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1 SOME CRITICAL PROPERTIES OF ORNSTEIN-ZERNIKE: SYSTEMS 

G. S t e l l  
Department of Mechanics 

S t a t e  LJniversZty of New York 
S to~ ly  Brook, New York 

ABSTRACT 

A s tudy  i s  made o f  some c r i t i c a l  p r o p e r t i e s  of systems t h a t  s a t i s f y  

t h e  Ornstein-Zernike (OZ) condit ion t h a t  -the dir)ect  correla- t ion funct ion 

c ( r )  behaves l i k e  - ( k ~ ) - l  t imes t h e  p a i r  p o t e n t i a l  V(r)  f o r  r such 
h- ..., C 

t h a t  V ( r ) < <  kT, even a t  t h e  c r i t i c a l  p o i n t .  I t  i s  pointed out t h a t  a ..., 

number o f  models of i n t e r e s t  t h a t  s a t i s f y  t h i s  condi t ion e x i s t .  The r e -  

l a t i o n s h i p  (and g r e a t  d i f f e r ence )  between t h e  implicat ion of t h i s  condi t ion 

and t h e  r e s i ~ l t s  of  t h e  Van d e r  Waals - Bragg Williams - 'rleiss approach i s  

c l a r i f i e d ,  and it is noted t h a t  i n  systems s a t i s f y i n g  the  OZ condi t ion 

both Widorn's homogeneity condit ion and Kadanoff's s c a l i n g  hypothesis  can be 

v i o l a t e d ,  a l though a s e l f - s i m i l a r i t y  condi t ion  is i n  general  s a t i s f i e d .  The 

importance o f  t h e  s u b t l e  i n t e r p l a y  between small  - Ir 1 and l a r g e  - Ir 1 co r re l -  
4 a" 

a t i o n s ,  which i s  l o s t  in both t h e  mean-field and sca l ing  p i c t u r e ,  i s  discussed.  



I. . INTRODUCTION 

In  t h i s  a r t i c l e  w e  examine some of t h e  c r i t i c a l  proper t ies  of  systems 

t h a t  s a t i s f y  t h e  omste in-zernikeL condition t h a t  the  d i r e c t  corre la t ion  

function c ( r )  behaves l i k e  -V(r)/kT (V(r) = p a i r  po ten t i a l ,  k = Boltzmann's ' 

.%w .-... N 

constant ,  and T = temperature) f o r  r ( = l r l )  such t h a t  V ( r ) / k ~ < < l ,  even a t  
5*C .) 

t h e  c r i t i c a l  po in t .  * We s h a l l  c a l l  such systems omstein-Zernike (OZ ) 

systems. Here we s h a l l  inves t iga te  only systems with short-range i n t e r -  

3 
act ion  p o t e n t i a l s ,  i n  another  a r t i c l e  p o t e n t i a l s  t h a t  f a l l  of f  l i k e  an 

inverse power of  r w i l l  be considered. For reasons of t echn ica l  conven- 

ience we s h a l l  focus most of our a t t e n t i o n  upon l a t t i c e  systems r a t h e r  than 

continuum f l u i d s .  

Although t h e  two-dimensional I s ing  model with nearest-neighbor V(r) 
.+. 

i s  not  an OZ system, and r e a l  three'-dimensional f l u i d s  do not Sehave near 

t h e  c r i t i c a l  point  l i k e  OZ systems e i t h e r ,  w e  f e e l  t h a t  the re  is  s t i l l  

much t o  be  learned from a general  study of  OZ systems. Several models t h a t  

a r e  exac t ly  so lub le  prove t o  be OZ systems ; t h e  spher ica l  with zny 

V(r) is one such model, a s  is  the  one-dimensional I s ing  model with nearest-  - 
neighbor i n t e r a c t i o n s  i n  t h e  absence of a magnectic f i e l d . 6  Moreover, we 

-d- o 
have elsewhere3 found s t rong  evidence t h a t  when V(r)?.r ... f o r  r+- with 

d = dimension and 0 < o < d/2, a f l u i d  o r  I s ing  system i n  any dimension is  

an OZ system. In  add i t ion ,  a number of important approximations, such a s  

t h e  Percus-Yevick approximation, s a t i s f y  the  OZ hypothesis.  

Over and above our  general  'goal of gaining more ins igh t  i n t o  the  

f e a t u r e s  t h a t  a r e  common t o  the  behavior o f  a l l  such OZ systems, we have - 
severa l  s p e c i f i c  objectives i n  t h i s  a r t i c l e .  The f i r s t  one concerns t h e  

r e l a t i v e  s t a t u s  of var ious  "c lass ica l"  assumptions. There appears t o  be 

considerable confusion i n  t h e  current  l i t e r a t u r e ,  not a l l  of it terminological ,  



3 

I 

conce;?ing t h e  r e l a t i o n s h i p  between t h e  OZ hypothesis  and t h e  Van der  Saals-  

Bragg-?illiams-Weiss approach, which we s h a l l  r e f e r  t o  a s  t he  mean-field 
I 

approach. . In  t h e  course of  t h i s  paper we attempt t o  c l a r i f y  t h i s  r e l a t i o n -  

s h i p ,  and t o  d i s t i n g u i s h  between t h e  r e s u l t s  of t h e  OZ and mean-field 

assumptions. To i l l u s t r a t e  t h e  g rea t  d i f f e r ence  between them t h a t  we f i n d  

i n  Sec t ions  4 and 5 ,  we remark here  t h a t  under condit ions s a t i s f i e d  when 

V(r )  i s  o f  s h o r t  range ,  OZ l a t t i c e  systems undergo no phase t r a n s i t i o n s  f o r  
m 

d < 3 ,  v h i l e  t h e  mean-field t h e o r i e s  p r e d i c t  such a  t r a n s i t i o n .  To give 

another  example, we f i n d  t h a t  f o r  a  3-d OZ l a t t i c e  system with short-range 

i n t e r a c t i o n s ,  c e r t a i n  simple condit ions on c ( r )  imply t h a t  t h e  c r i t i c a l  
.,* 

exponent 6 used t o  descri.be t h e  shape of  t h e  c r i t i c a l  isotherm must be 5 ,  

whereas i n  t h e  mean-field theory ,  6 i s  3. (For comparison, we note  t h a t  

t h e  assumption of  a n a l y t i c i t y  of  t h e  free-energy a s  a  funct ion of dens i ty  p 

and temperature T  i n  t h e  one-phase reg ion  around t h e  c r i t i c a l  po in t  

(T ,p  ) imp l i e s  only t h a t  6 is some odd i n t e g e r . )  
7 

C C 

Our second o b j e c t i v e  is  t o  c a l l  a t t e n t i o n  t o  t h e  breakdown of both 

Widom's homogeneity condi t ion8  and Kadanoff's s ca l ing  hypothesis9 t h a t  we 
-- 

f i n d  occu r r ing  i n  an OZ system. The breakdown of homogeneity is  not  s e r ious  

f i r s t  because it occurs  only i n  a c e r t a i n  boder l ine  case and second because 

it is o f  such a form t h a t -  a  c lo se ly  r e l a t e d  and use fu l  condi t ion of s e l f -  

s i m i l a r i t y  is still preserved even on t h i s  boder l ine .  The breakdown of 

s c a l i n g  i s  n o t  a  bo rde r l i ne  mat te r ,  however. For OZ systems it i s  complete 

when t h e  dinlension i s  s u f f i c i e n t l y  high --- d > 4 f o r  short.-ranged p o t e n t i a l s .  

