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Abstract

The literature on word synchronization and framing of block coded
binary transmission systems is reviewed in depth, with specific references
to an extensive bibliography. Particular attention is paid to the use
of comma-free codes derived from linear codes without added redundancy
in such a way that the error control properties of the codes are fully
retained. The review is directed towards the use of these techniques in
a two-way system with feedback, and includes a discussion of the special
considerations which arise in this application.

It is shown that all these techniques involve a substantial loss
of ultimate information rate, and/or a substantial increase in system
complexity over that required for error control alone. A modification
of the comma-free codes is suggested in which iterated codes are employed
to provide a sync grating intermediate between digit and word sync. This
is shown to avoid much of the added complexity of comma-free codes, but at
an additional cost in information rate. The report concludes with a brief
discussion of still another technique which as yet has received too little
attention. With this approach one does not seek absolute sync protection
in the absence of channel errors, rather, one seeks highly reliable sync
protection with the statistics of both source and channel taken into

account.
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I. INTRODUCTION AND GENERAL SYSTEMS REMARKS

A mathematical model of a decision-feedback system in which both
chanriels are subject to deep fades or bursts of errors is indicated in Figure
1. The system is protected by the use of a fixed length, binary, linear,
error detecting code in conjunction with a word retransmission policy. The
influence of the channel disturbances on the appropriate bit synchronization
and symbol decocding procedures is reflected in the statistics of the channel
model, given in Figure 2. For convenience we assume that the forward and
feedback channel statistics are identical and that any interchannel correl-
ation of fading is negligible. The feedback accept/reject reply (A1 ,Re»0)
is encoded as a single information bit in a specified (near future) code
word of forward transmission on the alternate channel. Appropriate measures
are taken to avoid the R+ A and to recognize the A>R feedback errors, which
could otherwise lead to considerable performance deterioration [23,2u].

The most obvious additional requirement of the given systeﬁ is that
in order to extract the information bits contained in any regenerated binary
sequence, the receivers must be able to distinguish successive code groups.
This paper addresses itself to the word synchronization problem. In general
what is required is that some single position in a received sequence be
identified with respect to the word structure of the code. The remaining
digits in that and in successive words may then be identified by simple
counting. Due to the nature of the receiver--it attempts to generate binary
digits at all times, even when no transmission is taking place--the first

transmitted digit cannot be used for this purpose. Some special synchronizing
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signal, one that is unambiguously recognizable at the receiver, must be

sent initially in order to fix the "counting origin'. This initial signal
will suffice only if the subsequent counting operation is accurate for the
duration of the transinission. For high reliabiliity it is generally necessary
to periodically supply the receiver with word synchronization information [1].
Indeed, in many applications, some synchronization information is sert along
with each word group that is transmitted [23]. 1In the system described, a
fade of reasonable duration generally has a detrimental effect on the bit
gynchronizing procedure, the result being that bit gains or losses are often
sustained during a blackout. Since these occur at unpredictable times 1t
becomes desirable that synchronization information be made available to the
receiver on a more continuous basis. In general, a substantial amount of
word synchronization information is included with the data being transmitted:
the precise nature and amount being determined as a compromise between the
cost" of transmitting and extracting such information and the desired reli-
ability of operation.

There are several essential differences between feedback and feed-
forward-only systems that bear on this discussion. The availability of a
feedback link represents an improvement over feedforward-only systems in
terms of synchronization., When, for example, the receiver has an indication
that he is operating asynchronously, he may request explicit synchronization
confirmation or re~synchronization information. Thus there is a possibility

of decreasing the amount of built-in protection against asynchronous operation



that is ordinarily requiredlg However, feedback also presents additional
problems. For example, the one-to-one correspondence that exists between

an accepted (or rejected) word and its associated feedback reply must be
maintained at all times throughout the system. In the system considered,
the receiver must reply to each (presumably unacceptable) word transmitted
during the bad state in order that it be repeated. The loss or gain of a
word due to the loss of correct synchronization will result in the transmitter
applying feedback replies incorrectly. Such errors have a pronounced effect
on system reliability and, if necessary, protection must be provided. This
is effectively a problem of maintaining gross synchronization during a
fade--i.e. keeping within the '"recovery margin' of the synchronization
scheme used--and occurs regardless of the word synchronization procedure
invokedQ. For most of the conceivable word sync procedures, synchronization
must always be within one-half a code word in either direction of the correct
position in ordér that, upon regaining sync, no loss or gain of words occurs.
If necessary, an artificial procedure must be invoked to provide this gross
synchronization during the bad state. The general nature of such a scheme
might be as follows: there is some limit to the number of consecutive word
retransmissions that can be requested before a code word is "likely" to be
lost or gained. This limit must be estimated and when reached, a special
sync pattern (designed to resynchronize the system under the appropriate

conditions) automatically requested.3 Finally, notice that in a feedforward

1. More sophisticated utilization of the potential of feedback with respect

to word synchronization has generally heretofore received little attention

in the literature.

