
R e p o r t  No. 96 

LAMINAR FREE CONVECTTQN A B C E  k t1tX 

SOURCE OF HEAT IN AN AMBSENT SHEAR YIPLD 

by 

Richard Shao-lin Lee 

I September 1967 



LAJJITEKR' F P ~ E  COTIISCTION A ~ V E  A LINE 
SOURCE OP HEAT IN AK N.BIENT SHEAR BII3JJD 

C h a r l e s  A. Garris + 

Research Assistant  

and 

Shao- l in  Lee 
Assoc ia te  Professor 

Department of Mechanics 
S t a t e  Univers i ty  of New York a t  Stony Brook 



ABSTPS~CT 

The r e s u l t s  of Yih, in h i s  paper ''Lzminar Free Convection aI~u;e 2 1 . j ~ ~  :,-, , . ,- 
i of Heat", Ref. 1, b v e  been extended t o  inc lude  2 prescribed shear  in  tile j l ~ r j . : ,  i-:; 

plane.  he r e s u l t s  shor? t h a t  f o r  an i n i t i a l l y  l inear  profil-o of l~ : ig i tu j - j~ . ,~ l  

i n  the  ho r i zon t a l  plane i n  the  ambient f lu id ,  the presence of a il.!og:!:::; 

plume flow f i e l d  causes a d i f fus ion of v o r t i c i t y  to~rards the vert ical  pla:ic z:,l.-;L 

the line source, i. e - , t h e  trans\-erse g r ad i en t  of the longituclinal reloc j ty is 

I . 
apprzciably ampl i f ied  toviards the  v e r t i c a l  plane- above the 1 j . n~  sonrce, \::l-jlc 

I . d imin i shed  away from it. The pressure f i e l d  was a l so  determined. 

I A few minor cor rec t ions  of a l geb ra i c  nature were necessary on Yi.tlt s s9'lu: ic:i 

so t h a t  it i s  , i n  the  corrected form i n  the present analysis. 

, . The comected  r s s u l t s  of Yih a r e  app l icab le  for values of P u n - I t 1  I:L~:::<!. of 
I 

s/g and 2,  horrever, t h i s  ana lys i s  i s  r e s t r i c t e d  t o  a value of Pr?,ndtl. nl.~:-:c i s  of I;/). 

I. . . 

. . 

INTRODUCTIOX 

A l i n e  source  of h e a t  is  placed in  an i n f i n i t e  horizontal pla:~? eq::! i 1s '..l:tL 

between two v e r t i c a l  i n f i n i t e  p a r a l l e l  sc reens  a s  shorm i n  Fig. 1. T!~c s::-CC:I~ a:e  

i n  motion in t h e  x -d i rec t ion  with v e l o c i t i e s  equal i n  magnitude but op??~ i l . c  52 

Us and - U s , r e s p e c t i v e l y  The screens w i l l  be considered t o  have tb p;-ai'crty t ' :~:  

they of fe r  no r e s i s t a n c e  ' to  flow i n  the d i r e c t i o n  norm1 t o  then, y e t  a r e  3 3 1 ~  

to impact shear  in the  tangential' d i r e c t i on .  This configuration r d ~ b t  keA c C J ? . ~ ~  !er r  1 

a Spec ia l i sa t ion  of the  more complicated case of the bounjary shear field.?roi'nei 

t 

by two currents  of opposite d i rect ion each other- It fUrL''~'' 

t 

assumed t h a t  the screens offer no resistance,. t o  the f l o ; ~  i n . t h e  v~,rtical dire-L!o:.. 

mis dpsuwtion, as vill be  
clearly peen l a t e r ,  is f a i r l y  1 0  if t?;' 



, ,~mens a t  moderate d i s ~ a n c e s  f ram the l i n e  . source, s ixe the buoyance field 

sptrical plane above the source, f o r  moderate values of +,heeeight, 
For 

I larger .values of 21 the f l o w  already have become turbulent so that  analys 

I is &pp&sble i n  any case. 

I The complete ve loc i ty  f i e l d  and buoyancy f i e l d  are sought. 

