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A co; r~par iao~ hc ti;cen i l ia  e:s.act an< appro:ci~nate t h e o r e t i c a 2  I 
I 

sol\zt . io~is fo:. closw.es a t  t h e  thSrd ar?d f o u r t h  opder non~cnt is ppe- 
I 

sented  for  t h e  pr3c)5J.e~~ of t h e  dcczy of r>eac tan ts  which u1,ey an a ~ b i -  1 

t r a r y  olqde.r e q ~ a t i o n  (ttre o r d e r  being l i m i t e d  t o  be between 1 and 3) 

and whose i n i t z a l  'descz3ip-tion is g k e n  s tochas t i . ca l ly .  The c losu res  

s a t i s f y  prescrj.:.:!d r $ e a l i z a b i l i t y  and asymptot ic  condi t ions  f o r  c e r t a i n  

ranges  of in.i t i .21 va lucs  of' t h e  nienn, mean square  f l .uc tua t ions ,  t h i r d  

m d e r  monents, and f ' o u ~ t h  o r d e r  raor;lr=~~ts of  t h e  concent ra t ion  f i e l d .  

The z * c s t ~ ~ i c ' t i u n s  on i n i t i a l .  valu.:s a re  given $11 terms ofdir!?ension- 

less r a t i o s  t h a t  a r e  i 1 ~ d e ~ e i ~ 3 a n t  of  t h e  form of  t h e  c losu res .  

The c l . o s u ~ e s  wept:: appl ied  t o  two d i f f e r e n t  p r o b a 5 i l i t y  d i s -  

t r i b u t i o i l s  to det-ellmine t h e  accurac:y of t h e  c l o s u ~ c s .  I t  ~ras found 

t h a t :  ( 1 )  Violati.011 of t h e  prescribed l i m i t s  on t h e  i n i t i a l  va lues  

o f  t h e  mmne~ts  led t o  s eve re ly  unphys i.cal, unaccep.table behaviol? i n  

t h e  tirnc h i s t o r y  of stme 01% all. of tile monents c o n s i d o x d ,  and ( 2 )  

\?:'hen i n i t i a l  moinents were wi th in  the  all.otrable lir;:its, proper- q u a l i t a t i v e  

behavior was e x h i b i t e ?  i n  a1 1 cases.  I?o~;~evcr, q u s n t i t a  t i v e  accumcy 

as clrtc~\~.! ir1l.d by coinparisorl with exact  s t o c h s s t i c  solut- i  ons was g r e a t e s t  

~ O Y :  -the S C C O ~ ~  orilcr r e a c t i o n  arid was r.ecluced so;net:hat a s  t h e  ordci? 

diverged f r . 0 ~ 1  2. It was f u r t h e r  found for t h e  case when 211. j.nit:al 

n?ornents ::ere such t h a t  a f o u r t h  order  c lo su re  was poss ib l e  t i i a t  t h e  

r e s u l t s  were l io t  s.i .gnifi.cant1y nora accu ra t e  than  t h o s e  predj.cted by 



I 

OfBrien and ~ n p l  have presented simple two t e m  c losure  forms a t  

the  t h i r d  and f o u r t h  order  moments for -the probl-em of the  decay of r e a c t a n t s  

t h a t  obey an equation whose order  is between 1 and 3. 

The forins do n o t  vary for various order  equations o r  for  vari.ous 

i n i t i a l .  da ta .  I!ovcvcr, c c ~ t a i ~ ~  15.rnits have heen found which dcl : in ia te  t h e  

ranges wi th in  which r e a l t z a b i l i t y  2nd proper physica l  behavior of the cvolu- 

t i o n  of the quan t i ty  under considerat ion can be obtained. These l i m i t s  have I .  

been given1 i n  tenns of di~nensionless r a t i o s  t h a t  m e  indrpcndent of the. 

closure Eor*:l:s used. 