2. Generally the sync procedure is designed on the basis of the good state;
sync during the bad state is maintained by extrapolation of some previous sync
position using a clock.

3. Procedures have been developed which correct certain bit losses or gains

by the periodic addition of special symbols to the data stream [27]. Some

of these results, if extended, may be applicable to the above situation.
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only system, one measure of the worth of any syuchronization scheme (both word
and bit) is the rapidity with which correct synchronization can be reestablished
if lost, e.g. when emerging from a noisy state. Available information may be
lost while synchronization is being established. In a feedback system, however,
repeats can be requested until synchronization is re-established with only a
slight loss in through-put rate. Thus, in general, minimum time for resynchron-
ization is not as critical. (However, in systems of the type being considered,
the resynchronization time must be specified as a small fraction of the expected
continuous duration of the good state and may in fact be quite small).

The above remarks illustrate that, with respect to word synchronization,
the availability of a feedback link presents both interesting possibilities
and new problems. Furthermore, many of the criteria used to evaluate a syn-
chronization procedure undergo a modification or shift in emphasis which is
traceable directly to either the addition of a return channel or the change

in reception technique from error correction to error detection.

II. REVIEW OF SOME WORD SYNCHRONIZATION PROCEDURES

A variety of word synchronization methods, originally proposed for
a feedforward or a feedback channel with fixed statistics, can be considered
for adaptation to the given system. A brief summary of some of these methods
will be given. For the more obvious and expensive procedures, a few remarks
indicating the general techniques involved will be sufficient for the needs
of this paper; the reader will find detailed information in the indicated
references. A more subtle approach, which at first.sight appears considerably

less costly and thus more desirable, will be examined in greater detail.
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In response to the question, "What can be added to the data being
transmitted that will enable the receiver to mark blocks correctly?", a number
of framing procedures have evolved. In one method, a special symbol--a
signal added to, and distinct from, the original channel signai alphabet--is
used to indicate the beginning of blocks. The signal is transmitted immediately
before each block, and recognition at the receiver establishes synchronization.
In the case at hand, this symbol would be neither a one nor a zero, but a third
kind of digit.

As one alternative to the employment of a distinct additional symbol,
the waveform representing the first bit of each word could be modified to indi-
cate synchronization. For example, in certain systems amplitude modulation
of the first bit in each word has been used [3u].

A second alternative is the use of a short sequence of binary digits
transmitted periodically or placed as a prefix to each word. Synchronization
is then obtained upon recognition of this pattern. The use of such a sequénce
has been investigated from various viewpoints:

(a) The effect of certain specified system parameters (such as
channel error rate, allowable probability of false synchronization and of
failure to synchronize to a signal actually sent) on the pattern lengths,
composition, and the frequency of pattern transmission required for suitable
operation, has been analysed [1]. In a similar fashion, more optimum pro-
cedures with respect to frequency of pattern transmission, implementation,
and time to obtain synchronization have been established for particular situ-

ations [33].
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A synchronizing sequence--to be transmitted before each code
word--may be chosen first and the other digits which are used in code blocks

constrained to keep the synchronizing pattern from appearing within a block

or code word. The constraints r:sult in a set of z-tuples called a '"prefix

synchronized encoding” since each word contains the pattern as prefix. The
length and content of the pattern can be chosen so as to make the number of
code words satisfying the constraints as large as possible subject to the

upper bound fixed by demanding that each word (including prefix) contain a

given number of message digits [10]. With appropriate procedures, the en-

coding can be used to maintain word synchronization. However, such an en-

coding generally has poor distance properties and is neither linear nor

systematic. Thus, both inadequate error control ability (correction/detection)

and implementation difficulties are encountered. Some improvement of this

situation may be achieved by a judicious choice of additional (stronger) con-—

straints which, in effect, specify a more systematic subset of the original

encoding. In this case, a representative word from the encoding will have

the form

Er A PB X XX XBXRXXX B rxx

where A is the synchronizing pattern, the B's are digits specified by the
additional constraints, and the digits labeled x represent unrestricted

digits. The unrestricted digits may be taken from the source without further

encoding. Although more systematic, this tvpe of encoding still has rather

poor error control ability. One possible improvement is to first encode the
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source for error control (for example, into a linear code), and then use
this result to fill the unrestricted digits. However, in this case the
synchronizing A-tuple is not protected against channel errors. This can
be remedied by reversing the suggested procedure. The source fills the
unrestricted digits in the prefix synchronized encoding (subset). The
resulting z-tuples are then encoded for error control--transformed into
(n,z) linear code words for instance--so that the synchronizing pattern
receives the same protection as the source information. However, the
output of the error control encoder will then have to be operated on in
order to restore the word synchronizing prbperty.4 This scheme has been
investigated and proven useful in terms of a two-way radio link [1u4].

