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ABSTRACT 

The following time-domain charac ter iza t ion  of any ra t iona l  

I posit ive-real  matrix i s  es tabl i shed:  Let w ( t )  Ad be an - matrix 

1 d i s t r i b u t i o n  having i t s  support bounded on t h e  l e f t  and l e t  W(s) + 

I 
! be i t s  Laplace transform. The necessary and s u f f i c i e n t  conditions 

I for ~ ( s )  t o  be a r a t i o n a l  pos i t ive- rea l  matrix a r e  the following. 
H 

I 

?Here, k i s  a r e a l  symmetric nonnegative-definite constant matrix, 
--I 

ko i s  a real constant  matrix, and w1 - ( t )  i s  a r e a l  matrix dis t r ibu-  

. t i o n  whose elements cons i s t  of f i n i t e  l inear 'combinations of terns 

. of the  form, 

I where d is a nonnegative i n t e g e r  and r i s  a complex constant. 

I 
I 
t 2. Let 

I 3E For every nxl cons tant  vec tor  y t h e  quantity y wh(t )Y i s  a nonneg- 
i - N l y  

- 
a t i v e - d e f i n i t e  d i s t r ibub ion .  



I INTRODUCTION 

I. r L e t  w( t ) denote t h e  d i s t r i b u t i o n a l  inverse  Laplace t r a n s f  o m  
! 

I of a r a t i o n a l  f u n c t i o n  W ( s )  , where t h e  corresponding region of 

I convergence i s  t aken  t o  be a half-plane extending i n f i n i t e l y  t o  

( t h e  r i g h t .  w ( t )  w i l l  be ,  i n  genera l ,  a d i s t r i b u t i o n  because of 

( t h e  p o s s i b l e  d e l t a  func t ion  and i t s  d e r i v a t i v e s  at t h e  o r ig in .  

I If we assume, i n  a d d i t i o n ,  t h a t  w ( t  ) i s  an  ordinary funct ion that 

1 s a t i s f i e s  c e r t a i n  condi t ions  on i t s  i n t e g r a b i l i t y ,  then it can be 

1 shown t h a t  a necessa ry  and s u f f i c i e n t  condi t ion f o r  W ( s )  t o  be 

I p o s i t i v e - r e a l  i s  t h a t  t h e  even part w h ( t )  of w(t ) be a nonnegative- 

\ d e f i n i t e  f u n c t i o n  [l, 21. Without t h i s  a d d i t i o n a l  assumption, one 

1 i s  f o r c e d  t o  use d i s t r i b u t i o n  theory o r  an  equivalent theory of 

t 
t g e n e r a l i z e d  func t ions  i n  order  t o  perform an analagous analys is .  

t - Moreover, it t u r n s  ou t  i n  t h i s  genera l  case t h a t  t h e  nonnegative- 

d e f i n i t e n e s s  of w h ( t )  i s  necessary  but  no longer  s u f f i c i e n t  f o r  

W(s) t o  be p o s i t i v e - r e a l .  

The ques t ion  a r i s e s ,  t h e r e f o r e ,  as t o  what add i t iona l  condi- 

1 t i o n s  must be imposed on w ( t  ) i n  o rde r  t o  insu re  t h e  posi t ive-  

r e a l i t y  of  W(s). The answer i s  given i n  theorem 3 below. A 

I similar r e s u l t  f o r  p o s i t i v e - r e a l  ma t r i ces  is  given i n  theorem 4. 

I In v iew of t h e  correspondence between p o s i t i v e - r e a l i t y  and the  

p a s s i v i t y  o f  p h y s i c a l l y  r e a l i z a b l e  networks, t h e s e  two theorems 
F 
I 
I 

give a complete time-domain c h a r a c t e r i z a t i o n  of lumped l i n e a r  

i fixed f i n i t e  and pass ive  n-ports .  This  i s  t h e  object ive of t h i s  



More r e c e n t l y ,  a  time-domain cha rac te r i za t ion  f o r  any 

p o s i t i v e - r e a l  f u n c t i o n  or  matrix, which need not be r a t i o n a l ,  

h a s  been obta ined  and w i l l  be presented i n  t h e  next r epor t .  It 

c o n t a i n s  t h e  r e s u l t s  s t a t e d  i n  theorems 3 and 4 below, a s  spe- 

c i a l  c a s e s .  The d iscuss ion  for  r a t i o n a l  pos i t ive - rea l  funct ions 

o r  m a t r i c e s  t h a t  is  given h e r e  is considerably more d e t a i l e d  than 

t h e  more powerful development of ow: next  r e p o r t ,  Indeed, we 

p r e s e n t  h e r e  a d i scuss ion  o f  what t y p e s  of d i s t r i b u t i o n s  a r e  gen- 

e r a t e d  a t  t h e  poles  of a  r a t i o n a l  func t ion ,  A s  a r e s u l t ,  we ob- 

tain a s p e c i f i c  r e l a t i o n s h i p  between t h e  f a c t  t h a t  a pos i t ive -  

r e a l  f u n c t i o n  o r  matrix must have only simple imaginary poles 

t h a t  satisfy a c e r t a i n  r e s i d u e  condi t ion ,  and the  f a c t  t h a t  t h e  

u n i t  impulse response funct ion  or  ma t r ix  generates  a  nonnegative- 

d e f i n i t e  d i s t r i b u t i o n ,  (See lemmas I and 3 below,) 

I1 SOME PRELIMINARY CONSIDERATIONS . n ... .. .- 

This r e p o r t  uses  t h e  same n o t a t i o n s  and d e f i n i t i o n s  t h a t  

were employed i n  some previous ones [ 3 , 4 ] .  The elements of d is -  

t r i b u t i o n  t h e o r y  t h a t  a r e  needed f o r  a n  understanding of t h i s  

work a r e  summarized i n  t h e  appendix of [3] .  

