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ABSTRACT 

1 

1 We show how both t h e  "classical"  expression f o r  t h e  free-energy 

density and Glidan's a l t e r n a t i v e  ex?ressZon can be modified s o  a s  t o  be can- 

s i s t e n t  with knovm and expected c r i t i c a l  behavior i n  a l l  dimensions. I n  so 

doing, w e  p o s t u l a t e  t h a t  an increase i n  the  e f f e c t i v e  range of i n t e r a c t i o n  

due t o  an increase  i n  dimensionality w i l l  tend t o  i n h i b i t  dens i ty  f luc tua -  

t ions.  



i 
I L INTRODUCTION 

I 

1 
Widom has  shown how t h e  square g rad ien t  theory of swface tension 

and critical opalescence can be  modified s o  a s  t o  be cons i s t en t  with kno~,m 
f 

I I I 
*suits f o r  t h e  two-dimensional l a t t i c e  gas. However, a s  Widom and others  2 ,3  , 

I 
i 

have pointed o u t ,  h i s  modified theory may i t s e l f  break down i n  higher d i -  

I 
  ens ions then appl ied  t o  a continuum f l u i d  o r  t h e  Is ing model. Moreover, 

i 

f o r  t h e  s p h e r i c a l  model wi th  a short-ranged i n t e r a c t i o n  p o t e n t i a l ' i t  can 
I 
i 
e a s i l y  be v e r i f i e d  t h a t  c e r t a i n  of t h e  r e l a t i o n s h i p s  between c r i t i c a l  ex- 

ponents implied by Widomfs theory -- our E q .  (15a) with p=o is  one of them -- 
4 

do not hold when t h e  dimensionality d i s  g r e a t e r  than f o u r  . 
I 
I I n  t h i s  note we show a way i n  which t h e  "c lass ica i"  free-energy ex- I 

1 

pansion t h a t  is  assumed i n  t h e  square-gradient theory can be modified s o  as I 

t o  be cons i s t en t  with both t h e  known two-dimensional Is ing r e s u l t s  and t h e  
I 

expected continuum and I s i n g  r e s u l t s  f o r  h igher  dimensionality. A key po in t  . , 
, '  

of our argunent is  t h e  assumption t h a t  an inc rease  i n  t h e  e f f e c t i v e  volume 

of i n t e r a c t i o n  w i l l  t end t o , i n h i b i t  dens i ty  f luc tua t ions .  
i 
I 
\ 
11. THE SQUAW-GRADIENT THEORY FCANALYSED 

According t o  t h e  square-gradient theory ,  the  Helmholtz f r e e  energy 1 '  

? I  

6 associa ted  with a dens i ty  inhomogeneity hn occurring over a vo lme  v I f 
i 

small  compared t o  a t o t a l  volume of t h e  f l u i d  i s  given by +1 + +2 where 



I 

I .  
with assumed cor:stant an6 A assumed t o  be a slowly varying pos i t ive  

I 
functibn of the mean densi ty  p and temperature T. Here i s  the  i so -  

d theslnal compressibility and W L  , and hence L is the  l i n e a r  s i z e  of t h e  

volume v over which t h e  inhomgeneity is being considered. In using (11, 

Widm ' i d e n t i f i e s  L with a cor re la t ion  l eng th  , which becomes i n f i -  

n i t e  a t  t h e  c r i t i c a l  point .  In  Widom's trea-irment t h i s  length appears a s  

both t h e  i n t e r f a c e  th ickness  separa t ing two phases and t h e  range of the  two- 

point  c o r r e l a t i o n  funct ion h ( r ) ,  and i n  its former r o l e  it appears i n  an 
C 

expression f o r  the sur face  tens ion a t h a t  is s i m i l a r  t o  (1)  and is based 

on the  same assumptions ( o  is Widom's y ) :  

where Ap i s  the di f fe rence  between the  d i n s i t i e s  of t h e  two phases. Mini- 

mizing t h i s  a with respec t  to L leads  t o  t h e  r e l a t i o n  

The j u s t i f i c a t i o n  f o r  (1)  l i e s  i n  an f o r  a l o c a l  f r ee -  

energy densi ty  F ( r )  associa ted  with any dev ia t ion  of t h e  l o c a l  densi ty  
C 

n(r) from p .  Expanding F ( r )  about its mean value over t h e  volume R of 
-C rur 