(c) One can attempt to reverse the role of contraining and con-
strained elements given above. The block code or class of codes to be
used is selected first, and a suitable synchronizing pattern is sought.
In the case of binary orthogonal codes [29]5, this épproach led to the
discovery that, with appropriate changes, but no additions, these codes
possess the form of prefix synchronized encodings; hence, they have word
synchronizing ability. While the original approach was from the "additive"
point of view mentioned previously, the results indicate the comparatively
subtle possibility of transforming useful codes (without using the explicit
redundancy of a prefix) in order to secure derivative codes with synchronizing
ability. This technique will be discussed further on in more detail.

Except for the results on orthogonal codes, all of the preceding
methods require the sacrifice of information transmitting ability in order
to maintain word synchronization; available power and channel time (or

4, Since the parity checks may resemble the synchronizing prefix.
5. These codes are not necessarily linear. See [26].
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bandwidth) that might otherwise be used to transmit information must be
used to transmit synchronizing symbols or patterns, thus lowering the infor-
mation rate, generally without any improvement in error control ability,
and at the same time often demanding somewhat more complex decoding pro-
cedures. A much more desirable situation would be one in which some method
was available that allowed for a continuous stream of digits to be received,
and words separated, with no synchronization signal necessary. In this
case, although some implicit trade-off with respect to other system para-
meters might be expected, the more exorbitant "price" of the previous methods
would be avoided. The particular method to be considered here is that of
using a recently discovered subclass of the so called comma-free codes to
maintain word synchronization.

If a sequence of block code words, each of length n,6 is trans-

mitted in the absence of noise, the receiver is confronted with a sequence

of the form

..,dnala2a3...anb

lb2' - 'anlCQ' ceeCy

It is evident that if the possible overlap words are not code words, then
code words may be delineated by merely compariny 1ll possible consecutive
sequences of n digits against the code dictionary. In this case, knowing
only the code in use, the recelver can place word commas himself with no
additional information required. A code possessing the above property is

referred to as comna-free., More precisely, if

alaQasauu..c.“‘,al_l and blebSM,w””.bn

are any two {not necessarily distinct) code words from a code dictionary,

the code is said to be invulnerable to synchronization at position r if the

6. Variable length encodings have also been examined for word synchronization
ability. See [11].



sequence

an+lan+2an+3"'"anblb2b3'""'br

is not a code word. If a code is invulnerable at all positions r=1,2,...
sesssyn=ly then it is comma-free. |

In order for comma-free codes to prove useful in maintaining word
synchronization in a system which encompasses a nolsy channel, at least two
additional properties are required:

1) Because of additive errors, the comma positions are no longer
uniquely specified. Some reliable statistical procedure for the estimation
of commas must be available, with a relatively simple Implementation.

2) Since the set of comma-free elements or words effectively
replaces a code for the system, both error control ability and ease of code
implementation are also required.

Work on comma-free codes began from a constructive point of view
[5,12,13], and while sets of comma-free words were evolved, they generally
had little error control ability and did not possess simple algebraic
properties. Both analysis and implementation proved difficult, if not
impossible. While many qualitative features of comma-free codes-~such as
the maximum dictionary size for given n were investigated, no reasonably
general classes of useful codes were forthcoming. When approached from this
point of view, the specifications of comma-freedom without added redundancy7,
simple algebraic structure, reasonably general formulation, and ability to
be used in such a fashion that a reasonable amount of error control is ex-

hibited, appear too demanding.

7. The prefix synchronized encodings previously mentioned are generally comma-
free. The prefix does not represent either information bits or parity bits.

-10-



W

The alternative, of gtarting with known codes which alrsady possess

v kA

e and erpror centrol ability and attenpting to der
was eventually more frultful. Since linear codes possess both ervor control

ability and algebraic structure leading to simple mechanization. the comma-

Free property in any of these codes would prove very useful. However, one

immediately notices that any dictionary that forms a group is not invulnerable

-+

to gyachronization at any position since it containg the zero vector. In
noaptioular, no linear code is comma-free. Thus, a whole class of known and
uzeful codes do not have the desired property. However, it has recently been

o

out that in many of these cases, although the code dicticnary itself

{n

2
PO ointed

. , 8
is not comma-free, the code may have one oy more cosets that are comma-free
. : , . o 9 o

or &t least invulnerable in some positions . Thus, rather than use the code
words &s a basis for transmission, a comma-free coset of the code (if it
exists) can be used with no loss in code error-combating ability (since a

1,
1}

coset has the same distance structure) and with a word synchronization gain.

Mopreowzr, the precise relationship between code and coset is known, so

that transitions from a string of code words to a string of coset words and
vica-vyersa is known am& easily accomplished. Finally, an apparently simple
statistical estimaticn scheme for placing commas in the presence of noise

ie available. This word synchronization scheme, if applicable to a reason-
ably lavge class of useful linear codes, has all of the obvious requirements
of @ more ideal solution to the problem of providing word synchronization

In whet follows, the results of a more detailed examination [32] of these

- a o . ° N e ,,.-v
comma-free codes is summarized. Paptlcular attention is glven to tﬁg‘_fﬁl wi¢__“
8. The structure of linear codes (and the definition of coset) is given in

[2673.

