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I n t r o d u c t i o n  

I n  r e c e n t  g e a r s  a  c o n s i d e r a b l e  i n t e r e s t  h a s  been mani fes ted  

i n  magne tohydrodynamic (MHD) l u b r i c a t i o n  8  Most of t h e  

work r e p o r t e d  t o  d a t e  i n  t h e  l i t e r a t u r e  b a s  been a n a l y t i c a l  a l -  

though t h e  a u t h o r  i s  aware of a t  l e a s t  one e x p e r i m e n t a l  i n v e s t i -  

g a t i o n  c u r r e n t l y  be ing conducted i n  MI-ID l u b r i c a t i o n  c9]. The 

a n a l y t i c a l  sTud ies  have s e r v e d  t o  d e m o n s t r a t e  t h e  p o s s i b i l i t y  of 

i n c r e a s i n g  t h e  l o a d  c a p a c i t y  of l i q u i d  m e t a l  l u b r i c a n t s  by means 

of a n  a p p l i e d  magnet ic  f i e l d .  

A l l  of t h e  a n a l y s e s  t o  d a t e  have c o n s i d e r e d  o n l y  t h e  equa- 

t i o n  of mot ion  and t h e  continuity e q u a t i o n .  I f  t h e  assumption 

of c o n s t a n t  thermophysiea l  p r o p e r t i e s  i s  made, t h e s e  two equa- 

t i o n s  s u f f i c e  t o  de te rmine  t h e  p r e s s u r e  d i s t r i b u t i o n  and t h e r e -  

f o r e  t h e  l o a d  c a p a c i t y  of t h e  b e a r i n g .  In t h e  p r e s e n t  p a p e r ,  

t h e  energy  e q u a t i o n  i s  u t i l i z e d  t o  d e t e r m i n e  t h e  t empera tu re  r i s e  

of t h e  l u b r i c a n t  i n  f lowing  th rough  a s l i d e r  b e a r i n g ,  I n  s p i t e  

of t h e  f a c t  t h a t  l i q u i d  m e t a l s  have l a r g e  thernia l  c o n d u c t i v i t i e s  

which would r e s u l t  i n  r a p i d  c o n d u c t i o n  of t h e  energy a r i s i n g  

from l o c a l  d i s s i p a t i o n ,  the  p r e s e n c e  of e l e c t r i c  c u r r e n t s  i n  t h e  

l u b r i c a n t  means t h a t  t h e  s t r e n g t h  of t h e  l o c a l  d i s s i p a t i o n  f u n c -  

t i o n  may become q u i t e  l a r g e  under  c e r t a i n  o p e r a t i n g  c o n d i t i o n s ,  

The p r e s e n t  a n a l y s i s  must be viewed a s  a p r e l i m i n a r y  i n v e s t i -  

g a t i o n  of t h e  l u b r i c a n t  t empera tu re  r i s e  i n  MHD l u b r i c a t i o n  be- 

cause a  number of s i m p l i f y i n g  assumpt ions  have  been i n t r o d u c e d  ' 

1 Numbers i n  b r a c k e t s  d e s i g n a t e  R e f e r e n c e s  a t  end  of p a p e r ,  



t o  render t h e  problem t r a c t a b l e  a n a l y t i c a l l y  ( w i t h o u t  t h e  use of 

a computer) and a t  t h e  same time preserve t h e  essential p h y s i c a l  

aspec ts  of the problem. The analysis suggests t h a t  t he  i n f l u -  

ence of t h e  applied e l e c t r i c  and magnetic f i e l d s  on t h e  l u b r i c a n t  

temperature  r i s e  will be significant i n  a l l  cases f o r  w h i c h  

s i gn i f i c an t  increases i n  l o a d  c a p a c i t y  due  t o  t h e  a p p l i e d  f i c l d s  

a r e  obtained. T h i s  i n  t u r n  suggests t h a t  a more a c c u r a t e  a n a l y -  

s is  will r equ i re  t h e  inclusion of t h e  e f f e c t  of viscosity v a r i a - I  

t i o n  w i t h  temperature  i n s t e a d  of a c o n s t a n t  mean v i s c o s i t y  a s  

used i n  t h e  present analysis. 



