
,f

.\ Sparse r.' atnx }1c,thorl foe Rcn:-t1 r'fu~f~t$

A Bf, flL\ CT

f.. ~pars~ PI"ltdx m~thod for ':oe ,.umeri":>ll solut]an ()f nO!"L~..lnea!:' differen':l.ll

equat:()l)C, flriS.it1\; .in mo\-1e:1.n~; nf th(~ renai con'cf'~J~,'r;jt'!.ng f'10.ellanisrn h; gil'en. ThE.

method ::'dvn1.'/cs a syn: lH'.:>tric pen.! utatL"l of tht:' vr...ia'-lles and cquflttcn'3 sucb t:,?t

til'~ OCCUC2ncc m dt:OX bap, a :)lock bidie,SoTlr.l stCl1~tll1eand the blocks a:1ove :'.".:1

be'!0t'T ti1(~ mail' dirtgorl<:~ have .3 knoVlh sparse strncture. The methvc ij taster .f111d..

for f:1on> tl1a~1 fift"en nodes per tube. requJres 1255 si.o""age than the presen:: "1et~vl1<;.

1. Mli.IN kESDL't'S

The s::''''e and co m pl'2xity of realistic models of i'enal concentretlng ;';}echflnl.sm

mAke it necessary to use special algorithms for the n',l'nerjcal se,hJtion of difj-."rer.ti8!

equations describing these models. Model connectivi':yis used il1 tht::,s,> rtl~y':.','thms to

decrcasp tl1(o storage. run tim e Rnd truncation el."rJrs r 1-71. T:1e stl."t'ctl1~-C v,: T~he-

Jacobi8.~ for the model pro~lem [1.5.7] is shown in Fig. I. \<'iHrE~ eac'1 '*

represents a 3x3 block (volum e flow. salt & urea) and the x ~-ange.1.~ dividEd ~ ,'to

ten equal parts (N = 10). Thus the matrix is of order l3N. It ~s c',':hknt :(O!l :::'8

figure that the Jacobian matrixis block bidiagonal except for tl:e: last 3N+3 1'0 TNS

awl ('olu rn flS. ':'herefore. the solutions of the first l5N-3 2q~1,.tion8 and vari1.b1es is

rehti\2J.) e'i;Yin terms of the last 3N+3 'lariables- The E1ett:o~s descl'ibed i'!1 [1-7]

f11ake use of tl)is fact to solve the whole problem ~s a function 0;: f'11e last 3N+3

V Rd!'!bles. This requires the com putation ()f the sm al1 3 N+3 Jacobian eltter by the

repeated solution of the first lSN-3 equations [4. 6] ('t. the use of Gaussian

elim ination on the whole Jacobian generi3ted in sm ~n illteractillg parts [5t 6]. This

in turn le;tus to methods \oJhich we wHIt resp(>cl~i'lely, cC'll ;.f1 and ML..

In Fig. 2 we have sho wn a perm uted ~orm of the JacobjcLl of Fig. 1. It- WdS

obtained by renum bering the v8nablesand eqllalions in each tubc- down. th~ ill edulla.

The)) istal Nephron ,vas div icled Jutn two equal parts and in ea.ch pact the nu m bedng

W<1::; d0l\C' st3rU,ng frc:n their 1"'i:~Spl'ctrve junctl'>,-,s \,d.th t11[' AS(,J~i1dtng lLn:es T.i :,1b

(1)
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and the Collecting Duct. In Fig. 2, the non-zero elem ents in the super-diagonal

blocks are due to the tube whose flow direction is reverse to th;:tof our num bering.

Uniform chop size was used in all the tub~s - this makes each part of the Distal

Nephron of length 0.5. The three nonzero columns in the firstN/2 - 1 super-diagonal

blocks are due to the Ascending Henles Limb, Ascending Vasa Recta and the part of

Distal Nephron flowing against the num bering. The rest of the super-diagonal blocks

have two non-zero columns since only half of the Distal Nephron is flowing against

the nu m bering.

Let the blocks in Fig.2 be called Aij' Clearly Aij= 0, li-jl > 1. At each

Newton step, the system of equations having the coefficient matrix of Fig. 2 and B

as the right hand side are solved as follows:

Algorithm W3

Generate the right hand side B. Let Bi be the part of B that corresponds to Aii'

Generate A 11' For i = 1,2. , N-l do steps 1 to 3.