9. Analagous results have been obtained for the general class of orthogonal
codes. See [30].
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of using such a scheme in the system previously outlined.
IIT COMMA-FREE ENCODINGS DERIVED FROM LINEAR CODES
The necessary and sufficient conditions for the existence of comma-

free cosets of linear, binary codes have been given by Stiffler [28]. While
his results apply in general, the extensive calculations which are encountered
in investigating each code individually have been avoided only in the case of
cyclic codes, by the establishment of the following:
Theorem: Any (n,k) binary cyclic code has a coset, specified by coset

leader c¢=(10000...0)swhich is invulnerable to synchronization

at all positions r which satisfy either of the inequalities

r < n-k-1 or
n-r < n-k-1.

Moreover, if k < (n-1)/2, this cosetlO is comma-free., If

k > (n-1)/2, no coset of the code is comma-free.
Figure 3 illustrates some results based on Stiffler's theorems for cyclic
codes. As can be seen (and extrapolated) from Figure 3, this formulation
(1) generates a large class of comma-free or invulnerable codes, where each
code satisfies the additional conditions that (2) it is systematic and (3)
has significant error correction/detection ability, with (4) each word bit
representing either an actual (source) information bit or a parity check bit.
In a general sense, these properties ensure the availability of comma-free
codes for application in a variety of systems, their practical utility in

terms of implementation and error control ability, and their low cos‘cll with

10. This is not the only coset. For example, the theorem applies with
c=(0000....001). Other invulnerable or comma-free cosets also exist.

11. Relative to the conventional "additive" approaches which inject special
sync symbols of some type and thus decrease the rate k/n without any
contribution to the error comtrol ability.

-12-
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respect to the system's capability for reliable information transmission.
Thus, as a class, cyclic codes12 possess (implicitly) a great deal of syﬁ—
chronization ability. Approximately %~ of the available codes possess
comma-free cosets, and the majority of these codes have from readsonable to
good correction/detection ability [26]. The remaining half of the cyclic
codes possess invulnerability properties. The simple relationship between
code and coset allows one to simultaneously take full advantage of the
systematic error control properties of the linear code, and the synchro-
nization properties of the coset.

However, the use of cyclic coset codes with a comma-free property
limits the attainable transmission rate to less than one-half, i.e. as n-w,
k/n*.%-. This limitation may or may not be severe, depending on the nature
of the system in which the code is to be used. For example, to adequately
protect a system (small Pe) it may be necessary to devote at least one-half
of the bits in each word to parity bits. In this case, comma-freedom may
be secured without further restricting the rate, since comma-free codes
are available with a rate that is reasonably close to %. {even when a short
length constraint is imposed as in Figure 3). If however, the required
redundancy does not limit the rate to < %— , then comma-freedom (if a cyclic
code is used) may impose a somewhat severe rate constraint. If only in-
vulnerability in a certain number of places is required, the rate constraint
is considerably weaker; so much so that the rate constraints dictated by

the required protection will usually dominate. In the case where comma-

freedom is required and does impose a severe rate constraint if cyclic codes

12. The structure of cyclic codes is given in [26]. As can be seen, this
subclass contains many codes of virtually all lengths, has a wide range
of error control ability relative to both independent random errors and

burst type errors, and represents codes which are among the easiest to
mechanize.

..]_q_..



arz vsad, one can consider the possibility of employing a comma-free coset
{if one exists) of a non-cyclic linear code of the desired size or consider
the constraint as part of the price of obtaining the necessary synchronization.
Oace the total "cost" is ascertained, it may then be compared to thatvof
tha conventional "additive" approaches to determine which method is more
desirable.

As indicated in Appendix I, reliable operation (negligible Pe) of

the given system does not necessarily demand that one-half the bits in each

word be devoted to check bits. However, in cases where equipment and

culation loading is to be minimized by a trade-off with transmission

vute, 2 vate appreciably greater than 1 cannot be expected. Hence, if

necegoaly

v one can attempt to use a comma-free coset of a cyclic code to

pirovids word synchronization. Virtually any amour” of invulnerability may

1

2]
&

¢ be secured at a negligible (initial) cost.

Thus, the price of securing comma-free or invulnerability prop-

¢rities for transmission is negligible in many cases. In the case of cyclic

codes, the central restriction is a rate limitation which may or may not be

“costly”., In the case of non-cyclic linear codes, this restriction does

not necessarily apply: the complications involved ‘n any investigation in

‘thiz area have precluded any general results. Indeed, the practical problem

of d2 W

The above, of course, does not indicate the ‘‘cost" of using such

z procedure to maintain word synchronization.



