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D. V. Tharn}:'Tra:n

'rhe "aair~ object of' t"lic nc.;-:c;Y.'is to };J:'OVC t'<1at a

bitopolo~icel spnC9 is connletelu re9l1er iff it is ~o~eomorr~ic

to a SnOST\i1Ceof a 1)~("orlllct of nl1.8.sinetric 8';)80e8. hiJ.e I)yoving

t-nis ~8.in !'efml t it b23 ;~J so oepl' ",roved t~'1C't a quasi,:C'tric

ST)~lCe is c0:11ylpteJ.;,r 1"0;"l1.1:0"" 8.nc1 t'ie "!Toduct of:' co'!'})l et'31y

TPgulr:.Y' 11i to"lolorric:~l S )(-;lC",S is c:o""";J.e-::cl:r re-'3'.)l(~J:'.

It is not difficult to deduce fro~ the main result that

a cuasi'cmifo:..~T1spac e is conpletely :ro;;n18T.

Kel1:;r (1) has "!Y:'~ovr:d sevp.r;.l 1'88111 ts on "hi tOto1oEi.cal
'0.

spsces. But our ter~inolo~.-y is di:ffeTe:n-G ;-mel in our ter1inology,

i;l'!e rerm.l ts for oi to]lolog:1.C2J. spaces C2.TIoe expressed in the

S8.:1e ,.;P.y!:\.s j:or tOI\ 01 0 '~i C?], s:,)8.Ce s .
'e have also pToved to.at a subsp9.ce of 2 r8i;'J..l"'T

bi topo1o{:,ical s:,ace is reQ'lar a:n.(l th[;t t~€., In'od.1-'..c.:,:;of :r:egulaT

bi to-:,oJ. o=:::ical sprc'S>s is reg111 ar.

For topological S~iaces ~ve folIo'" t.'8 tCY'lfoinology of

Ke'lley (2).

I
Definition 1. Let n be a set and 9j ,.:1 t.70 topoloe;ies

I
for E. rnw ordered. tri'i)le (IA,~,':J) is saio. to be a oito-:)ologicn.l

space.. .Iewill s(~y' j.s t1'le left topology, U:,~) is the left
I I

topolocical ST)8.ce, "j is tl,le right topo1or;y and (I,I,:1 ) is the
I

rig-ht topological S"l8.ce of t1:1e 'hi tOJ'olo~~icp~ space (h:,:1, 'J ).



(hon t'he::r'e is 1'0 ris\. of conf'usion "8 vlill denote

tbis bitopolof,ical Sf' R,C:e
, .
011 ].'.oj Ca:r e cL = ,,1- A for ~Lc: rl.

Defini ti..on 2. )\. f-mction d 0'1. t~e cartesi~n -ororlllct

of TJ "it:l its~lf to t",e Eonnegative reals is f08.ir) to 1)3 a

aU2siT'1et'~ic for t'-1e set C i -f'f (l is sl1ch that for all points

x, y, z of l\1

We will say (;,~,d) is a quasiInetric space.

Let ~ be the f9Dily of all subsets T of ~ such that

x Eo T irlplies {y: d(y,x) < r} C T for some r > O. 'r:1en

J is 8- topology for II.

that x
I

'J is al so a tODology for J';0

I
Defini tion 3. ,'1ewill call , the 1 eft topology, ')

the ris1lt topology and Cj, d, "J , ''J I ) tDe bi tOl)ologic31 sp2.ce

of the ~uasiBet~ic d.

I

':1e will usually flenote the bitopological sp8.ce c..~ £1, 'J , ") )

by (I.I,d) and also call it a guasirnetric space.

For t11e rep.l s, 0 r-::f:'ine a qU8.si!'1etric m 8.S follo' S:

m( x ,y) = y - x for all I' e 2.1 x, Y.
Definition 4.:1e will call ill the usual qUFsimetric for

the reals and the bi topological spa.ce of m the usu2.1 bi topolocical

(' " 0(x v) - n if' - v and1, ,.; - " .L... _ ''''

(ii) d(x,YJ d(x,z)+ d(z,y).

