >SS 9y >oo=

.Mvm + Am_n_vm +

(=104 = 3 01] [1-(3 08} jee

,Ad...wv

(e= x) *} ¢z-z.

1<®
(a4 + x)

(e = x) "1 zz-z

B + X

lg=¢c
l

q<e
(a = x) |
(e = x) *I o2g=c

q>e

(a-x) , (e-x)

I3 gi-z
_(a-3) (e-x)*y

qQ<®

.TTNVNA.Nl

x) T
d Li-2
>(a-®) (e=x)*)



224 - 1,(x-a) a¢b

x+b

2-25 P 1,(a-x)

a-x

2-26 Pe l+(x-a)1+(’o-x) )

T b-x

a<b

2-27 Pp l,(x-8)1,(b-x)

(b-x)°

- alb

2-28 1.(b-x) a>b

X-8

2-29 P . 1,(b~x)

(x-b)®

2-30 1,{b-x) arb

(x-a)2 |

ps-i [Trcsc'n's-(s-) 3 (-2 l,s)]

~o{ Rers<l s# 0,-1,-2,...

as-1 [1og - -\P(s)] 0 <Re.~.s <

=1 [ 205 % - () -(D)° B (31,0
8 0,1, =2y cen =

(s-1)p° 2 [‘P(s-l) -log %-h(%)s'l
{8(&1,8-0)- m}]
s# 1,0,-1,...

o &30 ocres <o
a }

(s-1)p°2  [P(s-1)-10g _3- 2]

s# 1 O < Re.s < ®

Aar. 1 s~1 b _
- eV 20

s#1 O<Re:s <

3. ELEMENTARY TRANSCENDENTAL FUNCTIONS

3-1  1,(x-a) log(x-a)

3-2  1,(x-a) log(x+b)

a>b

8 -g)-1 a
2‘ ["V( S) og:@] ~-o{Re § € ©

-a8 [§<"§31: -8)+ log(a_-vb)] -®<Re''s < O
s . .

12



3-3  1,(x-8)log(x+a) -a® {lG( -5) 4+ log(2a) —@{Re'S <O
: 8 L2
3 1,(x-a)log(x+b) a® [ §('b’l s+l) + (2 ) \ cscﬂs-log(a+b)] |
, )
‘acb -8-¢a< Re s<o s;é “ly =2y 00 |
3-5 - l;‘(x-a)log].x-bl [ ¢ ( =1 -s)-\'log(a-'b):\ -w < Res<0
" arb 2 |
3-6 1+(x—a)log\x~b\ | [(b)s( T ctn-vis) + log ('b-a)-r §(b,l,s+1)]
acb ' —&; <Res<0 5«-!,'2,"3; o
3-7 1+(x-a)198.|x2'b?‘ [é( ) l: ) + 1og(a.2-b2)]‘ -0 {Re $<O
arb K
3-8  1,(x-a)log \xz-aal g_s [ Y (-s8)- -%G( -s) —log gg_al -0 <Re8<O
: s ¢ -
2.2 as l+cosws a 2
39 1,(x-a)log)lx?| =% [1og (52-a%) + (3)°m (G +(2)
acb \ ' é(——a,l 1+—)1 -»{Re.s< 0 s# -1,<2,...
. ' 2t ’ 1 2 2
3-10 1,(x-a)log?(x-a) s {2("((-5)+ ¥ )(log a—;)k- log®s - 1’6
| - ¥'(2-8) ~(v+ ¥ (1-8) )2} -o{Re:s <0
3-11 Pf 1,(x-a)logl-a) s-l {(\V(l-s)i-)‘)(-}—- -iog a)+loge J&
| (x-a? . .k 2, _L__s_) A +"-V(2-s))2}
-=s{Res<l ' ‘ v
312 1,(x-a)1,(b-x) -—2—;—[\}'(-5)'4-’ 10g2+(2) (& (B -8:)j"1°8
log (x-a) acb (b-a) )] s¥ 0,1,2,... ‘

13



3-13
3-1k

3-15

3-17

3-18

3-19

3-20

1 (x-a) e-e((x-a)

Red >0

1,(x-a)1,(b-x)e

alb

PoLy(x-a)(x-a)
o -d(x-a)

’ Red)o"’# -l,‘e,oco

1,(x-a)sin b(x-a)
1,(x-a)cos b(x-a) |

1(x-a)1,(b=x) =
sinh «(x-a)

alb

1.( x-a)l_,;(b-x) éosh
d(x-a)

addb

1.( x-a)l+(b -x)log
(o-x)

a'(b‘

-«(x-a)

a8 - )

e & r(s)- 9_8 $ (1,s+l; ot a)
)

S% O,'l’ -2’000

ﬂf_)__sé(l s+1jalb) - & "B (1, 801; jaa)

S# 0 -l, “2’

C(7+1)e®" W (191, T+1essae)

-w{Re s <@

b_s{ (e, 1) T o)
24

(s, iab)}

~w¢Re s¢1

[—-——ab}

__11-8{ "[—‘ -eb] (s,-isb) + &

2\"(s, 1ab)}

-0 {Re 8«1

s+l adl

2 2
da s+2 s+3.4 8 Bie-

Fo(Li5555 T el
s( s+l
(s,s-l-l,fl't)-e i(s,sa—l,-db)}

5# 0,-1,-2504.

12 20

.'ES\Fa(l s+l s+2 422 ;+bs o
s 2s

§(S,S+l;_db) + e“ 3 (3’5.‘.1;_.‘}))}

8% 0,'1,"2,0.- .

8 [ (ev2)+ 1068+ (D) *(108(0-8) + ()
é(g,l,sa-l))] '8%0, “l,-25 00

14
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STEP AND DELTA FUNCTIONALS

§) (-a)

k= 0,1,2, ...
2:'_8 (x-ay )
Z () §lx-av)

Cov=l

1, (x-a)

il+(x-av )

»=i

:é( )1, (x-ay )

(1-8)x a®”

1l-k

a1 § (1-5,1)

2
3

s

a®1 & (-1,1-5,1)

'Ei_g (‘S;l)
S

a® & (

8

15

‘1:'511)

 -w<Res Lo

- £ Re s{0
- { Re s<1 |
-km < Re ${0
-o <Re s<-‘1.

- { Re 540



PROCFS AND DERIVATIONS OF RESULTS

5.  Algebraic Functions

. de8 séd

‘8
(5-1) Derivation of formula 2-1, m {l+(x-a)x“}=- N -© < Re s {-Re «,

follows by direct integration.

(5-2) Derivation of formula 2-2,

m{Pf.1+(x-a)(x-a)"} .t rr(?l*_gr(-s 1) s,‘ 1, s+ 4 0,1,2,...

"~ ¢ Res<-Re 7
# =4 -2

Consider first; Re7>-1, thus the Py becomes classical,

'm{pf 1,,(x.a)(x-a)”'} - \L(x-aft P | j (gl F-s -1y

= 85 B(-s-7, 1+1) Ren>-1, Res<-Re T
& (1) (-s-1)
s {5-21)

Which: follows from the change of varisble. 2 y:-—a'—- the definition of the

Beta Function, end a standard result found for example in [3] s page 9,

B(x,y)= E:L%;{:L%&.
X+

ean (5):

16



Now to extend {5_-2-1} to include all values of M except 7 = -1, -2,..'.

P‘ervez‘ : m{Pf l;(x-a)(x-a)'l’k } = as""kr'(\:l'&t]s.grbs--&k |

for  Res<-Re(« -k)
Where —l<Re"<O k- 0’1,2.’ ves

‘ Broofi From [1] , section 2-5, ean.(9),. -1{ Re« <0, |

'_%&Pf(x-a)*‘kh(x-a) = (a-x) P, (x-a)* k-1 l].,,(.x-a) '{s-g-a}

&, (x-a) 1,(x-2) o (). on( ok k1) Po(x-a)* 1, (x-a)
dx*x o
| {5-2-3}

Using {5-2 1)

Thus:

{7 1+(;c.a)(x-a)“,xs'l>.= a8 P(as1)"(-s-a) = F,(8) {5-24}
o r(1-s) | Re s {-Re

Also from formula 1-7

<‘<T>%1R{”Pf l*(x-a)(x—a)d,xs'-l> = (-1)%(s-1)(8-2)...(8-k) F\(s-k) {525}
' ' Re s {-Re d+k |

Combining snd rearranging {5-2-3}, {5-2-4} , and {525},
(1-8)(2-8) ... (k-8) a8 B+ («rl) " (ko8- )
TT@) @D .en(% k1) T (1-svk)
o Re.s {-Re («-k)

' <'Pf (x-a)" -k1+(x-a),xs-l>

17



or.mf\Pi‘, (x-a)°< “kl+ (x-a)} L g5tk r‘r'((a( -k+;;_) [ (-s-4-K)
. B o)

‘Re s < -Re( -k) , '{5-2-6}
‘ —14Re¢(40 kﬂo’l,e,ota

Q.E.D.

- By letting 'YL = &« -k, formula 2-2 has been derived 'by comparing
{5-2-1} ama {5-2-6} .

| (5-3) Derivation of foriula 2-3,

{P 1+<x-a>1 (b-x)(x-afl} = 2 s M)
(L -s)
LS A

S+’YL-

F(-N,-8-% ; 1-s-7; o) |
: : s #1, 8a<b s+ # 0,1,2,... 7?#—/,‘2)“..