1V THE USE OF COMMA-FREE CODES

By virtue of the comma-free property, when a sequence of words is
received without error, the code words can be identified by comparing
possible n-tuples against the code dictionary. Any sequence of 2n-1 digits
considered will contain only a single error free word (n-tuple), namely the
one for which synchronism is correct. However, under the assumption that
additive errors occur on the channel, the comma-free property is not pre-
served. The transmitted elements of the comma-free coset are not necessarily
received as elements of this comma-free coset; therefore, the comma positions
may not be apparent. A statistical establishment of commas must be made
according to some procedure such as the following:

The receiver chooses a synchronization position and observes
several words. Each word is transformed from the coset back to the code by
the addition of ¢ (the coset leader) and decoded into some code word ac-
cording to the maximum likelihood criterion. The avérage number of errors '
per word for this synchronization position is calculated and recorded. The
receiver then goes back to the original received sequence, shifts the
assumed sync position (in a consistent search pattern), and repeats the
process. After n assumed synchronization positions (for an (n,k) code)
have been considered, the position with the lowest corresponding average
error/word figure is taken as representing the true word synchronization.
Decoding according to the desired criterion may then be undertaken. When
invulnerability in several positions is in use, the same procedure applies
except that the invalid (vulnerable) positions are excluded from consider-
ation.

-16 -




The cost involved in using a comma-free code with the above procedure

can easily be seen to include the decoding--generally including correction-~of
every possible received n-tuple. At the receiver the synchronization information

is in terms of the number of errors actually present in the n-tuple determined

by any synchronization position SP=1,2,..,n. This information can be extracted

only "on the average", requiring that for any fixed position the N previously
y ge', req 23 y

received "words" be considered. The placing of commas necessitates the recog-

nition and counting of these errors to a degree of accuracy commensurate

with the desired reliability. In general, the reliability of the statistical

estimation scheme considered depends on at least
(a)

the number of errors contained in any overlap word due to the

comma-free property. This in turn is dependent on the actual linear code

used and the coset element which specifies the comma-free code.

(b) the number of errors induced in each overlap word by the
channel. This is directly dependent on PO, the average per digit error rate.

(¢) the recognition ability of the code in use and how this
ability is used. This is a function of the distance structure of the code
{minimum distance), the code parameters n and k, and the designer's cor-
relation between the decoding mode used and the actual counting procedure.
For example, when any single errors are correctable and an unknown number and
type of higher weight error patterns are detectable, some decision must be
made on the contribution of each detection to the count.

(d)

the sample size N which must be used to validate the con-
tention that "on the average" the correct synchronization position contains

Fewer errors than any asynchronous position. This must be large enough so

17—



that on the average for any asynchronous position the errors mentioned in (a)
and (b) above add rather than cancel--and so distinguish the correct position
(provided they are recognized and counted).

The précise nature of the scheme's dependence on these quantities
is quite complex in general. However, in the extreme case of small error rate,
a sample size of several words, and reasonable error recognition ability
of the code, the correct comma positions are easily determined with a high
degree of reliability. For high error rates, the synchronization information
transmitted in terms of the comma-free code is not available at the receiver
and the brocedure breaks down, generally giving an incorrect indication. Al-
though commas must be estimated continucusly, various testing policies may
be devised which guard against the use of results obtained under unfavorable
circumstances (fade). During this time, synchronization is determined solely
by a clock which was set by some previous reliable estimate and which will
be corrected after emergence from the fade.

The implementation of this scheme requires that the several (N)
words used to compute each average be stored at the receiver. Moreover for
each new bit received, a new average is computed. Thus the procedure
requires the continuous processing and storage of several hundred (nN)
previously received bits. In addition, regardless of the synchronous de-
coding mode, care must be taken to ensure that the code used to brotect the
system has an amount of recognition (generally correction) ability sufficient
to maintain a reliable comma estimating procedure. In general, the synchron-
ous decoding mode may be independent of the decoding done for comma estimation,

so that much of the equipment and calculation required is in addition to that

-18-




n

required for synchronous decoding. Finally, if synchronization is lost

during a fade, the comma estimating procedure--which has a memory of N
previously received words--in conjunction with the synchronization-correc-
tion testing procedure introduces a resynchronization delay of perhaps

several hundred bits when emergence from the bad state occurs.

Notice that although the errors in word synchronization are con-

fined to within %- a code word length in either direction of the correct

position, there are still n possible synchronization positions, so that
comma~-freedom is required to determine the correct position. Invulnerability

can only be used if errors in synchronism are confined to some smaller

fraction e.g. L n) of a code word.

m Since n will usually be large, it is

not unreasonable to assume that in the given system the synchronization

errors are so confined, and that invulnerability can be used to maintain

synchronization. However, it can be shown that although the calculations

at the vulnerable positions are avoided, the equipment required for comma

estimation in this case is the same. Thus, the comments given for comma-

freedom largely apply, and the '"price" of using this lesser amount of synchro-

nization ability is substantially the same.