Ofi3rien has already sho*.n2' t h a t  a s i n p l c  two term t h i r d  order  

c losure  form can c lose ly  rnodel the  exact so lu t ions  for. t h e  case of second 

or~dcr  r e a c t i o n s .  T'ne oh jcct ive of this r epor t  i s  t o  determine the  acculTacy 

of siinilar simple c losure  forms for t h e  case of a r h i i r a r y  order r e a c t i o n s .  



11. TIIF: STATIST1 CAI, PIIOSZIEM ------------ 

The' system i s  desc r ibed  by t h e  equat ion 

where I' is t h e  concen t r a t ion  which w i l l  b e  a rsndom v a r i a b l e  bounded be- 

tween 0 < r < - , R i s  t h e  o rde r  of the r e a c t i o n  which i s  bounded'by 

1 < R 3,  and t is t h e  t ime which has been normalized by a c o ~ s t a n t  

r eac t ion  r a t e .  

The probl.e~n is made s t o c h a s t i c  by ass igning  i n i t i a l  conditi.0n.s i n  

1 a s t a t i s t i c a l  rnannw . Tov example, i f  P[l'(O)] is a prescr lbed  i n i t i a l  

p r o b a b i l i t y  d e n s i t y  for t h e  concent ra t ion  field, then t h e  exac t  so lu t ion  

2 
f o r  any o rde r  moment e x i s t s  i n  t h e  f ~ l . l o - ~ & - ~ g  form : 

where t h e  overbar  denotes  an  ensemble average. 

There a r e  soine a s p n t o t i c  p ro?e r t i e s  OF (2.2) vrhi.ch \rere used t o  

de te rn ine  t h e  forms of t h e  ~ o i n e n t  c lo su res  t o  be  presented:  



and t h e  assurri?tion t h a t  

e x i s t  f o r  N = 1, 2, 3, 4. 

By keeping c e r t a i n  requirements i n  mind1, t h e  f i r s t  t h r e e  moment 

equa t ions  of an i n f i n i t e  urlclosed h ie rarchy  were found t o  be: 

Note t h a t  it is t h e  f r a c t i o n a l  o r d e r s  t h a t  s ignLf i can t ly  in t roduce  
- 

t h e  e f f e c t  of y4 ". A t  t h e  i n t e g r a l  o r d e r s ,  ( 2 . 7 )  a.nd ( 2 . 8 )  a r e  independent 

- - -- 
The r e s u l t i n g  equat ions  suppose t h a t  r ( 0 ) ,  r2 (0 )  , and r 2 ( 0 )  

are p r e s c r i b e d .  Ve w i l l  r e q u i r e  t h a t  7- and ;4' be r ep laced  by s p e c i f i e d  
\ 

7 
funct-ions of  7 and y b  whose fomis do not' depend on the i n f t k l  datz! -- 
(though t h e  magnitude of y 2 ( 0 )  r ( ~ ) - ~  is r e s t r i c t e d )  and a r e  such t h a t  

(2.7) and ( 2 . 8 )  y i e l d  physically acceptah1.e d a s c ~ i p t i o n s  of the f i r s t  t h r e e  
- 

moislents. Note t h a t  s i n c e  y5(0)  is n o t  p r e s c r i b e d ,  t;e cannot csc (2.91, 



even t o  the  e x t e n t  of e w l & t i n g  3 (0) .  
d t  

The fo1lox:ling r e a l i z a b i l i t y  condit ions t7er1e i.rnposed t o  spec i fy  a 

c e r t a i n  degree of  phys ica l  reasonableness t o  t h e  so lu t ion:  

4 
The i n e q u a l i t i e s  (2.12) and (2.13) a r i s e  from a r e s t r i c t i o n  on t h e  skew- 

ness  and k w t o s i s  of any probabil-ity dens i ty  pihich i s  zero f o r  values of 

the random v a r i a b l e  t h a t  are less than o r  equal  t o  zero. 