In t h i s  connection OUT w o ~ k  r evea l s  two a spec t s  of c r i t i c a l  correl-at ions 

t h a t  a r e  l e f - t  ou t  o f  t h e  s c a l i n g  hypothesis .  F i r s t  we f i n d  e x q u i s i t e  s ens i -  

t i v i t y  o f  thermodynamic p r o p e r t i e s  t o  a  c e r t a i n  i n t e r p l a y  between t h e  

na tu re  of  t h e  c o r r e l a t i o n s  among p a r t i c l e s  o r  s i t e s  t h a t  a r e  c lo se  toge the r  



and t h e  behavior of t h e  co r re la t ions  among widely 'separated p a r t i c l e s  o r  

s i t e s .  I t  i s  precise1.y t h i s  in te rp lay  - - - ' t he , in f luence  of  smal l - r  

co r re la t ion  on l a rge - r  co r re la t ion  and v i c e  versa  --- t h a t  is responsib le  

f o r  t h e  d i f ference  between the  OZ r e s u l t s  and t h e  mean-field r e s u l t s .  No 

accommodation f o r  t h i s  in te rp lay  is made i n  e i t h e r  t h e  mean-field o r  t h e  

sca l ing  theory ,  and one of our objec t ives  here  is t o  show j u s t  how important 

an ingredient  has been l e f t  out  of  a theory when t h i s  i n t e r p l a y  is d i s re -  

garded. Another aspect  of correlati .on t h a t  we consider provides us with 

an a l t e r n a t i v e  t o  Kadanoffls hypothesisg t h a t  t h e  domain of v a l i d i t y  of 

the  sca l ing  theory rzp id ly  shrinks a s  d increases ,  bu t  always e x i s t s  i n  

a neighborhood o f  t h e  c r i t i c a l  point .  Kadanoffls idea i s  appealing and 

p laus ib le  and is supported i n  s p i r i t  --- although not i n  a d i r e c t  t echn ica l  

way --- by t h e  f indings  of Hemmer, Kac, and unlenbeckl0, who discovered t h a t  

f o r  a p o t e n t i a l  parameterized by a range partmeter  y, t h e r e  is an anornolous 

c r i t i ca l -  region t h a t  shr inks  t o  a point  as Y +- 0 i n  a one-dimensional system. 

Since t h e  l i m i t  y +- 0 i s  i n  some respec t s  s i m i l a r  t o  t h e  l i m i t  d + 

Kadanoff's view wouid fit i n  n ice ly  with t h i s  r e s u l t  i f  t h e r e  were no evidence 

of t h e  abrupt  disappearance r a t h e r  than t h e  shrinking o f  t h e  domain of 

v a l i d i t y  of s c a l i n g  thec ry  a s  d increases .  In  an OZ system, however, w e  

f ind  j u s t  such a disappearance a s  a r e s u l t  o f  t h e  competition between two 

terms i n  t h e  c o r r e l a t i o n  function. 



11. FORMAL RELATIONS 

1 

The p a i r  c o r r e l a t i o n  func t ion  h ( r )  and t h e  OZ d i r e c t  c o r r e l a t i o n  
..%. , 

f u n c t i o n  c ( r )  a r e  r e l a t e d  t o  one another  by t h e  equat ion .." 

Here p is t h e  expected number dens i ty  of  t h e  system, which we assume t o  

be uniform and i n f i n i t e  i n  volume, and h ( r )  = g ( r )  - 1 where g ( r )  is  t h e  
M. *- -A 

r a d i a l  distribut:on func t ion  o r  i t s  l a t t i ce - sys t em analog.  To make contac t  

wi th  t h e  n o t a t i o n  f r e q u e n t l y  used to desc r ibe  l a t t i c e - g a s  c o r r e l a t i o n s ,  w e  

can l e t  T be t h e  o ~ c u p a t ~ o n  va r i ab l e  which t a k e s  t he  va lues  0 o r  1. Then 

f o r  a  l a t t i c e  gas i n  xhich t h e  volume p e r  s i t e  i s  v  we have 
0 

2 
<r . r . )  = (pvo) g(r..) + QV 6 

1 1  --I1 o i j '  

where 6 i s  t h e  Kronecker d e l t a  and pv is  t h e  expected f r a c t i o n  of occupied 
i j o 

l a t t i c e  s i t e s .  I n  t h e  la t t ice-sys te rn  case  i n t e g r a l s  over volume a s  i n  (2 .1 )  

a r e  t o  be  i n t e r p r e t e d  as sums over l a t t i c e  s i t e s ,  o r  equ iva l en t ly ,  over  c e l l s  

of volume v each c e l l  containing one l a t t i c e  s i t e .  In  t h e  case  of t h e  
0 ' 

s p h e r i c a l  model, T. can  t a k e  any value ( r a t h e r  than j u s t  0 o r  1 )  with 
1 

equal  a  p r i o r i  p robabi l i - ty ,  but it i s  s t i l l  sub jec t  t o  t h e  "spher ica l"  

c o n s t r a i n t  t h a t  impl ies  t h a t  2 r i - 2  I must equal  one, i . e . , t h a t  

g ( r )  = 0 when r = 0 .  
r**n "4-* 

For s i m p l i c i t y  w e  s h a l l  s e t  v  = 1 and work only with simple cubic 
0 

1 -a t t i ce s .  Thz Four i e r  t ransform of a  func t ion  f ( r )  can then  be w r i t t e n  as * 



where t h e  summation i s  over  a l l  d-dimensional vec tors  with i n t e g e r  compon- 

en ts ; ;  = (al, ..., a  ). We a l s o  have 
d 

where t h e  i n t e g r a t i o n  extends from -T t o  n f o r  each of t h e  d  components 

of t h e  v e c t o r  k = (xl,. . . ,X 1. 
IYX d 

I n  t h e  case  o f  t h e  continuum f l u i d  we have in s t ead  

and 

where t h e  i n t e g r a t i o n s  i n  (2.5)  and (2.6) extend over a l l  of  space. Regard- 

l e s s  o f  whether we a r e  cons ider ing  (2.3) and (2.4) o r  (2 .5)  o r  (2.6) ,Eq.  

(2 .1)  assumes a  p a r t i c u l a r l y  simple form i n  k-space: 

which can a l s o  be w r i t t e n  a s  

We no te  t h a t  i n  t h e  continuum case  t h e  Dirac  d e l t a  funct ion r a t h e r  than 

6 is t h e  t ransform of  1. The func t ions  h ( k )  and h ( r j  a r e  of ten  denoted 
='¶O m rM 

C- 

a s  G(k) and G ( r )  i n  t h e  l i t e r a t u r e '  and 1 + pc(k) is sometimes denoted a s  
.-\ A. 