First consider Re ')1_7 —1, thus the pseudofunction reduces to classical

o fom,
| l
{P 1 (x-a)l (b-x)(x-a)} = lim J' (1- _.11 s+'Vl ReMZ 0
ate
Now, (1- ;.)71 = Z T,;n,-)" (3?) is uniformly convergent over the
V=0 .

interval €+a<x < b with € >0 and Re M 7 -1. Using this in the

the sabove and integrating term by term yields:

, - _ 8+’71_ ("YL)J ( ) SﬂL )Z)JJ (n.*g
N W{Pf L (x-a)1 (b x)("'a)’l} =D Z U1 (swf:)l) 1;:2 y;o U1 (5*’1'”3

s'l'”fl'* 0,1,2,0.. ' Ra?()‘l_

a8,



Since 1 (-s-7)y o ,
g+n-v (s+7 )(1-5=7),, applying the definition { 5-3-1}

of the Hy:pergeometric Function to the above gives:

, 7 K- s+
Mep Lolx-e)1y(o-) (x| =g, 015082035 )=
| | F(-7,-s-131-s-1;1) 8414 0,1,2
| Re17-1 {5-3-2}
"The interchange of the limit and summation is valid by Abel's
Theorem.,"
Now,from [ 3] ,page 10k, equation (46), <
F{a,b;c;1) = [(e)(c-2-b) c# 0,-1,-2,.00 Re c? Re (a+b)’
T (c-2)T"(c-b) . _ {5-3-3}

Putting {5-3-3} ‘in {5-3-2) and simplifying,

) : A s+ a
m (e L (xa )t (o) (xa]' | = BN et

&N T (- ) (1)
T (1-5)

s+ £ 0,1,2,... ReM>-1, skl {5-3-4)

Now to extend {5-3-1&-} to include all M except 1= -1,-2,...

, R (1 TP, 1
Prove: m{ P, l,.,(x-a)l*,('b-x)(x-a)‘ }n s-w:-l F(1-4,1-s-d;2-5-d35
N el a ¢ N VR
, T (1-8)
c..j_&Reé((Q ’ ] +qg\~174 b,l>2,s.. 4SRN b8 L

19



Proof:

From {1], section 2-5, equation (8),

a_P(x-a) 1, (x-8)1,(b-x) = P(x-a)" "1, (x-8)1, (b-%) (b—a) § (x-v)
dx

Reot {0 o 4 -1,-2,... {535}
Using {5-3-4},
{ P toxa)L (b (xeaf D = b5H(-dysotidoseo &)
' ' " B4R

a5 ' (-s-a ) (d+1) = F,(s)
m(1-s)

s+d# 0,1,2  -1<Rex?0 s # 1 {5-3-6}

From formula 1-7,

{Lr; (x-a) 1, (x-a)14 (o), 1Y = (108) Fi(s-2)  svt 43,2300
dx ' :

{531}

- Combining {"5-3-5} ’ {_5-3-5} s and {5"3‘7}

fm{pf 1,(x-8)1, (b-x) (x-a) -l} (b-a )'b +('lj)?s:f1).l F(;x,l-s-a;a-s-d;%)

, (1-s) 2541 (1 g1 )T (sx 1)
A [M(2-8)

It C T L ) 1(1-—;;3“
r{-s) o

(@™t S (Wy(s-a)y (7))
- (a(ifa-l) é:.- 2:);4),8»! . ° ¥

s+d # 1,2,3y¢0. 8 #1 -1{Rex(d0
{5-3-8}
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e —p——

Using {5-3-1} , with T=o-l, ‘

L&A (1 _%)'L (1-s)p5*et = (=), (1-5-4), (%)’

o a(s+ad-l) Y=o (2-3-,{)” »!
-1 . ayny ) ’
.bs+o( K (-o()”(—) (1-8) = (-) (1_8_.() &,
= { Z_ Y = - (b) B
y=s ' (5*"("1) ¥=0 (l-s-a(-w) yi!
S+ =1 a? . de i
. [ 3 66 et i (1-a)y (1-8-2)" (& O
& | yme ﬂi! (l-s‘-d +y) g+d-l Y=o Vi (2-8-2), t
Combining this with {5-3-8, o
- L gsael |
m {Pf l+(X~a)l+(b-;§)(xa~a)°“1} =B F(1-d,1-8-d;2-5-4; %—) .
8"76("1 ’ ’ Al
L2 Qs () i
: “ {"‘(l-s)‘ 11
s+d-1 # 0,1,2, vee 8 41 21<e <0 ‘
Q.E.D. {5-3-9) Lt
. Y
Now this proof can be repeated for -2{Re=((-l, then -3Re<(2, etc. ' : L
Thus by induction formula 2-3 is proven. | : !
| |
{5-k)  Proof of formula 2-k | Bl

m {Pf J;i((_:z_%} = 51 [log é -y (1-5)] - < Re s ¢1

A

T N ——

et

e S

— .

2l | i |



Several preliminary results will be }feeded:

From (1], section 2-5, equation (20),

b

1(x-a)1,(b-a) s = lim BL L 2 («'—l)“ (1=8) a8
(R oy [ 2 p T e
. (x-a)™ a"‘(x-a) v=e  Y! (k-l-») ¢ K-1-¥
+ (¥ N1s); a"Floge }
- | : | {5-4-1)
In Parti ﬁar P, 1.( lim i s-1 4y aB-llog
artic +(x-8)| = X €
‘ F M { f lx-aS} e-vo’.{j (x-a) i }
: . ave i
' {5”"'7‘2}
From [9] , page 8, ean. (12-84), |
- ,
dx = - 1 loge llog(a+e€) , {5-4-3}
x(x-a) - Ta & o _
av6

From [3] , page 16, equation (13),
Y )T = j (1- 3 1) (1- 1) Yas Rez >0  {5-k-b)

Now, making the changes of variables 3 = 1l-s &and t= & {5&-1&} becomes

oaré - ate

X
' : o ' ® o« 3
V(1-8)+¥ = Lim | a(1-a7%%-%) ax = 1mJ adx lin ([ al™®ax
4 60" | ———— e—¢ = ewdt| 15, L
ave x(x-a) “ex(x-a) J o X (x-a)
or rearranging, | ‘ o
o X o |
1im dx 1 lim & dx . o ,
¢d | TIg T F T 1w e —— - Y(1-8) - ¥ Re 8<¢1
- x '(x-a) a~ x(x=~a) , .
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o

Now adding 1lim 1 loge to each side and using {5-&-3} :

e»d"  I-5
g-l | s -1 ‘ ‘ .
loge ! = lim log(a+e )-loge + loge - Y (1ms)-7¥
e«q-o z -as e-—'o . .

~-w0{Re 8 <1

& comparison with {5-14-2} yields,

m {Pf 1.(x-a } = as=l [log%-\}'(l-s)]  -®»<Res él
(x - a; ,

QOE.D'

{5-5) Derivation of formula 2-5

m {Pf 1+(x»a)ls(b-x) } - %t [ log% -y (l-s)-(g)s-l $ (%,l,l-s)]
| (x-a.~ ; 8 #1,2,3,000

Formula 3-12 will be used. 1t is proiren independently in section 6-12.

Thus, ' ;
. /e . ,
m {lﬁx-a)l,,(b-x)log(‘x-a)} = __g._s ¥ (-s){log_%_-n-(:ﬁ 8(§(.-bf,l, -s)+1og(b-a))
s
= F,(s) s 0,1,2,... {5*5-1}

< a l(x-a.)l+(b—x)log(x-a) X "1> <1+(x-a)1 (b-x)log(x-a),

b b “(s“l)xs-e >
=lim -1otg(x-a)xs‘l + Y ax
a “ até [x-a.] | :

o+é

b ' '
- s-~1 -
= -1og(b-a.)b8 + lim {g ]~ dax+loge a® 1} » since lim (3-05 e)e’( =0
Ex-a} ‘
atE ‘

¢->0" «>0'
N> 0
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Using k = 1 in {5-&-1\ in the above gives:

(x - a)

n { 2 1,(x-2)1,(b-%)10g(x-a) } - -log(v-a)be-ls lm{pr 1;(x.a)1+(b-x)} |

Now using formula 1-T, {5-5-1} » and rearranging,

zm {Pf_liéiji;a“-xz} - bs“llég(‘b-a) -(‘s-&.)F‘(‘s-l) B

) bs-llog(b'a)-as-l‘ [ ¥ (-e)+ 103% *(%>l~=s (i (%:1,1.-5)%03(‘0-&))] |
- 58 [103 % -V (l-s)..(g.)s-l | § (%’,ll,l-s,)] ) Q.E.D.

(5-6) Proof of formula 2-6,

> i‘_‘(x-a) 3 (;1)k+1(l_s)k_l 487K Klog e:.--v-‘\{"(k«m)-&'‘-&’(k).}l |
M ek (k - 1) |

-w<Re 8<K. k= 1,2,3... {5-6-1}
Proof by inductions -

{5-6-1} 1s trus for k = 1 by formula 2-k

Assume {5-6‘-1.‘3 is true for k = n, then

Tty % o
{ (x-a)

»1+(>‘c-a) (_1)n+1 (J‘““s)n-l g5 { log a=- Y (n-s) + W(ni]
(a -2)! | o
‘ -w<Re 8<n v - {5-64.“}

< 24



 Now, from [l] , gection 2-5, equation (23),

d 1,(x-a) i 1,(x-a) (-1)° s(n) (x-a)

dx P  (x-a)® f(x-a)” o | : {5-6-33 ‘

Using formula 1-7, {576-2} , {5-6-3}, and resrranging,

‘ { 1,(x-a) } (D (1e) &* 77 (P Ha-s)(2-8)_ 2"
T|™ ' .

MAPR

R (x-a)n*

oo A R
g e Y+ Y|

(-l‘)m"a(l--s)n gsB-L [log a- v (n+l-s)-t; ¥y (n+1)]

r/.
he

—
L—3

-0 < Be 8 ( n+l QlElD.