The Analysis  

The l i n e a r  s l i d e r  bear ing w i l l  be  cons ide red  i n  the  p re sen t  

a n a l y s i s  and the  geometry is shown i n  f i g u r e  1, The wal l s  a r e  

assumed t o  be e l e c t r i c a l  i n s u l a t o r s .  The i n f l u e n c e  of f i n i t e  

e l e c t r i c a l  conduc t iv i ty  of the  w a l l s  on bII-ID l u b r i c a t i o n  h a s  been 

considered i n  r e f e rence  [27.  The tberrnophysical  p r o p e r t i e s  of 

the  f l u i d  a r e  assumed cons t an t  s o  t h a t  t h e  e q u a t i o n  of motion 

and the  energy equa t ion  a r e  un.coupled, T h i s  asstamption impl ies  

t h a t  a mean value of v i s c o s i t y  is used based on a temperature 

between t h e  i n l e t  and e x i t  temperatures ,  Tlze app rop r i a t e  temp- 

e r a t u r e  t o  use can be determined only a f t e r  a more exac t  ana lys i s  

i s  performed which cons iders  v a r i a b l e  v i s c o s i t y .  The bearing i s  

considered t o  be i n f i n i t e  i n  t h e  z - d i r e c t i o n  and a uni form mag- 

n e t i c  f i e l d  is a p p l i e d  i n  the  y -d i r ec t ion .  

The equa t ion  of motion has been d i s c u s s e d  i n  r e f e rence  Ll] 

and may be w r i t t e n  a s  

d ?  a' 
- d T  +/M. a y ~  - T B ,  (E, + u & ) =  0 

It  is shown i n  r e f e rence  [I] t h a t  t he  e l e c t r i c  f i e l d  8 i s  con- 
Z 

s t a n t  f o r  the  p r e s e n t  con f igu ra t ion .  It is convenient  t o  de- 

f i n e  the  fol fowing dimensionless parameters ,  

In terms of the  dimensionless  parameters ,  t h e  equa t ion  of 

motion i s  



w h e r e  

Equat ion (3) i s  i n t e g r a t e d  a c r o s s  t h e  f i l m ,  n e g l e c t i n g  t h e  

p r e s s u r e  v a r i a t i o n  i n  the  t r a n s  f i l m  d i r e c t i o n ,  s u b j e c t  t o  t h e  

boundary c o n d i t i o n s  ( 5 = o )  z ) and Y ( f = ? ) =  O . 
The r e s u l t  may be ~ v r i t t e n  

The d e t a i l s  of app ly ing  t h e  c o n t i n u i t y  e q u a t i o n  t o  d e t e r -  

mine the  p r e s s u r e  d i s t r i b u t i o n  a r e  c o n t a i n e d  i n  r e f e r e n c e  (2) 

and on ly  the r e s u l t s  a r e  summarized here ,  The mass f low r a t e  

i s  given b y  

S u b s t i t u t i n g  f o r  from Equat ion (4)  i n t o  Equa t i on  ( 5 )  and 

i n t e g r a t i n g  t h e  p r e s s u r e  g r a d i e n t  w i t h  t h e  boundary c o n d i t i o n s  



h(?=l) = ?& , ( 2  = ) = gives t he  f o l l o w -  

ing results which are required l a t e r  in solving t h e  energy 

equation. 

where r n  m*L- - 
pv w, 

The i n t e g r a l s  1, ( t )  and  I,(?) must be e v a l u a t e d  numerically. 
I 