I
Denote by J the fa:r.ily of 2.11 subsets T of r.: such

t L' iTflplies {y: d(x,y) < rJ C T for some I' > o. rhen



s p n Cp. for t " 8 r e (-1~.s .
,

D .P' " t '

5 1 t (, "I (;1I 8.(ln1 lon . Je', ,. s .J , ), (H, Vl, , Dl.' ) be two

bi topolo{;ic8J s-paces p.ndf a function fro!'i r: to N.

f is contimlOl..lS i f'f it is ~ - JL, continuous. Emd

,;' e will
I I

":J - 01.,

say

s:::.ic1 to be l'o:neo!Qorphic iff t1'ere e':ists a hO;leomo:,:,p11im'1 fro!li

one SDac~ to the other.

Definition 6. L'.~t J be an iYl(le-': set and let O,l., u:J.
J J

I

CJ. ) ,
J
I

j €. J be a far:ily of bi topological 8"'2.ces. Denote by r;:, c:J , 'J

the product respectively of the sets L., the topologies ~.
I J J I

and the to]ologies c:1j. Then the bitoIJOlogical spRce (j';, ~ ,-:1 ~
is said to be the product of tl1e "hito']ological spac"'s (L., ~. ,u:J. ),

J J J
j t, J.

I

Definition 7. Let (;,~, 'J , ~ ) be a bi topoloGical space
I

and let N be a subset of Li. Let m., 01,.; be the relativi?;atioYJs

respccti vely of ~, u; I to 1J. Then C1~, 0\ , 01/ ) is said to be a
I

su b S T\ ac e 0 f C,;, "J , a:1 ) .

I I
Defini tion 8. Let 0.:, ~ , ry ), (N', ~ ,~ ) be two

bi top01 o.:;ice.l spaces and f a function :from IE to N. :,e '\'iill say

f is PTI open map iff

( . "1... B t: Ii)

I I
B f, ry

imp1ies the image fE, of B under f,is
I I.

] . -"'TJ C' ')0.
lmp .les .J.,.) .;.. uv

. 'X\ -11.n UII an.

(ii)

Let (1,1, ~ ,
I

J ) be a bi to})ological space a.nd Ii' a

family of functions f such that f ma.ps M into a bi topo] osicaJ.

continuous C:LYJ d f is 8. hT'1ecrnor)hism iff it is one to one, it is

continuo'.ls a.nd its inverse is contin'lOll 8. 'rhe tYlO s1Jaccs are



'j'TS p 2,Ce ., .
, f Denote QV (F, ~I

I

''61- ) tho pro<1nct of the b:i.t0~101() ~ical
l'spp,c~s .",

- f
.F'

~ .L €. 1<'- . Definp trJo functj,on e frorJ M to r l)y

e(x) = f(x), i.e. the :f - t" coordh18teof e(x) is f(::).f

Definition 9.' 1'1-18 function e defined above h~ called the

evaluati.on "lap of '.i!1to }J. ~he fe.:rily F of :functions if) said

to distinVlish points iff for each pair of distinct points

x, Y of !; tl"ere is f i1:.F snch th8.t f(x) j fCy). The f2..llily 1"

is sn.id to distine;uish points and closed sets iff

(i) a subset B of L is closedin ':J andx E cB irq)J.y there

is f in P such that f(x) is not in the closure of fB

there is ~ in F such that g(y) is not in the closure
I

of gB in the rig1:t to'DoloR:v of j~ .
~ ..I. ,-",v (j

,~

!fubedding Lemrl2.. Let F be a faI!lily of continuous fur.ctions

f such tha.t f mars tho 'oi topological space n into the bitopological

space Nf . Denote by N the product of the bitopol08ic~ spaces

N , f E F. Thenf

(i) the evaluation P.1ap e is a continuousfunction from :" to If

(ii) e is an open map of r.'~onto eI\;j if F distinguishes points

and closed sets

(
. . .