0 )  I. - kuorancy parameter of the  plume as defined by G 
. . 

1 I, - distance from l i n e  source t o  e i t h e r  screen 

P l oca l  s t a t i c  pressure - .  

Po . 
pressure o f  ambient undisturbed f lu id  

. . .  

I i ' . hydrostatic pressure o f  ambient undisturbed f l u i d  
2 I ,' - - = an defined 

U 

F' is defined 

I 
' Pz2 8s defined - &,I 

R gas constant 
. . 

, T loca l  temperature 
I 

temperature of ambient undisturbed f lu id  

' T-To, l o c a l  temperature increment 
- - _  I a Pelocfty in ' the x-dire ction 

1 u?.i . u , as defined - 
0, - .  . . 

- .Screen veloci ty  
. - . . 

Y .  Vdtodty in the =-direction ' ' . , 

. . . . - - - 
, . .  . .- -- .' 2 . . .. - . 

- - . .  
- .  \ 



I W .  veloc i ty  in t h e  z-direction 

coordinate p a r a l l e l  t o  the l i n e  h e a t  source - . .  

y the  v e r t i c a l .  coordinate 1 ' .  - *  

1 2  - = g , as defined . 

l z  hor izonta l  coordinate perpendicular t o  the l ine  heat source 

z' [ 2' a s  defined 

I a thermal d i f f u s i v i t y  of f l u i d  

Y .  ' l o c a l  s p e c i f i c  weight . 

yo i q e d ~ f i c  weight of ambient undisturbed f lu id  
. . 

= y - yo, l o c a l  buoyancy 

I P viscosit? of f l u i d  - 

ANALYSIS AND RESULTS 

1 .  First, we assume t h a t  the va r i a t ions  i n  p, p ,  and T are small. A s  a cdn- 

I sequence of this we can say tha t  the var ia t ions  i n  density are small compared $0 the 

I m&fude of the dens i ty  i t s e l f ,  hence, we can use the incompressible continuig , 
I 

I equation. Also, from the  ideal  gas equation: 



1 . - ~ l u ~ t h e r ,  we assume t h a t  v a r i a t i o n s  of t he  flow variables i n  the y-direction 
, 

l ,, la+ge ,as compared wi th  t h e i r  va r i a t i o r i s  i n  the  2-direction, hence, can . - . . . . 

I formulate a boundary l a y e r  type problem. 

B f i n g  the  u s u a l  boundary layer type assumptions, and assuming the =-pressure I If 
I i 

,,iation is e s s e n t i a l l y  h y d r o s t a t i c ,  we obtain the  equation of continuity and thc I 

1 

1 equations of conser ra t ion  of l i n e a r  momentum, respectively, 

I . cont.: 

x- Mom,: 



NOW, observation of Eqs . (3) ,  (6) ;. and (7) with boundary conditions,' Eqs. (sa), 

yields t h a t  these. form a complete se t ,  i .e.,  they may be solved independently 

of Eqs . (b) and (5)  . Further, Eqs . (4) and (5) are independent of each other. 

Hence, our plan of solut ion should be f i r s t  t o  solve the system of Eqs. 

(3); ( 6 ) ,  and (7) with boundary conditions Eqs, (5a) for  the  variables v, w, and 

~ y .  With v known, we can go t o  Eq. (4) and solve f o r  u. With Eq. ( 5 )  we can 

readily determine the pressure distribution. I - 

I We have thus reduced the solution of what appeared t o  be a rather complex 

I . three-dimensional problem in to  two. two-dimensional problems. 
. . I A s imi l a r i ty  solut ion t o  the system of equations, Eqs. (3),  ( 6 ) ,  and ( 7 ) ,  

I with boundary conditions Eqs. (5a) was obtained by Yih, Ref. 1, f o r  values of 

Prandtl number of 5 /9  and 2. Using 'yihl s results f o r  a value. of Prandtl number 

of '99, we w i l l  proceed t o  solve Eq. (4) with boundary conditions Eq; , (ha) . 
. .  . ' 

Yiht s resu l t s ,  i n  corrected form, are  : 
2 115 115 ,. . . 