- 
t h e  whole system, F, y i e l d s  

where An = n(r)-p and On is  t h e  g rad ien t  of  n(r), 
4 rr 

The f r e e  energy $ associated wi th  t h e  densi ty  f luc tua t ion  i n  a 

volume v is then obtained by i n t e g r a t i o n  over t h a t  volume: 
' ,  . 
I ! .  : 



As!can de seen from t h e  treatments of F(r )  given by Landau and L i f sh i t z  5 
1 Y 

anh by J i s h e ~ ~ ' ~  t h e  constants  a and b a r e  proport ional  t o  t h e  zeroth 
I 

l 

and secdnd moments of i(r), t h e  llmodifiedl' d i r e c t  co r re la t ion  function. - 
It; follows t h a t  t h e  &onstant  a is inverse ly  proport ional  t o  t h e  zeroth 

- I g 1 
t .  ' rnokent if b(r) = h( r )  + 6(:)/p, where 6 ( r )  is the  Dirac d e l t a  function .= I 

& 
- -+ g4; 1 

(o r  t h e  Kronecker d e l t a ,  i n  t h e  l a t t i ce -gas  case : 
1 1  , 

g 
I F I - 
I B%-' a + ~ ~ G ( r ) d r  ...- ~ ! ~ { ( r ) d r l - ~  ...- -.. 3. , 

( 6  
a ;  

I 
.. - 

2 -. I 
% -& 

A N b * J n r c ( r ) d ~  . , I 
.. 

* - 
I I 

~ d r e  r = irl and G(r) + 6 ( r ) / p  is t h e  d i r e c t  corre la t ion  function c(r) .  f - .-c - ..+- 

From (6 )  and k T p 5  = pl,$(r)dr where k is Boltzrnan's constant ,  one sees  
-L 1 

t h a t  if unexhibited terns i n  (4) can be neglected,  one indeec? has B '  equal 

2 
t o  a constant .  On t h e  o t h e r  hand we would e x ~ e c t  t h a t  near t h e  c r i t i c a l  

point  

- 
T; 1 

i ( r )  f ( ~ r ) / ~  d-2+n; p >> R , (8) S ' $ ! ::, 

j ' .  
where R is t h e  range of t h e  in te rac t ion  p o t e n t i a l  and f ( x )  constant f o r  z f ,  1 1 .  

g : I / I  xdO, yie ld ing  t h e  r e l a t i o n  f: i 
i I 11 1 i I ;  

d - 2 + ~  3 [  - l/r (9 ii ; , j i  
.u 

I ' : i  8 , a  . I 
'1  I 

f o r  R << << K near t h e  c r i t i c a l  point .  i( 
B I \ j  , 4 -  
; I 

I .j I 



I 
I' 

Fro3 (6) w d  181, ~ - b - r - "  near  t h e  c r i t i c a l  po in t .  Despite t h i s  very sen- 
i 

s i t i ve , and  s i n g u l s ~  depe~ldence of b on K ,  Eqs. (1)  through (4)  still  rnake 

sense and lead. t o  expressions t h a t  are cons i s t en t  without knowledge of the 

l a t t i c e  gas when d=2. For example, f inding L by minimizing a still 

leads  t o  (3 )  and y i e l d s  

as w e l l  as 

2 
Here we are using F i sher ' s  nota t ion f o r  c r i t i c a l  exponents supplemented by 

t h e  use  of v t o  descr ibe  ' the  temperature v a r i a t i o n  of a on t h e  coexis- , 
I '  

tence curve, i . e . ,  we are assuming t h a t  along t h e  coexistence curve near the  

c r i t i c a l  point  (Tc,p,) 

8 
! 

