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~b styact,. Homogeneou S, i l l - c o n d i t i o n e d  and s i n g u l ~ r  li.r!ear eq-dations w e  

cons ide red  2~2d soml methods f o r  t h e i r  s o l u t i o n  a r e  described. 

1, , ~ n t r o d u c t i o n .  

&t us  cons ide r  t h e  system of simultaneous l i n e a r  equations 

A x = b ,  (1.1) 

w h e r e  A i s  an m x n matrix of rank r, x 2nd b a r e  column vectors ~ 5 t h  n and 

m- elements r e s p e c t i v e l y .  The elements of  A, x, b a re  all r ea l .  The tech- 

nf ques f o r  t h e  s o l u t i o n  of (1.1) depend on many f ac to r s ,  f o r  exanple, i f  A 

is spar se  and m = n = r, then  we can make use  of t h e  methods given i n  [I]. 

I n  case  m > n = r, end i f  we want t o  f i n d  nin m+x 1 (b - Ax)i 1 ,  where (b - Ax)i 
x 1 

d e n o t e s  t h e  ith element o f  t h e  r e s i d u a l  v e c t o r  b - Ax, then we can ut i l i .ze  

[ Z ] .  some o f  t h e  o t h e r  ca ses  a r e  considered i n  t h i s  paper. Ink will dis-  

c u s s  hornhgeneous equat ions  (1.1) wi th  b = 0 i n  sec t ion  2, i l l-conditioned 
. . 

I e q u a t i o n s  ~Jsith r = m = n i n  s e c t i o n  3 and rank d e f i c i e n t  systerns viz. ,  

I + 

r < min (m, n ) ,  i n  s e c t i b n  4. 

2 . Homogeneous Equat ions.  I: - 
Taking b = 0 i n  (1,1), we have 

a! 

A x = o ,  

I : . 
-'the.solucj-ofj of wxicE is ,  e&y t o  f jnd , - - i f  -?(A) - the  d l - - s p a c e  of A - is 

I .  h 

-known. Let S be an orthogonal  matrix of o r d e r  n such t h a t  

1 - - 
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' t  'I- 

A$ = (B, 0 )  , (2.2) 

h 0. 

where B i s  m x r an6 S S ~  = ST$ = In, t h e  i d e n t i t y  rnatr-ix of  o r d e r  n .  Then 

it folows t h a t  

where 5 denotes  t h e  f i r s t  r rows of fT. If t h e  las t  (n - r )  rows of sT a r e  
r 

denoted b y  $:-r, then 
C; TI sT = o s i n c e  s s = I . .' r n - r  n 

L e t  denote am a r b i t r a r y  column v e c t o r  w i t h  ( n  - r) e l even t s ,  then  i n  . 
'-4 

view o f  (2.1) ,  (2.3) and. (2 .4 )  we have 

*T A X = O * B S ~ = O - x = $  n - r  @ .  
h 

I n  f a c t ,  t h e  columns of  S,-, form am or thononnal  b a s i s  f o r  f l (h) .  The con- 

T s t r u c t i o n  of  2 i n  (2.2)  as a product  o f  m a t r i c e s  of  t h e  type I - 2uw i s  

desc r ibed  i n  [3]. Notice t h a t  i n  (2.2), A is  p o s t  m u l t i p l i e d  by elenientary 
A 

orthogonal  ma t r i ce s  and column permutations (which a r e  absorbed i n  S) a r e  

u s u a l l y  requi red ,  a s  t h e  r l i n e a l y  independent  columns of  A are n o t  neces- 

sarily t h e  f i rs t  r columns. If A is sparse ,  then t h e  r eade r  i s  r e f e r r e d  t o  

s e c t i o n  5 . o f  [ h ] .  In  zny case,  t h e  above-mentioned orthogonal  t r i amgu la r i -  

z a t i o n s  a r e  h i g h l y  s t a b l e  wi th  r e s p e c t  t o  t h e  rounding e r r o r s  [ 3 ] -  For an 

a l t e r n a t i v e  d iscuss ion  of t h e  so lu t ion  of  (2.2) s e e  [ 5 ] ,  xherz an opera- 
.t 

t i o n  similar t o  t l ie Gauss Jordan Eliminatiori. i s  appl ied  t o  t h e  ma t r ix  1:) . 
.. 