8 The energy equation including viscous dissipatjon and J o u l e  

k 1 ' heating is 



I n  dimensionless  form, Equation (8) may be w r i t t e n  

where 

Equation ( 9 )  is  uncoupled from the  e q u a t i o n  of rnotiion through 

the  assumption of cons t an t  thcrmophysical  p r o p e r t i e s .  Tbe terms 

involving f can be e v a l u a t e d  from S q u a t i o n s  (4), ( G ) ,  and (7') 

s o  t h a t  i n  p r i n c i p a l ,  Equa t ion  (9 )  can  be s s l ~ c d  s u b j e c t  t o  

s p e c i f i e d  boundary condi t ions .  Even though t h e  e q u a t i o n  i s  

l i n e a r ,  i t  i s  a complke;: equa t ion  and a n  e x a c t  so lwt ion  wotllcl be 

e:rtremely d i f f i c u l t  t o  o b t a i n  wi thout  t h e  a i d  of a computer, 

An approximate s o l u t i o n  caa  be r e a d i l y  ob t a ined  if certain 

assumptions a r e  made a s  fol lows.  

A Rayleigh type  of appro:rimation w5ll be used f o r  rhe  eon- 

vec t ive  term, T h i s  means t h a t  t h e  exact v e l o c i t y  expression i s  

rep laced  by the  average v e l o c i t y  ac ross  t h e  film d e f i n e d  a s  



A R a y l e i g h  approximation i s  more v a l i d  f o r  an biHD fl.otu t!zan fox  

a f low i n  the  absence of a magnetic f i e l d  because  t h e  ef f e e t  of 

the  magnetic f i e l d  i s  Lo d i s t o r t  the othersvise p a r a b o l i c  p r o f i l e  

i n t o  a f l a t t e r  p r o f i l e .  The approx imat ion  beconies more exac t  

a s  t h e  magnetic f i e fd  s t r e n g t h  increases, ale o t h e r  assumpt ion 

t o  be introduced i s  t o  replace t h e  d i s s i p a t i o n  terms by the  

average d i s s i p a t i o n  across  the f i l m ,  The average d i s s i p a  k i o n  is 

defined a s  

and can b e  e v a l u a t e d  from Bqmations (4.1, [ 0 ) ,  and (31, The app rox i -  

mate energy equat ion then becomes 

where t h e  transformation 2* z a 
h a s  been 

j !A/, -wa 
used w i t h  W = L 

If a s o l u t i o n  t o  Equation (12)  i s  assumed of the form 

s u b s t i t u t i o n  of Equation (13) i n t o  (12) shows t h a t  t h e  f u n c t i o n s  

@*(r,j) and F13) s a t i s f y  the equat ions  



A solution to Equation (i4) can be obtained by means 0% a n  

integrating factor with the result 

* 

a =  ? W' 
where is t h e  integrating f a c t o r  and 

C, and CL are  constants to be determined by t h e  boundary 

A solution to Bguation (15) may be o b t a i n e d  by as suming  a 

product solution of t h e  form ~ ' ( 3 , ) )  = N (3) z(f)  w i t h  t h e  

r e s u l t  

where Nn (3) satisfies the equa t i on  

The constants C, , D,, , and 1, are  to be determined from 

the boundary conditions, 



A number of poss ib l e  boundary conditions eauld  be a p p l i e d  

including various combinations of isotherma2-, a d i a b a t i c ,  and 

constant heat flux conditions at t h e  two s u r f a c e s ,  Th2 extreme 

ease of maximum temperature rise of t h e  lubricant would o c c u r  

if both surfaces are adiabatic, The assumption of' adiabatic 

surfaces will thus be made i n  the present a n a l y s i s ,  The mathe-. 

matical condition of adiabatic surfaces is 

2 0 at f r o  a n d  5' 3 

Applying Equation ( 6 9 )  t o  Equations (13) and (1'7) gives 

and thus the temperature distribution becomes 

The constants D, would be determined from a specification of 

t h e  temperature d i s t r i b u t i o n  a t  the inlet, O 

The mean temperature across the f i l m  ,tvornld be o b t a i n e d  by 

integrating Equation (20) across the f i l m .  If &(a) )is the  

mean film temperature, we may write 



since the  i n t e g r a t i o n  of t h e  cosine terms between 2 = 0 and  

f = 3 vanishes .  The change o f  mean f i l m  t e n ~ p e r a t u r e  t h u s  

depends on ly  on F(3) which  i s  given b y  Bquaatiion (16). Elere 

are s t i l l  two undetermined cons tan t s  i n  3 q u ~ x t i o n  <10), however, 