The d e f i n i t i o n s  of p o s i t i v e - r e a l  funct ions  and matrices 

t h a t  are employed h e r e  are t h e  fo l lowing.  

The f u n c t i o n  W (s ) of t h e  complex v a r i a b l e ,  s = 6 + jw, is . 

said t o  be  p o s i t i v e - r e a l  if t h e  fo l lowing conditions a r e  satis- 

f i e d  i n  t h e  open r ight -ha l f  s-plane ( i . e . ,  f o r  Re s > 0 ) .  



1. W(s) i s  a n a l y t i c .  

2 ,  W(s) is r e a l  whenever s i s  s e a l ,  

3 .  R e W ( s ) Z O .  

The nxn matrix F(s )  i s  s a i d  t o  be pos i t ive - rea l  if  the  

fo l lowing cond i t ions  are s a t i s f i e d  i n  t h e  open r ight -ha l f  s- 

p l a n e ,  

1. M(s) - i s  a n a l y t i c .  

2. W ( s )  - i s  r e a l  whenever s i s  r e a l ,  

3 .  The hermi t ian  par t ,  
b ~ ! ~ .  a€ 

W,(s) " !.Wt'$) t . w  ( ~ 1 1 ,  - 2 - 
of - W(8) i s  t h e  ma t r ix  of a nonnegat ive-defini te  h e m i t i a n  form. 

I n  t h e  seque l  we s h a l l  s ay  t h a t  a matr ix  i s  hermitian and 

nonnega t ive -de f in i t e  zif it is t h e  matr ix  of a nonnegative-definite 

h e r m i t i a n  form. 

We s h a l l  subsequent ly make use of t h e  symbolic expression, 

QI 
j u t  f -QD e dG(w), 

where G(w) is t h e  sum o f  a d i s t r i b u t i o n  GI ( w )  of bounded support 

and a f u n c t i o n  G (w) of slow growth t h a t  5s of  bounded var ia t ion  
2 

- over every f i n i t e  i n t e r v a l .  It denotes the  complex conjugate of 

the d i s t r i b u t i o n a l  Four ie r  t ransform of G(u) . This is  the  dis- 

t r i b u t i o n  of slow growth t h a t  a s s i g n s  t o  each t e s t i n g  funct ion  

@ i n  D t he  va lue ,  



The following representations were established in [3,41. 

Theorem 1: The function W(s) 9 positive-real if 
onlx -- if its inverse Laplace transform w(t ) for the half~plane, 

Re s > 0, -- has the symbolic representation, 

00 

w(t) = ~&(')(t) + u(t) (1 + q  2 ,  cos it dK(p), -a 

where A --- is a real nonnegative constant, K ( 1 )  is a real odd non- - 
decreasing bounded function, and u(t) is the unit step function. 

Theorem 2: The nxn matrix W(s ) & positive-real j& & 

only -- if its inverse Laplace transform w(t) - for the half-plane, 

Re s > 0, has the symbolic representation, 

d2 c l - - 1) [u(t) sin ?tl dL(9) , 
-00 . dt2 U 

. . 

where Q is a real constant skew-symmetric nxn matrix, 4 2 2 - 
real constant. symmetric nonnegative-definite m n  matrix, 4 - 
the nxn matrices, K ( 7  ) L ( 1 )  are real and possess the fox- - - U 

lowing properties. 

3. For every constant nxl vector y, 
Y 

is a real nondecreasing bounded function of 9 . 



A distribution f(t) is said to be nonnegative-definite 

if for every testing function @(t) in D the quantity, 

is nonnegative [5; Vol. 11, p. 1311. These distributions can 

also be characterized as follows. (For  a proof see 11; Val. 

11, PP. 132-1333.) 

The Bochner-Schwartz theorem: & order for the distribu- - 
t i o n  f (t) to be nonne~ative-definite it is necessary and suffi- - -- 
c ien t  that symbolically 

QT j w t  
f(t) = J e d B ( 4  , 

-00 

where B(w) is a real nondecreasing function of slow growth. - - -  
As a very simple example, consider the delta function 

6 ( t ) . It is nonnegative-definit e because 

Moreover, its Fourier transform is the function that equals one 

everywhere so that the corresponding inverse Fourier transform 

assumes the f o m  required by the Bochner-Schwartz theorem. 

Every nonnegative-definite distribution must be of slow 

growth because the Fourier transformation is a mapping of S'  
f 

onto S . 





(n = 1,2,3,...) 

(The  summation on t h e  right-hand s i d e  is  absent when n = 1). 

III CERTAIN FCURIER-STIELTJES TRANSFORMS 

Our object ive  i n  t h i s  sec t ion  i s  t o  es tab l i sh  the follow- 

ing  lemma. 

