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ON THE USE OF SPLINES FOR THE NUMERICAL SOLUTION OF NONLINEA
MULTIPOINT BOUNDARY VALUE PROBLEMS

R. P. Tewarson¥

Abstract. . -

Cubic splines on splines and quintic spline interpolations
are used to approximate the derivative terms in some highly
accurate schemes for the numerical solution of multipoint
boundary value problems. The storage requirements are the same
2s that for the usual trapezoidal rule schemes that do not
use derivatives but the accuracy is improved from 0(h3) to
either O(h6) or 0(h7), where h is the net size. The use of
splines leads to solutions that reflect the smoothness c¢f the
slopes of the differential equations.

1. Introduction.

We consider the numerical solution of the system of

differential equations

(1.1) E - £(x,y(x)) =0,
with the multipoint boundary conditions
t12) g(Y(O)s y(1)) = 0,
where

y, £ and g € Rm, and O £ x £ 1.

Let us subdivide the x range [0,1] into n equal parts,

gsuch that h = 1/n and x,

g = ih, 1 = 0,154i0s0¢ If we integrate

the pth equation of the system (1.1) in the interval [xi“1,x£]
and denote the resulting quantity by'dei(y) then we have
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(1.3) 4>P1(Y) =Yy S i fp(x,y(x))dx = 0,

pi ~ p i-1

where ' = yp(xi) and P = 1,2’.¢c’m; 3 = 1,2,..0’11. The in‘begral

pi
in (1.3) can be evaluated by the various numerical schemes,
In this paper we will discuss three such schemes that require

the numerical derivatives of fp [ 1,pp.284-285] 3

n n2, 1 1
(1.4) &3 (3) = yp3-p, 5217 ZEps 8y, 501)* o (Fps=Tp 5.4)

2

no n!
- (f +fp 3 1)+ m fp( g’ )!

h
(1.5) ‘#’pi(Y) ypi_yp,i‘-']- 'Q'(fpj_+fp,i-1) (fpi P 1= 1)
4 7
h*, .3 .3 h 6
- 720 Tp1 5, 1-1)* 35,220 Tp( §1)

and

" z 2h
(1.6) dPpi(Y) = Jp,i+1 Vpi*Vp,i-1" ?T(fp,i+1_fp,i-1)

2 8 A
h 1 1 h MYy
£ -8f) . +f - e P .
* 2 (T, 144780p3*Tp, 1) 60, 480 p{ £1)s

vhere x; 4 € P; £ x4, xi-ﬁgitﬁ X510 Tpg = Tp(x5,5(x;))
and the superscriptson f denote its derivatives. Equation (1.4)
is associated with fhe name of Obrechkoff, (1.5).-is the Zuler-
Maclaurin sum formula and (1.6) is the highest precision three
point formula which uses f and f1 |
Equations (1.4) or (1.5) along witﬁ (1.1) and (1.2)

are sufficient to determine yp o Where P = 1,2,0e0s1y -4 = 0,1,

esesns But in (1.6), since i = 1,2,,..,n-1, we need one additional



equation with O(h8) accuracy to determine Ypie This can be
easily achieved by including one additional equation with
(1.6) of the type (1.5) with its last term replaced by

6
$1atl B t22-22_1) + o(®?).

From now on let us denote by y, & and g the vectors
with the components Tpi? $; and gp respectively. Then equation
(1.5), (1.6) or (1.7) can be written as

(1.8) $(y) =0
and (1.2) as =
(1.9) g(y) = o.

Clearly, ¢ € R™, y € Rm(n+1) and g € R™. It is worth noting
that in (1.8); m components of y can be eliminated directly by
éxpressiﬁg them ééllinear functions of the.rest of the components
by using (1.9), provided that g(y) is a linear function of
Y. We will assume that g(y) is linear.and the necessary
elimination of y components has been done so that we only
have (1.8) to solve. =

In this paper we focus our attention primarily on the
efficient computation of two items; the required derivatives
'of f and the roots of the nonlinear system (1.8). To this end,
we will first utilize a cubic spline on spline technigue or
a quintic spline to determine some apﬁroximations to the

derivatives, and then use a nonlinear iterative technique to
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solve the resulting system of equations (1.8).
It is possible to compute the derivatives of f directly
by differentiating the differential equation ([1],p.246).