(5-7) Proof of formula 2-T,

-k

. J__k(x—a)l'*(b.x) (-l)k+l(l's)k.1 53
) e,
(x -8)" (x-1)! |
$-K _ '
[108 20 ¥00- ¥0ra- & BG1e0]

p8-L K2 v(1,-a) y(k-el-'v)! (% -1)”

(b-a)~ " S5 (k)

. —

k+l -k+1

(-1 (1-8) 00
(b-a)(k-1)¢ 8 4k, k+l, k+2,.00

- {5-1-1)
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Induction proof: { 5-7-1\3 is true for ksl by formula 2-5

Assume {5~7-l} is true for ksn , then:

{F l+(x\-a)l,,,(b‘~x)} ('1)n+l(1"8)n-1 a 50 [ log a + ‘}’.(‘h‘)- ‘}’(n-sﬁ ‘
P -t (n -1 | o

-(3)3'n§(§-,1,n-s)] -t

(bf-a.)”"

(1 (021 G (™), oo
y=o (n-1): ., (b-a)(n-1)!
, s # n, n+l, n+2 { 5~7-2}
.. Using formula 1-7, {5-7-2} , and the relation proven in appendix 1, {Al-3} s
gives: _ ’
{Pf l+(x-a)l+(b-x)} ()(1-0), &5 p*7 () (D*(2ee), 0"
' (x - a)2*t R Ab-a)®  n BRGESE

aos a4 ¥ (n)- § (ae1-8)-(9° 82 1,001-0))

| o 2 43 (0.5), (n-2ey)HE ) (1o8)(-1)FM2-8)pp 25T

an- > ¥

h\a—a) (n - 1) N (b-a)(n-1)!
(21)242(2-8),0" " [10g 2+ Y (a02)- ~y(n+1-s) B §E 1,001 s)\
h ) |
| pS~t N2 (‘1-@,(::-1-»):(% -1_)" (-1)‘”2(1 ) bs‘n :
B (b-a) ¥=0 o ﬂ; B (b-a) M

s ;4H+l,h-2, hj-3,...
Q.E.D.
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(5-8) Derivation of formula 2-8,

,m{Pf l;{:-ax}*gg«rb)} et -1 [105 - \P(l-a) é(--—,l, -s)]

54l -=<¢Resg<2 Dbla

By a partial fraction expaunsion,

e egtep) ) )

Now,

m{%%ﬁl} = Lxs"?(l-(b-))fldx i Z( 1)*' x82V g smfe l}\4}l<l
| - i s"l(b) | 'wlé(-‘,l,lul) | bea Re s <1
yu0  legey . S {5.3.2}

Combining formula 2-4, {5-8-1), and (5-53.-2} glves the desired result.
(5-9) Derivation of formule 2.9,

gl {rf 1",(_::-223,._7_: } Lot [lcva & p-e- %ou.}.)] ' ;..<'g. 1oz oid

From [3] , page lil, equation(l),

F(a,b,c;z) = (e j‘)fb (1-x) (1'“‘)-‘ {5'9'1)
e Reed0 RebdD>O

lau (1-1)\ <m

Using this,
i

$-1 %, 8-l | |
) \u X ax F (1,1-8)2-8j=1) Res ¢l
'm{lr"—y)'xf.“} : j,r’w“‘ g T (denen ) ’
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Now using a result proven in appendix 2,

,m{h(x-a') = [\y(a )- ¢ (2 )] ;“1 6(1-s)  Re s<1 .{5-9-2}

( {x+a)

Using formula 2-4 and {5-9-2} { 5-8-1} with a=b gives the desired
- result. Since the Mellinvtransform integral converges for all Re s £ 2,
the region of convergence for the expression can be extended by analytic

continuation to include the interval - o < Re 8 < 2 but sf 1.

(5-10) _ Derivation of formula 2-10, - : : S
m {Pf ls(x-a)(a+b .8 s-1 [1og \P(l-s) (b)l SMescMa+ = §(- l,s]
‘ T (x-a)(x+b
. - s%l,o,“l"‘a’aoo "“(Res<2 '
. ‘a<b
Now, using { 5.-9-'-2} ﬁith a repl”aced. by b, { 5—9~—l} , and the result proven
in appendix 2, o |

miate) [ [ - [ niate)

s- po <78y _ :
=b_ F(lss+l,-l)+é- [( ) Wz].

)

[m- )- ¥ (3-3 +~P<2§ ;)'--"!'(—gﬁ}

_ 0{Re s {1l
But fron [3] , page 16, equstions (11), o o
‘P,(z)~ Y (1-z)= -7 ctn(wT 2) . | - {'5-10-1} |
' ‘P("iﬂz)-*}'(—;- -z)= T tan (wz) {5-10-2}. |
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vk Thus, , ' o
o : ‘ - . 8-l P
m{ lb } = b: 1 [T\'c:&m( ’"25 ) + T{tan 12-'3-)] =D Ticse s {5-10-3}
X+ . ‘ ' ST : : _ ‘
: 0O{Res <1

a

a . '
] ® .y -1 - - . :
Wlaxa 1 2 (<) i LIy ®(-51,.5) foracnv.
) vo bY L .
]

x+D b
° " 0{Res{® {5-10-14}

~ Combining {5-10-3} and {5-10-1&} gives:

a . ,
. 8-l :
m§ L (xoa) .,m{ 1 } - 1dx =D Ncscﬂs-§§(-%,1,s) ‘
X+ b U x+ Db X+b b
, ° ‘ adbd
O <Re s <1 %Dbut with analytic continuation - < ‘Re s <1

s #'0,-1,-2,... {5-10-5}

Finally putting formula 2-4 and {5-10-5} in {5-8-1} and extending

the reglion of convergence by analytic continuation gives the desired result. '

(5-11) Derivation of formula 2-11,

ipf l+(x-a)(:a+b)2}‘ as~t {[(:;-(1)(14-—2—)-1] [ 20g E—- ¥(1-5))
(x-8)2(x¢b) |

+ s(1+§-)+ (- 2—,1,1-5)}‘ - < Re s ¢ 3
s#1,2 b<ca
Expanding by paﬁial fractions gives: ‘ , ,
{Pf li_v(x.-a)(a-r'b)a _ (a+D) m Pf 1+(x-a) - P, 1,(x-a)
(x-a)%(xed) | - (x-a)2 | 7| (x-e)
H o | | o , 1+(x_§) !  1 g
| - o N ’mi (x+1) } S {5-11-1}




Using formula 2-6 with k = 2 and the difference formula for V(z),

P, 1,(x-a) i} (s—l)ats”2 [lOg E- ‘y (l-s)"l- iT] | -® ¢ Re sf( .2 '
(x—a)‘z | . _ f o .
| s 41 {5-11-2}

Putting formila 24, {5-8-2} , and-{5-11-2} 1 {5114} gives,

lm{Pf l+(x—z)(a+1;)2}. (s-l)(;+'§)ae-2 [log —é— - \Y(l;s)+ i—i-] |
(x-a)“(x+ D) ' B

- as-:l [log % - \Y(l-s)} + 88-1 §(' E‘:l:l‘s) .
- b{a Res<l
= ast {[(s-l)(l+ E—)-l]- [logé - ‘I’(l-s.)] ‘
+ s(l+§) + 5§;(-'E',1,1-8)} S
- and by analytic continuation -w ¢ Re s ¢ 3

< a 8 1,2
Q.E.D.

(5-12) Derivation of formula 2-12,

(Pe 1, (x-a)ka? 81 {[‘(s-l)(l-&- :T) -l] [lo_gé— - “( (lfs.)}
(x-2)2(x+ a)} - | |

*s(1+§-)+;§a(1-s)} -o<Res<3 84 1,.'2

This follows from inserting formila 2-h, {5-11-2}, and {5-9-2} in
{ 5-11'-1} with & = b. The region of convergence in s has been extended .
by analytic continuation.
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- (5-13) Derivation of formula 2-13,

P, l+(x~a)(a+b)2 a®t { [(s+1)(1§§)-,1*] [ log 2- - ‘Y(l-:‘)']v |
‘ (x-a)la(x +b) ) . | -
| + S(1+ 2—)-0 (%)l-sﬂ cscT 8- S‘ $(- %,l,s)}

This formula is obteined by combining formula 2-4, {5-11-2}, {5-10-5),

- {5-11-1}, and using analytic continuation.

(5-1%) . Derivation of formula 2-1k,

fm{Pf 1\‘ =T ctats O<CRe s <1l
X-8 .

From [ |, section 2-5, equation (21),

o) ax w2 (a) ¢

/ Pa 1l (x-8)1, (b=x) lim
< . ” ,¢(X)>-e+0‘{

Y JeolE (k1> ) e 17

G Y=o

k-l (K=} : Lo
1 ¢ Wiog e
() (&-1)? = } {5-1k-1}

Withk =1, a = 0, and $(x) = x571 1n {5-1b1} ,

. b-€
‘ o s5-1 5-1
m Pf lelbe=x --1:1m+ % dx+'b log €
b - x) €0 . (o-x)

b-¢ b€
-1 - T : . 8-1
= lin gxsdx—'bSI dx_ 4 b log b
e~o'| (b-x) . {b-xs _

. - s-l 8-1 ’ :
- St ™ ax o o0 logd® \
b - x : ‘ o

. ,

-



Making the change of variable, X = bt, | using ,{S-h—h}. withZ = § gives:
| . s-1 ‘ s-1 . sl w1
P 1l(b-x){ =1 Y(s)+¥{ b  logb=b (8)-log =
m{ f(x-b)}‘ v l | LY cl
| | Res>0 {5-ak-2]

Now, using formula 2-4 and {5-11&-2\; with a in place of b,

i) - M) e

 X-a (x-8)

;- "&s-l [‘l’(s)- \{'(L-s)] = -as-lTr ctnrs using {5-10-1}
' O<Res <l

Q.E.D.

(5-15) Derivation of formula 2-15,

- s-1 a b
. m {Pf :(th(_);).?zcEEbl = & [log é - ‘}’(l-s)- é (;’l’l-S)l

-n<{Re8<2 8F1l

a>b

m {Pf »l;(uz-ang-g-b.)} | '== _‘ ’m{Pf l; f-x;az} - ’m {Pf 1?xg_§-ag}

| | | | {5-15-1})

Now,
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For a > b, : L
. P, l.(x-a) | = 1,(x-a = v x>7Y ¢ ax -
,m{ f x-b } ,ml x-b } A . -
=5t @ (—E—, 1,1-s) Re s <1 {5-15-2}

Using analytic ,coﬁtinuation, {5-15 -l} » {-5-15-2‘3 and formula 2-4 gives

the dosired result.