Lemma 1: - Let W(s) --- be a r e a l  r a t i o n a l  func t iono f  the  f o m ,  

W(s) = k,s  + ko + W, ( s )  , (3-1)  

1 ,  s has %re ~ o l - e s  than zeros and i s  ana ly t i c  -*-A --- f o r  Re s >  0 .  

I n  order  fo r  t h e  even part, ----- 

of the un i t  impulse response w ( t  ) corresponding to W(S) be --- 
r ep re sen tab l e  & t h e  symbolic expression, - 

w h e r e  G ( w )  i s  a nondecreasing ordinary function,  all the irnagin- 0 - -  -- 
am poles  of W(s) -- must be simple and have r e a l  pos i t ive  residues. --- 

If we perform a p a r t i a l  f r a c t i o n  expansion on W, ( s ) ,  we con- 

v e r t  it i n t o  a f i n i t e  sum of terms, each of which has t h e  form, 

where a i s ,  i n  general ,  a complex constant,  M and /3 are  real 

c o n s t a n t s  with a nonpositive, and / i s  a pos i t ive  integer.  Re- 

cause W, (s) has r e a l  coe f f i c i en t s ,  a must be real whenever p 
is zero. I n  add i t ion ,  when /B' is  not zero, the re  will be another 



term i n  t h e  p a r t i a l  f r a c t i o n  expansion whose pole i s  a t  

s = 0( - jp and whose constant m u l t i p l i e r  i s  s. Hence, 

W, (s)  is a f i n i t e  sum of terms, each of which has e i t h e r  t h e  

F ( s )  = a ( a  r e a l ) ,  
(s -& )A  . 

o r  the form, 

( F o r  d e f i n i t e n e s s ,  we  s h a l l  assume henceforth t h a t  P > 0. ) 

T h e  t ime f u n c t i o n  corresponding t o  ( 3 - 3 )  i s  . 

and t h a t  corresponding t o  (3-4) is 

where u(t) is t h e  u n i t  s t e p  f u n c t i o n  

0 (t < 0 )  

- (t = 0 )  =(: 
1 (t  > 0 ) .  

Actua l ly ,  we a r e  i n t e r e s t e d  i n  t h e  cont r ibut ion  t h a t  (3-3)  

and 13-41 make t o  t h e  funct ion  

and we wish t o  determine what happens t o  these  contr ibut ions a s  

C - 0  + . We also wish t o  determine t h e  e f f e c t  of these cont r i -  

b u t i o n s  on 

i n  t h e  limit as c-0 + . 



When oc < 0, t h e  cont r ibut ions  of (3 -3 )  and (3-4) t o  

Gc ( w ) a r e  bounded continuous ( i n  f a c t ,  i n f i n i t e l y  diff  e rent i -  

a b l e )  func t ions .  S ince  t h e  s = j w  axis i s  i n  t h e  i n t e r i o r  of 

t h e  r e g i o n  o f  convergence of t h e  'Laplace transforms of ( 3 - 5  f 

and ( 3 - 6 ) ,  t h e s e  con t r ibu t ions  continue t o  possess the same 

proper t i e s  when c = 0. For the  same reason, if these  cont r i -  

b u t i o n s  a r e  subs t i tu ted  f o r  G (a) i n  ( 3 - 8 )  and t h e  l i m i t  
C 

c --+ 0 + i s  taken,  the  F o u r i e r - S t i e l t  jes  transform correspond- 

ing t o  (3-2)  w i l l  s t i l l  be a v a l i d  expression. I n  o ther  words, 

i n  these simple cases  t h e r e  is no d i f f i c u l t y  i n  interchanging 

the l i m i t  c-0 + wi th  t h e  i n t e g r a t i o n  i n  (3 -8 ) .  

Next, l e t  us  consider  t h e  t e m s  corresponding t o  simple 

imaginary poles  o f  W(s 1. I n  t h i s  case,  oc equals  zero and A 

equals one. The corresponding con t r ibu t ion  of ( 3 - 3 )  t o  (3-7) 

i s  t h e  p r i n c i p a l  branch of  

a tan-'w - ( a r e a l ,  c > U ) .  
C 

R e p l a c i n g  Gc(u) i n  ( 3 - 8 )  by ( 3 - 9 ) )  we obtain 

Now, as c--0 +, t h e  p r i n c i p a l  branch of  (3-9) becomes the  

s i n g l e  s t e p  f u n c t i o n ,  
(w  < 0 )  

1 arrCu(w) - ( W  = 0 )  



I n s e r t i n g  t h i s  funct ion  i n t o  t h e  right-hand s i d e  of (3 - lo ) ,  

t h e  r e s u l t i n g  S t i e l t  j e s  i n t e g r a l  becomes a/2. But, t h i s  i s  

p r e c i s e l y  t h e  value t h a t  t h e  lef t -hand s i d e  of (3-10) becomes 

as c-+ O+. Hence, here  too we can interchange t h e  l i m i t  c+O+ 

and *he i n t e g r a t i o n  on t h e  right-hand s i d e  of (3-10). 

