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Hegul arity Structures

B"lT,j

D. V. Tham:Duran

TElle study of uniform s'D8.ceS '78.S begun by Heil (3),

n;an~T of the properties of pseuc1.ometric spaces have thej.r

E'illalogs for uniform s:CB-ces. Also it is c::ell knovm that a

topological space is uniformiz,rlble iff it is cO'trpletely

regular. It is S110i'lYlin this paper t'1at rer~u.la.r sp2.ces

have (llso a similar }.1roperty; a structure --- regule.ri t~7 ---

similar to lJ.nj.for"Ji ty ezists and a top01ogicel sp8.ce is

regular iff its topology is tlJatof a regularity. Hence

many of the properties of ulliformi ties can be genere,lized

to regu1 a1'i ti e s .

Terms rJ.ot defi.ned in this paper hove the S8Jne

meaning as in Kelley (l).

Let ~ be a set. If A is a subset of U and U is 3.

su.bset of 1.1';.0<:]'.1 theY! ''[rite AU ::: {y : (x,y) ( U for some

X 1'", A
,
). I -" ,\ CO ~ t O::> l''''~ onl "\.! O

"ne ~ O ;",.L v i.1 1e r "r e "' J'11 ,.r'~ l'+p
"')1 . J. ,.~ l~ G.. H to. oJ .~ - l:-' ~:1 v"~ u ',~~ , V: ._.~ ...!. oJ~

xU for AU. By xUU is rI1eCLYJ.t (xU)U. F'or a subset A of L: tal,;:\;

cA ~ E - A.

Let LI be a set amI ~ a fc;,mily of slJ.1)scts of ,. 7< ..

such tb.at for all U in 1,L
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1 ( V '\ -, ~. F .,.~ .,~ '.' ~. ,..,1., V i II. -".,X) ..L>:) lYl . .L-'.1-'. I.:,c,'~ J.{" _n ""

rj t }-E' J
.

I"'~rp1"C" e 0 -" 1, -j <:- ,: I' V\ Ilc... ..1;.. 1.\ ..~Q .1 '.J ,..".) J... U

3. X is in ;,~ and U j.B in "1)..
. '.

th . \[ ' q I
lmply.ere lS In ~

such that xVV C xU

l:.. U, V in dLl imply U C) V is in G)J..

5. U c: V C~ 1'1;><.1"1and U in ~U inply V is in \l .

O1 lDefinition 1. ~ as defined above is said to be

a regula.rity for Land , \l ) is s2tid to be a regular

spac e.

1 Q + ( T'T "" l \ l' '" ,.., 1"e CM, l '" r C"-,-) 8 ,..8' 1>1.e -'-- ..-j
vV "" I... ) .1'=. a ".'c,v_-,-c oJ:. ,IJ L ,J be the

family of all subsets T of Tfl such th8,t x in T implies

Xu C rp f O'c so ".'e n ~ n 5) I fT\]..",Y1 ~
.. -. - 'I.' ~..L~ I,.A. . ~...,~_J. J is a topology for M.

Definition 2. c:J as defined above is said to be

the topology and (E, 'U , VJ ) the topological space of '\-t
and OI, 'U , 'J ) w'i11 201so 1)8 call ed a reg;ul ar SDac e.

T . v-t.ue't J be the tODologv of a rer:.~u12.ritv L.l for E.- _u ~ u

!nleI1 a regular space (LI, su. ) is considered as a topological

spa.ce, we will wri te (II, \l , ~ ) or sirmly I.I if the context

makes the meaning clear.

Theorem 1. 1et (IE, \t ,"J ) be a reg1.11ar space. rrhar.!

the interior iA of a subset A of M is given by

iA :: {x ; xU C A for some U in ~}
Proof. Let B :: { x : xU C A for sorne U in 'U.} 0



Now iA C B C A and so if 13 is °lHm then i1\ -= B. Let

X l) r-. a n Ol
"

ni - Of' F)' ;~'(o""nr. .'-l".,..,p -; S UT i n ")1 c"' c 'n t n.., t<:; c '.' ,.~... "G""~ Iv"'G ~ -'- \A. ,-".< ..0,

xU C. A and then theTe is V in \.l such t"lat xVV C xU.

Let Y E xV. Then -;/'1 c. xVV C xU c::. A and so y is in B.

Therefol~e xV C B which implj_8s B is open.

Corollary. xU is a neiGhborhood of x for each

U in "U..

Definition 3. Let (L, ~ ) be a topoloGical S}J2.ce.

Then the space (and also 1 ) is said to be regula~ iff

A is a closed slJbset and x a point of I: Lrply x and A

have disjoint neig1:lborhoo1s.

Theorem 2. Let 0.:, VU ) be a reE';ular s})(1ce. 'Then

the topology of 1.A is regular.

Proof .Let A be a closed set of (II, \l ~ ~ ) and

x a point of the complement cA of A. There is then U in

'Ll

'U

such that xU C c1\. Hence there is a symY'letric V in

such tl1at xVV C xU. Then xV 8.nd AV are disjoint

neighborhoods of x and A.