(5-16) Derivation of formula 2-6,
mfe agiag) - [ v oo
. ,.-% i(—%,l,é)] ' P oL 2‘
a<b s #1,0,-1,-2,...
For a<b, fﬁ? ax = - i. a% )(;;;:1 m::_s. 3 (H1,9) | {5-16-1}
0

o S "Re s8> 0

Now, using formula 2-1k, and the above,

nfee) - mia) - (5

.= bSL [(_%)s Q(—E",l,s) -T\'étnn's]

-w<Re s <1 s # 0,-1,-2,... »{5-16-2}

a{bd

Using analytic continuation, {5-15-1} ’ ’{5-16-2} , and formula 2-4 gives

the desired result.
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(5-17) Derivation of formula 2-17,

P L xa)(am)?) [ o
m { f (x-a)a(x.b). }fa 1 {[(s-l)(l- E—)-l] [103 c- q]‘.(l-é)]

+ 5(1' E’)"' é( g’:l)l‘s)} . a>b

s 41,2 ~w{ Re s <3

e (x-2)(am)?) ()] (2, L(xe))
' Pr 1,(x-a)(a-b » P 1,(x-a ' Pf I.(x-=a

V@l £ -

m { (x-a)z(x—'b) } m{ (x—a)z} m{ (x-a). }
{Pf 1,(x-a) } | ‘
+
m (x-b) ) {5-17-1}

Using analytic continuation and {5-11-2} R {5-15-2} , and formula 2-4

givés the result.

(5-18) Derivation of formula 2-18,

. |
{pf 1,(x-2) (a-0) }g o { [0 B12] [ 106 § - ¥ (-0

(x-8)2(x-b)
o+ .g(l- E—) -(%)1_% ctat s+ %‘ é(%—,l,s)}

a{b -o<{Res<3 8 # 2,1,0,-1,-2,...

Using analytic continuation and {5-11#2} , {5-16-2}, {5-17-1} ,ana

formula 2-I gives the result.

(5-19) ﬁeriva‘bion of formula 2-19,

m {Pr %xt-b(x-a)} ‘w8t [(%)S =) (%,1,5)- T ctn‘ﬂ’s]

-w¢Re 8< 1 8#0,-1,2,... adD

This result is given as {5-16-2} .
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. s . o TS e, e~

(5-20) = Derivation of formula 2-20,

N -

m{l-»{x-é.}} =as-l é(s-,l,l-s) | -0 Re 81l ‘a>b'
X - b ‘ , v . ~
.This result is f"rom {5-15-2} .

(5-21) Derivation of formula 2-21,

X+a

m{-l\}aas°lﬂcscﬂs ’ 0<&Resdl

This result has been derived as {5-10-3} o«

(5-22)  Derivation of formula 2-22,

X+ Do

m{l...!x-a)x =‘as'l @(- ;t_l,l,l-s) a>b -ocw<Res<l
a’” : :

This result is given as {5-8-2} .

(5-23) Derivation of formula 2-23,
m 1, (x-8)\ = a5 @(1-s) -w< Res <l
X+a 2

This Result has been derived as {5-9-2} .

(5-2k) Derivation of formula 2-24, S
. ’ - ! S :
m{l+§'x-a2} -bSl [Trcscn s-(-—%) é(--%,l,S)] adlbd -
X+t D g

-w<Res<l 8%0,-1’-2,'0'

This result has been derived as { 5-10-5} .
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(5-25) Derivation of formula 2-25, _
1s (2-x) 51 [log’ g - (s)l ‘ w0 >Res>0 '
’m{fa_x } . 4C_Y | A

This result ‘has been derived as’ {5-1’#-2} .

(5-26)  Derivation of formula 2-26

m{Pf 1, (x-a)l, (b-x)}a be -1 [logc- \l/(s)+(i;‘-) é( b'l’s)]

b - x

ad b s,lo,-l,-a,... |
m {Pf 1+k()x:a3{1.+(b-x)} = 'm{Pf' %th (_b;x)} + -m{lx -a];x \ e

Using {5-16-1} and formula 2-25, with analytic goﬁtinuation glves the

. result.

(5-27)  Derivation of formula 2-27,

" {Pf 1, (x-a)l,,a(b-X)}z‘(s_l)béj [\V(s-l)-log C Lo+ ( )3;l

(b - x)

a(b S;l,o,—l,...

{é ({;yl,s"l) - (;I])-_(i_:_?}]
Nowl,

P l+(x-a)l+(b-x)} P, 1, (b-x) _ {1,._(8-){)}
’fﬂ{ Cm-n® ) ,m Cew) oo

alb {5-27-1‘;'
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- Thus,

From [1], section 2-5, equation (24),

4 B1,(x) Rl (bex) _ (0% § (%) (1)

= - K :
ax - (xb)" ) (x-0)E* 1 k! {5-21-2)

i’f~1+ (b-x)} , {d S(X-,b)} ) d.. Pf 1+(b-x)
m{ (x-b)2 L dx -m{dx | (x-‘b)}

And using formulas 1-7 and 2-25 gives with ané.lytic continuation:

P. 1, (b-x}

: g | -2 b '
m{ (x0)2 }" (s-1)b° \ [-log €»+‘~]/(s-l)-l}

s#1l O < Res € ® - {5-21-3}

Now using formula 1-7, { 5-16-1} , and analytic continuation,

, 1, (Va-x) §(x-a) a 1+(a-;c) ;
m{ (X-b)a.} ) ’m{ (b-x)}-m[dx (x-b) } a<hb

=a51[ 1 - (s-1 (21, -1]
_ ,[b (1) § (2,01

-8

s#1 O<Res<® {5-27-1}}

Combining { 5-27-1} ) {5-27-3} s { 5-27-_11-} and‘applying analytic 'continuatj.on,

{Pf Ly (et (b'x)} - (s [‘Y (-1)- log 16D

| a)s-l
(é'sl: 'l)'—‘——Tb ] C
Bpe (s-0(1-p J

a<b s #1,0,-1,-2,...
| : Q.E.D'
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(5-28)

(5+29)

P
£1230)
=3

. Derivation of formula 2-28,

i . . S b ’ ' ,‘ V‘
m {l:-ﬁ-b-ﬂ} = -b @( ;,1,8) b<¢a O { Res <mw
X -a 8 : ‘ — , .

This result is given as {5-16-1}.

Derivation of formula 2-29,
P. 1,(b-x) o 2 o o |
£ s
{ _I__.Q_B = (s-1)b [\Y(s-l)-logé..ll 841 O<LRes<m
: Cc
(x-p) : . »

: {5-27-3'} supplies this result.

Derivation of formula 2-30,

m{—————z—-l*(b«)} = p°1 [ ' - (s-1) cﬁ(z-,l,s-l)) b<a

(x-a) -b a

sl 0 < Res <

This formula is.expressed as -f 5-274}
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6. Elementary Transcendental Functions

(6-1)  Proof of roi-mula 3-1,
M, Geaos ()} w sl [¥ (0 gl ce<maco B

Let F(8)= 'm{l,,_(x-a)log(x-a)} , and uaing the result of appendix 3,

formula 1-7, and formula 2-k,

m { P, 1,;(;:-:)} .?m { 4 1+(;:-a)163(x;a)} ,' -(:.L.fs)F(l-l)

- 8871 [log Y(l-s)] -ec¢Rescl
ttius }F(s)-‘ [ ¢ (0 1ogc] C mces "9.
Q.E.D. T
(6-2) : ‘Derivation of ‘i,’ormula. 3-2,

| ‘m{1+ (x-a)log (x+b)} = -a® [é(;‘:_,],,-s) + 1og(a+b)] -9 {Res40

s
a»bd
Integrating by parts, . »
L o W?é.‘._ (x-a) log (x-o-‘b)} : -1 La log(a+b)+ < ].;1_(_._) » X )}
Res <o | {6-2-1}

. ‘;




With aid of formuls 2-22, 4 l,\.{x-a) X’ l} =asl & (- -,1 l-s). Res <1,
‘ » x+b s

the desired result is obtained.

(6-3) Derivation of fomula 3-3 ,.
m {l_,, (x;a)log(x+ a)} = _—_a_._s_ [_J._G( -s)+ log(2a)| - <Re s <O

Letting a = b in {6-2-1] snd using formula 2-23 gives this result.

(6-4) Derivation of formula 3-k,

'm{ ...(X-&) 1;8 (X*b)} =§__ [ §(- l,s+l)+( --) Tcse 1T 8

- log (a-rb)] -®<Re 8 <O

a(b B # -l,‘-2,... ‘

Combining -2-1} and formula 2-2k gives this result since

cse 'ﬂ'(s-rl) = - C8C T B,

(6-5) Derivation of formula 3-5,

’m{l;(xl-‘a‘) log .lx-bl}i =

:_9:. [@‘("2‘:1,-5)*108(8%)] i-aa‘( Re 8 < 0
8 .

a» b’
Integrating by parts,

i) -3 [ o]

a>b -w<Rs<0 {6-5-1}
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B

o

Combining {6-5 -1} and formula 2-20 gives the result.

(6-6) Derivation of formula 3-6,

M {1, Geeadtog [xol} = 2® [(B°(ar ctnl- o)} + Log(v-e)
‘_'__b_é( 1s+1)] . adb .
-00{ Res<0} s # -1,-2,..

'm{1+ (x-8)1o0g \;_c-b\} = 'm{l,,_(x-a)l,, ('b-x)log(b-x)} .