Considering aga in  t h e  case where cx = 0 and p = 1 and s e t -  

t i n g  a = a, + ja2 , we f ind  t h a t  the cont r ibut ion  of (3 -4 )  t o  

(3-7)  i s  

a, [ tan-  I e + t a n  -1 o+Pl+ - a2 in c ~ + ( w - B ) ~  
C C 2 c2+(w+p)2 

As c--+O+, t h e  f i r s t  term i n  (3-12) becomes t h e  monotonic s t e p  

f u n c t i o n ,  

whereas t h e  second term approaches 

Now, ( 3-14) i s  a  nonmonotonic unbounded funct ion ,  having logar- 

i t h m i c  s i n g u l a r i t i e s  a t  w = 2 p. We shall use t h i s  f a c t  l a t e r .  

If we r e p l a c e  Go(o) i n  (3-2)  by the  sum of (3-13) and 

(3-14) and if t h e  r e s u l t i n g  F o u r i e r - S t i e l t j e s  i n t e g r a l  i s  in-- 

t e r p r e t e d  i n  terms of d i s t r i b u t i o n  theory,  t h e  r e s u l t  w i l l  be 



t h e  even p a r t  of  (3-6). On t h e  o t h e r  hand, i f  a2 = 0, we need 

not r e s o r t  t o  d i s t r i b u t i o n  theory t o  ob ta in  the  even part  o f  

(3 -6 )  ; h e r e  aga in ,  t h e  l i m i t  c_+O+ and the  in tegra t ion  i n  the 

F o u r i e r - S t i e l t  j e s  transform can be interchanged i n  t h e  classi- 

c a l  sense .  

F i n a l l y ,  we s h a l l  d iscuss  the  t e m s  corresponding t o  t h e  

m u l t i p l e  imaginary poles  of W(s) . For t e r n s  of t h e  form a/s 1 

(a r e a l , ) =  2 , 3 , 4  ,...) we have from (2-5)  t h a t  

( ,A 

(1 even). 

There f  o r e ,  a s  c---+O+ t h e  r egu la r  d i s t r i b u t i o n s  corresponding t o  

approach t h e  genera l i zed  func t ions ,  

and 

(p e v e n ) .  



I 
I 
! 
I Similarly, f o r  terms of the  form 

The corresponding limits of the regular  d i s t r i bu t ions ,  gener- 

ated by 
fl 

as c ---PO+, a r e  

I ; .  

1 (3-17) 

and - 

1 
(n-a ) 

C 1 [6(n02) (U-p)m6 [ u v ]  
(u+P) P7 - m .  - 

(/C even). 

None of the  expressions given by (3-161, (3-16a) , (3-17 9 

i 
i and (3-17a) a r e  ordinary functions and, f o r  a l l  w (except the 

n 
singular po in t ,  w = - + f ) ,  t h e  t e r m $  F R  LF 2 6 ) , a r e  nonnonuton- 

t C: 
. .y , ..,.,.. . . 

' : ? ~ . x c . ~ ~ ; ~ $ . , , , ,  T i j .  ~ ~ r d e ~ ' . ~ o . , ~ ~ ~ ~ ~ . n ~ ~ ~ t h e , ' , e , ~ ~ ~ ~ ~ p 8 ~ t ~ ~ , ~ ~ ~ . ~ ' ~ ~ 3 - ~ ~ : i ~ ~ r  
' ' .  . .. . . .:$ . . , > . . . 1 - -a , . ;  ?,\ -.' . . . , i - .  . . . .:;; ,',' ?... ' ' ' . . 1 .*, . !... , ' t.' N * , ' ., , .; 

( 3 - 6 )  . . -  .-by . , ~ ~ $ ~ b $ g $ ~ f i j l g  . . .  I . .  ( 3 ,  < ,  , .  , , c 3 )  ., .... ..' . f # q p e c t i v e l y ,  
. . , : .:. : 

. . 
I '  . 

. - .  
i I i :  . . . 

i . b r G  ' iw , j in, , , , I , ,  -2 ) , "6 ku&t8 :,is& uistFibutibn eheo+, l the  cikssi-. . . . , 

i . . 
, . 

i 1 .  

I c s i . . i d e o r y  being j.qz.deuuate in . ,.(, tilis .,, . case ; I -  - 

I * .  

i The time func t ion  corresponding t o  k l s  i s  k16 (')(t) and 
D 

. the corresponding contribution t o  G~ (w ) is kl  ca, . which approach- 

es zero  as c ' - - ~ o + .  This is r e f l e c t e d  i n  the fact that b ( ' ) ( t )  - 

12 



is  an odd d i s t r i b u t i o n .  

S i m i l a r l y ,  t h e  t ime  funct ion  f o r  t h e  constant  term ko i n  13-11 

is  k o d ( t ) .  I t s  c o n t r i b u t i o n  t o  G ~ ( u )  i s  k0w; b ( t )  is an even as- 

t r i b u t  i o n .  

Turning now t o  t h e  proof of lemma 1, l e t  us  first observe 

tha t  for any r e a l  r a t i o n a l  f u n c t i o n  W ( s )  t h e  funct ion ,  

G0(w) = l i r n  G,(w) = l i m  Re W(c + jx) dx ( c  > 01, 
C- .:.. o+ C - ..:>o+ 0 

is a f i n i t e  sum of terms of t h e  forms (3-111, (3-131, 3 ,  (3-161, 

(3-16a), (3-17), and (3-17a), p l u s  p o s s i b l y  kowe Furthermore, we 

may relate t h e  even p a r t  wh(t) of t h e  u n i t  impulse response t o  

Go(w) t h rough  (3 -2)  i f  we i n t e r p r e t  ( 3 - 2 )  as a symbolic expression 

fo r  a d i s t r i b u t i o n .  

