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,3ucb that f maps x into 0 and eBch point 0:[ A intr:) .1; it is also kJ10':TY'lthat a
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ch-3racteriz'~ completely' regulaX' bitopological space.'~.

iI'be nJ.a:i"l purpose of tl:,-ts papeT is to show that quasiunife,rL;l spa.:es pOSCje8~'

!} j~)ncl~ "t,r~)nGer functiOl181 sep?;cst:lon prolierty than i..hat specified

l't~gu L,d. ty . Uniform spc;ce s have a s:11'0ila:r propert,y.
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Definition 1. 1) :Ls said .t.o 1:;e a qU8s.hmiformity for M and (1.1,U) is said

to be a Clu8.siuni:i'o:c;n space.

Let T ue the familyof all [)lJ.bsets T of IvI such that x E T implies
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Definition 2. ( I ' q' 'r' 'I. ".,' t " l' t 1 ' 1 ... l ' d\ Vi,' , J / 1.S scnel t;c~ L;e 'ne ,Jl 'opo ogJ,ca. space OI .. an,
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Definiton 3. A function d from Ivl>:.M to trle non-negative reals :Ls said

to be a quasi metric for M iff for all x,y,z in M

(1) Q
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(M,d) is said to be a quasimetric space~ The fa.milyU of all subsets U of M )\1

suchthat f (x,y) : d(x,y) < r} C U for some l' > 0 is said to be UJ8 quasiunif'orm-

ity' of d. The left and right topolcg:Les anci the bitopologicalspace of U a.re

said to be t.heleft and right topologies and the bitopological space of d.

Let m be the quasimetric,for t.he roals R, cJ.efinedby m(x,y) = max[y-x,ol.
Definition )+~ For a subset A of R~ the quasimetric m restricted to A is

called the usua,lquasimetric for A and the bHopological space of the usual

quasim.etdc for A is cal1ed the usual bitopologicalspace for A.

Lst K denote the closed unit. interval [0,1J of the rea,ls. vie vrill a,lso

denote by K the uS'D.al quasimetric space for K and the usua1 bi topologica.l space

for K.

Definition 5. Let (M,j,T(), (N,~,~') be tivO bitopological spaces and f

a. function from M to 111. Then f is Geid to be continuous iff f is j -n contirJUQ"l1s

and j'-7(' continuous.

Definition 6. Let (M,T,j') be a bitopologica,l space and K the usual bitop-

ological spa.ce for the closed unit interval. ThenM is said. to be comp1etely

regular iff

(1) A is a j.-closed subset of M and y rf A imply there is a contin-
I

uous function f from M to K such that fA :::: 0 and f(y) :::: 1 and

(2 )
i

B is a.j'-closed subset of M and x E B imnl y there is a contin-
i .,

uous function g from M to K such that g(x) :::: 0 and gB ::::1.

'I'hampuran (3,4,5) has proved that a bitoplogical space is completely regular

iff it is the bitopological space of a quasiuniformity ora syntopogenous st::c\)(~-

ture or a quasiproximi ty'o

The object of this paper is to provE: a stronger funct ional separation, for

a quas:juni:form space, from which complete regulari t.y will follovJ.
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Definition 7. IF "1\ '", ",, ) , ~ . ' f
'

d f flet VI) L.\), \,Ii, 1/I ,x, l.\VOquasluIll orm spaces an. aunc-

tion from 1.1to F. Fe Id',J 83:' i' :~y c',:i[\ rmly CCOU.DUOUS relative to 'I.{, 'If iff

' T ' 'r' 1 , th ' . 11 . . I'J' h ., ( t ' ( ) f ( \ ) E -- f ' 1 '1 ( ) E TJ\ In ( Hnp. les . ere lS v lI1 &\ sue t,YJal. \ ,x, y) 'v or 80_. x, y '. .