I n  t h e  nex t  s e c t i o n ,  c l o s u ~ e s  a r e  presented t h a t  have been shown 1 

t o  s a t i s f y  t h e  r e a l i ~ a b i 1 ~ t . y  condit ions (2.10), (2.11.), (2.12),  and (2.13) 
- - -- - 

3 4 f o r  a l l  values of I ' (o) ,  y2(01, y (01, and y (0) which themselves do 

n o t  v i o l a t e  (2.101, (2,111,  (2.1.21, and (2.13). We have a l s o  requi red  t h a t  

the asymptotic behaviors  given by (2.31, (2.41, (2.51, and (2.6) a r e  s a t i s -  

fies. ?'tie c losures  are simple funct ional  forms t h a t  do not  vary f o r  d i f f e r e n t  

initial data. 



111. CLOSUES AND TIIEORETICAI~ RESULTS 
--**----- -.-- 

The t h i r d  o r d e r  moment c lo su re  

and t h e  f o u r t h  o r d e r  moment c l o s u r e  

1 
have been s h o w  t o  s a t i s f y  r e a l i ~ a h i l i t y ,  phys i ca l  behavior ,  and asymptotic 

requi rements  i.f certain conditiorls a r e  met. The r e s u 1 . t ~  presented employ 

t h e  fo l low ii-tg d e f i n i t i o n s  : 

A .  Fourth Orbder Xoment Requireinents ---.-- ------- 
Using t h e  assumed t h i r d  and f o u r t h  o r d e r  moment c l o s u r e s  and 

r e q u i r i n g  t h a t  r e a l i z a b i l i t y  and phys ica l  requirernents on t h e  Y~ and Y* 

moment equat ions  a r e  s a t i s f i e d ,  y i e l d s  the follo?.ring requir~ements:  

For 1 < R < 2 :  



By s u b s t i t u t i n g  cl.osures (3.1) and (3 .2 )  i n t o  (3.45) through (3.4e), it can 

ba sllown that t h e  constants  used in the  closures must be such that :  

A ,  6 zt4, - I$ ,  = n, 71  , ( 3 . 4 ~ )  

E, 57 ~]G--~RY,(o)- \ -P\~~-- I -  ( Z - - R . ) \ { ~ ~ ~ ) ~ X  

X { A  ,Y;- id) -- A o'(-> (c)3 I [:x (0.) r: (2- 1:)~ 
.- - 

x (q i LS-- ~7 Y,co))J --I-- BZ ); ([j) (3.4h) 

6. 1 > Yi lo) --]-3 -3y;to) - Y  e;l\, - - A ~  x 

~ Y ~ - & ( L ) J  - -+ k 2  Y, 6)) 1 ( 3 . 4 i )  
and f o r  2 < R < 3: 



--- 
~"(~3 -- y' 1 0) .-\-.(I? l i ly: 3 / ~ )  
.----.-- 3, ---_.-----.-.--_,-.,-,. i:..k,-,.-., 

I Y3('rO) (1',/&}[:3-+(2--~i)+y~[oj] 

And by f ~ l l o i < i n g  the precedure previously indicated, it can be shown that 

the constants  used in thk closures  must be such that: 

However, i f  R is very c l o s e  t o  2, o r  i f  
---..-.- 

/P /c) (2-R) Y l a )  Y ~ L ~ ~ J / ~ ; ~ [ U >  ( ' 1  - .-......- --.---.... I-- " --...- " -,-- . ---.---. .----------.- 
--..--- el 

-'C, o, -- @ 12) Y,Z 10) -+-(r: / r )  y3L 03 / Y', 'k)  ( 3 . 4 ~ )  

then it czn be shown t h a t  ( 3 . 4 0 )  may bc simplifj.ed t o  y i e l d  t h e  requiremellt 

t h a t  A. be such t h a t :  

Retu~nj-ng to genera l ly  appl-icable r e s u l t s ,  we f i n d  t h a t  : 

and 



Using t he  same procedures, The t h i r d  order  moment c losu re  prohle~n 

was also consi2ered.  