For example

1 _ d
- E%

and since from (1.1) %§“= f, we get
(1.10) : L £ .1,

where the subscripts denote the partial derivatives, The computa-
tiona of higher derivatives of f is, in many cases, rather
cumbersome, If the differentiation (1.10) is reasonably easy

to perform then (1.6) can be used to give an O(hs) formula.

Of course, as mentioned earlier, due to the use of one equation
of the type (1,5) with the last term replaced according to (1.7),
which is necessary to make (1.6) fully determined, we still
need to compute the third and the fifth derivatives of f at

the two points, say : and Xpqe The general expressions for
these are quite involved ( [1],p.246). The evaluation of the
partial derivatives can, in principle; be done analytically,

but more often that not, f is a.complicated computer program

and these computations are not possible without the expenditure
of a considerable amount of work. Alternatively, it is .alsc
poésible.to use numerical derivatives of f. This is done in [2]

to solve equations of the type

© .3
h h ..2
¢ = .- - - ( . » '::'15
§1ei1) Fpi = YpiTVp,i-1 ?‘fpl fp,l-1) 127D,

4 . T
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in a defferred correction mode. The principal disadvantages
of using numerical derivatives for fg,i;é and fg,i—i from the
usual piecewise interpolating polynomials is that these poly-
nomials not only overlap but also lack smoothness at the junctions
(net points xi). Furthmore, the defferred correction mode .
necessitates the repeated solution of equations of the type
ul(y(¥))z(E) 2y for different right hand sides b. We shall
have more to say about this aspect of the problem later on,
The use of cubic spline . on spline and the quintic spline,
that we advocate in this paper,to compute the numerical deriva-
tives imposes not only smoothness at the junctions but also
requires only a very small amount of computational work as will
be shown later.

To achieve O(hs) accuracy as the cubic spline on spline

%echniQues considered in this paper, the Gap schemes of White
1

[3] require the computation of £ = fx+fyf and

2 _ .

£~ = fxx+2fxyf+fyyff+fxfy+fyfyf at each of the m(n+1) points
Ypis 1 = Oylyeeeyn, P = 1,2,...,m. The difficulties associated

with the computation of partial derivatives have already been

mentioned. Furthermore, a total of 8m(n+1) multiplications are
1

pi
even after the partial derivatives have been computed. For

necessary to compute f_ . and f%i to achieve O(h6) acenuracy

O(hs) accuracy Whites' gap schemes will reguire the computation

of f3. 0f course, O(hT) is not realizable with these schemes.



The numerical results obtained with our technique cannot be
easily compared with other techniques in view of the following
reasons given in [3]:

"Due to the fact that most numerical tests in this area
are published with little detail concerning implementation,
computer times, and so on, it is hard to make any final judge-
ments about the relative merits of different techniques. The
ultimate comparison will be that given by the user which will
require: ease of use, applicability or adaptibility to its
particular problem, and overall ecconomy in computer cost and
reliability."

It is possible to use Taylor's expansion to expand
about Xi—% and prove the following result |

. o =5

3
: _ h By 2
(1.02) Cbpi = YpiVp,i-1" ?(fpi+fp,i-1)+ Ez(fpi+fp:i-1

5
h?, 4 .4 7
— m( fpi+fp,i—1 )+O(h ).

But since the above requires the evaluation of the second and
the fourth derivatives it is not competitive with (1.4), (1.5)

2 and f4 are readily computable.

and (1.6), unless f
In the next section, we first describe the cubic spline

on spiine and quintic spline,and then show how these can be
- : . 5
used to determine fpi’ f%i and fpi
are discussed in the last section.

« Computational considerations

2, Use of Spline on Spline and Quintic Splines.,

-.For the sake of clarity of presentation we shall drop



the subscript p from this point on, It is however understood
that a seperate spline interpolant will be used for each value
of p. Furthermore, for the cubic spline on spline £ € C° and
for the quintic spline f 6.06, the class of five or six times
continuously differentiable functions. Seperate splines must
be used in the x range if these conditions are not met in the
whole interval [0,1].
Let s denote a cubic spline interpolant [4] so that

s(x;) = £; for 1 = 0,1,...,n. et the r'" derivatives of s at

Xy be denoted by si. It is well known that 1if we have either

g R 1 el
{213 sg = foand s =1,
or
2 2 9 0
(2,2) _ 8q = fo and B, = fn’
then s is unique [4].
1 2

It is cystomary to compute 85 and S5 directly from the

fi values by the following well known formulas

1 1.1 _3
(2.3) B141*481%85 4 = F{f344~ T54)
and
2 2 2 6
(2.4) BLatiag ey Soplly =28t g da

with (2.1) and (2.2) respectively for the boundary values at
i=0and n.