If f :;.s a functio:l from a Ql1f'si"ccetr::::; s:pace (1-1, d) to 8 qUfsimetric space (N,8) then

f is said to be uniformly c:oDtirruous iff f is uniformly continuous relative to

the quasiuniformities of d and e.

:r:.2t (M, d) be e q~)f")simetri(' sp8ce end A a 8Dbset of M. For x in M write

DCl\, x) =: inf [d(y, x): yEA} and D(x, A) =: inf {d(x, y): yEA}.

Theorem1. Let (H, d) be a quasimetric space, ,.~ the quasiuniformity of d

and 'L-{I the family of all inverses of members of 'L-{. Denote by ~ the quasiuni-

formity of the usual quasimetric for the reals R. Let A,B be subsets of M.

Take rex) =: D(A, x) and g(x) =: D(x, B) for x in M. Then

(1) f is unifo:c'mly continuous re]_ative to 'U" 't' and

(2) g is uniformly continuous relative to cu.1, 7/.

Proof.

(1) The family of all sets of the form VCr) =: feu, v): v - 1.1 < 1', 1.1, V E R},

l' > 0 is a base for 7J. For l' > 0 let U(r)= [(x,y):d(x,y) < r, x, y EM}. Now

d(z, y) ~ d(z, xi + d(x, y) for all x, y, z in M. Taking infima with respect

~o z E A we get D(A, y) ~ D(A, x) + d(x, y). Hence (x, y) E U(r) implies

fey) - f(x) ~ d(x, y) < l' and so (f(x), fey)) E VCr). Therefore f is uniformly

continuous.

(2) Proof for g is similar$
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From this it is easy to prove tLat " qlJ8simetric space is normc:Ll, Le.,

".. '/,1 , "-11 1 f ' ",' ',"y, t t"".,..."",.:;", r.f' "",c'. t' .y' A B . 0',,-
~/,.~ 81 e In"8 " e. c, uIlO" rlb'.1, ,v.t'(.J'''2,.,"e S '."JJ.. a que "lt11e llC ,L1O , 131e O:L':>

,
joint ~'T-closed and :1" -.c1.oBed subset£: imply there are disjoint sets C>D such

that C E:r, D E :r', A C D and 13c C. :First "\ve observe that a uniformly COl1-

tinuous function is continuous a:rldhence it easily follovlSthat f - g lS a

continuous function from the quasimetric space to the reals. Also, the

:r-closure of' 8 subset'S of M is Lx: D(S, x) == O} and the JI-clos-ure of S is

{x: D (x, S) == O}. Consid.er the function h from 1>1to the reals defined by

h(x) = f(x) g(x) where f(x) = D(A, x) and g(x) = D(x, B). Tal\:e C =-~

[x: h(x) > O} and D = LX: h(x) < o}.

LemIna 1. Let (M, d) be 9.quasimetric space, f a uniformly continuous

function from M to Rand k > O. 1nen kf is uniformly continuous.

Lemma 2. Let d be a qU2simetric for 1'1and k > O. Then edefined bY

e(x, y) == k d(x, y) for all x, y in M is a quasimetric for M and the quasi-

uniformities of d and e are the same.

Proof. The result follows since[(x,y): e(x,y) < kr} = [(x,y):d(x,y) < r}

for each r > O.

Lemma 3. Let d be a quasimetric for M. Take e (x, y) = min {l, d(x,;y)}

for all x, y in M. Then e is a guasimetric for M and the quasiuniformities of

d and e coincide.
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.c'Proo.L . Clb ' ..
( ) ',f> ' i M