These cons tants  a r e  determined by  the cond i t ions  

The f i r s t  c o n d i t i o n  gives = 0 a n d  t h e  second CLz b0  

w i t h  the f i n a l  result 

The o v e r a l l  mean tcmpcraturc r i s e  f rom i n l e t  t o  o u t l e t  then  

be comes 

with 



It  i s  c l e a r  t h a t  t he  i n t e g r a l s  of >quat ion (24) woul6 have Oo be 

evaluated numerical ly ,  

I n  r e f e rence  LIO], the  e f f e c t  of a x i a l  conduc t ion  on t h e  

hea t  t r a n s f e r  i n  the  en t rance  r eg ions  of p a r a l l e l  p l a t e s  and 

tubes i s  i n v e s t i g a t e d .  The r a t i o  of the  a x i a l  convection t o  

a x i a l  conduction i s  given by the  P e c l e t  number, i)e = Re P p  

It is found i n  t h a t  r e f e rence  t h a t  f o r  Pf! 100 , t h e  e f f e c t  

of a x i a l  conduction on t h e  temperature p r o f i l e  i s  complete ly  

n e g l i g i b l e .  There i s  only a s l i g h t  e f f e c t  of a  f e w  percent f o r  

PC a s  low a s  10  and the  e f f e c t  of z x i a l  conduc t ion  becomes 

s i g n i f i c a n t  only  f o r  4, 1 0 . It i s  of i n t e r e s t  t o  i n v e s t i -  

ga te  a t y p i c a l  magnitude of Pe f o r  s l i q u i d  m e t a l  l u b r i c a n t .  
- 3 

Considering mercury and the  ope ra t ing  cond i t i ons  0 2  1 b ; 11, 

V = S O  f t / s e c .  g ives  3 e =  4L . ?"he e f f e c t  of a x g a l  

conduction should be neg l ig5blc  under these  c o n d i t i o n s ,  It 

should b e  emphasized, however, t h a t  r e a l i s t i c  o p e r a t i n g  ranges  of 

a MHD b e a r i n s  a r e  poss ib l e  f o r  which ?= could be mncb sma l l e r  

than t h e  above va lue  and thus  t h e  axgal. conduct ion would be 

s i g n i f i c a n t ,  

The mean f i l m  temperature i s  s t i l l  given by Bquat ion  (21) 

w i t h  a x i a l  conduction neglected i f  t he  f u n c t i o n  F(I) i s  

understood t o  be t h e  s o l u t i o n  of Equation (14) w i t h  a x i a l  eon- 

duction neg lec t ed ,  i .e.  t h e  cond i t i on  f '- - 6 Tbc ex- 

p re s s ion  f o r  overall.  f i l m  temperature r i s e  analogous t o  



Equation (24) bu t  w i t h  a x i a l  conduct ion neg lec ted  can be w r i t t e n  

w i t h  $ ( p )  clef ined a s  before. 

A measure of t h e  e f f e c t  of t he  e l e c t r i c  and magnetic f i e l d s  

on the  temperature  r i s e  of t h e  f i l m  can be ob ta ined  from t h e  

e s p r e s s i o n  analogous t o  Equation (25) f o r  t h e  case  of z e r o  

e l e c t r i c  and magnetic f i e l d s ,  A c losed  form s o l u t i o n  can be  

e a s i l y  ob t a ined  i n  t h e  absence of a magnetic f i e l d ,  Denot ing  

t h i s  s o l u t i o n  by the  s u b s c r i p t  Ms 0 , t h e  r e s u l t  i s  

(neg l ec t i ng  a x i a l  conduction) 

IFf;! 
i . l a ,  1. i 

I I 
i . 