To compute a bound on the error between s§ and fﬁ, we

define
(2.5) e = £; - 83,
l£(x)|| = max lf(x)!, Herﬂ = mix!eﬁg, and then prove the
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following theorem.

Theorem 1. If f € C° then

. S
(2.6) le'll < 1122
and 5

(2.7) I3l < 32| 4.

1

P 3
Proof, Subtracting fi+1+4fi+f

j-1 from both sides of (2.3),

using (2.5) with * = 1, and then Taylor's expansion we get

1 1

(2.8) b P i+

+hejvel o= = P8, -2 1) + (£ +4£142] 1),
2nt s
=75 T X5 1€ My € Xyuq0
where 1 = 1,2,...,n-1. Now due to (2.1) e} = e! = 0, and ir
we let e and f5 denote the vectors

(e},e;,...,e;_1)m and (fst1),...,f5gun_1))T respectively, then

(2.8) can be written as

4
1 . 2h° 25 5
—':rs'f or e f.

4
1 _ 2n% -1
-Ae -—'.rB'A

If B is a matrix such that (B)ij =1 if i = j+1 or i+1 = j

and zero otherwise, then

| ) ) 1
[V I TS 25:) IR 6 #=2:) il IR Izl- = =

<ttt
and therefore _
- : 4
le'll < G5 n* a7 1221 < 3 10

It has come to our attention thal an alternative proof of
2.6) is given in a book just published [10]. )

% B =



+4f2+f2

from both sides of (2.4) and use (2.5) with r = 2 and then

This proves (2.6). To prove (2.7) we subtract fi+1

use Taylor's theorem to get

2 2. .2 6
£2.9) ei+1+4ei+ei 4 = - -2( §oqm2L Ly 1)+f2

2
- FIRRLErae i

CHQ PO O PPN RS PO FEL S90P
i=1,2,e0eyn=-1,
Arguments similar to those used in proving (2.6) yeild
I¥1< »2 [ 3 4] < 302 4]
We will need the following.

Corollary 1. If £, have errors of 0(ht+1) and/or_fé

1

and f have errors of O(ht), then

“61” = O(hmin(4,t)).

Proof. In (2.8), an O(ht) term will result on the right
hand side due to these errors. Hence the minimum of t and 4 will
be the power of h in the overall resulting error order estimate.

Corollary 2., If f; have errors of O(ht+2) and/or fg

and fi have errors of O(ht), then
“ezn _ o(hmin(2,t)).
Proof. In (2.9) the right hand side will have an 0(n%)
term due to these errors and the minimum of 2 and t will be the
resulting power of'h in the overall error,

These two corollaries have two important consegquences.

Pirst, at the end points, instead of (2.1) and (2.2), 0(h%)

w0



and O(hz) approximations to the first and second derivatives
can be used. Therefore, we can use the following [5].

1

(2.102) £)- }75(-25f0+48f1-36f2+16f3-3f4)+ ante2,

1

= ] 1, 4.5
(2.10p) £ = 775(25fn-48fn_1+36fn_2-16fn_3+3fn_4)+ sh"f?,

(2.112) £3= Ly(2£,-52,+4%,- 3)+ nlet,

=4

' 2_ 1 4
(2.11b) f.= ;7(2fn-5f 4t =T _ 3)+ T? nlr

For later use we will also need the following formulas:

i3
(2.12a) fo= —) (352,=1041,+114L,~ -5625+112,)- 22 £,
12h
3
2 . Sh> 5
(2.12p) f£7= 12112(35f ~104f _,+114f 56fn_3+11fn_4)+ > £,