'Tn{l* (x-b)log(x-b)}. "adb {6-6-1}1

Tow, with k=l, <l> (x) = %° in {5-1&-1} ,

. b-€ . ' :
P_1, (x-a)l, (b-x) s
< £ +(xa)...( X x > e_)o{ ___dx_‘_bjogﬁ}
' b -x b ,

adb {6-6-2)

From formula 2-26,

| sl
< Pp 1y (x;;)clf (b=x) , < > = [logg- - Y(s+1)- (];)SVJr

@( =1 s-l-l] sf -1;-2,-3,...
. {6-6-3)

b-€

. b-€
: _ b-€
-1 , ]
ilso,  1im log(b3x)X®  dx= lim xsloggb-x> LAl X
&0t o v e->o" 8 S b-x
= -a lo b-a)  1lim xs dx4b loge
' g 3 >0 b-x
. N &
Since (b ) log € =1 log ¢+ o( ) {6-6-u}
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Therefore combining {6—6-2} , §6-6-3}, § 6-6-&} , and removing limit
oﬁeration , ‘ R '

‘./m {‘14 (x-e;)'l;(b-x)log (b:x)} : ;%_ { -aslog(b-a); ps [ Log z ._ -\\, (9;1)"
| ‘ S(e (:ﬁl,s;l)]} a<b }
6 40,41, -2.,'-3. - {665}
Putting {6-6-5] .and formula 3-1 into {_6-6-i} gives:
M{re oo 1xal) - [ @ {$es- Y]
’ -log(b-a)- = & (%,1,s+l)]
adb '_ » -°°‘.<‘Res<0 ' s# Ly 25eee

Uéing { 5-10'-14} in this gives the desired result.

(6 .7) Proof of formula 3-7:>
. 2

: ' b
Mizy Geagtos 12271} = = | 2osteaPe B 5)]

‘ a> b - - < Re 8§ <0
| 'm{l . (x-a)log [xa_b2 l} - /m{l + (x;a)iog(ic-b)}+m{1+(x-a)logk(‘x* b)}
| {6-7-1}
Using fomlél;a.s 345 and 3-2 in {6-7-1}
’m{ 1*(x-§)1og_lxé-b2\} - -%8- [ log (ae;ba)'-l- ) (-;2-,1,‘4)

;‘@(%1;;s>] - a>bv {6712}
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_

. - = (B (-7 2 |
Tov, REL-=w+ B-JLw) e 2 met—n (5 L 9
- : : o 3.: E

" Thus m{l;(x-a)log ‘xz-bzx} = -a° [ log(a ‘b2)+ @ ('2' 1, g‘)] -

=2
S
Re.vs‘_< 0 v‘a> .‘b
Q.E.D.
(68)  Derivation of formula 3-8,

-w<Re 8<0

M {24 Gxea)0g lxa-aal} - [ 1= L at0)-108 e_c_%] |

Combining formulas 3-1.and 3-2 with {6-7:-1}. when & = b gives the result.

(6-9) Proof of formula 3-9,

1+ cosws )

{1.,_. (x-a);os lx-a-bal} = - [108 (v2-a2) + (-) T (Gmws

S,

+ 2B 25 sbi1v 2 )

be

-0{ Re 5 <0 '8f -1,-2,...
Putting formulas 3-b and 3-6 into {6-7-1} ,
m{ 1+(x;a)log']x2-b2]} = -af [ log(‘b2 a?) + (= b) L {'CSC“’S + ctn(-n's)}

-

- . _ { 3 (b’l 5+1) 3( b,l,s-l-l)}l

a<b 'Res<0  Bf <1y =25.0s {6-9-1}
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-
l+ costs )

 Now, -cseTs'+ ctofws) = - ( sin 7 s {6-9-2}

Also,

. A“ | a)n-( F) ', 2 b R
& (5 L5 +1)- é(-b, o)) = 3 -2 255 T L1
. o N=o (n+s+l) _
| {.'6.,-9-3‘; |

Thus {6-.9-1}' {6~9-2} and- 'f6-9-3} givez

sinws

M 5 1 (x-a)log ]x -b \} -;? [log (b -a ) + (?-) T ( l-l-co.:'rrs)

o2
a S, a s
& ' ( 21,1+ —)
2 é b2 2"

R
a<b -w<Res<o0 s -1,-2,...

Q‘E'D.

(6-10) Proof of fomula 3-10,
m {1+ (’F-a)'.lOga(X‘a)} = 2_3_ {2 (‘}’(-s)-ﬂ' ) (log_a %—)

"-logaa - -—E‘i -- q"(l-s) ( v+ ‘i’(l-s))z}

Rew ri t’ang v - ' : -0 £ Re 8 £ 0 .

m {l (x-a)loga(x-a)} X [10g(x-a) ] '1dx .
s-1

[103 a+ log(— -1)1 K odx

-4 &

-, - s-1 - _1
= log a2, j ¥ dx + 2log a \( [ log- (x-a) ] X
B a .

2
+ J log (-— -l) L ax
') a « 00
. P s-1
= -log a?' f w5 laxs 2log a S‘ log(x-a)i(?' 1d.x+ j 1032(— -l)it ax
. . Vo i . : . )
’ {6-10-1}

i,
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From [8], page 75, equa‘tion 32h-8a,

jxp (1-:&)"l llogzﬁdx:s (= )r(ﬂ[‘i’( )- ¥ (E+q)

ol T q)
v EY ]
A«,vp,q, >0 . {6-10-2) -
Now, littmg‘ x = ;— L e | |
j 10.942(;i -1)5:5‘1 ax = a° J; [108 ?;(l-y) ]Zt y’l'sdy
-t { i’ loge(l-y)yjl-s_%y"ﬂ-‘ | J | log% ¥y |
2 f log y'log(l-y)y‘l‘s dy} - . - -"{5-10-3}

Putting =1, ¢ =1, and p = -s in {6-10-2} gives:

P('S) [ \l’(-s)- L}'(1-s)+ {‘i’(-s)- \Y(l-s)}]

P (1-5)
Re 8 < 0 §6-10-4}

XY-SIIOngya

Also letting J=1, and using o= 1, p = 1, and g = -6 in {6-10-2},
‘( loge(i-y) .),Y,'l"‘s ax = j (l-X) S log® & ax
P r e [‘}'(l)- ¢ (1-0)+ {‘Y(l)-- \y(l-sf} }

"Re 80 - {6-10-5}»

C T (1-8)

-
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From [3], page Uk, equation (3), |
| ‘“}'(. )(Z)- y @ 143) - —%}- ' {6~_1o-6} .
And from- [10] , pagé 212, and from [3] page 22, equation (10),

Y= Tz | | o
or Y1) = ¥ (2,0)= o sme $D-T @ {6-10-7)

' Combining {6-10-4} and {6-10-5} ; snd using {6-10-6}, {6-10-7},

he difference zje”.L_‘a.."‘c.ion_ for Y (3), and Y ()= -Y gives;

' '../ - _vl_sv .. : ' (" 2" . ;l-s , rv(‘_s) | 5 .ﬂ; .
- \}"(i'-;)+ fr+ \y('l-s)}z}. R840 - {6-10-8}

* The folloﬁing‘ lemma :fs now needed:
! o : ’
womar T %57 1og % log(l-x) ax = ¥ (1-s)+ ¥ | ¥(1-s)
. st tT s

e ot

o . . ) o
Broofs - e <Res<0 ' {6A0:)
root : | | |
Using {6-10-7} , o T
Yy (1-8)+ ¥ X (2,1-5) | ‘
: I,a. 32 M s : : {6-10—1.0}
Now from [3], page 25, equation (3),
. ] . . . .
' 1l y-1 -1 -1 ‘ ' o
j’ (s,¥) =‘—_'———- \( X (1=x) . (l,og‘l/x)s. dx ‘"Re 8 >1 {6-,10-11}
e e ‘ ' ~ Re¥ >0 |
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Using { 6-10-11} with s=g_aﬁd ;»’ “1-5, and {s-hiu}. with z-‘ l1-s in
§ 6-10-10‘1 o

I = --—- J‘ (l-x - -x) dx + = J‘ 'S(l-X) Re 8 <1
l~X . log X . , .
= j (l—-??) [ P ] ax .
R s 5 s, R
~ . 1-x"% X log X
and integrating by parts with . u.—.:[ —— - } dvs (l«-x)
1 s s

, s-1 .
and, du = % log X dx, gilves:

. - \ K - .
‘ 1-x° % ° log x a1
I=|-log(l-x)|"75— - +| %% 1og X log (l-x) dx

©¥e Res<l

’ o fixs x's,_log x
‘Now let R(x) = -log(l-x) 5 -
: : -\ S S

g - . L =5 ‘ ‘

and S(x) = -log (1-x)(1-x s)‘ , T(x) = log(l-x)X  log % , Thus R(x) = S(x)+ T(x)
. 32 | N S . .

The $6llowing can readiiy be shown by repeated application of L'hospital'sb

Rule and using limit of products equal to product of limits.

iim 8{x) =0 | | lim T(x) = O
K |~ x—» |~ -
Lim 8(x) =0 Re 8 < 1 ‘ 1lim T(x)nO Re s L0
x-—»o" : x> 0" :
[ ' S ' 1 .
B -l - : R
Thus  R(x) =0 and I = X log x-1log (1-x)X ax Re s <1
. c . ) o N . .

Q.E.D. for the lemma .