) . t . f'f' F d. t. . r . tJ.J.J.e J.S one 0 one l J.S lnguJ.S.les1)02n s~.~ .J-

Proof. The last part is obvious. '1'hefirst part follo"'s

since e follo,"edbv DTo;ectionP into t~le f - th coordinate
., ~ ~ f

space is continuous si!.lce Pre(x) = f(x). The second p'lrt can be

proved a follo"'s. Let B be a set open in the left topology of

M and let x be a point of B. There is then a member f of F s nch

~.

in the left topology of l"f
and

II
a:J and v €. cB

I
(ii) a subset B of K is closed in imply.,



)

tl-}at fCd is not i~ t"f> closure C of fcB in tl1e left tOToloc,

of T'J.&-. Fe!'"!t1-18 set of all y € N 8'1Ch t''lat Yf r C is o~)(m in t1}~J_

left tOI.IOloc,~- of' l~ and it.s intcrs8ction ',';ith e", is a sllbset of

eB. ~ence eB is a neipl-}bor~ood of eac~ of its points ffild so is

open in t1"e left topoloGY of 1T. Si1'1ilarly e maps sets open in the

right topology of N into Sgts open in the right tODology of ~.

Therefo:re e is an o':::en map if F distinguishes points and closed

sets.

Let 1 denote the closed unit Llterval [0, ~ of the reals.

Then the usual auasiI"\etric 11"),for the ree~s is 2,lso 8. 01H1.sinetrj_c

for I and so (I, m) is EJ,quasimetric spac e.

I

Defini tion 1 r). A bi topologic8.1 SyEWe (E, :J, ~ ) is

said to be c ompl etely re::~l11ar iff

(i) B E ~ and "Z E. B imply there
continuous

is a function f
A

from l',~ to I

suo h t"hat
I /

(ii) B t "J

fC.:3:: I), f(x) = ]. and
I

y €. B imply there is a continuous function f
I

fc B = 1from IiI to I such that f(y) = 0 and

I

Theorem 1. Let (IE, ~ , ~ ) be a completely regular

space. ThenU is homeomorphic to a subspace of a product of

quasimetric s~aces.

Proof. Let B £. a:J Emd x Eo B. There is then a contiml011s

function f tl x fro;)'!!; to I mappinf, cB into 0, and x into 1. And
I J., I

B E '?j ,y £. B imply there is a continuous function f Iy,B
I

from Y'I;' to 1 ma:ppinr:; y i:'lto 0 and cB into 1. }"i11ally let U.:, d)

be the quasimetric space where d (x, y) = 0 for all x, y in H A.nrl



let f ~~ t~e i4entity
C. , " i3""'1

. ',,:.~..,~.1 r-' -, - n"n \ ' J.' . J (",' ' J.. , ,
I

'J ) (T. :'1 \to \ii, c~ )

defj,71crl by f(x):: ;~. Lc->t 1" 1)(; t11A fa:'1ily of functic'Tlf: cons:5,sting

of f, 811 functions of t (' for:'! f D anti, all functions of t",e
1) x,

for.., f 1 . 'l'D.enF di~,~tin,(~"iis11e[ :"'oin ts 3..YldPOiDts ar.:." closed
y, 5

sets. ijence
J

( ' r1 v-i \ ., 1,'.1- b f';.;, J, ..J /.lS 'l,O'TIeOr1.OrD11C vO a SH Sf')(lce 0.. a

product of nQasi~etric s~acns 8n~ this co~pletps t~~ pToof.

IJet x be a p ():i..~.,t anri A a S1.l'Jset of rJ. ,;e will w:""i te

D(x, ;,,) =in.f { d ( -:, y) : 'i C.' '- A} a.nd D(I-,x) =tnf {d(y,x) ; y £ A} .