P ) : ‘ %.2.5
(2.13a) f:= Eﬂg( 5£,+18,=241,+141, 3:4)+ £,

3_ _1 >

.—L

2_ 1 _ 137 446
(2.14a) f5= — — 5 (45£,=1541 42145 -156f3+61f4 10f5)+ 755 0L
, n |
(2.14b) £2= - h2(45f -1541, _,+214f _,=156f 5+61f, ,-10f, )
+ %%%h4f6,

' 4_ 1 A g 19588
(2.15a) £ £¢(3f0-14f1+26f2-24f3+11f4 2f;)+ Zh£°,

- 17,2 .6

(2.15b) f£= i1(3fn—14fn¢1+26fnmg—24fna3+11fn_4—2fh_5)+ Xn2e

2.6
(2.15¢) £}= i4(2fou9f1+16f2-14f3+6f4-f5)+ 2n?15,
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4 w26
(2.15d) £ 4(2f ~OfH168) o-14f S46f  -f o)+ gh r

1

5
)=2hf
h4

(2.15¢e) f4 (£,-48,+6L,=41,+

g 4‘
and

(2.152) f£i= 4(f ~4T, ,+62, ,=4f, s+f ,)+2hf’,

The derivatives of f in the error terms of the above formulas
are evaluated at some point x in the interval defined by the
xi's corresponding to the extreme fi values used in that particular
formula.’
The second conseéequence of the éorollariés 1 and 2 is in
the use of spline on spline computation as follows:
Theorem 2. Let g dénote a cubic interpolating spline on
the sl values computed in (2.3), and\the first and second

derivatives of g at x, are computed from the formulas

s

1 1,1 _ 3.1
(2:46) Biaq * 481 * 81 = (854 - B1y)
with

1 _ .2 1 _

(2.57) S0 =1fp and g, = fi
and

2 5 B 6 1, 1
(2.18) §i+1+4§1 TR F ;?(Si+1 28; + S1-1)
with
(2.19) g3 =13 ama g2 = £,
then
(2.20)  |£2 - gl| =0(®?) ana £} - §§| = o@®).

Proof. From (2.,5) and (2.6) we have 31 = fl + O(h4)

- 4T o



and therefore from Corollary 1 and (2.16) we get the first

equation in (2.20). Similarly, (2.5), (2.7), Corollary 2 and

(2.18) lead to the second equation in (2.20). L
Thus we have seen that spline on spline computation

gives an additional power of h improvement in the order of

accuracy in the second and third derivatives. Rigorous theoretical

error bounds for spline on spline computations for any point

in the interval [0,1] will be published elsewhere [6]. 1t

should be noted that instead of (2.17) and (2.19) we can use

(2.12) and (2.13) respectively.

Now, we can replace fl, fi and fz in (1.4), (1.5) and
(1.6) by sl, 31 and 5? respectively. We recall that the sub-

script p had been dropped earlier, Therefore, in view of (2.6)

and (2.20) we get

2 3

(2-21) C‘Pi(y):yi-yi—‘l- %(fi+fi*1 )+ %(S 1 1) W(S +S 1)"‘0(}1 )9
2

(2.22) ¢ (¥)=y3-y;_1- 3(£3+5; 1)+ Fp(sl-s]_;)- 72‘0(?11‘51-1 )+0(x°),

' ~3h B 1 6
€2.23) & ;(¥)=y;31-273+75 4 —F (£1,4-Fi-9)% 77(55 4-8s; Lie] )+0(x0).

We recall that (2.23) requires the use of one equation
of the type (2.:21) or (2,22), mitce in (2,23), 1 = 1,2, eyl
' It is p0331b1e to use a quintic spline to improve the
accuracy in (2.21), (2.22) and (2.23) from 0(h6} to O(hT). Since
the formulas for the quintie spline. are not readily availabl
for equally spaced knots and the various derivatives of the spline,

we give a short derivation of some of the results that we will

« 10



use later on. Let us define the quintie polynomial in the

1% snterval [xi_1s %;] V¥

(2.24) s8(x)= £iw+f, w+ E((w w)M +(w -w)M1 1)

4
+ Brs( (3w2=10w>+Tw) By +(307- 10w +TW)E; ),

I

where 1 = 1,2500090y W = (x—xi_T)/h and W

1o verify that L 1/h = 1

—

w=1, when x = Xiy W= 1 and w = 0, As before, let sl denote
th

1-w, It is easy

» and when X = X;_ 49 W = 0 and

the r derivative of s(x) evaluated at X;+ Now, matching

the s1(xi) for the i’ and (i+1)th interval we have
2
(2.25) My q+4M;+M 66(7li+1416F +7F 1)+ —-2-(f1+1 =2f 4%, 1)