2^ 
S(k) o r  ~ ( k ) ,  whi le  p + p h ( k )  has  been sometimes wr i t t en  a s  (k )  and - ."d .+- 2 - - 
F2(k). A". Here w e  s h a l l  u se  i(k) f o r  1 t 6 i ( k )  and ~ ( r )  f o r  i t s  inve r se  

4 4- 

t ransform. 

I t  is convenient t o  break up c ( r )  i n t o  i ts  value c a t  t h e  o r i g i n  and 
-v* 0 

I t h e  func t ion  c  ( r )  , where - 



c ( r )  f o r  r # o 
1 i - 

* 

c.  ( r )  = 
4 

because w e  can then w r i t e  

1 - 1 p ~ l ( 0 )  ;(k) = € 2  - E [c  ( r ) / c l (0 ) ]  exp i r * k l  
CLV r#O " 4.. -.+ - 

^1 = € 5  - Cc ( k )  - G ~ ( o ) I / ~ ~ ( o ) I - ~  
& 

where 

and 

A f t e r  i n t e g r a t i o n  with r e spec t  t o  k and use of  t h e  condit ion ~ ( 0 )  = 1 - p - 
Eq.  ( 2 . 9 )  has  p r e c i s e l y  t h e  same form a s  t h e  saddle-point equation f o r  t h e  

s p h e r i c a l  by wr i t ing  it we have c a s t  t h e  1,at t ice-gas problem i n t o  

t h e  form of a saddle-point  problem even though t5e re  i s  i n i t i a l l y  no saddle- 

p o i n t  de terminat ion  t o  be made. E q .  (2.9)  f a c i l i t a t e s  contac t  and comparison 

11,12 
w i t h  much work t h a t  has  already been done f o r  t h e  mean spher ica l ,  

and ~ a u s s  i an4  models. 

For models t h a t  a r e  most c lose ly  r e l a t e d  t o  r e a l  physica l  systems ,I3 t h e  

f u n c t i o n s  (0 ) and i (  0 ) a r e  r e l a t e d  t o  thermodynamical p roper t i e s  through 

f l u c t u a t i o n  r e l a t i o n s  such t h a t  

where P i s  t h e  pressure  and p t h e  chemical po ten t i a l .  

I n  i n v e s t i g a t i n g  t h e  c r i t i c a l  behavior of a  system it  is convenient 



t o  def ine  a s e t  o f  c r i t i c a l  indices  o r  exponents. For example it appears 

t h a t  we can descr ibe  t h e  shape of t h e  c r i t i c a l  isotherm near t h e  c r i t i c a l  

point  i n  terms of t h e  index 6 by wri t ing  14 

The subsc r ip t  c here and throughout t h i s  a r t i c l e  r e f e r s  t o  values a t  t h e  

c r i t i c a l  po in t .  

S imi lar ly  along t h e  c r i t i c a l  isochors,  T 2 Tcy  we assume 

and along t h e  coexistsnce curve we wri te  

The s p e c i f i c  h e a t  C can be described by t h e  index a f o r  T . T : 
v C 

but  sometimes it i s  use fu l  t o  assunlc t h e  more s p e c i f i c  form 

where t h e  l a s t  term is associa ted  with a s ingu la r  p a r t  of C i n  which el the^ v 

a i s  no t  an i n t e g e r  o r  D is no t  a constant  but  i s  a term of order l e s s  than 
S 

any p o s i t i v e  power and g r e a t e r  than any negative power of T - Tc, such a s  

const l n  1 T - TcI 

We can a l s o  descr ibe  t h e  most important fea tures  of the  corre la t ions  by 

means of  exponents. We introduce n by assuning t h a t  h ( r )  i s  of t h e  form .".. 
d- 2-t q 

h ( r )  a f (u l r ) / r  , f o r  r>>l. 
-4%'. 

Here K is  an inverse  ~ o r ~ e l a t i o n  l eng th ,  which ban be defined f o r  both 
1 

continuum and l a t t i c e  systems by s e t t i n g  



\ 

1 9 

I 
I -1 

where A i s  t h e  c o e f f i c i e n t  of k2 i n  t h e  expansion of ~ ( k )  i n  powers o f  
1 2  w 

In t h e  case o f  a s imple cubic  l a t t i c e  t h i s  means t h a t  A is t h e  second s p h e r i c a l  
2 

A 
moment of ~ ( r )  over  2d t imes  t h e  zero-th moment, ~ ( 0 ) .  A s  noted by Fisher  and 

W 

1 5  
Burford, f o r  l a t t i . c e  systems A i s  angle independent but  t h e  higher  coef- 

2 

f i c i e n t s  A e t c .  , depend upon k/k  . 
4 ' C 

I n  t h e  s p e c i a l  case  of  an h ( r )  t h a t  vanishes f a s t e r  than any power of r ,  
W 

K can a l s o  b e  def ined  by t h e  equat ion 

- K = l i m  sup [ l n  h ( r ) / r l .  
r"O 

One would expect  t h a t  nea r  t h e  c r i t i c a l  po in t  K a K whenever t h e  l a t t e r  e x i s t s  
1 

and our  computations show t h i s  is t r u e  i n  an OZ system, i n  agreement with t h e  

work of F i s h e r  and Burford. I t  i s  collvenient t o  desc r ibe  the  behavior of K 
1 

by de f in ing  v and E such t h a t  

From Eq. ( 2 . 1 0 ) ,  assumption (2.161, and t h e  added assumption t h a t  h ( r )  remains 
W 

f i n i t e  f o r  a l l  r, we can conclude q u i t e  gene ra l ly  t h a t  

s o  t h a t  

As can b e  seen  from t h e  d e f i n i t i o n s  of  t h e  c r i t i c a l  e::ponents, t h e  case T = 0 
C 

r e q u i r e s  s p e c i a l  t r ea tmen t ,  s i n c e  T - T and T then  behave i n  t h e  same way a s  
C 

t h e  c r i t i c a l  p o i n t  i s  approached. 



111. THE OZ ASSUMPTION - 
I a 0  reached a number of conclusions concerning cor re la t ions  i n  a  system . 

i n  which t h e  i n t e r p a r t i c l e  p o t e n t i a l  V(r) vanished f o r  a l l  r g rea te r  than 
4 

some R. Thei r  t rea tment  r e s t s  upon a  h e u r i s t i c  a rg~ment  t h a t  cannot e a s i l y  

be given a p r e c i s e  q u a n t i t a t i v e  form, e spec ia l ly  when applied t o  a  model i n  . 

which t h e r e  i s  no R such t h a t  V(r) = 0 f o r  r > R. Nevertheless most of t h e  - 
obscuri ty i n  t h e  work o f  OZ l i e s  i n  t h e  j u s t i f i c a t i o n  of t h e i r  bas ic  assump- 

t i o n  concerning C(:) r a t h e r  than i n  i t s  i n t e r p r e t a t i o n .  The assumption 

i t s e l f  is  cons i s t en t  with t h e  follcwing statement,  which we s h a l l  take  a s  our 

s t a r t i n g  point  : 