1. Generate and store the non-zero columns of Ai i+l',

2. Perform the Gaussian elimination on the augmented matrix (Ai1,A1,i+1,Bi)

to transform Ai1 to the identity matrix 1. Sa'le the updated Ai,1+1'

3. Generate Ai+l,1+1 on top of I and the non-zero elements of Ai+1,1'
then set

Perform

Ai+1 1+1 = Ai+l,i+l - Ai+l,i.Ai,i+l,

Bi+1 = Bi+l - Ai+l,i.Bi

Gaussian e11m inAtion on (ANN' IN) to trAnsform ANN to 1. Back-solve for

super-diagonal bloc ks:

B. 1 = B. 1~-l-
The solution is no\<' in B.

A4 1 ..B. i = N N-1 2
,l l' , , , .

1. CO MPUT A TIO N AI. RESULTS

A.lgorithm M3 was programmed for UNIVAC 1100 computer in FORTRAN and

used on the model problem [1,5,7]. The Trapezoidal(TR) and Simpsons Rule (SR)

[81 i.l1?le'TIcnt.'ilions were run for N =' 10.20,/-10,80 and 1G0.1n each ca,~(', tne

(It)



Table I

N Seg m ents

TntE'gration Schem e

40

SR

40

TR

80

SR

80

TR

160

SR

160

TR

6614

MS

Order of 3.9(-7) 6.3(-4) 2.4(-8) 1.6(-4 ) 1.5(-9) 3.9(-5) 1.0(-15)

Truncation En-or

Model Problem with Jum p Discontinuity

DHL v(l) .3642397(+0) .3641254(+0) .3642428(+0) .3642131(+0) .3642430(+0) .3642355(+0) . 36l}2430 (+0)

D fit Cs (1) .2745445(+1) .2746306(+1) .2745422(+1) .2745646(+1) .2745420(+1) .2745476(+1) .745420(+1)

OBL Gel(1) .1372722(+1) .1373153(+1) .1372711 (+1) .1372823(+1) .1372710(+1) .1372738(+1) .1372710(+1)

A V Ro. v(O) -.5670590(+1) -.5670710(+1) -.5670587(+1) -.5670618(+1) -.5670587(+1) -.5670594(+1) -.5570587(+1)

f.V R Cs (0) .1049184(+1) .1049165(+1) .1049184(+1) .1049180(+1) .1049184 (+1) .1049183(+1) .1049184(+1)

1\ IJ R. Cu (0) .4639605(-1) .4639582(-1) .4639606(-1) .4639600(-1) .4639606(-1) .4639604(-1) .4639606(-1)

C;) v(l) .1280192(-1) .1279552(-1) .1280208(-1) .1280063(-1) .1280209(-1) .1280173(-1) .1280209(-1)

CD Cs (1) .3000898 (-3) .2788139 (-3) .3000759(-3) .2946770(-3) .3000758(-3) .2987224(-3) .3000758(-3)

C;) Cu (1) .2882929(+1) .2884037(+1) .2882901(+1) .2883142(+1) .2882899 (+1) .2882960(+1) .2882899(+1)



Table 11

N :~(:gments 40

SR

40

TRTnt:cgration Schem e

Ord:>r of 3.9(-7) 6.3(-4) 2.4(-8)

Tru!1;'i-ition Error

80

SR

5071

~!S

1.0(-15 )

Model Problem ~"ith Ram p

80 160 160
"

SR TR1 je'.

1.6(-4) 1.5(--9) 3.9(-5)

DEL v(l) .4283244(+0) .4275207(+0) .4283376(+0) .4281342(+0) .4283386(+0) .4282876(+0) .4283387 (-+{)

!')f:r, Cs(l) .233!f679(+l) .2339068(+1) .2334607(+1) .2335716(+1) .2334602 (+1) .2334880(+1) .23J4601(+1)

DEL Cu(l) .1167340(+0) .1169534(+0) .1167304(+0) .1167858 (+0) .1167301(+0) .1167 440( +0) .1167301(+0)

AVP. v(O) -.5605556(+1) -.5606309(+1) -.5605543(+1) -.5605733(+1) -.5605542(+1) -.5605590(+1) -.5605542(+1)

AVR Cs(O) .1043763(+1) .1043814 (+1) .1043765(+1) .1043777(+1) .1043765(+1) .1043768(;-1) .1043763 (+:)

f\ If ? Cu(O) .4673648(-1) .4673640(-1) .4673651(-1) .4673650(-1) .4673652(") .4673651(-.1) .4673t5(-1)

CD v(l) .1579934(--1) .1573760(-1) .1580013(-1) .1578/f43(-1) .1580019(-1 .1579625(-'1) .1580020(-1)

CD Ci:P) .4667617 (-1) .4403120(-1) .4669398(-1) .4601938(-1) .4669326(-) .4652:73(-1) .4669535(-1)

CD CuO) .2406177(+1) .2413412(+1) .2L.06084(+1) .2407921(-rl) .2406077(+1) .2406538(+1) .L.06077 (+1)