I

Theo'~e1TI 2 Let C.,d, cr:J , <FJ ) be a quash'let:""ic Si'f1ce

Proof. Let B be the closure of .~ in (j., J ) and let

C {
. ( " '- o} T' C ' r.' 1 t ' . A

'
= X..LJ ~'-,X) -' . :1en X E ana r"7 ) lT1y Y (lere 1S y t

such th at d (y, x) < r 8:~ld so every neighborhood of x in CLl, 'J )

iJrter3ects A. :-Ience x ~ B ."hich implies C c B. r ext x €. B

irrplies every !leigQbor1:.ood of x in (hi, Uj ) intersects A a.nd

so fo: each r > 0 tQere is y ~ A suc~ that d(y,x) < r. lherefo~e

D(A,x-) = 8 or x E C. ~ience B C C. Then B = C.

The second p2.Yt of t'rle t1v:>oreY'l can be proved ill th""

same '" a:' .
I

Lerma. Let C;, u:J ) bo. a topol08ical s!,)ace, (R, (R, (R, )

th.e usual bi toyological 51)8.ce for tbe re8.1s and f 8, function

from J,; to R. Then f is c:J-fA. continuous (lO\'ler ser.li-contimlous)

iff x ~ ... and r" 0 i'1ll1y t\e:re is a nei:::;",1:Jorhood i\ of x sl1ch

and .\ a SUbs8t of ::. '1"len { '''C' \ o,} is the c1osre of A inX;'j P., XI = ',;

{,<:D(x,A) = oj
I

( III, u:J ) and is te closure of A in (i., v:J j .



I

+ h a t f \' v 'j - f ( Y') -,,' r -r (' -,~ ~ 1 1 'T c t\. !\ "L S 0 -r l
'

S
0-/ _ If)

..,'.,'.J .\../ . \.. .. _~.J _ d...J_._ .j ~ ... "'..._ ... J lFt,

... .t.-j ( , CO'.." 'n " r" -I ..~,. -1 l' ~ ) '+, r c' > 0 ."C"1,con '...~nUOU8 \ .1pDp.r ,', " ".J.- C).l ".1.dl"O.b l." X '-' J 1, r l _ P__.!

th8re is a npi.s1'JboY'1-100d \i of x 81]C1-} t11.at f(y-) - f(x) -< r for

211 Y e. B.

an d (R,

I
Theorem 3. Let (Ll,d, ~ , c:J ) be 8, q'lasimetric space

I
01 } lit ) t"'e usual b:LtoJ:olo'dca.l space for the Teals.

Let f(x) = D(A, x) cmd g(x) :: D(x, A) .":.31'e x e ]'.~ and A C. r,.1.

Then f and -g are continuous functions from ]\;)to R.

Proof. Let x, y, z be points of M. de know

d(z,x) ~ d(z,y) + d(y,x). TB~ing infima for z in A we get

D(A,x) ~ D(A,y) + d(y,x). If y is in the neighborhood

{y: d ( y , x) < r 1 for r > 0 0 f x then D(A, x) -- D( A, y) < I'

and so f is c:J- (R,I continuous. In the S8...1)1e"'c.y we can' prove
I I

f is 8.1so a-:J- (R, continuous.

Proceeding similarly "-e can prove g is
I

a.nd ~ - (it continuous. Hence -g is ~-(ft
c;-f' fC)1.) - tt{, continuous.

,

~-(f{

and

Le:1ma. Let f, g be continuous functions from a

bi topologice.l space ~j to R and k > O. Then f + g and kf' are

al so continuous.

Theorem 4. A quasimetric space is completely

regular.

I

Proof. Let ({fi, d, a:1 ' c:J ,) be a quasimetric space,

A a closed subset of <.L, "'J ) lli'ld x a point of cA. Let

D(A,x) = k. Then k is positive. Define e by e(u,v) = min{k, d<'u,v;}



for A_11 u,v in '. Then 0 is a (1.1.asisetl'ic for !,;~ w'hose left

and 1'i~ht topologies are the S[i[1le 8.S those of d. Truce

E(
'

11) - J.
°
n .t:'

{pC,r 1.,\ . "r c. i,'
J

. De.f' J.
.
n t '