The "cost" involved in the above can vary widely from system to

system. The code ability required and the decoding involved in placing

commas may or may not be completely in excess of the system’s synchronous

code and decoding requirements. For example feedback system with simple

detection-retransmission will require correction decoding for the comma

estimations which would not be required for synchronous operation. However,

even when the decoding mode of comma placement "matches'" the system’s syn-



chronous decoding mode--as in a simple feedforward-only system--only the
decoding for SP=n is non-additional, since this represents synchronous de-
coding. In general, the comma estimating process and the fact that the in-
formation must be extracted "on the average", introduce somewhat expensive
system additions.

A common ground for the comparison of these comma-free codes
and the more conventional "additive" methods is difficult to find. Compared
to the special sync pattern procedures, the comma-free approach demands
considerably more work in order to determine the correct synchronism, since
the sync-acquisition strategy is more involved. On the other hand, depend-
ing on the code size and redundancy required to protect the system, and the
amount of synchronization ability desired, this approach may not require
the sacrifice of information transmitting capability in order to maintain
synchronization. Where this latter characteristic is a predominant system
"desirable", the available comma-free codes should certainly be considered.
For example, the requirements of feedforward-only systems (significant
redundancy, full correction decoding, et cetera) are compatible with the
procedures necessary for the use of comma-free or invulnerable codes, so
that the price paid for their synchronization ability is somewhat competitive,
The structure of feedback systems, however, is much less compatible, and
the use of these codes--while applicable in terms of providing synchroniza-
tion--involves rate constraints, implementation procedures, et cetera, which
severely limit the area of profitable application. The conventional "additive"
procedures have the distinct advantage of being applicable under virtually
all circumstances, generally with comparable or less overall cost. In addi-

tion, the particular possible advantage of the comma-free approach--avoiding
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an additional rate loss due to synchronization signals--is of somewhat less

significance in the feedback context. In the above sense, the comma-free

approach examined here certainly does not represent '"the" solution to the
word synchronization problem, especially with respect to feedback systems.
V ALTERNATIVE APPROACHES
With the above investigation as background, there are several
closely vrelated possibilities that should be investigated, the main endeavor
being directed toward developing, if possible, a psuedo comma-free procedure
for word synchronization (in particular, ome that is better suited to the

feedback system under consideration). The following represents a summary

of an investigation of one alternative scheme [32]. Several other possible

schemes are suggested and reference made to potential areas that have been

largely neglected.

Two phenomena involved in the above use of comma-free codes lead

to the difficulties mentioned. First,comma-freedom assures only that any

overlap word to be decoded is not a code word. The distance of this over-

lap word from a true code word can not be specified in general, and in many

overlaps this distance is minimal (one). The few errors in any single over-

lap could possibly be cancelled by channel induced errors so that the

assumed position is likely to be mistaken for the correct one. This situa-

tion can only be avoided by considering that on the average over N code
words it becomes unlikely. Second, for all possible synchronization positions,

many of the words examined in any N word average could be expected to con-

tain at least one error. Hence to distinguish the correct position more

errors must be recognized and entered in the count, leading to correction mode

decoding requirements. The avoidance of these two points would represent
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a significant improvement of this methed.

One possible scheme is to develope comma-free codes in which
any overlap to be decoded differs from any true code word in at least T
positions, thus providing more synchronization information per bit or per
word. For a small error rate, when any word determined by an incorrect
synchronization position is decoded (after complementation) it will differ
from a true code word by something close to T errors. Hence, without the
averaging procedure, its synchronization position is not likely to be
mistaken for the correct synchronization position. The consequent storage,
calculations and delay might be avoided or significantly reduced. However,
in this case the count requires the recognition of almost all the errors
contained in any n-tuple and hence the use of additional correction ability.
The correction decoding might be avoided, while maintaining a good estimate
of the actual number of errors present, by considering each word as a
sequence of many smaller words, applying simple error detection to these
smaller words, and adding the number of errors detected (each detection
counting as a single error). Such a smaller synchronization mesh could
be obtained by considering iterated codes.

The basis for the approach is found in the consideration of an

iterated code word in matrix from (as at the left), where each row word is

encoded as an (n k ) code word, and each column word
INFORMATION ; is encoded as an (n k ) code word. The (nl,kl) and
SYMBOLS g % k ) codes are then chosen to be invulnerable and/or
g icomma -free. Under certain conditions an iterated code
‘ 1A} "
$CHECKS coset may be formed which, as a code, has a "stronger

i i
V

‘comma-free type property. One set of conditions on the
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composition codes is the following (assuming cyclic composition codes):

1) Each code must contain the vector of all ones, and
2) Each code must have a coset which is either invulnerable in

r positions or comma-free, and which is specified by

c=(1ooo...0).13

For example, it is easily shown that if (1) is satisfied and both the

(nl’kl) and the n2,k2) codes have comma-free cosets, then the resulting

(nanSkle) iterated code has a coset specified by

l1000.. .0
6111...1
E = .. .