In  genera l ,  c ( r )  2 - V(r)/kT f o r  r such t h a t  V(r)<<kT; i n  
C\ cyc rr r+"l 

p a r t i c u l a r  c ( r )  0 fcr r > R i f  V(r) = 0 f o r  r > R. 
A- .+% 

This i s  a s t rong  form of t h e  OZ hypothesis.  A weaker a s se r t ion  is t h a t :  

When V(r)  = 0 f o r  r > R o r  when V(r) is  s h c r t  ranged i n  t h e  sense t h a t  
.cn -.- 

a l l  i t s  s p a c i a l  moments e x i s t ,  c ( r )  w i l l  a l s o  be shor t  ranged i n  t h e  
& 

same sense ,  even at  t h e  c r i t i c a l  po in t .  C3.2) 

This i s  a l s o  cons i s t en t  with t h e  OZ argument and, a s  has been pointed out  

by o t h e r s ,  f o r  short-ranged V(r) both forms of  t h e  OZ hypothesis impose a  - 
very s t rong  set of r e s t r i c t i o n s  on c r i t i c a l  behavior. Because of i ts more 

s p e c i f i c  na tu re  (3.1) i s  a  more convenient form of  the  OZ hypothesis f o r  

us t o  work with i n  t h i s  paper. 

We note  t h a t  (3.1) does not completely determine c ( r )  f o r  r < R. In  f a c t ,  
rY- 

f o r  any p o t e n t i a l  with a  hard core of diameter cr ,  t he  s t ruc tu re  of Eq. (2.1) 

is such tha t16  t h e  requirement t h a t  g ( r )  - = 0 i n s ide  t h e  core completely 

determines c (2 )  f o r  r 5 cr when c (2 )  is given f o r  r > o .  

For t h e  l a t t i c e  gas ,  t h e  "core" is t h e  r e s u l t  of t h e  exclusion of t h e  

mul t ip le  occupancy of  a s i t e ,  o r  --- t o  use language t h a t  does l e s s  violence 



t o  t h e  concept of  f r e e l y  moving p a r t i c l e s  of a f l u i d  --- of a c e l l  indexed 

by t h e  v e c t o r  r. It  is  unl ike ly  t h a t  OZ were aware of t h i s  r e s t r i c t i o n  on -.-, 
c ( r )  f o r  r I o when c ( r )  i s  given f o r  r > a ,  but   levert the less they were 

.cy -... 
c a r e f u l  t o  po in t  out  t h a t  the  determination o f  t h e  p rec i se  value of c ( r )  

U 

f o r  r < R remained f o r  them an unsolved problem. 

When t r e a t i n g  a p o t e n t i a l  V(r) with a core it is o f t en  convenient 
e 

t o  break V(r)  i n t o  a core  p a r t  plus t h e  r e s t .  *. 

where 

q(r) = - f o r  r r, o 
.,.. [ o f i ~ r > o ,  

w(r) = 0 f o r  r I o  . - 
In t h e  s p e c i a l  case of a nearest-neighbor i n t e r a c t i o n ,  (3.1)  implies t h a t  

(2.9) reduces t o  

where cl denotes c ( r )  - at r = 1. 
\ 

The i n v e r s e  transform of t h e  right-hand s i d e  of (3.4)  has been exhaustively 

s t u d i e d  and tabula ted .17 When w(r)  A" = 0 i n  (3 .3) ,  (3.1)  f u r t h e r  implies t h a t  

w e  have simply 

b u t  g ( r )  = 0 at  r = 0 implies t h a t  ~ ( r )  = 1 - p a t  r = 0 s o  t h a t  (3.5) y i e l d s  
C - K ..... 

i n  t h e  l a t t i c e - g a s  case 



For completeness we no te  some simple r e s u l t s  f o r  two 02, models of i n t e r e s t .  

For t h e  nearest-neighbor one-dimensional l a t t i c e  gas a t  p = 1/2 ,  Percus E 

found 

where 1 + f = exP C -  w(l)/kT]. For # 1/2, c ( r )  i s  s t i l l  s h o r t  ranged i n  
4 

t h e  sense of having an exponent ia l  decay and t h u s  s a t i s f i e s  (3.1) but  not  

For t h e  s p h e r i c a l  model of a l a t t i c e - g a s  it can be immediately v e r i f i e d  

t h a t  

c ( r )  = - V(r)/kT f o r  r # 0 
&. * .w. 

r ega rd l e s s  of t h e  p o t e n t i a l  o r  of p .  



I I V .  THE MEAN-FIELD ASSUMPTION 
I - 

F O ~  our purposes it is important t o  be  a b l e  t o  charac ter ize  t h e  mean-field 

theory i n  terms o f  c ( r ) .  The bas i s  of t h e  mean-field theory i s  an assumption 
n-- 

equivalent  t o  t h e  statement t h a t  i f  t h e  p o t e n t i a l  of a system is a sum of q ( r )  
W 

and w(r)  a s  i n  (3.31, then  t h e  thermodynamic e f f e c t  of t h e  term w(r) can be . 
rW .r 

added t o  t h a t  of  t h e  q ( r )  i n  the  form of an expression involving only w(r) and 
NL -C1 

t h e  thermodynamics t h a t  describe t h e  system when w(r)  E 0. The possible presence 

of  a "cross term" manifest ing the  influence o f  q ( r )  on t h e  change i n  t h e  thermo- 
A 

18 
dynamics when w(r)  is introduced i s  neglected.  A s  was pointed out by Boltzmann, 

C 

oneexpects t o  come c l o s e s t  t o  r e a l i z i n g  t h i s  Van de r  Waals-type assumption when 

w(r)  is weak and long ranged. Expressing t h e s e  ideas  i n  terms of c ( r ) ,  w e  
c. r" 

might hope t o  recover  t h e  mezn-field r e s u l t  by f i r s - t  obtaining the  c ( r )  f o r  -- 
t h e  system i n  which w(r) = 3 and then assuming t h a t  the  change i n  c ( 5 )  t h a t  - 
comes of adding t h e  w(r) t o  q(2) w i l l  depend e n t i r e l y  on w(r) r a t h e r  than on 

X C 

both w(r) and q ( r ) .  On t h e  bas i s  of  (3.1) we can f u r t h e r  expect t o  have, 
2" - 

f o r  a weak long-range w(r) ,  

where here  and below t h e  supersc r ip t  zero refers t o  the  quznt i ty  t h a t  i s  

found f o r  a given p and T when w(r)  : 0. According t o  Boltzmann's reasoning, 
. * .. 

Eq. (4.1) should y i e l d  t h e  mean-field r e s u l t  o f  Van der  Waals when applied t o  

a f l u i d ,  o r  t h e  Bragg-Williams-Weiss r e s u l t s  when applied t o  a l a t t i c e  system. 

This i s  e a s i l y  seen t o  b e  t h e  case --- when u s e  is  made of Eq. (2  . l o ) ,  Eq. (4.1) 

immediately y i e l d s  

which becomes a f t e r  i n t e g r a t i o n  with r e s p e c t  t o  p :  



Eq. (4 .2)  h a s  t h e  form derived by Van der  Waals, although i n  h i s  o r i g i n a l  

derivation1' t h e  c0nstar.t i n  the  second teem of (4.2a) was not  c l e a r l y  iden- 
A t  

t i f i e d  wi th  ~ ( 0 ) .  However, i n  t h e  der iva t ion  given by ~o l t zmannl '  t h i s  

i d e n t i f i c a t i o n  i s  c l e a r .  