VlOUSJ.y e x, x. ~'. U i.or ercn x n l'~. To prove the triangle

inequa.lity for e it is enough to l)!'ove thet if a, b, care ncmnegati-.re nunl-

bel's such that a ~ 0 -1-c then minL1, sj :; mintl, o} + mintl, c'!. If either

0 or c is :2: 1 then the result is il1Fn~~diate since min {l~ a} is ~ L If ooth

0 and C 81'e 1ess tha.n 1 then min U, /O!1 s: Q s:: b + c completes the proof oj:' tbe

triar::gle inequality. Hence e is a quasililetric for M. No,.., the familyof all

sets of the form U(r) =: [(x, y): d(x, y) < l' < l} for l' > 0 is a base for the

quasiuniformity of d a:nd the fe.m:ily of all sets of the form V(r)=:[(x,y):

e (x, y) < l' < 1} for l' > 0 is a. base for the quasiuniformity of e. It is

obvious that (x, y) E U( r) imp.lies e (x, y) < l' and so (x~ y) E V(r); hence

U(r) C V(r). Also, if (x, y) E V(r) then d(x, y) < l' as othel\vise we get a

contradiction and so V(r) CU(r).

By combining Lemmas 2 and 3 we get the following result.

Le11"Jn84. Let (M, d) be a quasimetric space and 1;:> O. Define e by

e(x, y) =: mintl, d(x, Y)/k} for all x, y in M. Then e is a quasimetric for M

and the quasiLmiformities of d and e aY'e identical"

Let (M, d) be a Clwcsimetric space and A, B subsets of M. Write D(A, B) ==

inf td(x, y): x E A, Y E B}.

Theorem 2. Let (M, d) be 8 quasimetric space and A, B subsets of H such

that D(A, B) > O. Then there is a uniformly continuous function f from M to K

such that fA == 0 and fB ==1.

Proof. Let D(A, B) ==k. Then k > O. Toke e(x, y) == mintl, d(x,y)/k}

for all x, y in M. Define E(A, u) =: inf te(x, u): x E A} for all u in M. Then

E (A, u) 0 for all u in A* If x E .A and y E B then d(x, y) :2:k and so

d~x, Y)/k ~ 1; hence e(x, y) = 1. T.berefore 18(A, u) ==1 for all u in B. For

u in M take f(u) =: E(A, u). Then f is a uniformly continuous function from

c:;..- ./



M to K such that fA == 0 8Dd fB '" 1.

Let U c M''''J1 and A eM.. fJ'],-' l ".", '\i)"J'l'i ;1 1'~+ e AU' -- fv. (x V )
,.- U for Q o!~'"

.L.t:!. n ; ".. {" J_" - t.f' " J '-: . u 11"

x c. .\ }'.. 1, .

'Theorem 3. Let. (M, 'l~) be n qU2siuniform space and A, B subsets (if 1>1such

thatAU n B == 0 for some U E ~~. There is then a uniformly continuous function

f from M to K such that fA == 0 and fB ::::1.

Proof. Thampuran (3) has proved that ~I/ has a gage G. Tnere is then a

crLns.L-netric (1 in G suet, +1;c,t D (A, 'PI > O.- .. 0 -, " Ee,lce there is a l.miformly continu-

ous function f from (M., d) to K such that fA == 0 and fB ==1. Since d is in

the gage of ~) this :1.mplies f is uniformly continuous "rhen f is considered as

a function from (M, '0() to K.

Corollary. The bitopological space of a quasiuniform space is completely

regula.r.

Proof. A uniformly continuous function is continuous. Let (M, :r, j/) be

the bitopological space of '4. Then A is J'-closed and y ~ A imply AU n [y} == 0

for some U E '0(. Also B is :r' -closed and x ~ B imply [x} V n B == 0 for some

V E '0(.

This corollary thus proves what had independentlybeen proved before.

The procedure used in this paper can also be employed to prove the anala-

< gous result for uniform spaces. If d is a pseudometric for M then D(A, x) ,=

f(x) is a uniformly continuous function-first we prove this. Next, w'e prove

that if (M, '0( ) is a uniform space and A, B subsets of M such that AU n B "" 0

for some U in "u,then there is a uniformly continuous functionf fromM to K

sucb that fA = 0 and fB == 1. It follows iIlli'11ediatelythat a uniform space is

completely regular.
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