R .  T'nird O r d e r  Moment Closure 

If t h e  y4 terms a r e  dropped from the  Y and Y moment equations, 1 2 

and thus only a t h i r d  order moment closure i s  required,  then  y3 real.izabili.ty 

and physi cal requirements on Y ar d Y require that : 1 2 

For 1 < R < 2: 

0 < (0) [[< (/?- I) (5- R) -?- [LR [ R- I )  (5- I?)]' --b - L -  
2 R I ? - -  I)&- ~ ) 3  '][Z R (I?- I)~~-R"I]- '  , (3.5a) 

and for 2 < R < 3: - 



and if ; 

Then, as before ,  (3.5g) i s  s impl i f ied  to :  

I n  genera l ,  t he re fo re ,  the  tliajor advantage of t h e  t h i r d  order  mo- 

ment c losure  over t h e  f o u r t h  o ~ d e r  moment c losure  is t h a t  it i s  appl icable  

t o  many mom i n i t i a l  values of Y 2 C O ) .  A plot of (4.2a) and (4.2e) versus 

R ( see  Fig.  19) shows t h a t  t h e  m a i m u r n  allox<able value of t h e  r a t i o  f o r  

t h e  t h i r d  order  moment c losure  i s  a t  l e a s t  th ree  times t h a t  allowed by the  

four th  order moment closure.  



Since t h e  major i n t e r e s t  of t h i s  paper is  t o  dete17mine t h e  accu- 

m c y  o f  c losures  which have already heen shown1 t o  give at- l e a s t  physical ly 

a~cept~ab1.e  r e s u l t s  f o r  certai.n ranges of i n i t i a l  values, it is of i n t e r e s t  

t o  demonstrate t h e i r  behavior by a few t y p i c a l  cases. Also, i n  view o f . t h e  

r e l a t i o n s h i p  (2.21, it is poss ib le  t o  compare t h e  r e s u l t s  predicted by t h e  

c losures  with those  obtained exactly whe~i e x p l i c i t  i n i t i a l  p robab i l i ty  d is -  

t r i b u t i o n s ,  P (X) ,  of t h e  concentration f i e l d  are p ~ e s c r i b e d .  

The comparisons were car r ied  out using the  following d i s t r i -  

but ions  : 

2 
These a r e  t h e  same d i s t r ibu t ions  OIBrien used . I n  p a r t i c u l a r :  

(4.1) had i n i t i a l  values t h a t  s a t i s f i e d  a l l  t h i r d  order moment closure  and 
a 

a l l  four th  order  moment c losure  requirements, and (4.2) had i n i t i a l  values 

t h a t  s a t i s f i e d  a l l  t h i r d  o ~ d e r ,  but  hardly any of the  four th  order  require-  

ments. The exact  d e t a i l s  a r e  contained i n  Tables I and 11. 

Thus t h e  end r e s u l t  of t h i s  procedure is: 

1, T o  h igh l igh t  the  more r e s t p i c t i v e  na ture  of 

t h e  four th  order  moment closure,  and 

2 ,  To emphasize t h a t  although t h e  t h i r d  order  

moment c losure  f o r  non-second order r eac t ions  is 

no t  as genera l ly  applicah1.c as f o r  the  second order ,  



it s t i l l  has enough f l e x i b i l i t y  t o  be of f a i r l y  

g e n e r a l  use. 

Exact solut i .ons vere  obtained by subst i tut j-ng (Q.1) and (4.2) 

i n t o  (2.2) and numerical ly in teg ra t ing  on a IBM 360 computer. 