We remark t h a t  oxt  r e s u l t  b -~- '  dupl ica tes  a r e l a t i o n  derived by Josephson .I 
i 

I 

i n  connection with t h e  use of  a va r ian t  of (4) t h a t  is appropr ia te ' to  the  

considerat ion of  a superf lu id ,  and (6 )  and ( 7 )  provide a bas i s  f o r  Josephson's 

r e s u l t  t h a t  is somewhat d i f f e r e n t  from Josephson's o r i g i n a l  argument. 
I 
I I 

Although t h e  usc of (4) with ( 6 )  l eads  t o  r e s u l t s  t h a t  a r e  consis- 
I 

t e n t  with t h e  kno-m behavior of  t h e  two-dimensional l a t t i c e  gas, these  r e s u l t s  
I 
1 

i n  themselves do not  a g e a r  t o  imply a r e l a t i o n  between rl and t h e  exponent 

6 t h a t  descr ibes  t h e  shnps of the  c r i t i c a l  isotherm. This is i n  contras t  

t o  t h e  r e s u l t s  of  t h e  modificat ion of t h e  square -g~ad ien t  theory proposed by 



1 '  
I '  

widon,' w?;o assumd t h a t  dens i ty  f luc tua t ions  i n  t h e  v i c i n i t y  of  t h e  c r i t i c a l  
I 

point  pan l fes t  themselves with high probabi l i ty  as tha  appearance of micro- 

-d domains of conjugate phase and volume v-K . Widom1s a s s m p t i o n  i ~ ~ p l i e s  

both t h a t  t h e  expected free energy associated wi th  densi ty f luc tua t ions  over 

t h e  volume v is a constant  of  order un i ty  times kT, and t h a t  t h e  expected 

value of (6n12 ovPr t h e  v o l m e  v is  p r o p c ~ t i o n z l  t o  t h e  square of  t h e  

d i f ference  A between t h e  mean density p . of  t h e  dominant phase and t h e  

mean density p 
con j . of  t h e  conjugate phase (which i n  t u r n  is propor t ional  

2 
t o  (p-p,) 1. Here w e  s h a l l  r e t a i n  t h e  first of these conclusions bu t  not  

t h e  second, on t h e  following grounds: 

We might a n t i c i p a t e  t h e  appearance o f  nicrodonai.ns of conjugate 

phase t o  becone l e s s  and l e s s  l i k e l y  a s  t h e  dimensionality increases ,  s ince  

t h e  number of molecules caught within t h e  range of each o t h e r ' s  i n t e r a c t i o ~ l  

p o t e n t i a l  w i l l  increase  if  t h e  l i n e a r  i n t e r a c t i o n  range remains constant ,  

and the  e f f e c t s  of t h i s  average dewease i n  t h e  freedom of  a molecule t o  

move uninhibited by neighboring molecules w i l l  presumably include a decrease 

of average f l u c t u a t i o n  amplitude a s  d increases .  Thus, over a volume 

-d 
ZK , Ap w i l l  no longer r e ~ r e s e n t  t h e  order of magnitude of t h e  l a r g e s t  

l i k e l y  f l u c t u a t i o n  amplitude f o r  a l l  d but  ins tead  w l l l  represent  only an 

upper est imate of  t h a t  quant i ty ,  which may o r  may not be r e a l i z e d  by t h e  

a c t u a l  f l u c t u a t i o n  amplitude with appreciable frequency, depending upon 

whether d is smal l  o r  l a rge .  Hypothesizing t h a t  the  mean-square f luc tua-  

t i o n  over a v o l m e  - K - ~  can st i l l  be expressed as a power of  Lo ,  we con- 

clcde t h a t  ins tead  of 



where p>,O and where w e  a n t i c i p a t e  p>O f o r  l a r g e  d. From ( 8 )  and 

we have 

Assuming t h a t  

2 along t h e  coexistence curve, our two d i f f e r e n t  assessments of  ((bn) )v 

y i e l d  

and 

This is equivalent  t o  t h e  ~ G n t o r i - ~ u c k i n ~ h a n  inequal i tyg  2d(d-2+0)-~ \' 6+1 

if we accept t h e  r e l a t i o n  (2-n)~ = 6-1, which follows from t h e  use of  (61, 