Similarly, matching 33(xi) for the same two intervals, we get

2

h \
(2.26) My 4=2M +M, = Z(F, ,+4F.+F. .].

i+

Subtracting (2.26) from (2.25) and dividing by six, we get
(2.27) M= n? (F, ,+8F.+ F, . )+ 1 (£, ,=2f.+F. .)
$ 17 T T2 10017 T30 2N I A

Substituting for M; ;, M; and M from (2.27) in (2.26) we

i 1%l
have on simplification
120

(2428) Wy 520K, yHO0RHE0T; ot Paug™ —a\ D88 o 001 0h
+fi_2)
It is easy to verify that
2 . 4 _
(2.29) sy =M; and s =F;
. 5 o th ; th . o
and these automatically match for the i and (i+1) intervals

- 13 -



at X5

In order to use (2.28) to compute F; from f,we prescribe

that ¥, = st = £t

_ <4 _ A4 P _4 _oh
0 F 8= = fh, F1 = By = f. and Fn_1-s =f

o’ n n 1 n=1 "n-1°
It can be shown by arguments similar to those used for the

cubic splines that for the quintic spline

(2.30) |sT - £F] = 0o(a®®), r = 1,2,3 and 4.
4

Now, since Fi = 8; we have

‘Fi - fi\ N O(hz):

so equation (2.15) can be used to compute f4, f?, fi and f§_1

without sacrificing the order estimate for the errors. The

. . L 2 . o2 el o e
use of (2.26) requires that My =8qg=1fy and M =8 =1

and (2.14) can be used to compute fg and fi.

Now from (2.24) routine computation gives

3
(2.31) s1-81_1 = BUH M, )= B(F 4Ry 4)
and
(2.32) Sg - 82_1 =%(Fi+Fi-1)'

Replacing the derivatives of f in (1.4) by the correspornding

spline derivatives and in view of (2.%0) we have

2 3 5
b3 (7)=y3-v;5_4- LRI %0(51"31-1)‘ %ﬁﬁ(si+si-1?+o(h7)'

which by using (2.31) and (2.32) becomes

3 N 5 Lad
L o h - ’ h \
(2.33) by (7)=y;=¥;_q= B(£5+8;_4 )+ g7l My )= So5(FysFy 4)s0(n').

It can be verified that even from (1.5) when we use (2.30),

o A4 =



(2.31) and (2.32) we get also the same equation as (2,33) !

_ Purthermore, replacing the second and fourth derivatives in
(1.12) by M; and F;, respectively, again gives (2.33) ! Thus
we have seen that in the case of quintic spline (1.4), (1.5)
and (1.12) all lead to the same formula (2.33). The third
equation (1.6), in view of (2.30), (2.31) and (2.32), after

routine simplification leads to
(2.34) b (F)aF,  -2F +T5_1— B(L; 1=Ls_1 )4 hg(v M;_4)
. WY g™ ™ TV N e T ™ e

n’ 7
- 775 F1497F34)+0(0 7).
It is interesting to not that the right hand side of (2.34)

can be obtained from (2.33) by subtracting ¢ ; from &, 4.

Instead of the quintic spline the fi values in (1.12) can be

computed by three applications of cubic splines as follows.

Use (2.3) to compute sl, then (2.16) to evaluate ﬁ} and then

(2.35) Siar + 4By + By g =H(8r0m 285 + 8 )
with f € 063

A2 _ L4 a2 _ o4
(2336) 89 = fp and s = £

to compute %g as the approximations to fi values, Now, in

.view of (2.20) and Corollary 2,
- a2 4
|8 - 27| = o(n),
and therefore 0(h) approximations can be used in (2.36) for

_ fg and fﬁ. From the above facts and (1.12) it follows that

"o - 6
(2.37) &, (¥)=y;-v_1= B(E+85 1)+ Brgi+si_q)- srp(8L8L 1)+0(x®).

= 46 =



In the following section, we describe a method for solving

the system (1.8) for y.