= 8 1  z v5 sets [.36511 (s) z-2b y] (8)' I 
- 20 '15 -215 

. . v = - z [I. 3153 tanh [. ,65.4R:~-"' g . . 

(9) 

... 
1 

. (10) 

Q 

. (uj' t 8 

. . 
is the buoyancy parameter. 

I - The buoyancy parameter, G, which, a s  shown by Yih, i s  independent of z, ! . 
is a measure of the source strength, and may be'shown t o  be d i i e c t ~ ~ p r o p o r -  

I 

1 t iona l  t b  t h e  heat release rate of the source per uni t  length the x-direction. 

1 . . . Employing the dimensionless vaiiables shown in "Nomenclaturem, Eqs. (8) 

. . . . 

. - 

. -. --%L 1 



a 

and (9) become : 

Y-5 2 
,; .801 i! sech [ . 3651 r t-2/3- -if ] 

(12) 
- -2b . 

v* = -2; 1 

- . - 
uhich are plotted a s  shown i n  Figs. 2 and 3 rk'spectively, 03) 3 

, Simi la r ly ,  Eq. (4) becomes 

and the corresponding boundary conditions from Eqs . (ha) 

. - . . 

Eq. (a) may be in tegra ted  t o  yield: 

aut 
where f(zt) =@)y, = which is the  value of - evaluated a t  yc = o. 

a~ 
: - 

Subs t i tu t ing  in to  Eq. (1s)  the expression for vt from Eq. (13) , we obtain after I - 



The f u n c t i o n  f ( z  ' ) can be o b t a i n e d  by ~ P P ~ Y T ~ E  t o  Eq- (17) the boundary conditions, I ..-- 
~1 = 1 at yf = 1 o r  u1 = -1 a t  Y' = -1, from the  first two equations of Eqs. (ula): 1 , ' -  - . 

I * 

 he -teg-al I(B) was e v a l u a t e d  numerically and the resu l t s  f o r  the dimensionless 

v e l o c i t y  gradiant eva lua t ed  a t  t he  symmetrical plane y' =o, f (dl ) 
ay l  , 

. . 

from Eq. (18) a r e  p l o t t e d  i n  Fig. 4. The r e s u l t s  f o r  the dimensionless velocity in  

, tLe xr -direction, u l ,  from Eq. (17) are  p lo t t ed  i n  Fig. 5. 

Employing t h e  dimensionless  variables i n  l'Nomenclaturen, Eq. (5) may be 

written: 

ahich, upon in tegra t ing ,  performed between the l im i t s  of yf = = and yT= yt, gives 

I 
. - 

where Fr(zT ) represen t s  t h e  contribution of hydrostatic pressure of the ambient 
C I  - 

[ fluid- Neglecting t h e  v a r i a t i o n  in the  hydrostat ic pressure, Can have the 

bourrdary condit ion : 

r - - 
. y = m; p' = pr = PA (22) 

- .  

i 

i 
. . 7 

. - 
- - - - .  

- .  

\ 1 



avt = 0 as  y 4 oo, w e  have from Eqs . (20) and (21), 

w 

fiich, upon s u b s t i t u t i o n  of t h e  expression f o r  V' from Eq. (13), gives the 

bifference between the  dimensionless  l o c a l  s t a t i c  pressure and the undisturbed 

i 

ambient pressure  

' 

which is p l o t t e d  i n  Fig. 6, 

. DISCUSSIONS - - . . 