Approximate s o l u t i o n s  were obtained from (2 .7 )  and (2.8) ( s u i t a b l y  ' 

2 
r e c a s t  ) with i n i t i a l  condi t ions  spec i f i ed  by t h e  exact so lu t ions .  

For each d i s t r i b u t i o n ,  t h e  cjuanti t ies  Y1, Y:, and S are  

p l o t t e d  as  func t ions  of t i n e  with t h e  order  of reac t ion ,  R ,  as a para- 

metel*, For each quan t i ty ,  t h e r e  s?e t h r e e  graphs arranged as follows: the  

exact  so1.u-Lion, t h i r d  o r d e r  n~oinent c losure  soluti .on, arid four th  order  mo- 

ment c l o s ~ l r e  sol.ution. The order  of appearance of distr.i.but ions i s  : Fig. 

1-9 f o p  (Q.J . ) ,  and Figs .  10-18 fox3 (4.2). 

A comparison of t h e  r e s u l t s  presented f o r  the  p a r t i c u l a r  d i s t r i -  

bu t iocs  considered shows : 

1. The t h i r d  o rde r  mornent c losure  requirements al.low one 

t o  handle a d i s t r i b u t i o n  srhose Y (0  i s  a t  l e a s t  

t h r e e  t imes  t h a t  allowed by a four th  order monent 

c losure .  Thus, t h e  t h i r d  ordel- closure i s  6emon- 

s t r a b l y  appli.cable t o  rnnny more cases t h m  t h e  

fourth order  c losure  (see F ig .  1 9 ) .  

However, it was found t h a t  f o r  t h e  t h i r d  order  clos-  

sue, t h e  time h i s t m i e s  for. Rc2 ( for  t h e  d2.s- 

t r i b u t i o n  where Y 2 ( O k l )  could not be aadc as  ac- 

c u r a t e  a s  those  f o r  P 2 ,  Fur ther ,  the  Kt2 solu- 

t i o n s  were inaccura te  c ~ n ~ a r e d  t o  the  R=2 so lu t ions .  

Details are presented i n  Table 111 for) (4.2.) on ly .  

V io la t ion  of  any of t h e  r e q ~ i r e m e n t s  s e t  f o ~ t h  i n  



( 3 . 4 )  and (3.5) led .to serious, q u i t e  unacceptable 

unphysical behavior  i n  some or  all of the variables. 

' 4. For (4.11, which daes satisfy a l l  requirements set 

by (8.4) and ( 3.51, it seems t h a t  use of a fourth 

order moment closure does not significantly improve 

t h e  accuracy of t h e  results i n  conparison to those 

from t h e  third order  moment closure. 



The r e s u l t s  o f  the  preceding s e c t i o n  ind ica te  that- f o r  t h e  cases 

co~ls idered  a simple two term expansion *om f o r  closures a t  t h e  t h i r d  and 

four th  order  moment does y i e l d  so1.utions t h a t  a r e  g lobal ly  s a t i s f a c t o ~ y  

when a l l  prescr ibed l i m i t s  are s a t i s f i e d .  However, it i s  a l s o  evident  t h a t  

s o l u t i o n s  f o r  t h e  non-second o r d e r  r eac t ion  equation a r e  no t  as  accura te  a s  

those f o r  t h e  second o rde r  equation. The inaccuracies a r e  due to: 1 )  t h e  

truncati.on of '  what were o r i g i n a l . 1 ~  i n f i n i t e  s e r i e s  moment equations and, 2 1 

t h e  nuqber and types of  ternls use? i n  the  c losure  f o m s .  