Van d e r  Waals a l s o  considered a method f o r  obtaining successively b e t t e r  

and b e t t e r  approximations t o  Po f o r  a hard-sphere system and Boltzmann f u r t h e r  

developed sys temat ic  and exact  procedures f o r  accomplishing t h i s ,  bu t  f o r  

computa t ional  purposes Van de r  Waals and h i s  contemporaries o f t en  used t h e  

s imple  approximation20 suggested by Van der  Waals : 

where ?b i s  t h e  volume o f  a d-dimensional sphere with r a d i u s  a ,  2b = 20 

3 
f o r  d = 1, 2b = 4/3 T O  f o r  d = 3. In  t h e  l a t t i c e - g a s  ease  we can immediately 

assess (dP/d.p jo froin (2.10) and (3.6). In a l l  dimensions it is  given by 

which y i e l d s  t h e  Bragg-Williams-FTeiss equation of  s t a t e  when used i n  (4 .2) .  

Eq.  (4.2)  i s  app l i cab le  only t o  a system i n  a s i n g l e  phase and must be 

supplemented by a f u r t h e r  p resc r ip t ion ,  such a s  Maxwell's cons t ruct ion ,  i n  

o r d e r  t o  y i e l d  a coexistence curve and a two-phase region.  

It is a simple mat ter  t o  v e r i f y  t h a t  i f  (dP/dp)O i s  given by e i t h e r  (4.2)  

o r  by any reasonable es t imate  of its continuum analog, including t h a t  deter-  

mined by (4.31, then a c r i t i c a l  point  a t  T > 0 e x i s t s  f o r  a l l  d ,  with 
C 

i n  (2.11) and (2.12),  r e spec t ive ly .  

It can a l s o  be v e r i f i e d  i n  a s t ra ight forward  way t h a t  t h e  use of Maxwell's 



cons t ruc t i cn  wi th  (4.2) and a  reasonable Po y i e l d s  

B = 1/2 (4.6)  

i n  (2.13) whi le  t h e  s p e c i f i c  hea t  proves t o  be  of t h e  form given by (2.14) 

and (2.15) wi th  

a = O , D = 0 .  (4 .7)  

Eq. (4 .1)  a l s o  completely determines an h ( r )  when c O ( r )  is  given, and we * - 
can thus  a l s o  o b t a i n  n ,  V ,  and s, a s  we show i n  t h e  next s ec t ion .  Before 

pass ing  on t o  Sec t ion  V ,  we note  t h e  fo l lowing  two po in t s .  F i r s t l y ,  t h e  mean- 

f i e l d  equat ion  o f  s t a t e  is  i n s e n s i t i v e  t o  t h e  form of t h e  p o t e n t i a l .  A s  long 

as G(0) e x i s t s ,  it is G(0) t h a t  determines t h e  na tu re  of  t h e  c r i t i c a l  behavior 

i n  t h e  mean-field approximation, whether w ( r )  i s  zero f o r  l a r g e  r o r  not .  
4 

Secondly, t h e r e  i s  no guarantee t h a t  h ( 2 )  + 1 defined by (2 .1)  and (4.1)  w i l l  

b e  zero  f o r  r _< 0. The weaker and longer-ranged w( r )  i s ,  t h e  smal le r  t h i s  
rVI 

h ( r )  + 1 i s  l i k e l y  t o  be f o r  r 5 a ,  s i n c e  i n  t h e  l i m i t  of a  w ( r )  t h a t  i s  zero 
+L- - 

a t  any r ,  we would expect  c O ( r )  t o  coincide f o r  r < _ a  with t h e  c ( r )  t h a t  F e s u l t s  - - 
when w( r )  i s  added t o  q ( r ) .  For an a r b i t r a r y  w ( r ) ,  however, we must expect 

nC -." A/- 

t h e  condi t ion  h ( r )  = - 1 f o r  r 5 o t o  be  v i o l a t e d .  The r e s u l t  of t h i s  v i o l a t i o n  - 
is a measure o f  t h e  importance of t h e  s u b t l e  i n t e r p l a y  between t h e  c o r r e l a t i o n s  

over l a r g e  d i s t a n c e s  and those  over small  d i s t a n c e s ,  and we s h a l l  f i n d  t h a t  t h e  
.., 

e f f e c t s  of  t h i s  i n t e r p l a y  on c r i t i c a 1 , b e h a v i o r  can be immense. We s h a l l  s tudy  

t h e s e  e f f e c t s  i n  a l a t t i c e  system by comparing t h e  use of t h e  mean-field c ( r ) :  
.c- 

c(r7 = - w(r)/kT f o r  r > 0 ,  
4 I 

with t h e  use  o f  t he  same c ( s )  f o r  r > 0 ,  b u t  with 

c such t h a t  h (0 )  = -1 (k.9b) 
0 



I ' V. THE OZ RESULTS FOR A NEAREST-NEIGHBOR POTENTIAL I 
i 

WE! no te  from t h e  form of  (2.9 ) t h a t  t h e  T and p dependence of 

l A  
P C  (O)x(k) i s  conta ined  e n t i r e l y  i n  t h e  q u a n t i t y  z when (4 .8)  i s  s a t i s -  

m 

f i e d .  We a l s o  s e e  from (3 .4 )  t h a t  i n  t h e  nearest-neighbor ca se ,  t h i s  Is 

t r u e  a s  long as c ( r )  = 0  f o r  r > 1, even if  t h e  s t ronge r  assumption t h a t  
rV 

c = - w/kT is  n o t  s a t i s f i e d .  In  t he  nearest-neighbor case ,  (2.17) can 1 

be re-expressed as 

and we f i n d  t h a t  K e x a c t l y  s a t i s f i e s  (2 .18 ) ,  s i n c e  t h e  l a r g e - r  form of t h e  
1 

pclx( r )  given by (3.4)  i s  
r v  

when Kv(x) is t h e  Besse l  func t ion  of imaginary argument, such t h a t  a s  x + 

Comparing t h i s  r e s u l t  wi th  (2.18) we s e e  t h a t  w e  can drop t h e  subsc r ip t  on 

K We a l s o  no te  t h a t  
1 ' 

For f i x e d  r ,  (e i ther -  r 1 o r  r > > l )  we f i n d  t h z t  P C  ~ ( r )  always has an 
1 * 

asymptotic expansion tha-t can be w r i t t e n  as 

where f ( r )  and f ( r )  a r e  n o t  zero  f o r  r = 0  o r  r = 1 and f  (2) is  zero when 
1 - 2 - 3 

and only when d  is odd, f o r  a l l  r. The unexhib i ted  terms a r e  always 

dominated by t h e  presence o f  a t  l e a s t  one o f  t h e  terms shown. From (2 .10) ,  

(5.21, and (5 .4)  we s e e  t h a t  (dP/dp)-l  can + 0 r . l ~  if + 0 ;  thus  only if 