. - Observation of Fig. 5 c l e a r l y  shows the e f fec t  on the shear f i e ld  of the 
. . 

buoyancy. Consider a f l o w  - i n i t i a l l y  with zero buoyance, i.e., a t  zf = a. We 

have, e s s e n t i a l l y ,  plane Coue t t e  flow with a l inear  x-direction velocity dis- 

t r i b u t i o n .  The add i t ion  of buoyance then causes a distortion of the x-direction 

velocity f i e l d ,  i n c r e a s i n g  the  ur veloci ty  gradient a t  y1 = o and decreasing 

it towards yf = 1. AS the buoyance i s  increased, we reach a point such tha t  t h l  
I 

I 

Kt-velocity g rad ien t  i g  n e a r l y  zero as yl approaches one, but becomes v e w  large 
I 

I 

, / 

as Y' approaches zero. This, in essence-, s ign i f ies  that the buoyance causes a 

d i f fus ion  of  a -vo r t i c i t y  t o  t he  center. The variat ion of z-vorticity a t  the 

center-, yt = 0, wi th  buoyance may be seen firm Fig. 4. Since z1 varies A 

\ 

* 
t 

) -rsely a s  the  square r o o t  of the  buoyance parameter, G,zl=o corresponds to  

buoyance o r  i n f i n i t e  height,  z. The z-vorticity, then, approaches a constant 

d 

l 
i ,  . .  - 

corresponding t o  p l a n e  Couette flow, a t  z1 .= a, and approaches bfinity as 
1 1  

I 

z?*. 

I 
+ 

. . ' 8  

. . . - 

' 5  . . . 

i 



These r e su l t s ,  however, a r e  no t  unexpected. I n  order t o  explain th i s ,  consider 

' a system with plane Couette flow* If a f l u i d  pa r t i c l e  is displaced towards the center. 

speed wi l l . be  refxirded by  t he  slower moving f l u id  part icles,  but they, in turn, 1. 
a1 be speeded UP, o r ,  t he  p a r t i c l e  w i l l  t r a n s f e r  x-momentum t o  the slower moving 

- .  
pa r t i c l e s .  I n  Our system, we have a steady flow of these part icles moving towards 

- 1 the c e n t e r ,  hence, we have a continuous t r a n s f e r  of X-momentum towards the center. 

I Since, a s  seen from Fig* 3, t h e  v1 veloci ty  component decreases rapidly taqards the 

( center, there w i l l  a l s o  be a corresponding decrease i n  the t ransfer  of x-momentum 
I 

I since t h e  inward f l u x  of the  p a r t i c l e s  c a r ry ing  t h i s  momentum is reduced. The result,  

I then, is tha t  we have a decrease i n  the t ransverse  gradient of longitudinal velocity 

I in the v ic in i ty  of yr =l and an increase  n e a r  yT =o. 
I 
I The pressure d i s t r i b u t i o n  i s  shown in Fig. 6. A s  might be expected, the 

I smaller the value of t h e  dimensionless h e i g h t  above .the l ine  source, z 1,  the greater 

the v a l u e  of the  minimum pressure ,  yet ,  t h e  smaller i s  i t s  range of influence, i.e . , 
f 1 

I 

fo r  s m a l l  values of z t  , t h e  more rapidly  the pressure approaches the ambient pressure 

Po With yT .  1% may a l s o  be  observed t ha t  f o r  y' = const. $0, the pressure decreases 

with z T ,  approaches a minimum, and then i nc r ea se s  t o  atmospheric. 

One might a l s o  observe t h a t  the p o i n t  of minimum pressure moves away from the 

1 v e r t i c a l  plane of symmetry, t h e  xl - at p l ane ,  fo r  increasing s t .  This my be readily 

1 s e e n  from Fig. 1 where the  locus  of po in t s  of minimurn pressure is plotted. 

i : . -  
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Figure 2 RESULTS OF DISRI BUTION 
OF VERTICAL VELOCITY 



Dimensionless Tronverse Distance From Plane of Symmetry, 

Figure 3 . RESULTS OF DISTRIBUTION 
0 F TRANSVERSE VELOCITY 





Dimensionless Transverse Distance From Plane of Symmetry, y' 

Figure 5 RESULTS O F  DISTRIBUTION 
OF LONGITUDINAL VELOCITY 



Figure 6 RESULTS OF DISTRIBUTION OF STATIC PRESSURE 

I 



Dimensionless Tra-nsverse Distance From Plane of Symmetry, y' 

Figure 7- RESULTS OF LOCATION OF 
POINT OF MINIMUM PRESSURE 