F o r  Go(w)  t o  be a nondecreasing ord inary  funct ion,  it -is c l e a r -  

necessary t h a t  terms of t h e  form (3-l4.L (3-161, (346a) l  (3-17)r'.  

and (3-17a) must no t  appear  i n  Go ( w )  ., T h i s  means t h a t  every b a g -  

inary  pole of W ( s )  must be simple and t h e  corresponding resfdue 

m u s t  be r e a l ,  I n  fac t ,  from (3 - l l ) ,  (3-131, and (3-14) we s e e  t h a t  

t h e s e  r e s i d u e s  must be p o s i t i v e ,  This e s t a b l i s h e s  l e m m a  1. 

IV FUNCTIONS.  WHOSE LAPLAGE TRANSFOFLIdS 
- ARE POSITIVE-REAL 

W e  s h a l l  now develop t h e  p r o p e r t i e s  of w(t) which completely 

c h a r a c t e r i z e  the & k t  t h a t  Wjs) i s  a r a t i o n a l  p o s i t i v e - r e a l  func- 

t ion ' ,  The p r e c i s e  r e s u l t  is aq fo l lows.  

Theorem 3 : - Let w ( t  ) & 2 d i s t r i b u t i o n  having its support  

bounded ----- on the l e f t  and l e t  W(s) be i t s  Laplace transform. -- 
neczssary and s u f f i c i e n t  condi t ions  f o r  W ( s )  t o  be a r a t i o n a l  
'-9m -. - .-. A 

- -- 
. . 
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positive-real f u n c t i o n  -- a r e  t h e  following. 

Here kl 2 0 ,  kg 2 r e a l ,  and w, ( t  ) i s  a r e a l  d i s t r ibu t ion  t h a t  
- 9  --- - 
c o n s i s t s  of a f i n i t e  l i n e a r  combination of t e r n s  of the form, 

c- _)---,- 

where 5 nonnegative i n t e g e r  - and ) - -  i s  a complex constant. 
I -  

t & 2 nonnegative-definite d i s t r i b u t i o n .  
I 
I Note t h a t  cond i t ion  2 above does not  s u f f i c e  t o  insure t h e  

p o s i t  i ve - rea l i ty  of W ( s ) s i n c e  ,6(2 ( t ) is nonnegative-definite 

, and yet i t s  Laplace transform -si i s  no t  posi t ive-real .  This is  

/ i n  c o n t r a s t  t o  c e r t a i n  s p e c i a l  cases  where a c l a s s i c a l  analysis  

' fs poss ib le  [1,2].  
t 

I 

Proof: Necessity: Assume that,  W(s) i s  r a t i o n a l  and posit ive- I -  
F real.  Since W(s) is r e a l  f o r  r e a l  s i n  the  region of conver- - 
: gence, l(s) = ~m t h e r e  and, consequently, ~ ( t )  i s  reale  Further- 
i! 

more, i f  \V(s) has a pole a t  s = o, , it must be simple and its 
1 

residue k must be p o s i t i v e .  Expanding W(s) i n t o  p a r t i a l  frac- 
1 

I 

tions and-applying t h e  inver se  Laplace t r a n s f  olTlation we 

p l e t s l ~  e s t a b l i s h  condi t ion  1. t 

i 
i Furthermore, w(t) has the form s t a t e d  i n  theorem 10 Taking 

its even pa r t ,  we o b t a i n  

J -  eJTt&(-q) , w h ( t )  = -_  



where H ( I ;  ) i s  the  r e a l  odd nondecreasing function of slow growth 

given by . 

H ( T )  = L J ? ( I .  + x 2, d K(X)  . 
0 

By t h e  Bochner-Schwartz theorem, % ( t  ) is a nonnegative-definite 

I d i s t r i b u t i o n .  
i 
' Sufficiency:  Assume that w ( t )  s a t i s f i e s  conditions 1 and 2- I . , 

Since w ( t  ) i s  r e a l ,  W ( s )  i s  r e a l  f o r  r e a l  s i n  the region of 

( convergence. Moreover, W(s) is a r a t i o n a l  funct ion of the  form, 

w ( s )  = k,s + ko + W 1 ( s ) ,  

where W, (s )  has more poles than zeros i n  the f i n i t e  s-plane. 