AT



Combining {6-10-3}, {5-10-8} , and {5-10-9} ’

o0

glogz(’é‘. -l)xsh':L dx = §{$+(T'+ ‘*’(l-s))z‘-i— 3}"(1’-3)

Y (1-s)+y 2 } -
-2. +——

S .S

v

Re s <0 {6-10-12}
Using formula 3-1 and {6-10-12} i {6-10-1},

m{l+(x-a) 1582(»&)} . e log? a+ 2 logaa® {‘Y(';S)-log 2—}
8 lxe 5 g & . ,

s

jul

' _;_{1;— + (i+«y(1-s))z+ Y1)

2 Res €O

8 ' S

2 yaem) 2 }

= g_‘“’_% log & Y(-8)-log® a+2 ¥ loga- -1-;1 - (v +y@1-e)) - ¢'(1-8)

. -—sg— ("‘I{’v(l-‘s)+ i— +‘Y)}

c 3

.2 lgg.a ('1"(-5)43'\) }-logea - —1-61--4 (U+‘{’(l-s))z' - ‘)"(l-—s)
| -2 ( W'(.-_s>+r)}
- { 2 (ﬁy( -8)+Y ) (log = fé-); log%a - '1:; - (¥ *‘Y(l‘?))l - ‘P'(l‘s)}

-.00“{ Re s (0»

A . ‘ QOE.DO e
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(6-11)° Derivation of formula 3-11,

’m {Pf 1. (x-a)log(x-a)} { (‘Y (l-s)-l-‘o') (-—— - log a)

(x-a)

+ log J——.Q.._.:_...ﬂ.a_:_)_-o- - (T+ ‘{’(2—5))}

-0 <Res <1

Now using the result proved in Appendix U, formula 1-7, and formula 3-10, .

m &Pf 1_:§X-all<)ag(X-a)} #_aLm{%x_'l,,(X-‘a)losa (i-a')}' ‘

X -8

2

= =(s-1) as-l { 2 (\Y(l-s)+ T) (log a- 1) - logaa -—T—G‘-’—- :
2(s-1

s-1

- \y'(é-s) - (r+Yy (2-5)) }
?(2-8)

2

- {(‘i’ (l-s)+%’) (loz a- ———) -losJ"

",_%.<Y*S}'(2-s')) } e < .Re's' <1
" Q.E.D. S

(6-12) Proof of formula 3-12,

m {1* (x-a)1, (b-x)log (}-{-a)} | - a_;_ [ Y (-s)+ log & + (‘—%) -8

(8 (%2, -0)+ 208 (""a’ﬂ? 840,12,

From. [3], page 21, équat’ion_ (3),
& .

§ ( 2,8,V ) = - -ts-' e_” S Rev$0 and eitherlz\S\,zl#\',Re‘s >
T |- a _-

ot R .
’s',-—.ze o or ‘gm=lyRes>1

(o2}

oo
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Now let X =e° m {6-12-1} andletz-?g,,l’

= g_g [‘{{(-é)+ Y—-log a] + bs [% (b,l -s)+ los(b-a)]

ta.‘

‘H'\CN)

5 J o
Yo

o - 5 L=

y -
also let t =-3 and = _E*E- in {5_1,,4} ’ -therefora_) '.'FV

«©

est

-

ol‘%e

Re 8 <0

= as -1 -(-—é- -s-1 ) ;- .8
e [ og & +J (1 - ) ‘) (a_a) Ji} +p_§[log(b-a)
a 1 ' ‘ :

=a° ;1;;3'3 + w(ll-) ( '+bs 1’og(b-§)+ - 5 dx
s tosea | T e e ooy )X
' o *Tp ‘ 4% v
b
0o : o s
=1 {—aslog a+ 5 s(bx) —(bx ) dx + b log(b-a)+ (x0) dx
S — rel
B AT
50
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=1 I:bs log(b-a) — a° log a+f a® (%’5—) T (oox)® ax
“ ST P
b

lx- 2
. N . m v.
+ 27 1 | _ax
b ., &
-4y xX(x=F)

=1 | b® log(b-a) —a® log a 4 ‘.‘as ¥ ;x'l-xs ax
s o - X-a

- ( S

+as+l-" _'b_l-l -.;L_'dX‘
b a Lx x|

c‘;m

[bs ldg (b-a) - a.s '105 a +a° log ( 1.-..%)

L

H‘ * J" s+l s. /4]

1
S

X‘-&

a

{6122}
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+1..
Integrating the mtegral in {6-12-2} by parts with = a® ¥ 1.;;?

and dv =_dX giveS‘ |

X8 ’ '
b
s +1,-1 48 gy w(b-)- 8+l
a % X . 108\ b-a blog(b-a)+a. 10 x-a) dx
J X -a ab / “‘5"2"‘
a— . . ... o, N ‘ ‘

+ 8 J log(x-8)%
o, “ ‘/’ '

Now from [9] y page 113, equatmn 323-12c,

Jlog(ax"'b) ax = a log‘x ("“+-—) log (ax+'b) {6-12-&}

-

o ' {6-12-3}

Thus, ‘
1
Jlo x-a) dx =-llosb-(g-

[ Lol

)log ('b-a) -+ ]a:.log 8 ' {6_-12-5}

Combinlng {6-12-3} and {6-12“5} ';.

b b . }
l -1.. 8 s-1 '
a® 7 15( - X'". woJY = .SJ log(x-a)X dx~ bslog(b -a)
x"'a . ) a ' R

@ ' s 8. 8. oy
-a"log b+a"log at a log (b-a) 6-12-6

Putting {6-12-2} in {6;12-2}

b - -
I= J log(x-a) %1 ax -w ¢Res £ 0
. .
The Result can now be extended by anal}’tic’ continuation to include
all s except S = 0 1,2,...

QED.

: 2

— a
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(6-13)  Proof of formula 313, o N
’W({l (x-a.) e }ne K3 r_(s) 7%_}:(1,5-&1; «a)
K '; . Re & > 0. §40,-1,:2,...
| | o(( N e ..'w.—d* P LT B
Mo e e [T - [l
. : o Yo " o ‘

Lett:.ng 'U-o(X in the first integral and U =..... in the second,

WL{h(x-a)e d(x.a)} o l - fe- o°la fe“‘*,cs'lu] -
= e™® 4 8 I (s)- a.s o8 L —au JUB'ldu oo
Res » 0 | ‘{6'_13_1} .

From [3], page 255, equation (1), the following integrsl representstion

of ‘the confluent hypergeometric function is obtained:

3 (a0 =TT r(c-av f P (Lgeed gy

Rec>Rea>0 {6-13-2} |
@

In {6-13-2} y let X= -d.a, a= s, and ¢ = s+l Rearra.ngins gives,

\ I"

1_; (s, s'+1;,:-9(a)
= S I o .

S mere o femal
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Now using Kummer's first formula given in [7] » page 125, Theorem 42,
2z : S ’
é (a,c;X)ﬂ C é ( C"a,c; "X) (o] % Q, -l,‘-2,.. . {6'13"&'}

Using Kunmer's formula‘,‘, v

F (s 6+1; -wa)me 2 F(LI+L %a)  E4,2...

C;:mbining this fesulé‘wﬁ;h '{641'3_-'3}'" and {6-'13"-1} ,
m{ 1, (x-a) e “,(x =) } - c“aac'? r(s)-—gf §(1,s'+l;eca)

, "and using analytic continuation from Re 8 > 0, the result can be. extended
to include all S except 8§ = 0, -1, -2,...

;V‘J . . ":m 'A X QoEth
(6-1%) Derivation of formula '3'-ll+,‘

(/R ERENERES c.'“("“a)} - %™ (28 T (1,543, 4m)

W-a_f_é(l,‘sfl;o(al S #0,%1,-2,...

Integrating term by term the uniformly convei'gent series of the expomential

~ function in the interval a £ x £D,

m {l+(x€a)]$(b-x)c-.‘(x.a)} : Z ....f‘_)?. jb‘ . é-ldx

Nz=0

o n.bn+s n n+s
) nzo mln+si Z m(n-ns) : S # “ly=2y00

\

i
‘t
{
!
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S S

Since "ﬁ-;-sf-..‘é‘ S+1 " )

' m{h (?;"""3__") 1 (b-x) e “-" "?-’ ."': bf § (s,s-r-i ;-fb)
| oS

é (S S'{" -«a) ‘ . 8 # 0,-1.,"'2,000

Employing {6-13-—4} twice gives the desired result.,
(6-15) Proof of formula 3—15,

/)Yl{Pf' 1 (x-a)(x-a)”L i Q} r'('rl+1)a " lf (g+1,+14s;2a)
- - Re« >0, 'rz;é “1,=2,000

Pirst consider 7’1{“ x-a)(x a.)w1 X "ﬂ] for Re " » =1 and Re« > O.

From [5] » Dage 139, equation (22),

g(t+a)ﬂ- _(t-b)y— ot d‘t
b ' : ‘

et -
=1 (2ﬂ)(a+bf‘” ! ™ eJ‘P‘“‘ ")W’_y,“‘y_,i (ap+bp)
Re v > O, arg(a+b) 4 T, Re D ZO. | '{6-?5-1]
In {6-15- 1}, let a=0,o>m0 _'a/:lAz,: ()14-1)/2, P =, and t = x
then,
-]

sxs*l. (x=a)t e** ax

= [ (xe1) a3 ”;cé*}ﬂ) &7

Re ’Dz>-1, a(real) > 0, Read» 0, =w <RE S < &

Wioe sy (8)
¢ "2 .

55

g o ——— ———




thus, '
~ol{X-a) }

fm{u (x-a) (z-a)l e
s eEriget) 2T ._(é'?a.L)“

J_'\... L;.’L (a-()
-Re 7 7>'=1, Re« 70 =% < Re s.<oo‘ {6.;15.2}
By definition from [51, page 264, equation’ (2),
ep (x) = 6F x¥ ‘.l’(a.,c ) (6-15-3}

a, = 1»/2 -k+l, c = 2 - 1
If k—(s-7z <1)/2, p = =(s+7)/2, and x=ag, then 8, =1+1, c=s+yf+1 and,

Wi-l-l J_;%q (ax) = eT 'S‘;"S"L
2 -

< l17(71+1,:s+'w ;a%) - 6-1-5-4}
Combining {641-5-4} and'{6-'15'2} ;' | | |
')yl{ (x-a)(x a) puo *)} P(q+1) at K}/ ("l+1;r]+1¢s' a)
| 'Re”l > -1, Re ot > 0, and - o < Re 8 <o f5'15‘5} "
Now consider M{rf 1 (x-a)'(x-a)’z'e';“";“,’} for-?z;é 12,000

R@d) 0 and -0 £ Res‘w
To prove this more general result first consider k = ¥ in

{a5-1} in Appendix 5, rearranging this equation gives -
(with -1« Re,a < o).