K -+ 0  can we have a  c r i t i c a l  po in t  a t  which dP/dp = 0. For d  2 3 ,  t h e  rlight- 
h 



hand s i d e  o f  (5.4.) remains f i n i t e  a s  K -> 0 and (2.20)  and (2.21) immediately 

fol low.  For d = 1 and d = 2, however, t h e  ques t ion  is  more s u b t l e  s ince  f o r  

any f i x e d  r ,  P C  ~ ( r )  w i l l  go t o  i n f i n i t y  a s  K + 0 ,  and only i f  e i t h e r  c  o r  
4 1 - 1 

h ( r )  become i n f i n i t e  i s  consis tency maintained i n  t h e s e  dimensions. For 
)L 

t h e  l a t t i c e  gas  and s i m i l a r  models t h e  r e s u l t  h ( r )  + f o r  f i xed  r rep resen t s  .". --t- 

unacceptable  behavior  o f  h ( r ) ,  and f o r  any such model t h a t  i s  an OZ system 
4- 

c must become i n f i n i t e  f o r  d  = 1 and d = 2 i n  t h e  nearest-neighbor case. m e n  
1 

c, is  given by a r e l a t i o n s h i p  such a s  (3.7) o r  ( 4 . 8 )  t h i s  means t h a t  T must 
-L 

be ze ro  i n  o r d e r  f o r  K t o  be zero.  I n  t h i s  s e c t i o n  we have a s  y e t  s a i d  nothing 

t h a t  involves  t h e  d i f f e r e n c e  between (4.9a)  and (4 .9b) ,  bu t  from t h e  above 

remarks we must conclude t h a t  t h e  mean-field t heo ry ,  f o r  which T # 0 ,  can only 
C 

be c o n s i s t e n t  wi th  t h e  unacceptable r e s u l t  t h a t  h ( r )  + a f o r  f i xed  r as  K + 0 .  
& - 

This i s  a well-known ca t a s t rophe  what occurs  i n  t h e  mean-field theory .  However, 

t h e  OZ t heo ry  i s  i n  no obvious way i n c o n s i s t e n t  with a l t e r n a t i v e  p o s s i b i l i t y  

t h a t  t h e r e  is  no c r i t i c a l  po in t  a t  T f 0 s o  t h a t  t h e  only  poss ib le  c r i t i c a l  

temperature i s  zero i n  1 o r  2 dimensions. The d i f f e r e n c e  i n  t hese  a l t e r n a t i v e s  

r e s i d e s  wholly i n  t h e  d i f f e r e n c e  between (4.9a) and ( 4 . 9 b ) .  

The excep t iona l  behavior  of c  t h a t  occurs  i n  t h a  OZ theory  f o r  d = 1 
1 

and d = 2 e n t a i l s  s p e c i a l  ana lys i s  and f o r  t h e  remainder of t h i s  work we s h a l l  

r e s t r i c t  ou r  comments t o  t h e  case of a  c t h a t  remains f i n i t e  a t  t h e  c r i t i c a l  1 

po in t  and hence t o  t h e  case  of d  > 3. Since (5.1) precludes t h e  p o s s i b i l i t y  

t h a t  cl -t 0 a s  K -r 0, we assume t h a t  c  ". ro f o r  smal l  K.  
1 

-.. 
We can determine t h e  behavior  of  C by us ing  ( 5 . 4 )  f o r  r = 1, s ince  t h e  v 

conf igu ra t iona l  i n t e r n a l  energy i s  given by 



u s i n g  (2.19)', we s e e ' t h a t  (5.5) i.mplies f o r  p = pc and T > T 
C 

where w e  have s e t  AT = T - T and where 
C 

1 f o r  even d 

0 f o r  odd d. 

We a r e  i n t e r e s t e d  i n  AT -+ 0. If d = 3 t h e  second term is dominant while  i f  

d = 4 t h e  l a s t  term dominates. For d 1 5 t h e  first term dominates. Thus 

w e  can i d e n t i f y  v - 1 with  the-a of (2.14) when d = 3 and 2v - 1 with  

when d > 4: 

v = 1 -  a f o r d = 3 ,  

v  = (1-a)/2 f o r  d 2 4 ,  

and from (2.21)  and (5.3) 

v  = 2(1-a) f o r  d = 3, 

Note t h a t  f o r  d = 3 w e  have another  dilemma i n  t h e  mean-field t heo ry ,  s i n c e  

t h e  va lues  a = 0 and y = 1 noted i n  Sec t ion  I V  a r e  i n c o n s i s t e n t  with (5 .9) .  

To determine t h e  va lue  of y in. t h e  OZ,theory when (4.9b)  r a t h e r  than (4.9a) 

is used we cons ide r  (5.4) a t  r = 0. We have 

L e t t i n g  p - = Ap, 1hpl = M y  a n d c  - c = Ac we f i n d  1 l c  1 

'b % 
= w A B ,  where we have w r i t t e n  If w e  a l s o  a s s u m  (4.8 , t hen  - Acl = b1 - Bcwl 

l /kT as 3 t o  d i s t i n g u i s h  it from t h e  c r i t i c a l  exponent B. We shal.1 t r e a t  t h e  



N 

case o f  -el = 13 wl f i r s t ,  coining back t o  t h e  more genera l  (2 .9)  l a t e r .  We 

can drop t h e  term A c  tI2 on t h e  le f t -hand  s i d e  o f  (5.11) a s  K + 0 and we f i n d  
1 

2 2  - PC w l ~ i j .  t iYcw1~* i n c )  f o r d  = 4 
n 

From t h i s  we can read  o f f  t h e  values o f  u, E ,  6 ,  and y: 

. v  = 1 f o r  d  = 3 

v = 1 / 2  f o r  d  L 4 

~ = 2 f o r d = 3  

~ = l f o r d ~ 4  

y = 2 f o r d = 3  

y = l f o r d z 4  

6 = 5 f o r d = 3  

6 = 3 f o r  d  2 4. 

Note t h a t  f o r  d  = 3,  both y and 6 a r e  d i f f e r e n t  t han  i n  t h e  mean-field t hec ry .  

A s p e c i a l  remark must be made concerning d  = 4 ,  s ince  one does not  f i n d  

L 
t h a t  K i s  asymptotical-ly p ropor t iona l  t o  AT o r  M i n  t h a t  case a s  K -t 0, 

because o f  t h e  presence o f  t h e  l n ~  i n  (5 .12) .  One s t i l l  has (2.19) and (5 .6)  

i f  one d e f i n e s  asymptot ic  o rde r  a s  i n d i c a t e d  i n  foo tno te  14 ,  but  one w i l l  

no t  f i n d  - 
CV a cons t  + l n  AT (5.24) 

a s  AT + 0 f o r  p = 

Ins tead  one f i n d s  

CV const  + ( l / l n  A T ) ,  ..( 5 . 15 

s o  t h a t  C remains f i n i t e  a t  t h e  c r i t i c a l  p o i n t  f o r  d  = 4 desp i t e  t h e  appearance v 
of  t h e  l n ~  . 