I n - . o t h e r  wcrds,:.-S ,is coz?ut.ed as a nonsi-igular blt r?ot n e c e s s w i l y  orthogon- 

a l  mat r ix .  Unfortunately,  t h e  scheme i s  uns t ab le  w i t h  r e s p e c t  t o  t h e  round- 

i n g  e r r o r s .  



I 

3. I l l -Condi t ioned  Equ-t '  lons .  

: For any given A i n  (1 .1) )  t h e r e  e x i s t  orthogsna?_ mattr icss  Q azd S such 

t h a t  

i where D i s  a  d iagonal  matrix wi th  elements p, > >_ ' . . *. . > pr > 0, which 
i 

. . a r e  c a l l e d  t h e  s i n g u l a r  va lues  of A r6, 73. If r = m = n, then  t h e  condi- 

t i o n  number of  A i s  de f ined  as 

If A is  normal, then Kl inger  [a] has  proved the  fo l lowing  theorem. w3 

s h a l l  prove it f o r  an a r b i t r a r y  non-singular  m a t r i x  A, 

Theorem 3.1. If A i s  nonsingular,  then f o r  any E > 0,  A i s  n o t  b e t t e r  

' condi t ioned  than A + E ( A ~ )  -l . 
8 ,  

Proof: In  view o f  (.3.1), s i n c e  m = n = r, >re have ; I 

, '  $ 

T -1 sTnTQT = DT 3 Q ( ~ q - ' ~  = D-' 3 QLA + E(A ) IS = D + E D-'. I 

1 
It Therefore t h e  s i n g u l a r  va lues  o f  A + E ( A ~ ) - '  a r e  pi 

E + - , i = 1, 2, ..., n. 
I Pi 

! ' 

Now from (3.1) and (3.2.)) we have 
€ 

I 

"ax (IL E + - 
+ -1 p~ 

1 / 
i i p i  - ILp , (say) cond [A + € (bT) -I] = 

- 
@n E + - E 

F 1 (p i+ - - )  p i  pq I 

1 

-. - - -2 ' - - - _  - -  -. - - - . - - - : - - -  - . - - . . - .  . - . -- . -I- .- Py . - - a . "  

I - 
% < , , i f p  CIJ.  

PP 
P 9 

I .  
t I.1 p1 I-lq PI But, 2 < - a d  - < - , and the re fo re  we conclude t h a t  

% - Pr  + - P r  

i Cond LA + E(A T ) -I < = Cond (A) . - , . 
\ 1 

I 
-1-i 

3. 



~t:hic:.i c o l r i > l e J ~ ~ - l  t h o  proof of  t h e  theorem. 

! 
I- [A + E ( L ? - ' ~ ~  = b, (3.3) 

E' be ing  chosen reaeonab1.y srnall  f 81. Noa from (3.3) we have 
I 

I A t  a f irst  g l ance  t h i s  appears  a t t r a c t i v e ,  as it avoids  i n v e r t i n g  twice. Un- 
I 
I f o r t u n a t e l y  it has a. s e r i o u s  disadvantage, as i-s i n d i c a t e d  i n  the  sequel .  

i T T 
I From (3.1)  and t i le  fac'c t h a t  m = n = r we have  A = Q DS and c l e a r l y  
I 
I 

v? + 

A A ~  + E I = qT(l3IlT + € I ) Q  This  imp l i e s  t h a t  Cond [uT + E I] = 

; + E  

i Hence i t  i s  e a s i l y  seen t h a t  Cond (AAT + E I) c - Cond A * E z - h y ~  . Evi- 

j d e n t l y  such z choice  o f  € ' i s  n o t  p o s s i b l e  w i thou t  s i g n i f i c a n t l y  changing 

I t h e  system (1.1) .  Th i s  technique can, however, be  e x p l o i t e d  as follows. 

If t h e  rows of  A can. b e  p a r t i t i o n e d  i n t o  two s e t s  o f  rows such t h a t  
I 

1 )where  P i s  an m x m p a m t a t i o n  matrix and t h e  rows i n  t h e  sub- 

P 
i m a t r i x  A, c o n s t i t u t e  t h e  i l l - c o n d i t i o n e d  p o r t i o n  o f  A. Such i l l - cond i t i oned  

I rovs  can be  i s o l a t e d ,  e.g.  by t h e  Eouseholder t rXangu la r i za t ion  xhen t h e  

norm o f  every  one o f  t h e  remaining t ransformed row' d iv ided  by i t s  i n i t i a l  