The first source of e r r o r  would seem t o  he al.l..eviated by accountj.ng 

for. m0.i.e terms i n  tile n~onent equations. FIowevcr, t h i s  leads t o  t h e  problems 

of speci fy ing t h e  c l o s u ~ e  forins znd of even having these  higher mc~nlents 

accc ra te ly  a v a i l a b l e  from experiments f o r  comparison with the  t l i eo rc t i ca i  

results. Besides, as shown by o u ~  r e s u l t s ,  increasing the  number o f  moments 

accounted f o r  i n  t h e  moment equations not  only does n o t  seem t o  markedly 

increase  t h e  accuracy of r e s u l t s  but  a l s o  introduces add i t iona l  r e s t r i c t i o n s ,  

uhicll ~>cduce  t h e  genera l  a p p l i c a b i l i t y  of t h e  method. 

The second source of e r r o r  may seen t o  be most e a s i l y  s u ~ p r e s s e d  

by using more terms i n  t h e  suggested closure forms. Thus, s ince  very good 

accriracy was obtained i n  t h e  second order case by forming a c losure  t h a t  

au tona t i ca l ly  s a t i s f i e d  r e a l i z a b i l i t y 2 ,  a p laus ib le  schone would be t o  

fo rce  t h i s  condit ion f o r  t h e  non-second order  react ion.  This implies having 

a c losure  whose f u l c t i o n a l  form var i e s  e x p l i c i t l y  with R. However, as 

remarked i n  Ref. [l], th  nature of the  r e a l i z a 3 i l i t y  coriditions precludes 

the  formulation of  such a closuFe i n  its exact  form. This co~tpl-ed wLth 

t h e  f a i r l y  wide range of values poss ib le  f o r  the  a r b i t r a r y  constants  



In~olvcfi, makes it very difficult to predict a prioz>i t h e  number and kinds  ---- 

of terms that best fit a particular distribution function. 

However, as has been shown, qui.te satisfactory, glob'ally correc-t: 

results may be obtai.ned by using a simple two term closwe in truncated 

i n f i n i t e  series monent equations. 
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TABLE 1. -1. 3.5 -x 
ALLOi.JA.BT,F, RATIOS AS A FUNCTION OF R FOR P(X) = ( 3 . 5 ! )  x e 

1.25 Rati 1.50 2.00 2.50 3.00 

e 0.21.4 0.2114 Any 0.214 0.214 ' 

f 1.h9 1.93 Any 37.06 Cn 

-..--- 

a = >linimurn allowable value of y 3  (6) Y,-' ( 0)  

-- 
b = Value of ~ ' 1 ~ 3  ' f , -3 (0 )  

--- 
c = Maximum allowable value of ~ ~ ( 0 3  -'3 (0 )  

d = Minimum allowable value o f  -q  10) 
---- 

e = Value of y4( 0 Y,'-~~OI 

f = Naxin~~rn al1owabl.e value of  



I TABIxE 11. 2 
ALtOlqJAABtE RATIOS AS -4 FUNCTION OF R FOR P(X) = 60x (l+x) -7 

Ratio  'Y 

e 196 .:? 196.2 Any 196.2 196.2 

--- 
a = I4ini.mni allowable value of Y 3(0) -TI L3 ( I ) )  

----T-- -q3[o) b = value of \i 10)  

e = Maximm allowable value of -)' 3[  03 \cd3 ( U) 
-----.-- - 4 .  

d = Mi~imum al loauble  value of \f ' ( 0 )  TI 6) 
- --+ [-...---.- 

e = Value of  7 01 \: - (o) 
-_I_-. 

1 f = Maxirnurn allowable value of Y 



B E  1 1  0 2 
1 N I T I . a  SLOPES FOR P(X) = 60x ( ~ + x ) - ~  

Undefjned 

B. Approximate Exp1.e ssion 



Fig.  1. Exact Solution for Dependence o f  Mean Concentration on 
Dimensionless Time f o r  Probabi l i ty  Dis t r ibu t ion  (4.3). 



Fig. 2. Thi.rd Order Moment Closure Solution for Pe~endence  of 
Mean Concentration on Dimensionless Time  f o r  ProSability 
Distribution (4.1). 