3. Solution of the Nonlinear Algebraic Equations,

Let
(3.12) S (y)

and

(3.1b) $ (y)

I

u(y) + Fgv(y) for (2.21), (2.22) and (2.23),

2
u(y) + %I v(¥) for (2.33); (2.34) and (2.57),

where

Y4-Vs 4= p(E4+E_4) for (2.21), (2.22), (2.33)
and (2.357),

(3.2)  u;(y)

_ ' 3h : .
= V34472Y3*V 3 1-F (£3,4-F5_¢) Tor (2.23),

= V3497293459 E(fl-n ;1) for (2.34),

and

(3.32) v4(y) = h(s}_—siq )= %(g}gl_ﬂ for (2.21),
(3.3b) = (s 1) 75(8 e 1-1) for (2.22),
(3.3¢) = (s 1 831+s 4) for (2.23),

(3.34) = h(M;+ M;_4)- m(v +F;_4) for (2.33),
(3.3e) =h(M; 4=M;_4)- m(?,+1 F;_4) for (2. 34),
(3.31) o h(gleg) )~ B B(52,82 ) for (2.37).

It is necessary to leave the first power of h in the leading

term of v,(y) so that it is of the sameorder as us(y). (1f

- 16 =



¥y and Yi.q are very close then the dominating part in ui(y)

has the first power of h).
An iterative method is used to solve the system (3.1).
It best described in the following algorithmic form.

Algorithm 1,

Given an initial approximation y(o) for y, do the following
ateps for k=0, 1; 2, ++s until

2.4) e ™)

< e for some prechosen tolerance €.

1. Compute z(k) by solving the linear system

(3.5) wl 38y () = g (5(K)y,
where ﬁ1 is the Jacobian of u with respect to y.

2. Update the value of y(k) as follows:
(3.6) y(k+1) - y(k) - z(k).

It is worth observing that the Jacobian u1

in (3.5);
which is computed from the value of u given by (3.2) has a
sparse structure because u1 is of order mn and, in view of
(1.1) and (3.2), it has only 0(m) elements per row. In many
problems ( e.g., flow networks [7]) every f; is a function of
only a few components of y and for such problems u1 has a
few elements per roﬁ. Various sparse matrix technigues can
be used in solving (3.5) [81.

The convergence of the segquence {y(k)} determined by

(3.5) and (3.6) is guaranteed by the following theorem
( [9], Theorem 12.6.4 ).

= JT =



Theorem 3. (Ortega and Rheinboldt).

Suppose @ : D C R™»R™® is F-differentiable on the

convex set DO C D and

le'@) - '@l < ¥ ly-2|l » v,z € 2,

Let (9 e D, be such that with &y, ;3 O

(0))”

lu'(y)-u'(y o)

< p vy

VyenD
'l < A( S+ 8, “y_y(o)”) 0

vhere AN = 10/h for (3.1a) and 24/}12 for (3.1b). Assume, moreover,
that u (y(o)) is nonsingular and
" [T O] <, WG < @ » and that Bf <1

and & =qapyn/(1- ﬂ)so)zé %, where ¢ =.max [1,. M;?' ] :

Set

gx = 1=(1-2 )% n . A 1+(1-2 9 /o )‘5 on
’ 1- pdo « 1- po

1P E(y(o),t*) C IDO, then the sequence {y(k)} defined by
y(k+1) = y(k).‘[u1(y(k))]-1‘b(y(k)), k=0y15254¢00

remains in S(y(o),t*) and converges to a solution y* of & (y) =

which is unique in DyN S(y(o),t‘**).

4, Computational Considerations.,

We will now give some estimates of the computational

= - = - 3 - - . Ao 2 1.
work involved in the determination of spline derivatives s,
. i?

1 2
Bir E10 Ty :

v(y) according to (3.3). We recall that in (3.3%c) one additional

M; and S¢. The derivatives are necessary when computing

equation of the type (3.3a) or (3.3b) is necessary to make
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it fully determined because i =1, 2, ,.. , n-1, Therefore, we
shall not consider (3.3c) as the work involved will be the same
as in (3.3a) or (3.3b). In order to make relative comparisons
of the computational work, we have considered the total number
of multiplicationé and divisions in various computations. It
must be kept in mind that this is only a rough measure of the
computational work; data transfers, additions, subtractions

and other overhead can often add substantially to the estimates.