(8) and t h e  assumption t h a t  (14) holds on t h e  c r i t i c a l  isotherm as w e l l  a s  

on t h e  coexistence curve. We note t h a t  w e  have not a r r ived  a t  a r e l a t i o n s h i p  

that deternines  given d and E ,  a s  w e  would have on t h e  b a s i s  of W i -  

domTs argument. Ins tead w e  have derived a r e s u l t  t h a t  can.be  w r i t t e n  a s  an 

e q u a l i t y  only after t h e  in t roduct ion of p ,  which is  a measure of t h e  e x t e n t  

to which densi ty  f l u c t u a t i o n s  have been i b h i b i t e d  by t h e  i n t e r a c t i o n  poten- 

t i a l .  Our argunent implies t h a t  p30, and a l s o  t h a t  p is  nondecreasing 

a s  d incpeases, bu t  it provides no q u a n t i t a t i v e  means f o r  a ssess ing  p 



I 
I 

independent o f  t h e  use o f  (15a). However, w e  can gain f u r t h e r  i n s i g h t  i n t o  
I 

t h e  na tu re  o f  p by viewing (15) i n  a sciriewhat d i f f e r e n t  way. If the  pro- 
I -d b@ibility o f  a f l u c t u a t i o n  o f  amplitude -1Apl appearing over a volume v - K  

I ii n e g l i g i b l e  f o r  a given d, one can consider  shrinking t h e  voluae one is  
I 

i -8d 
samplir/g u n t i l  one comes t o  a s n a l l e r  volume w - r  - , ObBE1, over w11ici1 

1 I 
t h e  o f  such a f l u c t u a t i o n  has become appreciable,  s o  t h a t  

1 
I I 

where C is  o f  order  one. For such w ,  it is a l s o  reasonable, on the  b a s i s  
I 

of ( 9 )  and (121, t o  expect  

I 
so t h a t  

l 
or' 

1 

which i s  another  way of w r i t i n g  (15). 

Using a r e l a t i o n  suggested by considera t ions  discussed by us else- 

10 
where w e  can r e l a t e  0 t o  t h e  exponent s t h a t  we expect3 t o  appear i n  

t h e  d i r e c t  c o r r e l a t i o n  funci;ion f o r  l a r g e  r: 
I 

10 
The r e l a t i o n  is 

Since s is t h e  exponent associa ted  with t h e  "singular  part"11 o f  t h e  

smplying through (16) t h a t  , ,  I 

:I ' 



I Four ier  transform c(k) of Sk), (18) can be in te rp re ted  t o  mean t h a t  t h e  
'w I -8 l eng tq  r appeaps i n  t h e  problem whenever t h e  regular  p a r t  of G(k) doni- 

I W 

na tes  t h e  s i n g u l a r  p a r t .  A s  noted elsewhere3, i f  t h e  regu la r  p a r t  of  E(k) 
II 

(which, reflects t h e  immediate presence of t h e  p a i r  p o t e n t i a l )  were suppressed, 

one would have 

1 

ins tead:  of  ( 8 ) . Hence one would expect 

i n s t e a d  of (13). Thus t h e  inh ib i to ry  e f f e c t  of t h e  p a i r  p o t e n t i a l  changes 

2 
<(an) )y i n  a way t h a t  e n t e r s  both of t h e  assessnents of t h a t  quant i ty  t h a t  

w e  make i n  r e l a t i n g  E t o  9. Ignoring t h e  e f f e c t  i n  both assessments 

y i e l d s  (171, which we be l i eve  i s  i n  f a c t  c o r r e c t ,  but  f u r t h e r  implies t h a t  

s=2-TI, which we be l i eve  becomes incorrect  as d*. 

I n  conclusion, w e  consider t h e  r e l a t i o n  

If w e  apply ( )v t o  (4), using the  es t imates  a-2-0,  b-u-", and as- 

suming, as is  pl .msible ,  t h a t  ( ( V ~ I ) ? ~  - < ( ~ n ) * / v ~ ' ~ > ~ ,  we then f ind  from 

(13) t h a t  

I I  / I I 
Thus w e  are not  forced by our arguments t o  modify (19) .  It is perhaps note- , ,  ; 

I' I 8  

I - ,  

worthy and s u r p r i s i n g  t h a t  our p ic tu re  of t h e  f luc tuat ion- inhibi t ing  e f f e c t  : ji 
1 8  t , ;  

of  the p a i r  p o t e n t i a l  has l e d  us t o  abandon (10) r a t h e r  than (191, s ince  I 
I 1  I )  

1 
Widom has suggested t h a t  (19) r a t h e r  than (10) is t h e  h p o t h e s i s  most open 

i 
I i 
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