Definition 4. Let U be a set. Then a set-valued

set-function ill mapping the po;.-ver set, of L:, to itself

is said to be a neighborhood function for U iff

1. illf = f
2 A C m '- for r 1- .' C J,.f. ..Ji. eac.J .tl. -Vi

3. A c: B C. Ivl iPlply mA C mB.
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The ordered pair (r:,D) is said to be a rieighborhood space.

A', S"lbc<e..L.
J, iS SO l'" .to 1) (:) ~ "YiP'; r'11hor1'00c'1 ",'p] .,..L.l

' ve to (1' "1
"

'-- 0.0, - o..,t .0 d .._~J.c>'" '. 1 .t.~..c."G' 1'.i,JJ/,

of a point x of M iff x E crueA.

Definition 5. Let (li,m), (L,p) be two neighborhood

spaces, f a frmction froi11 r: to L, and x a point of liI.Then

f is said to be continuous at the point :~iff B is a

ne1'a~ bo~1100 ~ A
D fex

'
j l'~l )ll'~~ ..L.he l

'n~ erc<e OD B una'er D
. ..:::.,L.! .- ,. ,...L . 1:11.'- t;/:) lu. . , . >::> .L',.,. J.,

is a neighborhood of x. VfeIvil1 say :fis continuous i:~f

f is C011tj.11UOUSat every })oint of l~.

Let N denote the set consisting of 1,1/2, 1/3,...,0.

Define a distance function e for N as folloy;s.Let u,v

represent points of N.

0 if there is no member of N between u,v

e (u,v):=

1 u-v I other,yise.

Parr> 0 let VCr) be the set of all pairs (u,v) such that

e(u,v) < r. Define a neighborhood function 11for N 8S
be

follm-is. Po:c a subset A of n take n1..to{\the set of all

pain ts u slJ.ch that uV( r) intersects A for e8.ch I' "/ O.

Tha.rnpuran (2) has :proved tJ1e follo\'ling resul t: If (;,.,'1 )

is a regular s:pace, A a clof3e:5- Sl.1bset and x a point not in

A then there is a continuous function f from (~,~ ) to

o~ ,n) 81.1.c11that f(x) = 0 and f is 1 on A.

Theorem 3. Let 0::, OJ ) be a topological SpFiCS.

T'nen ~ is re g~ular iff it is the tOT)olo0'1f of a re[SlJle:l'i ty.- ., Ov
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for 1\'1.

Proof. E'irst, let the space be regL11ar. Then for

each closed set A and. each point x not in A, the]~e is a

continuous function f from H to (N,n) such that rex) :::: 0

and f is 1 on A; for y,z in M write d(y,z) = e (f(y), fez»).

There is S11Ch a d. for each closed subset ~[~end eo"ch point

x, of L'I, such that x is not in A; let D be the family of

all such d. For d. in D and, I' > 0 take V(d,r) = {(X$y):c1(x,y)< r}.

C . ., 'ij '~
( 1 ) d . -'- . ,- T" b

.
onS1aer a . = v (,r an a p01nL x 1n L. -~ 1S OV10US

X TJ ..: C! .; p';.o I, 1,1" J .p~. i ( iiC <T"1 '. 1 .t A" -'-h "" -1-. '-~
l .L0 a ne..:.,c,u- 0- ,.000. 0.1. ,\. _n ,1.1, ".J J, - e c De L, 'J 1n tJerlol.

of xU. Then A is a closed set and so there is a contimlO1JS

function g from 011, "J ) to (N",n) such that g(x) = 0 cmd

g is 1 on A. For y,z in U t~(e b(y,z) = e(g(y), g(z»).

Take V := Veb, 1/8). Let s be in xV. Then b(x,s) <: 1/8 8..nd

so g(s) < 1/8. If t is in sV then get) <1/4 and so t is

in cA. Hence xVV C cA C xU.

Let '1A be the fex1ily of all 8"1bsets ,7 of 11>< 11

such that W contains the intersection of a finite number

of the sets V(d,r) for d in D and 1'">- O. It is clear that

ll. is a regl.llarity for Til.
I

Finally let J be the topology of '\1 and. let T

be a member of this topology. Then x in T implies there is

U in au such that xU C. T. Nmv U :::::> the intersection of

a finite number of Ved,r), d in D and r :> 0; each

xV(d,r) is a c:1 -neighborhood of x and so xU is al so a

1 -nej,{jhborhood of x. I'Ience T to J ai'1.d
I

~J C J .

Next let S t: J and XES. Then there is d in D sueb that
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xV(d, 1/4) C S. Hence S is in 1 and so '1
I

C 1 .
f'l'n r, t '''- be -'-01' 01 C,(,,"1' O f' Q 1" e Pl,I "' rJ ' t, ! l. ~ r' e <711la '" h "' s ",1 r c,~ dv
1. ,c<, v ~ v.}', 'L'J -'. c, -. 'l,o.,c.Lo. .. v" b' - c'~ - ("" c.,;" \",c",;

been rroved6 This cOBpletesthe proof.
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