I V ~ , ( S )  cannot  have any poles with posi t ive-real  pa r t s .  Fort if it 

I did9 ~ ( t )  would conta in  at l e a s t  one t e n  of the  form (4-1) such 

t h a t  R e  > 0. This would mean t h a t  w h ( t )  could not be of slow 

1 growth and, t he re fo re ,  nonnegative-definite , which would v iola te  

c o n d i t i o n  2. Thus, t he  region o f  convergence contains the  open 

right -half s-plane, which implies t he  a n a l y t i c i t y  of W( s ) there-  

i 
1 We can convert t h e  d i s t r i b u t i o n a l  inverse  Laplace t rans-  

I 
k 

I where 

1 As C--:PO+, t h e  lef t -hand s i d e  of ( 3 )  converges i n  D' t o  w h ( t ) *  i I n t e r c h a n g i n g  t h e  l i m i t  process C--+O+ with the in tegra t ion  on 



t h e  r ight -hand s i d e ,  we obta in  t h e  s1mbolic equation, 
I 

i 
: where 

G ,  - ( w )  = lim Glc(w) . u c.-o+ 

F 
Bjr c o n d i t i o n  2 and t h e  Bochner-Scllwarta theorem, k w + G l o ( u )  is a I 0 

i 
I nondecreasing func t ion .  It now follows from lerrna 1 t h a t  W ( S )  has 
i / simple p o l e s  on t h e  s = j w  a x i s  with p o s i t i v e  res idues .  Also, at 

( every po in t  on t h e  s = j w  a x i s  where W, ( s )  i s  analy t i -c ,  G I  a ( o )  is a 

f p r i m i t i v e  of R e  W, ( j w  ) . Thus, - 
k + R e  Wl(jw) > 0 . 

0 
Applying the maximum-modulus theorem t o  kg + Re W l  ( s )  over the  

I 
ri&it,-half s-plane i n  t h e  usua l   fay, we s e e  t h a t  kg + W, ( 9 )  1 

f o r  Ee s > 0 .  Hence, kg + W, ( s )  is p o s i t i v e - r e a l .  Since kl  2 0 ,  

W ( s )  is a l s o  p o s i t i v e - r e a l .  Q.E.D. + 

I 
THE FOURIER-STIELT JES TRANSF0Rllv"S OF CERTAIN N A ~ ~ I C E S  -- - 

i 
t We now turn t o  t h e  extension of t h e s e  r e s u l t s  to matrices .  We 
i ' sha l l  subsequen t ly  make use of t h e  s u f f i c i e n c y  pa r t  o f  t h e  fol lowing 

known r e s u l t ,  

I 
Leuma - - -  2:  Le t  W(s) be an n  x n matrix whose elements a r e  r a t i o n -  -- - 

a1 f w c t i o n g .  The necessary s u f f i c i e n t  condi t ions  f o r  W ( s )  to I - - -  
i , _- be p o s i t i v e - r e a l  a r e  ' t h e  f o l l o w i n g .  

1. s(s) - i s  a n a l y t i c  - f o r  Ke s > 0 and r e a l  for s r e a l .  

2 .  Every imaginary po le  ( i n c l u d i n g  - t h e  p o s s i b l e  -- one a t  S = W ) 

/ 2 simple - so  -- t h a t  W(s) P., - -  i s  a f i n i t e  suol o f  terms of  the form -- - - - 9  
k - 

- 
where the gJ a r e  r e a l  and posi t ive_ and )?r,(s) 9 analy t ic  for Re s 20 



I and has a ze ro  a t  s : ----- - - a r e  nonnegative- !' . Furthermore, kT and ag - 
1 ii" - 
I d e f i n i t e  r e a l  mat r ices  and t h e  ( 1, = 1 , 2 , .  , P I  are non- -- -- -- i 

-c 

: matr ices .  
I 

i l 
.'/ 3 0 For s = ju,.Lhe hermi t ian  part of  kg + _W, ( s  ) , given & 

6 ;- " 

i ti m 

[k'j 'I' - + W ( j w )  -I- W aLi j w ) ]  , 2 ..() + -kO .-a -a 
. , 

_is 2 nonneigative-definite hermit ian matrix. - 

i P roof :  ~ e c e s s i ~ :  Let # ( s )  be p o s i t i v e - r e a l .  The first condi- - .. * 

ti0i-1 holds by t h e  d e f i n i t i o n  of p o s i t i v e - r e a l  mat r ices  
! 

If W ( s ) has a po le  of m u l t i p l i c i t y  p at  s = a , t h e  following , 

asymptotic express ion  holds as s --boo . 
I 
! W(S)N - k s f l  .? 

! 
Here, t h e  matrix of coe f f i c i en t s  k ,  i s  r ea l  s ince  W(s) i s  r e a l  f o r  

--4 

/' 

S peal. The hermit  ian p a r t  Wh ( s ) of W ( s ) i s  given by . .> -" 

Le t t ing  y be any n x 1 constant  v e c t o r ,  we have t h a t  as S - - t ~  t h e  
! & 

1 h e m i t i a n  form y% ( s )  y i s  asymptotic t o  .- --h & 

7 H * T - ~ y  2 k , ~ ( o  + jw)-" + y 5 y ( 6  - j w ) ) ' ~  ..- .- ( 5-2 1 

T : Since  ?k.,y i s  t h e  complex conjugate of y*k y, (5 -2 )  i s  equal t o  
..a 

. . - .-P- 

and this express ion  cannot be nonnegative f o r  Re s > 0 i n  every 
r : n e i g h b o r h o o d  of s = and f o r  every y if /t! > 1. On t h e  o the r  hand, - 

/I = 1, (5-3)  i s  nonnegative f o r  R e  s > 0 i n  every neighborhood of 
1 
9 = co and f o r  every y if and only i f  IC,~ i s  a nonnegative-definite - 

1 real  symmetr ic  mat r ix .  Therefore,  f o r  -y% ( s ) y  t o  be a nonnegative- 
1 - h  - 
1 definite hermitian form f o r  Re s > 0 ,  it i s  necessary t h a t  any pole  1 



( of W(s) at S = m be s i m p l e a n d  t h a t  the  corresponding matrix of 

1 r e s i d u e s  k7 be  a nonnegat ive-def in i te  r e a l  symmetric form. 
, 

i If W(s) has a pole  a t  the o r i g i n ,  we can come t o  a similar . d 

1 conclus ion  by c o n s t r u c t i n g  e s s e n t i a l l y  t h e  same argument i n  t h e  T i -  

1 c in i ty  of 8 = 0.  