'L 
Because o f  t h e  l n ~  w e  do no t  have homogeneity of K a s  a funct ion of A B  o r  

2 
AT and M f o r  d = 4 ,  as we do f o r  d  # 4,, b u t  we s t i l l  have s e l f - s i m i l a r i t y  

3 2 
of curves of cons tan t  K i n  t h e  (A$,MA) o r  (AT, M planes.  This suggests  . . 



t h a t  t h e  conjectured homogeneity of K, which we have noted elsewhere2' is 

equivalent  t o  t h e  homogeneity condition conjectured by widom8, should be 

weakened t o  a conjec ture  concerning t h e  s e l f - s i m i l a r i t y  of  curves of constant 

K (and hence of constant  compressibi l i ty o r  s u s c e p t i b i l i t y ) .  

From (5.8)  and (5.13) we f i n d  ci = 0 f o r  a l l  d L 3. Furthermore, by 

matching .terms i n  (2.15 ) and (5.6) we f ind  t h a t  when d > 3,  

where m = minimum of d-2 and 2 ,  i n  agreement with (5.13)', and t h a t  whenever 

a s ingu la r  term i n  (2.15) appears, 

For d = 3,  no s i n g u l a r i t y  appears. For odd d > 4, a is  an in teger  plus 1/2 
S 

-01 

while f o r  even d 2 4 ,  o is  an in tege r  but t h e  term const.  AT ' l n ~ ~  always s 

appears. We can summarize t h e  r e l a t i o n  between a and v by el iminating m 
S 

i n  (5.16) and (5.17) t o  g e t  

where an i n t e g e r  as sTgnif ies  t h a t  no s i n g u l a r i t y  appears unless t h e  condition 

f o r  t h e  presence of  a lnCT term: 

i s  a l s o  s a t i s f i e d .  
1 

From our  d iscuss ion we can see a t  t h i s  point  t h a t  some o f  the  sca l ing  , ' 

r e l a t i o n s  t h a t  involve dimensionality e x p l i c i t l y  a re  not  s a t i s f i e d  whea (4.8) , , 
, ' 

and (4.9b) a r e  assumed. For example we see  from (5.3) and (5.13) t h a t  t h e  

r e l a t i o n  

is not s a t i s f i e d  f o r  d > 4 whereas we see  t h a t  the  r e l a t i o n  derived by us 



previously ( f o r  a non-0Z system), 
2 2 

= maximum of O and 2 - d(6-1)/(6+1), 

remains t r i v i a l l y  va l id .  On t h e  o ther  hand (5.18) is  consis tent  with the  re-  

s u l t s  of  s c a l i n g  theory ,  although sca l ing  theory  does not appear t o  give a 

c l e a r  means o f  deciding between a = 0 and a = 2-dv when as < 0. 

We have s t i l l  t o  i n v e s t i g a t e  the  c r i t i c a l  exponent B under t h e  assumptions 

(4.8) and (4.9b). For d > 4 t h e  determination of  f3 i s  straightforward,  s ince  

the expression f o r  

which follows from (5.121, and the  r e l a t e d  expression f o r  t h e  chemical p o t e n t i a l ,  

1 
'b- 

2 
jP IC ( n , ~ )  dn, 

P-PC '2 

can be used f o r  T < T t o  determine a coexistence curve by means of Maxwell's 
C 

r u l e  o r  t h e  condit ion t h a t  il(pc+M , T I  = p(pc-M , T I .  we have 

so  the  coexistence curve is  given by t h e  equat ion  

i n  t h e  c r i t i c a l  region.  The c r i t i c a l  exponent 6 i s  given by 



2, 
and t h e  dome of me tas tab i l i ty  i n  the  (p,B) plane can be reasonably i d e n t i f i e d  

w i t h  t h e  locus  o f  po in t s  a t  which K = 0. 

For d = 3, a l l  of t h i s  i s  changed. When w e  use equations (5.12) and 

(5.21) we f ind  ins tead  

2, 
There is  no r e a l  value of  A B  f o r  which u(pc+M,T) = p(pc-M,T) according t o  

(5.25). Thus w e  cannot f i n d  a coexistence curve by means of t h e  a n a l y t i c  

cont inuat ion  of our expression f o r  K o r  p i n t o  t h e  s u b c r i t i c a l  region,  and 

t h e r e  appears t o  be no n a t u r a l  a l t e r n a t i v e  t o  such continuation t h a t  suggests  

i t s e l f  a s  a means of loca t ing  the  coexistence curve. 

This is  somewhat su rp r i s ing  because t h e  spher i ca l  model, which i s  an 
i 

OZ system, has  a  coexistence curve such t h a t  B = 1/2  when d = 3 (as  w e l l  a s  

when d 1 4 ) .  However, a s  indica ted  i n  footnote 13 ,  Eq .  (2.7)  does not  have 

its normal s t a t u s  i n  the  case of t h i s  model. Our computation sugges ts  t h a t  

OZ systems i n  which Eq. (2.7) does have i ts  usual  s t a t u s  nay not  e x i s t  f o r  

d = 3 when t h e  p o t e n t i a l  is  of shor t  range. I t  f u r t h e r  suggests  t h a t  f o r  

d = 3 and short-range V(_r), approximations t h a t  s a t i s f y  t h e  OZ condit ion,  

such a s  t h e  PY approximation, may be associa ted  with pa thologica l  s u b c r i t i c a l  

behavior  of t h e  compressibi l i ty when t h a t  quan t i ty  is obtained from h(2)  

'. 
t h r u  Eqs. (2.7) and (2.10). 

The borde r l ine  case of d = 4 is complicated by the  zppearance of t h e  

2 
K l n ~  i n  ( 5 . 4 )  and we forego i ts  analys is  here.  



V I .  GENERALIZATIONS OF THE PRECEDING RESULTS 

The preceding ana lys i s  was centered on t h e  l a t t i ce -gas  case i n  which 

(4.8) and (4.9b) were assumed t o  hold. These equations involve a stronger 

assumption than (3.1) ,  however, which implies i n  t h e  nearest  neighbor case 

only t h a t  

c i s  undetermined, 
1 

c ( r )  = 0 f o r  r > 1. 

On t h e  b a s i s  of  (6.1)  our previous ana lys i s  i s  unchanged through E q .  (5.3) 

but  t o  go f u r t h e r  w e  must examine what can be s a i d  about the  temperature 

and dens i ty  dependence o f  c Here t h e  invariance of c under the  in te r -  
1 ' 1 

change of p and 2p - p xhich follows d i r e c t l y  from the  hoLe-particle 
C 

symmetry o f  a l a t t i c e  gas en te r s  s t rongly .  It implies t h a t  c i s  an even 
1 

funct ion  of A p .  

2, 
If we f u r t h e r  assume t h a t  c must be an a n a l y t i c  i n  B and p about 

1 
% 

(B,YP, , then  cl must be o f  t h e  form 

Assuming b > 0 ,  which i s  reasonable, then t h e r e  a r e  th ree  d i s t i n c t  possi- 

2  
b i l i t i e s ,  depending upon t h e  r e l a t i v e  values of  pc a and c 

2 
l c  ' 

I f p  a < c  
C l c  ' 

a s  would be  t h e  case of c were e s s e n t i a l l y  independent of p ,  a l l  t h e  
1 

c r i t i c a l  exponents found i n  Sec. V would remain unchanged. In con t ras t ,  I> 

2 
t h e  very s p e c i a l  p dependence of c represented by p a = c would r e s u l t  1 C l c  

I 

i n  some exponents t h a t  a r e  d i f f e r e n t  (for- example, when d = 3, then E.= 4) . 1' 
" 1 1: 

2 1 I ,  1 

while p a > c would l ead  t o  unacceptable negative o r  imaginary values I , ii 
C l c  ! i !, 

2, 
of K when A B . = O .  