1 
t 

norm is  small (compare 191) .  Now, i n s t e a d  o f  s o l v i n g  A x  = b, we so lve  

- - . - -  - 
In  the n e x t  s e c t i o n  xe s h a l l  prove t h a t  (1.1) i s  n o t  b e t t e r  condi t ioned 

than (3.5). Note t h a t  i n  s o l v i n g  ( 3 . 9 ,  though two inve r s ions  a r e  re -  
t 

qui red ,  one of  them does n o t  r e q u i r e  much computat ional  e f f o r t  because 



G ~ ~ ? ~ u s i a ~ ? - E n a . L i o n  (ci: '~"i~>l~.tc pi+oti.ng c3 ,  p. 212]), tllen a t  sorila s t a g e  

. - , . . r ,  ? . , , -.<,-. ,. -- .- 
-. it! c.+ -..,.,: -:,L.%c.:dAL&23 .2---. :L,,~ 

! 
I 

, 
z 

where U i s  an npper t r i a n g u l a r  m a t r i x ,  H i s  a squape matrix and x E I 

I 

If H c o r ~ e s p o n d s  t o  the i l l - c o n d i t i o n e d  rows o f  A, then a t  t h i s  s t a g e  we 

r e p l a c e  H by H + E(H~)-' be fo re  eanti .nuing on. The s o l u t i o n  o f  Hz = f 

T can b e  wrj.t-l;en a s  z = (H~I - I  + E I) H .f and i f  a l l  t h e  s i n g u l a r  va lues  o f  

H are l e s s  than  one, then  t h e  choice  E > p p, (where % and p a r e  t h e  - p q  q 
j ( . s m a l l e s t  and t h e  l a r g e s t  s ingular -  va lues  o f  H r e spec t ive ly )  i s  small . , I I 

enough t o  g i v e  a  r ea sonab le  s o l u t i o n ,  Faddeva [lo] has  suggested so lv-  I 

i n g  ( A  + E I) x = b  i n s t e a d  of  (1,1) ,  i f  A is i l l - cond i t i oned .  The meth- I 

od i s  s-imple b u t  no g e n e r a l  %nalys is ,  analogous t o  theorom 3.1 seems pos- 

s i b l e .  Replogle,  ~ 1 o l c o i i ~  am d Burrus [ll] recormend .adding c o n s t r a i n t s  t o  

smooth t h e  s o l u t i o n  and then  us ing  l i n e a r  programming t o  f i n d  it; t h i s  r e -  
- .  

q u i r e s  a considcjrable amount o f  computational e f f o r t .  



4.. Rank D i f f i c i e n t  or Singular  Systems, 
! 

i I n  the  previous sec t ion  we assw.ed t h a t  in (1.1) r = m = n. 

I n  t h i s  sec t ion  we w i l l  corisider tne s i t u a t i o n  when r < niin (m,n) 

l 
and b may or may no t  l i e  i n  /?(A), the  range of A.o It i s  w e l l  known 

[12] t h a t  i n  t h i s  case t h e  so lu t ion  of (1 .1)  i s  given b y  

+ . . 
where A i s  t h e  general ized inverse of A a.nd y i s  an a r b i t r a r y  

I 
column vector  of n elements and I i s  t h e  i d e n t i t y  matrk- of or- n 

I 
der n. Any x given by ( 4  . I )  minimizes Ilb - &:I\, viz. ,  t h e  Euclid- 

i 
\ + 
I 

ean l eng th  of t h e  res idxa l ,  and out of a l l  such x ' s ,  x = A b has 

I 

I t h e  l e a s t  Euclidean l eng th  viz. ,  lIxIlz i s  minimum. i n  other words 

x = ~ + b  is t h e  unique minimm norm l e a s t  squzre s o l u t i o n  of (1.1). 