60111...1
(i.e.& is a member of the coset) which is comma-free in the "stronger"
sense that any overlap of any two coset words differs from a true coset

word by at least T=min(nl,n2) positions. Thus the (225,49) iterated code

formed with the (15,7) code as both the row and column codes, is comma-

free of order T=15: since the (15,7) contains the vector of all ones and

has a comma-free coset (k < (n-1)/2) specified by ¢=(100000000000000).
Thus, with respect to the iterated code coset specified by

1
0

= o
o
o
o
o
=
o
- o
= O
=)
= o
= o
= o
o

0

¥y >
i

.

.

0l1l1111111111111

9

every possible overlap "word" differs from any true coset word in at least

13. Condition (2) can be given in much more general form: i.e. cosets
specified by c. and c,, both arbitrary. As long as (1) is satisfied,
the appropriaté & can be formed. See [32].
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15 places.

Similarly, row code comma-freedom and column code invulnerability
can be combined to yield an iterated code which is invulnerable in the
stronger T=min(nl,n2) sense: the number of invulnerable positions (rn,)
depending on the invulnerability of the column code (r). For example, the
(15,11) cyclic code can be shown to contain the vector of all ones. The
code has a coset specified by ¢=(100000060000000) which is invulnerable to
synchronization at all positions

|r| < n-k-1
i.e. at positions 1,2,3,12,13, and 14, The (225,77) iterated code formed
with the (15,7)code as the row code and the (15,11) code as the column code

has a coset specified by

100000000000000
011111111111111

Eo= .
0 i 1111111111111
which possesses the "stronger" property that the iterated code coset is
(a) not only invulnerable to synchronization at all positions
|r[ < 45 i.e. synchronization positions SP=1,2,3,....,44,
45,180,181,....,224,
but
(b) at any of these positions the overlap word considered differs
from a coset word by at least 15 positions.
The requirement (1) stated previously is in fact notunduly severe.
For cyclic codes, Figure U4 duplicates Figure 3 and indicates which of these

codes satisfy condition (1). Every code designated in Figure 4 is eligible
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as a composition code (with itself or other codes). Thus, the formulation
yields a reasonable number of linear comma-free codes known to be of high
order, and a large number of linear codes with the "stronger" invulnera—
bility property.

The implementation of the above type codes in the given feedback
system is easily accomplished. The "recognition and counting" of errors
for the various sync-positions is performed on the sub-synchronization
mesh defined by the iterated code--for example, simply by counting the
number of rows and columns detected to be in error in each received iterated
"word". Thus, correction mode éecoding is avoided by detections based on
shorter code words. The dependence of the comma estimating procedure on
N previously received (iterated) words has been removed, with a consequent
reduction in the storage and calculation requirements. Also, there is a
substantial improvement with respect to resynchronization delay: in general
at most one iterated word transmitted and received cbmpletely during the
good state 1s required before resynchronization is expected to occur.
Finally, since more synchronization information is available at the receiver,
the procedure is considerably more reliable than the previous one at higher
rates.

Unfortunately, the developement is inadequate in other respects.
In general, the class of such codes does not include all codes specified by
arbitrary values of n and k--since not all linear codes are admissible as
composition codes. In terms of cyclic composition codes, the majority of
which are admissible since they contain the vector of all ones and possess

comma-free or invulnerability properties, the rate restrictions given for
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these ”simple"lu cyclic comma-free codes are amplified. Thus the derived
codes exist only for certain values of n and k and for small k/n: the derived
iterated codes which are comma-free of order min(nl,nz) necessarily have
kle/nan < %-, while the invulnerable iterated codes mecessarily have
klkzlnln2 < %-a Finally, little is known in general about the class of non-
cyclic linear codes which possess comma-free cosets. Thus a moderately large
class of codes which are readily seen to possess this "stronger" comma-free
property are very 'costly" to use, while the investigation of another possible
class must be pursued on the basis of a trial and error examination of the
particular composition codes.

The search--among codes that are well suited to synchronous opera-
tion, e.g. cyclic codes--for codes that have desirable synchronization or
framing propertiesls, has not been completed. Although one of the most
promising classes of such codes proposed to date has been shown to be some-
what inadequatels, there are many remaining possibilities. For example, it
is clear that full comma-freedom is not necessary. In general, a code hav-
ing the property that most of the overlap words are not code words has
valuable framing abilit&. However, little work has been done in this area
of Yalmost" comma-free codes. The majority of investigations of comma-freedom
to date have been conducted on the deterministic basis of satisfying the
definition--while largely neglecting the statistical framework in which the
property is to be used. Linear codes per se have been by-passed with re-
spect to self synchronizing properties since the presence of the zero vector
violates the comma-free definition. However, in many cases, the probability

of having to transmit two consecutive zero vectors is quite small. In

14, Refers to fact that the order is either minimal or unknown.
15. These include not having special sync symbols.