. I 1 1  
Another depar ture  from (4.8) can be a t t a i n e d  by relaxing t h e  require- ! 

( .  ' 
% I " 

rnents of a n a l y t i c i t y  at ( Bc . P , )  For example, i f  Ac were a homogeneous 1 

function of M and (AT)"€ of degree p ,  then when M = 0,  (5.11) would y ie ld  

p = E f o r  d = 3 and p = 2~ f o r  d 2 4. When AT =. 0 ,  (5.11) would y ie ld  

E 5 2 f o r  d = 3 and E 5 1 f o r  d 1 4 ,  which would imply 6 < 5 f o r  d = 3 and 

6 s 3 f o r  d 2 4 ,  with v not  subjec t  t o  any obvious cons t ra in ts .  Thus it 

appears t h a t  f o r  d = 3 an approximation could be constructed t h a t  has values 

of v ,  E, y,  and E t h a t  a r e  very close t o  those  a c t u a l l y  observed i n  the  

Is ing  Model. For example, by s e t t i n g  Ac t o  a funct ion  t h a t  becones , f o r  
1 

small M and T ,  

5 1/8 
Acl 

.{cons; M~~ + const (AT 3 , (6.3) 

w e  would have v = 5/8, E = 2 ,  y = 5/4, 6 = 5. However, t h e r e  appeam . to be 

no way of  changing a = 0 and c e r t a i n l y  no way o f  changing t h e  rl = 0 by means 

of a judicious choice o f  c Noreover, a more thorough inves t iga t ion  of t h e  
1 ' 

approximation t h a t  such a choice of Ac def ines  would have t o  be made before 
1 

it i s  c l e a r  t h a t  it is f r e e  of  ser ious  inconsis tencies  and t h a t  it can be 

associated with a reasonable coexistence curve by means of the  condition 

P(P= + M,T) = v(pc - M,T). 

If we do not  r e s t r i c t  our a t t en t ion  t o  t h e  nearest-neighbor case we would 

s t i l l  expect t o  f i n d  t h e  same kinds of r e s u l t s  as long as we continue t o  

look at  short-range p o t e n t i a l s  a l l  of whose moments e x i s t .  Eq .  (4.8) can be' 

used as it s tands  and Eqs. (6.2)-(6.3) can a l s o  b e  used i f  they are  taken 

t o  hold f o r  any r # 0. When (4.8) is  used, computations can s t i l l  be done 

17 
e x p l i c i t l y  i n  t h e  case  of  c e r t a i n  p o t e n t i a l s  (such a s  the  ~ree i l ' s" funct ion  

f o r  t h e  l a t t i c e  analog of  t h e  Helmholtz equation) t h a t  lend themselves t o  

the  necessary manipulations. 



If we consider p o t e n t i a l s  t h a t  a re  of t h e  form -l/rd+' f o r  large  r ,  

t h e  resulps  a r e  q u i t e  d i f fe ren t .  ~ o ~ c e ~  has t r e a t e d  t h e  case of such 

p o t e n t i a l s  i n  g r e a t  d e t a i l  f o r  t h e  spher ica l  model, and w e  show i n  a  

separa te  a r t i c l e  t h a t  most of h i s  r e s u l t s  a r e  v a l i d  f o r  any OZ system. For 

example, it can be shown t h a t  assuming' (4.9 ) , 

h ( r )  
const ant  

..M 
a s  r + co d- s r 

a t  t h e  c r i t i c a l  p o i n t ,  where s = minimum o f  2 and a ,  while off  the  

c r i t i c a l  po in t ,  

r a t h e r  than (5 -2 ) .  

This br ings  up a  point  concerning t e rmino low t h a t  is a source of ambiguity 

i n  t h e  l i t e r a t u r e .  The r e s u l t  (5.2) is  o f ten  r e f e r r e d  t o  a s  the  OZ r e s u l t  - 

i r r e spec t ive  of t h e  p o t e n t i a l  whereas the  r e s u l t s  cons i s t en t  with (2.1) and 

(4.9) a r e  very much dependent upon the  form of  V ( r ) ,  a s  (6.41, and ( 6 . 5 )  - 
ind ica te .  Moreover, i n  a  quantum system it is an e f f e c t i v e  po ten t i a l  --- t h e  

a c t u a l  p a i r  p o t e n t i a l  modified by quantum e f f e c t s  --- t h a t  must be considered 

r a t h e r  than t h e  p o t e n t i a l  i t s e l f  i f  one wishes t o  apply t h e  reasoning of 

Ornstein and Zernike; f o r  example, f o r  a  . . Bose gas i n  i ts  ground s t a t e  

one expects 23 2 
( r )  % l/r and hence, according t o  (3.1) one must expect 

'eff + 

2 c ( r )  1/r r a t h e r  than c ( r )  1. 0 f o r  large  r. 
4 * 

The f u l l  genera l i za t ion  of the  r e s u l t s  o f  Sect .  V t o  a  f l u i d  presents  

t echn ica l  d i f f i c u l t i e s  associa ted  with t h e  extended repu l s ive  core character- 

is t ic  of any reasonable intermolecular p o t e n t i a l ,  but  c e r t a i n  of the  preceding 

r e s u l t s  appear t o  genera l ize  without d i f f i c u l t y .  In  p a r t i c u l a r ,  assumFng (3.12 

we expect t o  again f i n d  (5.2) f o r  l a rge  r ,  as wel l  a s  (5.4) f o r  a f ixed r 

K -t 0. This i s  consis tent  with t h e  general  observation based on (2.9) t h a t  



when (4.8)  i s  used t h e  case of a w( r )  extending over a r b i t r a r i l y  many 
&- 

l a t t i c e  s i t e s  cannot be e s s e n t i a l l y  d i f f e r e n t  from t h e  nearest-neighbor 

case a s  long a s  a l l  t h e  moments of  w(r)  e x i s t .  It is  a l s o  supported by t h e  
)r 

following more s p e c i f i c  argument. Except f o r  small r ,  w e  expect h (2 )  t o  
* 

behave l i k e  t h e  s o l u t i o n  ( ~ r )  (d-2)/2K 
(d-2)/2 

d-2 of t h e  Helmholtz ( K ~ ) / ~ I T  r 

2 2 equa?ion V h ( r )  - K h ( r )  = 0 ,  but  f o r  f ixed r and 
r* - 

K + 0, (Kr) (d-2 )/2 
K(d-2)/2 

( rr ) /2nd/2rd-2 behaves p rec i se ly  l i k e  t h e  r i g h t -  

hand s i d e  of  (5.4), 

0(1)  + o(K2) + O ( K  d-2 ) + 80 (rd-21nr 1, 

j u s t  as t h e  transform of  (3.4) does. 
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