I Various methods of computing generalized inverses a r e  ava i l ab le  

I + 
e.g.  [13], t h e  e x p l i c i t  computation of A i s  not  required  w11en 

I solving (1.1). I n  any case, if we define the  condi t ion  number of 
I 
! t h e  singul-ar matrix A, as i n  (3.2) when r < min (m, n)  , then ve can 
2 
! s t a t e  t h e  following: 

! 
I 

Theorem 4.1: If A i s  an mm matrix of rank r < min (m,n), - 
T -1 

I then ' fo r  any E > C, A i s  not b e t t e r  condftioned than A + €(A ) . 
Proof: From (3.1)  we have 

Theref ore, 

T , s ince  D = D 



and by t h e  saine argillnenk3 as Were used i n  t h e  proof of TkLeoreI:, 3 7 
-'-I 

t h e  r e s u l t  f 0lloWs 

I n  view of t h e  above Theorem, we can nox prove tha4; i n  (3.5') 

T -1 t h e  mat r ix  A, -!- €(A, A, ) A ,  is b e t t e r  conditioned than P., . Since 

A $  has f u l l  c o l ~ m n  rank  (tflocgh ill condit ioned) ,  it folloi,rs t h a t  

Cl3 11 

T" (hT)-!- = (&&?-'& A2 -!- €(A~&~. ) - 'A~  = 4 + C ( A ~  , , 
i which is  b e t t e r  condi t ioned  ( a t  worse it has the  s m e  condition 

I . .number) t han  Ar, accord ing  t o  Theorem 4.1. 

I One of t h e  probl.ems i n  con~puting generalized inverses  is  the 

1 Corol la ry  4.1: The minimum nonzero s ingular  value of 
I 

[A + €(A~) ' ]  > 11,. . ., p . 
E € Proof : L e t  n i n  (pi + -) = pg + - , then p S p r  ''43 - '1." 

i P i  P 

. Q d  - -!- - E >*=.,,, + -  E 
Pp 'r ~p > $ a  I . .  '-$ 

I 

I T + 

Thus we have s e e n  t h a t  t h e  pe r tu rba t ion  €(A ) i n  A, even for 

determina.tion of  r a n k  r . The problem becomes d i f f i c u l t  i f  there are 

s ingu la r  v a l u e s  c l o s e  t o  zero, v i a . ,  yl, C. I n  t h i s  case, the f o l -  

I  mall E, moves t h e  s m a l l  s ingu la r  va.l-t~es~ f u r t h e r  away from zero. 

1 - Rosen [14] in t roduced  t h e  d o n c e ~ t  of basic  so lu t ion  of (1.1) 

lowing c o r o l l s r y  t o  Theorem 4.1 i s  use fu l .  
I 

. . .  5 - - - - _  - -  - . _ .-. __ _ .  - - .  - _  - - . - .  
v iz . ,  a t  n o s t  r elements  of x i n  (4.1) a r e  nonzero. 172 give here 

I 

a method of computing a b a s i c  s o l u t i o n  of (1.1).  Analogo~~s t o  (2.21, 
I 

l e t  U s  c o n s t r u c t  an  Orthogonal matrix 6 such t h a t  - 7 



where U is an rippe; iz ' i a : !~ ; . j l~r  rxr mat,rix and i s  non$ingular.  Then, I 
1 

C. A = (u,c), rheri: GIT B.zontes t h e  f i rs t  r c o l m i ~ s  of Q~ and A = 

(q: U, 6; C )  . Then as proved by Rosen [lk.], t h e  b a s i c  least square 

t h e  i n v e r s i o n  of t h e  upper  t r i a n g u l a r  matrix U i s  easy.  It i s  easy 

t o  s e e  t h a t  t h e  computat ion of a b a s i c  s o l u t i o n  would be more ac- 

c u r a t e  thari t h a t  of (4.1) or  even t h e  computation of ~ + b .  

I n  pass ing ,  we show . t he  equivalence of , the  f o l l o ~ ~ i n g  def in-  

i t i o n  of A+ due t o  A l b e r t  and S i t t l e r  [15] an& the one inp l i ed  by (3.1). 

+ -1 T 
D e f i n i t i o n :  A = l i m  ( A ~ A  + 6 I ) A . 

€ - P O  
From (3.1), we have 

i But lim 
E 4 



1 5 .  F i n d  Remarks, 

\ Ws have a.ttempted t o  give an idea  of some of t h e  problems 
. . 

one has t o  face  i n  t h e  s o l u t i o n .  of simultaneous l i n e a r  equakions. 

t h e  "a p r i o r i l ' . e s t i m a t i o n  of E i n  Sections 3 and 4 is d i f f i c u l t  

and t h e o r e t i c a l  a s  we l l  as' comp~zlational work i n  t h i s  area  i s  

very much needed. Also , simple methods f o r  co;nputing the  rank of 

A i n  t h e  face  of r oundoff . e r r o r s  would be higlfiy des i rab le  . 

August 7, 1968 
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