M{Pf k (x-a)(x-a)f' e }= m}ﬂ’f 1 (x-a)(x-a)p -‘U-&,)

4' o 'DI[PI 1, (x-a)(x-a)’ﬂ }5-15-6}
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- (x-a)

Since Pf L4 (xfa)(x-a) -,ﬁ € =1, (X-a).(x-a) - e-d (x-a)’ ’

ising formula 1-'-"{ and {6-15-5} twice giw;e's,

M{P 1,.(x-a)(x a)p—l -ec(x-a.)} = ;' { -(a-l)r(ﬂ-!- 1)a
‘{J(ﬁ-i-l s+f ja ) + « T (,5+1)a8m Y’ (F+1,s+p+l aet )}

= ]--'(/19)8.9"“6 l_{ ax ‘P(p+l s+/$+l,ad )~ (S-l)I{J(P“'l,BfP ad)
-w<Res 200 . o {5-15-7} k

Now the following difference equation :I.s obtained from [_3] page 258

equation (7N,

(c-a) tf (a,c,x)-.x "P (ayc +1;x) '+If (a-1,c;3x) =0 | {6—15-8}

iet Xza« , £= S4f , a= 1+B8 in {6-15-8} to obtain after rearranging,
‘P(a,p 184 5ax )= ax I{J(pu,s +p+Lsact)(s-1) Y (B+1,54p 50%)
{6-15-9}
Putting {6-15-9} into {6-15-7} gives:

?y( {Pf 14,(x-a.)(»x-.s:.)‘6 -le'd(x'a) } - 'rd"('a')as A1 .Y.(p,mp ;ae )
s W {2e 1+<x-a)<x-a)" et ] . <*L+1>a LY (e Lyse 4 Ljae)

is now true for Re”{)-aand?l;l-l Reo(?O -0 L Res £©.
| {6-15-10}
Ir k=1 is now used in {A5: S (a.lternatively this now means -2 ¢ # <& -1 | |
in 6-15-6} and the equations following), {6-15 -10} - would be shovhr
to be true for ; Re > -3 Mn# -1 and -2 Continu&ngbby induction ‘the. |
result is true for all 7 except n- -1, -2, -3,... |
 QE.D.
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Again with the aid of {46-1}

' o ' ' g 8= e oY dms (T4 ‘
m 1, (x=a)cos bx} =—x1e 2 u du + e ¢ |u e du

oh( dms dims R
:Tie 2 T'(s,‘-iab').-o--e z F(s,iab)\ {6-16-3} L

Re s

Liab

< 1 by analytic continuation from Re s < O.

Now finial_ly using {6=16-2} and {6-16-3},

‘ m {h (x—a)‘sin b (x-a)}

= cos ab ’n'[{j;'(x-a)sin'bxk
- 8in abd M{h(x-a)cos bx&
{s-0mi [(GOLY

—%—cos ab {e 2z [(s,-1ab) + e [(s, iab)k

=5 ws L
—%—sin'ab{eT[‘(s,-iab) + e = F(s,iab)k
_L
z

' ins
= {e‘ f‘(s,-iab)[-sin ab - 1cos ab}

_Lvs X ‘ ' - -
+e = ' (s, iab) [-sin ab + 1 cos abl \

b-S

Lﬂ$ . -
- = 'z.&.fl F(s,-iab) ['cos ab - 1 sin abl |

L.
b

- el E F(s,iab) [ cos ab + 1 sin ab]}

-5 “5_ b )
=%T{,‘ “1 ((s,-1ad)

Mol oy
- ekT = A T'(~s,1ab)~}

Re s £ 1

Q. E. D.
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(6-17) Proof of formula 3-17,
{_.

‘mﬂ {l*(x-a)co; b(x-a)} = p_“i{é'[""f““"] r(.s, ~iab)‘i~€

‘“.L]

r(s,iab)R
» ‘ ° ‘ '- w<Re s <1 B

Using {6-16-2) ema {6-16-3}, = - g o
| m{l+(x~a)cos b(x—a)} | a'.cos ab M{i.(;.a)cos b x}+' ain & .‘bm{l;'(x‘a)sjir‘n b x} i

= cos (a b)b's{eil?r-é ["(8, -iab) +E&ti r(é,iab)
2;

. - —)ﬂ'i ‘ . (1-—5)1\1/2 -~
, sinfe B S{e_“,' /2 T8, iab)+€_ | r(ﬁ,ia'b)
2

= b- & . v © uinsfa ' o
2 { /e r‘(s -iab) [ cos/a b-isin (a “b]+em»/ \"(s 1a'b)
[cos @bl+ 1 sin(a '

\

.A.L‘“bl

a_}_)_:s {e [T-ak] P(S —iab) + & . N r LS,:}'.ab)\ o Re s < 1 -

2

Q.E‘D'

(6-18) Derivation of formula 3-18,

~ 7 ‘S"‘l . 2qt-
Pﬂ/l‘gl+(x-a)l+(b-x)s:mh w(x-a)l = ot a s By (135255 %)
L : s(8+1) B e B
+ f’_{ e f(‘s,su; «b) - g(;s,a»,l;-«'b)] 3 a<b; S§f0,-1,-2,..
2s o . . A : : :

Using formula 3-14 twice a

m{h(x-a)l (b-x) siﬁhd(x-al)i 3%{M{1,(x.a)1*(b.x) d(x-a)i

..fm {1, x-a)1, (b-x) e~ o (x’a) )} }

d(b a) s . .d (b_a)
-l b (1 s+1 --tb)-a (1 s+l,-ua)-e
] {‘—?—"* § ’ , § g =3 |
E (1,3"‘1; d.b) ‘\’._a_s__ ?(1,8 *léda)k . ' ' ."'.s‘%,l:o,"-l’ '2,". ce. {6'18"1\

o
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. Now using {6—134*)} ‘ _
3 (1,8+1;-ab) =e B (s, S4;40) 0 ~ {6-18-2}
| '_3,;(1,:s+1} b) =e®® B (s,5+1;5-)

From [7) , page 22, Lemma 5, (o), =2 (-‘%‘-—),»n (-'%l-)n  {6-18-‘3}
With the aid of this,

F (.50 40) B 2iw) = Z (°‘<.;%i‘l>§“f" é:z z%—%::a

U oug B (.’3.‘_.5-1__)“ 2.‘8"- F (1; s+2 ; s‘+3 ; d‘a‘)
TE31 2;—: =2 )”(sn )m TE 1 re o ® : *
" o {6184}

Combining {6-18-4}. ) {6-18-2} , and {6-1831} )

s+2 s+3 . od* &

’ o, s+l )
Ly(x-a)l (b-x), sinh d(x—a)} = ofa F(l; "2 T2 i T4
m{ ot _ 's(s*;LS e »
s | -aa
- 22 [e. §(s,s+ l,olb)—' §(-ﬂ,£+l, db).
. % ) : i ) . 5;4"0,-1,-.2,..».
'QoEoDo.' ‘ . | ’

: (6-19) Derivation of formula 3-19,

k §

M{l_’(x-a)l,,(b-x)cosho((x-a)} = ;gf’_ |'F2(1i,-.s:l;1' ‘:2 3 .(4‘& ) :

+*a§{ - $6 s+1,.«b>+ e i(s:‘“"““}
S laed 0 #O»-l’-av-'
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Using formula'3;lh‘t§i§ef - - R :
. m{l (x-a)l (b-x)coshd(x-a)} ,_é_(m{l (x-a)l (b-x)e"‘(x'a)}

M{l (x‘a)l (b-X)e -((x-a)}

"(b“&) s
,%(E__S_,_b_ §(1,s+1 -db) _g,_s §(1,s+1 da)
I e--t(b-a) B -
' ""i'- — i(l,&“’l o(b) -8 E(l,&""l,ad)]

. " IR . -Sf,é 0,-1 -2,.¢. B {6-19-1] "

Now with the aid of {6-18-3} ’

b

| e '[c—\«.cn)“ + (ot ] _Caxy™
§1s+1 - +§1s+1 o) = S =2
( ’ i &) ( ’ é ) ‘ﬁ.‘.’ s 1), — | :Zj_. (s"")zn

e (eLy
zz (S*l)‘(_iiz)n

2 Fa (1; s” , 232, ‘“) {6-19-2} |

Ccibining {6-18-2}' s .{6-'.;1.9-2} » and ‘{6~l9"l}‘ ’

}Q{l (x~a)l+('b-x)cosh d(x‘a)} - -a | 2(1’ ”- 342 atet y ,

. 2 )4
E ~ |

. ;ozg[ ,“ §(.s,s+1 «b) + e §(s,s+1, .n))}

‘ ' ' ’ 5740:"1:‘2)"‘

QtEoDo .