16. For example, we have seen that no cyclic code has a comma-free coset
unless k/n < %..
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addition, even when such a condition arises, the effect on the statistical
comma-estimating procedure is generally not so great as to completely in-
validate any results. The possibility of isolating and either removing or
replacing "troublesome" vectors in "almost" comma-free codes could also be
considered. The potential of "almost' comma-free codes with respect to
synchronization, and that of linear codes with respect to "almost" comma-
freedom has never really been evaluated. In the above sense, it is clear
that all linear codes have some degree of synchronization ability. By
definition, such a code has a logical structure that must be satisfied by
each code word. In certain cases, one would expect that, on the average,
this structure would be verified for correct synchronism and denied to

some degree for asynchronous positions. In this sense, random linear codes
have much more synchronization ability than, say, cyclic codes, since with
high probability, overlap words in the latter case will be code words (a
cyclic permutation of a code word is another code wofd). For random codes,
the most desirable situation would seem to be one where the number of

code vectors is small in relation to the total number of n-tuples appear-
ing in the standard array, and the great majority of coset leaders (minimum
weight in the coset) are high weight. Overlaps will then most often be
non-code n-tuples which differ from code words by significant distances.
However, since small weight error patterns are not in predominance, such

a code may not be well suited for synchronous operation, and some compromise
between error control and framing ability may be necessary. In terms of
cyclic codes, the place to look is in the area of 'reversible" transformations

" which yield a range space sufficiently removed from the cyclic structure;
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so that significant sync ability (in the above sense) is possible. Some
encouraging results in this area are already available [9]. Since a great
number of potential transformations exist, more results should be forfhcoming.
In any case, it seems clear that the initial approach of starting with codes

well suited to synch acquisition, and working toward codes effective in the

synchronous mode, has been properly reversed.
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APPENDIX I
ESTIMATE OF THE CODE REDUNDANCY REQUIRED

TO PROTECT THE SYSTEM UNDER CONSIDERATION

Let Pe = the probability of decoding error, i.e. the probability
that a code word is accepted at the receiver and incorrectly decoded. We

30 or 107%%,  Let S=the number of candidate

require that Pe be very small, "2
synchronization positions available to the receiver. Clearly max(S)=n, and
for synchronous decoding S=1. If synchronization errors are confined to
less than %—a code word in either direction of the correct position, S=n.
P =Py *P(e/G) + P, + P(e/B)

where PG is the probability that the channel is in the good state and P(e/G)
is the probability of error given the good state.

We assume that the code to be used is chosen so that P(e/G) is
sufficiently small. In general this is a constraint on the code's error
correcting or detecting ability in relation to the channel error statistics

of the good state.

Assuming that P_ is reasonably large, the code must be chosen so

B
that

P(e/B) = P(accept/B)+P(e/accept,B) < ™30
To approximate this expression we assume that when the system is in the bad
state (Po% %), the receiver, after assuming some synchronization position, is
essentially looking at a random sequence of words. Once he accepts a word
it is equally likely to be any code word. Hence

P(e/accept,B) = 1- = vl for k>4

o

also
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# of acceptable or correctable words
P(accept/B) = total # of possible words
synchronous

Therefore if the receiver can correct e or fewer errors (e=0 for simple

error detection), it is required that

I

e : ,‘
P(accept/B)=S z ( ) 2" & 827 - (n-k) z i< 2—30
o izo \h

i=

since the number of acceptable words is increased by virtue of the various

possible synchronization positions.

(a) If completecomma-freedom is required in a detection retrans-
mission system, S=n and

Pe " ng-(n—k) < -30

or (n-k) > 30 + log2(n)

For n in the 100¢—>200 range, logQ(nJ is 7 or 8. Therefore, at most we

require (n-k) > 40, i.e. 40 check bits per word. Theoretically, a large k/n

is available by taking n (or k) sufficlently large. However, the storage

and calculation (binary comparisons per word) requirements increase in

proportion to k(n-k) [24]. For n in the range 1006—> 200, the possible k/n

variation is .4&—>.7. Thus, if storage and calculation loading is to be

minimized a k/n limitation of % (imposed by using a comma-free code) is not

unduly severe. In general however, the system can operate reliably--with

synchronization by any conventional "additive" method--at transmission rates

considerably above this. Notice that the effect of uncertainty in synchroni-

zation contributes little (additive log2 term) in the determination of the

required redundancy. The results are only slightly altered (less redundancy)
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if several position invulnerability is required, or if a sync correction
testing procedure narrows the candidate sync positions down to the single
"extrapolated" one specified by the clock.

(b) If comma-freedom is required in a system that includes
single error correction with the detection retransmission, then

Pemn(1+n)2‘(“'k) <2730

or (n-Xk) >30 + logz(n) + log2(n+l) v 30 + 210g2(n)
For the same range of n, 210g2(n)N15 so that we require

(n-k) > 15
The associated possible variation of k/n is .35 .67. Again in certain
cases, the system requirements (other than synchronization) may require that

the code length be short, implying that the rate k/n is constrained to < %u
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