C ) - 1j>(1 ' / 1-."'.,. - .L ~, , ,.. ~ \ ..."~ . ok e. 1J. -.u \ ~\., U ) A .
Then f is a continuous f1J.:1ction from ;~ to I such th":1.t fA -::: 0

d f' ( ) - -an_ x, _ 1.
I

Next let B be 8. closed subset of (LI, :.J ) and le~

y be in cB. Let n : D(y,3). Then n is positive. Let

p(u,v) ':: min {n, d(u,v)} . This vvill mal,!::e l} a qnastmetric

for :i Hf10Se le.Pt 2nd riG'It tODologies coincide ';;i th those

of d. Let P(u,B) :: in:!" {p(u,v) : v E B} . Ta]{e

g(u) = 1 - P(n, 3) / n. Tten g is a continuous function from

1,,1to I such t1V3.t g(y) =0 a..Yldr:;(B) = 1.

Theorem 5. The prod.uct of COTn!lletel;; regular

bi topolon;ic2.1 spaces is completely 1'egu18.r.

Proof. Let J be an index set
I

a~l.d (n., 11). , Jo ) 1:1
J J J

Denote the product s})ac efami1.y of cO"'1pl etely regular spaces.
I

by 0,:, '? , 4J ). Let A be a closed subset of Oil, v:; ) [md x

a point of cA. Then cA is a neiEhbo~hood of x in (M, ~ )

and so t'r1ere is G finite number
-1

S
k Eo <rj such that x E PiS. (')k ].

of open sets S~ ~
-1 J.

r'\ "P ., c: A
. .. \ ).. k '.)k c

"j.
}

, ...,

where P.
J

denotes pro;iection into the j - th coordinate space. Denote

by x. the projection of x into the j -th coordinate
J

There are then functions

space.

f ,." t I f' (1'" r' ). rOJ11 l..j. 0 ,._ ,.. - OJ.
'J. i J. 1

f.,..., fk
such th~t f. is continuous

J. \. ].

= 0, f.(x.) = 1, etc. Define the1 J.

function go fro'Tl 1;1to I by g. = f.P., etc. 'rakeJ. J. J. J.



-

g( x) = min f!:f' (V) (T IV'. }
1. 0 i .n. ~ , · · ., ~"'},~.' ...:.\'/

. Then C 1S A. continl1ons

f ' "> t. f''''''''1i' t I , i'l -t'!l '.>-I- (> ,. - f' d O'( )
- 1..1L1.G 10n ' o. _. 0 Sl.~_. '.L"-" ::,.\.- u 8.,n :_'X _ _.

It can sitliltuly b? pT'oved.that B is closed jn
I

(L, "j ), Y E cB imDly t-)I~reis a continuo;cBfunction on

I,;Ir.a:p:pin::~y in-Go 0 ['::.no.B into 1.

Lerrlma. A subsp[;ce of a cOITlplctely I'p.gular bi topologtcc:.l

sp8.ce is cOT'lpl8tely regular.

Hence '''eget the resul t: if a bito:;ological s:pace ]';

is homeomorphic to a subspace of a prodlJ.ct of quasiI~etric

space s then T'!is COYQpletel;y regular. Combining thi S "'ith

Theorem 1 ~e thus have

Theorem 6. A bitopoloZical space is compJ. etely re{~u1_ 'J.y

iff it is homeomorphic to a sl.lbspace of a product of q118.si'Fftric

spaces.

I
Definition 11. Let (E, <iJ , Gj ) be a bi to'')ologica...l

space. It is s2.id to be Tegular iff

(i) A is a closed subset of (M, ~
I

are disjoint o::;;ensets X, X, s11ch t'0.at X £ a:1
I

~ A c:. X, x Eo X and

), x E cA imply there
I I

, X. try,

J
(ii) B is a closed subset of (~, ~ ), Y & cB

I
sets Y, Y suc11 that Y E cr:Jare disjoint open

I
y €. Y, BeY

imply thp""p
I I

Y E "J

It is obvious fro!'1the defini tion that a cO"1pletcl,v

re.q~ular bi topological s::-'8.ceis re{Dllar. But the converse if'

not necessarily trueo



TheoreT1J. 7. Th~ ';;:,,'O(]11ct of rerTil ar bi tODoi,oGical

speces is rep:ular.