(6-20)  Derivgtion of fo?mula 3-20;
Mil*(x-a)l*<b-x)log(b-x)} = ;bf_[q](ﬁ :ll)i%‘llc‘?é'-%-Jf("-%-)‘ ,,
(lOg(b‘“a)".'(‘i‘)_ é (%—:’1’8*.1))] . _Sf,‘;:‘O,.-J,., ‘-,2,..-- =

This result is obtained through rearranging "{6-5-5}' «
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7. Step and Delts Eunctionéis
(7-1) Derivation of formulé h-l, .
® -1-k N, L
g (x-a) -=(l-5) | :‘-‘no<ResAeo

, k 052y ' :
This result is simply an applicatdzon of formula 1-T to

Jé' (x-a)% ax =‘a“'l.‘;

(7-2) - Derivation of formula L-2,

'm&i S(x-z;y)} ‘ ‘1 3”(1-3,1) (R8O o
| e
«Mgl 6(x-ay)} ;m{s (’-,"é”} SR et
o : as-lg J}B-l . as-ljz; (H.J,)m - 8-l ;(1-3,1)
T Re 8 2.0

QfE,D.
(7+3)  Derivation of férmﬁl; h-3; . _‘ | |
/}YL{Z (-1)” $ (x-a}/)} = -aé'l‘ﬁ'(-l,.l-s 1) -w< Rg 8 < 1  |
m{‘z:(-l) é (x-au)} 2’_ (-1 'm {S (x.au)} 32(-1)""(“)8:1 E

7=y U=l . =i
s-1 & iy 81 (,i o o
= -a —nT 0 -&1) Re 8 <1
= W+1)=F T § SR | |
QOEQD. .’
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(7-4) Derivation of formula 4=k, .

Wl[ {.1-» (X-a)}._., UL -"“ ~"':_w‘vRe : ‘o‘

-

This follows immediately from setting « = O in formula 2-1.
(7?5)_ Derivafion of fdrmu;.a k-5,

M E e} s P eimeaca

S S | 2- (xea = Lay)t
M{E 1, (x-'a‘»)}_ = ; M{l‘(x-ay)} »-JZ,;‘,‘. ;S__SL
" _as 00 1 . ' = _as » (-8 l)
S 5w g i
3 _ - Re 8 £ -1
Q.ED.
(7-6) Derivation of formula 11—-6;, ' : .

m{i(—l)y 1;(x-az} )} '.8.21 F(-1,-8,1) =~ @< Ré 5 40
»=i I 5,7 ? ‘ .

7o 1P 1, (- ')} - e = (1 n)®]
m{ua dc- éﬁaﬂ . :L—_.:‘U)m& X JZ

v ) as [~ “"'I y i} 8 ~- i .
S e g 2O

*

Re s < 0 - -

Q.E.D.
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Appendix 1

Derivation of equation {Al-3]

| Using SU(x) in place of ;s’l in {5-1;-1} ,
b

‘ <P l,(x-a.)l,(b-x) P (P(x)> = lim j‘P(x)d?ﬁ _‘kzal: w) (a)
S | ] (o)t SHa N
.9 (k-:t)(;) loge |
k) ! {a1-1}

. Using this equation; '

<jx ‘:1(lx.a)1 (b-x), (p(x)> < RGO l({’n-x),i <p(x) >

- - a) t
} < k- wH) ’ ( ) log e
ei“‘é‘ </) ( ) P (a) . ¢ (a) Lo
(x-a) o oweo Vi(k-1-v)e . (k - 1)!
3 b T
qD(b) lM - Pa+e) - ¢(x) B -«i.z (p(vﬂ)(a) L
oa) = M, ek K ¥ T 55 spar) T
‘ aré . .
CPeee | IR
: (k1) | o |
Since, lim a+e) = lim [Z (a) ¢(k)(a) J
M Yo ,Ul ék"” ‘. . :
k! |, the g.bove can be

written as



Iy P 1.(x-u.)1,(b-rx),3 Sﬂ(x)> P‘]{(a) i('b) . lim{
< e (x-a) R ('b ) :

© |
$0(x)ax LT 0 |
| (x-a)“*l (x-1)¢ |

JI'IO

?d?‘) (lﬂ(b) _ Qp 1+(x"5)1f(b‘x) CP(X)>

x! (v -a) k*

' using '{ A1y,

This‘ can be expressed, as:

s-k-1

(x - a)k

8-l

k f .
i igx 1.(x-a)L<b-x)\K-<—1) (o, 77
.A k! ~ (b-a)

. =k M{Pf l;(x-a)i..(b'fx)'

()t

-k go%a) , E

V! (k—.v)e“ |

{Al-a}

{A1-3} : B




P e e SR T
Mt e R Ty

Appendix 2

Prove: - F(l,a;a+1;-1) -%[Y(%-{-—Z—)-?(%)] .

- Broof: From [71, pag§_31, (F(Z)s -Y- -z];-, (- - —%'-) '.ij'Aa-.l}

Now,

b4

asrl a -2 2 x,
2)-9'](2) " s ‘;*T-*.Z(a . :cu-ll )
v n=\ '.z-i-’n

= "

. .
1 - 1 = (-1) . 2F1l,a;at+1;-1)
= 2%(&4-2:1 a+2n+1) = 2 %;a-*n T s ’ ’

Q.E.D,
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‘ . Appendix 3 - Lo
Proves dl(x-a)log(x-a)} - WP Ly(x-a
et g Moehostxa)] = fE, L}
Proof: _ R , . : . o
(& Lolx-e) Loglx-a) 5 2 (1, (x-a)108(x-8), - ax"!% , and now

Integrating by parts, .
_ . ©

-1131,{103&(&.1-&)8 +J :‘t:s-ld.x}- "Res <1 .
’ €ry ) o A - ‘ .

‘ . o : ) o |
= 1im '{a"l log e + [ 521 ax } which 1s by (54-2}
evd 1 Fu T ) S

o ade

- M)

Q.EoDc
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Appendix L

Prove: < 14 l+(x-a.)1032(x-a), > <P 1 (x-a)log(x-a), x> >

Proof: o | 'eo e
T First determine Hademard's Finite Part of = J log(x-a) X = dx -

a
. ' el L] l ‘
I logg X-8 )X dx = c1_.:lm J 1og§x-a!x d,x + J 1ong 329( ' (at ‘1}
-’ . -
ol K o e o an ' : :
et 7% w _as'lf (x-a) ¥ (x) .
Then ot i ot ot o
s-1 s=l" : 8-1
lim log(x-a)X° ~dx = lim {a° ™" | log(x-a)ax 4 | Y (x)log(x-a)x" "ax
¢~a X-a o c--vo ‘ X-a) : ,
ot ’ Jate atE {A’* '2}

Integrating by parts,

[}thc__)dx-lim{-logee f__l_o_gﬁlc__)_dx }

ate _ (X X

a- 2
Thus,_J log(x-a d.x-s-lloge

x-a : 2
Yare )
and then, discarding 3_8'1 logoe from {Ak-2}
a+ti g-1 - at _ . 8- 2
F log(x-a)X 1dx = lim ' ll.og;(x-g)dx+ a lIl-os €
P X-8 7 é=o' - x-a 2 :
& . S (XYY " _

From Al-1, it then follows:

G-"O T X =8, 2
¢ - .

J’loggx ) Xs dx- lim { J x° llog(x-a.) dx _a,____:l']_og2 e} _ {Ah_3'§‘
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wa, <_§_ kl,(x-a)logz(x-a)f,v ;x.lsfl> ". <1,,(x-a)los (X-a):-(ti-l)x 8-2 >

and mtemting by parts: _ )

+2Jl?§£%';;'x dx}k

< d L(x-a)logz(x-a) X3 -1 > lim{ log (x-a)

Now i.im -',x 1og(x-a).o Res < 1

Also (a +¢ )8-1 = as- + O(e), Thus (a + e )s--l 1ogaé = a®110Pe a8 € — 0°,

This now gives:

ero* X -8

. . . : ’ » ' ) 4~ i N
) . - ‘ ) -l
2+ < d 1*.(x'-a)1032(X-a), e 1N o 1im { llogae . f log(x-8) ¥® dxk
2 dx SRR , 2 ’

ate

- < Pf 1 (x-a.)log (x-a) )( > using Au-Bi

X=-8

T




e

\3.

dx

= ([9 ~k)P, l*(x—a)(x-a)#

,‘Appendix 5
Prove: a_q._ in l.,.(x-a)(x-a)p.ge'“ (x-a))} (,B-k P, l.(x-a)(x-a)'g-k-l -¢(x-a.) :
-o(P l*,(x-a)(x-a)'s & d(x a)

Proagf: -

Expanding in a series and differentiating term by term would give:

&= {Pf 1, (x-a)(x a)p-k -d(x-a)} EK___ (-——)-“d d P, l (x-a)(x-a)'s;k*j‘

Jso
+ > 1:1_‘ 43 (xa)(x a)f’ N Re « > O
J=KH g
Using {5-2-2K gives: |
| ' -k+ -l
d_ {P l+(X-a)(x-a)ﬂ ok o a)} Z_.L:i‘.). (g -k+J )P, 1;(x-a)(X-a) !
dx j |
+ i iif‘,—’i (B k] )l+‘(x-a)(x~a)‘e kej-lo
=k .
-1
= (8 -k)Z Pe lo,(x-a)(x a)p “kj~1 Z "(—ﬂ-)jl,(x-a)(x-a)p ke

im0

=

(ﬁ—k)Pf L(x-a)(x a)ﬂ“k -l Z-ﬁ—"—:‘l (x-a.) —o P, l*(x-a)(x-a)

= ) j-1
2o Geor (e

2, o) P, 1 (x-a)(x-a)“’k (e

QGE‘DO‘

T2
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Appendix 6
. : c ' et '
Prove: e® e @ =0 ana J’Gs'le.'uf'dll =0 ' {A5-1}
E‘:’ iy v ‘2" .~ forRes <0 ’
2 .
W= x+gy C(as R — )

Ca Cas Ry—s @)

lu\ =R, orR, }e'u, < 1 for right half plane
: 51 ' s-1 |
N R NP
G 2
L f” l .‘j ‘ s_l '-u .
Therefore 6" e du= lim j U e du=20 for Re 8 ¢ 0
: , im ’ g >0 t _ .
‘ ‘ . rn “ - . )
Similarly v le” au = 1im J i v-;'e_’u’ al =0 for Re 8 < 0
) —%l.w . Rave Ca .
s - Q.E.D.
Sin . , + the orig
ce the only singularity in the integrand of the results in {A -1/ th

Cauchy-Goursaf theorem ([H] , page Il , seetion &9) shows the results are . .

true for all contours in the right half plane.
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