The r a t i o  of Equa t ions  (25) and (26) can be taken a s  a measure 

of the  e f f e c t  of t h e  magnetic f i e l d  on t h e  mean t e m p e x a t ~ ~ r e  r i s e  

of the  l u b r i c a n t .  Denoting t h i s  q u a n t i t y  by qT g i v e s  

The q u a n t i t y  i s  t h e  r a t i o  of t h e  mean temperature r i s e  of t h e  

l u b r i c a n t  i n  the  presence of the  magnet ic  f i e l d  t o  t h e  mean 



temperature r i s e  i n  the absence of the  magnetic f i c . l . d ,  : ! , - lf .~. . '  

b a t i c  su r faces  a r e  assumed i n  both cases  and  t h e  v n l u e n  of 

and a r e  the same f o r  both cases. 

A p l o t  of the  r a t i o  of te rnpera t~~xe  r i se  w i t h  t h e  rne ;b~ :e t i t  

f i e l d  t o  the corresponding q u a n t i t y  r.sit!?out Lt'lc?: m a p e  t i c  f iel-d, 

as given by E q u a t i o n  (27), is shorm in Figtlre 2 ,  The tenlpzrn;. 

tu re  r i s e  r a t i o  i s  p l o t t e d  aga ins t  f o r  three V E ~ ~ U P ~  of' bi. 

It i s  shown i n  references  [ 5 ]  ant! [ 2 3  t h a t  f a v o r a b l e  conclltions 

of bEID p r e s s u r i z a t i o n  occur f o r  neg8tia.e 9 v s l ~ e s  and thras only 

negative values of @ are used in  F i g u r e  2 ,  11: i s  see%., & h a t  f o r  

la rge  negat ive values of 9 and l a r g e  %clues of id, t h e  tempera- 

tu re  rise w i t h  tlae magnetic f i e l d  can be o r d e r s  sf  ~ t * c a g ~ ~ i .  

tude l a r g e r  t h a n  t h e  temperature rise i n  61% absence  e f  the 

n e t i c  f i e l d .  The r e s u l t s  a l s o  i n d i c a t e  t h a t  t h e  increase  i n  

Joule hea t ing  i n  t h e  film more than  o f f s e t s  t h e  rlecreasc i r ~  

viscous hea t i ng  i n  t h e  centra l  p a r t  of -the film due t o  t h e  

f l a t t e n i n g  of t h e  velocity p r o f i l e  by t h e  msgnetic f i .el .d,  

The above a n a l y s i s  suggests  t h a t  the therri~aY. aspec?:s s f  

hWD l u b r i c a t i o n  wi3.f always be significant i n  the 2:angc of elec- .  

t r i c  and magnetic f i e l d  s t r eng ths  f o r  which f a w o r a b l e  14HEI 

pressur i za t ion  can occur. The actusrl temperature r ise  of t h e  

l u b r i c a n t  a s  given by Equation ( 2 5 )  v ~ o u l d  be reduced b 7  alllotving 

heat t r a n s f e r  a t  the  two sur faces ,  Several p o s s i b l e  a r e a s  f o r  

f u r t h e r  i n v e s t i g a t i o n  a r e  sugges ted  such a s  t h e  inf luence of 



thermal boundary cond5tions on t h e  f i l m  t e m p e r a t u r e  d i s t r i b u -  

t i o n ,  the  r e l a t i v e  importance of viscous heat ing and Joule  h e a e -  

i n g ,  the i n f l u e n c e  of var iable  thermophysiea l  proper t i c s  on the  

h e a t  t r a n s f e r ,  and exact  a n a l y s e s  i n s t e a d  of t h e  approximate 

t reatment  of t h e  p resen t  pager, Some of these problem3 ~ : ~ o u l d  

undoubtedly  r e q u i r e  t h e  use of a computer  and f u r t i l e r  work a l o n g  

t h e  l i n e s  s u g g e s t e d  above  i s  c o n t e m p l a t e d  by t h e  a u t h o r ,  