Proof. Let ,J rl;'" an i.~().ex set" Let

. r~gu~ar _ .
De a f,"'7JJ.l y 01 OJ. tOT...) oJ O{G CD.l SD8,CeS

. /\ -- .

I

(IJi, :1.. , J. ),
t. J J I

and' eii, J , c:; )j t J

their product. Suppose A is 8. clos~rl subset of 0:, v:J ) Emo

x € cA. Then cA is a neighoo"hood of x in (LI, ry ) and so

there a!'e open sets S. € <J. ,.." Sk f.. ~i
such that

-1 -1 J. 1 ,\.
X ~ P.S. n ... n IJ 81 C cA ':;There r. is the pr01ection

1J. k\: J ~

from l"iIto (i.. Denote bv x. the I)rO~ection of x into the J. - th
J .. J .

coordinate S,Rce. The:e are then dis~oint open sets

T. t ':1.
J. 1

Let T be

I
1:1 C ~ "'.. ch t h at ;.;,:-. s ,--
.1 \;. .J uLt J1 .\.L ~ '-"i i i i

the intersection of the inverse

J
T i X E T. ' etc.

i i J.

projections of

T
k
I

T . rl'hen T,
k

I
ACT 8.nG x t T.

T.,...,
J.
I

T., ,
J.

I
and T t~e union of the inverse projections of

J f I
T are disjoint, T t ~ , T t "j

I
(M, ry ), Y E. cB imply

I I
that Y t 9J , y e. OJ ,_ x

We can prove similarlythat B is a closed subset 01'
/

there are disjoint sets Y, Y such
I

E Y and BeY. This completes the

proof.

It is easy to prove that a subspace of a regular

bitopologice~ space is also regular.

J

Definition l~. A bitopological spe.ce Cl, ry ,c1 )

is said to be normal iff A, B a::e disjoint sets closed
I

respectively in O'E, ~ ) and (j,j, oj ) imply there a.re



.L .l.

/

disjoint sets C ~ :;7"J ' D c. G') such t'1at J.. c: D and B c: C.

I
Definition 13. A bitopol08ical space (M, ~ " )

is R2id to be com}JJ.etelynormal iff A, BaTe .disjoint 881;S

I
clos"' d "" sn ectl. U e11T l

. n (.'1
' IT"( ) and (,. a-j ) l'mnly tho I'D i'"

.. "- .J.~.;:- \' -.1 .. ...., J c: :., ...J # ~'.... t ll, ~ __ U

a continuous function f from 1\ito I such that fA ::. 0 and

fB = 1.

It is obvious that complete normality implies

normali ty.

The following Tesul ts 1".'ereproved by Kelly (1) but

using a diffeTent terminology: A n,ormal bitopological space

is c0111-r1etely normal and. a cnJ.2..simetI'jc space is nOY'TP.p...l.But

these resul ts arc. not diffic'11 t to prove using the vie'''-point

of this paper.

1t is clear that norm8li ty is not hereditary and

that the product of normal bitopological spaces need not be

normal.

A topological spe.cp.01, ") ) can be considered to be
I

the bi topological space \LT, 1 , c:J ) and then the preceding

definitions and results apply to ro.gular,normal, completely

re~llar and completely normal topolo~ical spaces. The results

of this paper are thus generalizatiuns of l,hecurrespondirLg

resul ts l'ur "topO.log.i.ca.l spaces.

If (r;~,~ ) is 2.to:oolog~cal space then the:re is a
I I

topoloGY ~ such that U:, Gj , 1 ) is normal and completely
I

regular; it is only necessar:T to take ~ as the topology



haYillf, as 11'"1s,:"tne f8.11il:, of p..ll closed subs(~ts of C., a:J ).
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