Now, l e t  us  assume t h a t  W(s) has a p a i r  of imaginary poles a t  - 
i = 2 jpv ( F l j  > 0 )  o f  m u l t i p l i c i t y  p . The cont r ibut ion  of the pole 

1 
and, as s-+jG , + , E % h ( ~ ) U  i s  asymptotic t o  t h i s  expression* Since 1 * 3G W Y a y i s  khe coinplex conjugate o f  y a y, 

4.. * h 
(5-4) s i m p l i f i e s  i n t o  - .a,-., 

I 
As b e f o r e ,  t h i s  expression is  nonnegative f o r  Re s > 0 in every 

I 

I neighborhood o f  s = jp+ and f o r  every y i f  and only if y = 1 and 5, t u 

1 1s a nonnega t ive -de f in i t e  hermit ian form. The same r e s u l t  hold8 for 
r 

i t h e  pole a t  s = - jpy . 
i 

I 
t S i n c e  -- I( s )  i s  a r a t i o n a l ,  the condit ions developed so f a r  show 
i 
: t h a t  it can be expanded i n t o  a f i n i t e  sum of terms of t h e  form ( 5 4 )  

Thus, c o n d i t i o n  2 i s  completely es tabl i shed .  

! 

To v e r i f y  t h e  l a s t  condi t ion,  l e t  us f irst  note  tha t  we have 

f rom 
t 

I .c Y > ~ ( ~ ) ~  2 O (Re s > 0) (5-6) 

I by c o n t i n u i t y  t h a t ,  a t  a l l  p o i n t s  of t h e  s = j w  axis, except possib- 

l y  a t  t h e  imaginary poles ,  



I R e f e r r i n g  t o  (5-5)  and using t he  f a c t  t h a t  y*a, y i s  r e a l  and pos- 
w -d- .  

I i t i v e ,  we s e e  t h a t  the cont r ibut ion  of t h e  p a r t i a l  f r a c t i o n  ' f o r  any 

s imple  pole a t  s = jP1; t o  Whj jw) is  zero,  By t h e  same argument, t h i s  

a s s e r t i o n  h o l d s  f o r  any si111ple pole that may occur a t  e i t h e r  s = 0, 

s = -jp,, , o r  s = m . Because of t h e s e  r e s u l t s ,  it follows that, 

whenever W( j w )  i s  a n a l y t i c ,  

T h i s  r esu l t  can be extended t o  a l l  imaginary values of s because of 

the c o n t i n u i t y  of W,( j w  ) . 
I Suf f i c i ency :  Because of condi t ion  1, we need merely show t h a t  

. ( 5-61 holds .  Let y be any given constant  n x 3 vector  and consider 
*- 

a c l o s e d  p a t h  c o n s i s t i n g  of a por t ion  of t h e  s = j w  axis and a  semi- 

/ c i r c l e  i n  t h e  right-half s-plane of r a d i u s  r and cen te r  at t h e  mi- 

gin. . S i n c e  W, ( s ) is  r a t i o n a l  and Y, ( co ) i s  zero,  the  quant i ty  9 -. r l  

I uniformly approaches ze ro  on the semic i rc l e  as P -  Furthermore, 

I 
s i n c e  - Wa(s:) i s  a n a l y t i c  for Re s 0 ,  

is a f i n i t e  l i n e a r  combination of harmonic funct ions  f o r  Re s 2 0 ,  

By c o n d i t i o n  3 it is  nonnegative on t h e  s = jw axis and approaches 

I 
the nonnega t ive  q u a n t i t y ,  





i if t h e  point s = c is taken large enough t o  be i n  t h e  region of con- 

I wrgence of t h e  Laplace t ransform ..I.- W( s ) and i f  y is any n x 1 con- 
U 

stant vector, we may symbolical ly  w r i t e  

where G ( w )  i s  any p r imi t ive  of y% ( c  + j w ) ~ .  