Fig .  3. Fourth Order Moment Cl-osure Solution for Dependence of 
Mean Co~lcentration on Dimensionless'Tirne for P rohah i l l t y  
Distribution (4.11, 



Fig. I ,  Exact Solution f o r  Dependence of Concentration Rela- 
t i v e  In tens i ty  on Dimensionless Tfme fo r  Probabil i ty 
Dis t r ibu t ion  (4.1). 



Fig. 5 .  Th;rd Order Monent Closure S o l u t i ~ n  for Denendence 
of Concentration Relative I n t e n s i t y  on Dimerlsionless 
T i m e  for  Frobahil.ity D i s t r ibu t ion  (4.11. 



Fig. 6. Fourth Order Moment Closure  S o l u t i o n  for Dependence 
of Concen-tl~ation Relative I n t e n s i t y  or! Dimensionless 
Time f OF P r o b a b i l i t y  D i s t r i b u t i o n  (4.1). 



.Fig. 7. Exact Solution f o r  Dependence of Concentration 
Skewness on Dimensionless Time for Probzhi l i ty  
Dis t r ibut ion  (4.1). 



A,= 2.00, A,= 6.24 
El, = 0.00, B,= 0.00 

, Fig. 8. Third Order Moment Closure Solutiorl f o r  Dependence 
of  Concentrati'on Skewness on Dimensionless Tine f o r  
Probabil i ty Dis t r ibut ion (4.1). 



Fig. 9. Fourth Order Moment C l o s u ~ e  So,uticn for Dependence 
o f  Concentration Skewness on Dimensionless Time f o r  
Pro%al, i l i ty  D i s t r ibu t ion  (4.1). 



Fig.  10. Exact Solution for  Dependence of Mean Concentration 
on Dlrnensionless Time f o r  Probabi l i ty  Dis t r ibut ion  
( 4 ? 2 ) .  



Fig. 11. Third  0rder.Hoinen-t Closure Solu t ion  f o r  Dependence of 
Mean Concentration on Di.mensionless T i m e  f o r  Proba-, 
b i l i t y  D i s t r ibu t ion  ('1.. 21, 



d Small incroass (but Y, violates reculizabi lity 1 

Fig. %2, Fourth Order Homent Closure Solut ion f o r  Dependence 
of E!ean Concentration on Dimensionless Tine for  P~loba- 
b i l i t y  Di.stri.bution (4.2). 



. .. . 

I 
I Fig. 13. Exact Solu t ion  f o r  Dependence of Concentration Rela- 
1 

I tive Intensity on Dimensionless Tirne for Probability 
Distribution ( 4 . 2 ) .  

- 



F:g. 14, Third Order  Moment Closure .Solu-tion for Cependence 
of Concentration !?elathe I n t e n s i t y  on Dimensionless 
Time f o r  P r a b a b i l i t v  D i s t r i bu t ion  (4 .2 ) .  



Fig. 15. Fourth Order Moment Closure Solut ion f o r  Dependence 
% of  Concentration Rela t ive  In tens i ty  on Dimensionless 

Time f o r  Probability Dist r ibut ion  (4.2). 



Fig. 16 ,  Exact So lu t ion  f o r  Dependence of Concentmt i o n  
Skewness on Dimensionless Time for Probahil?ty 
D i s t r i b u t i o n  (4.2). 



Fig ,  17. Thi rd  order  14oment Closure Solut ion for Dependence 
of Co~~centra t ion Skeaness an Dhiensionless T ime  f o r  
P robab i l i ty  Distribution ( 4 .2 ) .  



F i g -  18 - Fourth Order Moment Closu-re Solution foF Degciildence 
of Concentration S~ewness on Dimensionless Time for 
Pro5ability Distribution (4.2). 



Fig. 19. Maximum Allotrable Initial Concentration R e l a t i v e  
Intensity as a runctioxl of Crder of Reaction Prom 
va.2-a n- . , zA-  IT ---A*. A. fi- WL --.. 