In Table 1 we have given the approximate number of
multiplications and divisions required to compute the spline
derivatives., In constructing this table we have used the fact
that (2.3), (2.16), (2.18), (2.25) and (2.,35) all éntail the
solution of a tridiagonal system of linear equations, but in
(2.28) it is necessary to solve a pentadiagonal system. We
have assumed that the quantities h®/60, 3/h, 1/12h, 1/h%,
6/h2, 1/12h2, ‘I/Eh3 and 12O/h4 are computed only once at the
begining of the computer implmentation and are, therefore, not
included in Table 1.

In Table 2, we give the total number of operation couhts
for the spline derivatives used in (3.3). Note that for (3.3f)
.in this table, the value of sl is included because it is
necessary to computelgl.

It follows from Table 2 that (3.3f) is a poor choice
for computing v(y) since (3.3a), (3.3b) and (3.3f) all have
0(h6) accuracy. On the other hand, the accuracy acheived by
(3.3d) or (3.%e) is 0(h7} and, therefore, in many cases, the

additional work is justified. For example, when n = 10,

) . =19 -



(23n-32)/8n = 2.48 and this increase in work will lead to an

improvement in accuracy by an additional decimal digit.

. 1 1 2 ' [a2
Spline derivative 83 85 85 Fi Mi s
Equation used (2.3) [(2.16)|(2.18)[(2.28) |(2.25) |(2.35)
Numerical derivative
at the end points 12 12 12 26 14 8
Equation used (2.10) [(2.12)](2.13) (2.1§ (2,14) {{2,15e,%)
: a-d

Right hand side n-1 n-1 n-1 4n-12 |6n-6 n-1
Solution of band
type equations:

Forward course 2n-8 |2n-8 |2n-8 |8n-36 |[2n-8 [2n-8

Back substitution | n-3 n=-3 n=3 2n=7 |n=3 n-3%
Total 4n 4n 4n 14n-29|9n-3 4n-4

Table 1, Number of multiplications and divisions necessary
to compute the derivatives of splines from the
function values,
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Equation

Derivatives needed

Total number of operations

(3.3a) Sy gl 8n
(3.3b) si, 8% &n
(3.%%232§ Fyo My 23n - 32
(3.3£) 31;_ By RS 12n - 4

mable 2. Spline derivatives used in computing v(y) according

%o (3.5).

8. Acknowledgements.

The continued interest and support of Dr., J. L. Stephenson

is greatfully acknowledged. The author is also indebted to

Prof. V. Dolezal, Mr. R. Mejia, Prof. R. Kellogg, Mr. C. Song

and D. Salane fecr their valuable advice and critical commentis.

= B



1,

3

4.

5.

Te

10.

F,

H.

REFERENCES

B, Hildebrand, Introduction to Numerical Analysis,
Second Ed., McGraw-Hill, New York (1974).

Lentini and V. Pereyra, A variable order finite diff-
erence method for nonlinear multipoint boundary value
problems, Math. Comp. 28(1974), pp.931-1003.

B. Keller, Numerical solution of boundary value problems
for ordinary differential equations: survey and some
recent results of difference methods in Numerical
Solution of Boundary Value Problems for Ordinary
Differential Equations, A. K. Aziz (Ed.),Academic
Press, New York (1975), pp.27-88.

"H. Ahlberg, E. N, Wilson, and J. H., Walsh, The Theory

of Splines and their Applications, Academic Press,
New York (1967).

Kopal, Numerical Analysis, Second Ed.,John Wiley, New
YOI‘k (1961)’ pP.555-557.

Dolezal and R. P. Tewarson, Error bounds for spline on
spline computations, submitted for publication (1979).

P. Tewarson, J. L. Stephenson, A. Kydes and R. Mejia,
Use of sparse matrix techniques in the numerical
solution of differential equations for renal counter-
flow systems, Comp.and Biomed. Res. 9(1976), pp.507-520.

P. Tewarson, Sparse Matrices, Academic Press, New York,
(1973).

M, Ortega and W. C. Rheinboldt, Iterative Solution of
Nonlinear Equations in Several Variables, Academic
Press, New York (1970), p.425.

deBoor, A Practical Guide to Splines, Springer Verlag,
New York (1978), p. T1.

w8