I c .. h - 
I 1f h W[s) has a simple pole a t  t h e  o r i g i n ,  i t s  p a r t i a l  f r a c t i o n  

I expansion 11611 have a term of t h e  form a , where a i s  a matr ix  of - ds - 0 I real constants. The corresponding con t r ibu t ion  t o  ..- Wh(s) i s  

1 
As 6-c0+, t h i s  converges i n  D t o  

1 T n i s  can be ascer ta ined  from ( 2 - 5 ) .  

I 

If W(s) has a pole  of m u l t i p l i c i t y ~  a t  t h e  o r i g i n ,  t he  term 

i 'fill appear i n  the  p a r t i a l  f r a c t i o n  expansion of z( s ) a From ( 2 - 5  9 
I 

its contribution t o  W ( s )  as 6 4 0 +  i s  found t o  be 
I -h 



= - + jf,,, (p,  > 01, then the  fol lowing expi . i o n  w i l l  appear i n  i t s  

p a r t i a l  f r a c t i o n  expansion. 
I 

where - a", is an n x n matrix of cons tan t s .  The cont r ibut ion  of 

15-13] t o  % ( s )  i s  

We aga in  s e e  from ( 2 - 5 )  t h a t ,  as c-O+, (5-14) converges in 

I Assume, more g e n e r a l l y ,  t h a t  t h e s e  poles have a m u l t i p l i c i t y  o f r  so , 

i t h a t  the Cemns, 

I 

i a p p e a r  i n  t h e  p a r t i a l  f r a c t i o n  expansion of E( s )  Here, a de- 

! notes  a matrix of cons tan t s .  Their cont r ibut ion  t o  l i m  (fi'j~) ,+- O+ h 

I is 
I 



a 3: _W(s) be a n  n x n matrix whose elements are rat ion-  -- 
f u n c t i o n s  t h a t  a r e  r e a l  f o r  s r e a l .  Also, let W( S be of the form, - 

---I_-- 
& 

W(s) = k l  s + k  + W , ( S ) ,  
e. .- 0 ( 5-17) 

where -..- - - I  k - i s  a - r e a l  -.---- sym,letric cons tant  .,.----- mat r ix ,  k i s  a r e a l  ~ ~ n s t a n t  .-- - ". 0 - -  --- - 

m a t r i x ,  --- and _ _ _  iii ( s )  i s  a r l a lv t i c  f o r  H e  s > 0 and __ has ___ more _ _ _ _  poles -- than - 1 - --d 
3E zeros i n  t t  f i n i t e  ~-plia_~ &_n o r d e r  f o r  y ~ ~ ( t ) y  b_e P 2 r e s e n t -  - -- -- 

h 
- 

a b l e  by t h e  syrlbolic expression,  -- -- -..- ----- ----I_-. 

k e v e r y  n x 1 cons tan t  v e c t o r  y, where G ( a )  i s  2 nondecreasing O r -  
, ., , 0 - 

&nary func t i on ,  a l l  imaginary poles  of W(s) must be simple and the - - -- 

I m a t r i x  of r e s i d u e s  at each such pole must be a  nonnegative-definite -- --- --- 
hermit i an  mat six. -- 

I Proof :  The proof of t h i s  leima i s  almost t h e  sane as  t h a t  of 

lemma I, 
i 
t Le t  

I I =lim G,lw) Go c d O +  

w h e r e  again G i s  any p r imi t ive  of y%? ( c  + jw)y ( c  
i c - +.. 

I 

I 
i The partial f r a c t i o n s  corresponding t o  poles of W ( s )  t h a t  l i e  i n  
I Cr 

: the open l e f t - h a l f  s-plane con t r ibu te  terms t o  G o ( a )  and to G c ( u )  that - 
are c o n t i n u o u s  bounded funct ions  and f o r  these terms we may exchange 

the l i m i t  c--0 + with t h e  i n t e g r a t i o n  i n  (5-9) t o  obtain (5-1g) i n  

t h e  c l a s s i ca l  sense. 



To do t h e  same thing f o r  the  imaginary po les  of F(s), we s h a l l  

r e s o r t  t o  d i s t r i b u t i o n  t h e o r y  (as  we must i f  t h e s e  poles  a r e  mul- 

t i p l e  ones o r ,  i n  case they  a r e  s imple,  t h e i r  r e s idue  matr ices  do 

not sa t i s fy  t h e  cond i t ions  s t a t e d  i n  t h e  lemma). If W(S) has a 
Z 

simple p o l e  a t  t h e  o r i g i n ,  its c o n t r i b u t i o n  t o  _Wh(s) i s  given by 

(5-10) Forming a he rmi t i an  form out of (5-lo), then construct ing 

a primitive (any p r i m i t i v e  will do), and f i n a l l y  l e t t i n g  fl-0 + t  

we f i n d  t h a t  t h e  c o n t r i b u t i o n  t o  Go(w)  is 

If -ao i s  n o t  symmetric, t h i s  pole cannot cont r ibute  t o  G ~ ( U )  a mono- 

t o n i c  f u n c t i o n .  On t h e  o t h e r  hand, if a is symmetric, t h i s  pole .- 0 
c o n t r i b u t e s  t o  G ( w )  t h e  bounded funct ion ,  

0 

and t h i s  e x p r e s s i o n  i s  nondecreasing if a. i s  nonnegative-definite- ." 

The c o n t r i b u t i o n  of the  mul t ip le  pole  % / s f l  t o  G ( w )  is com- 0 

puked i n  the same way. That i s ,  we construct  a hermitian form out 

of ( 5-12) and then t a k e  one of i t s  pr imit ives .  This y i e l d s  f o r  

-*Y '& 2, 3 ,  4, 0 . .  



So, when/ > 1, t h i s  c o n t r i b u t i o n  does not correspond t o  a non- 

d e c r e a s i n g  o r d i n a r y  func t ion .  

In t h e  same way, i t  can be seen from (5-15) t h a t  a p a i r  of 

simple p o l e s  a t  s = _f j tQ (By > 0 )  c o n t r i b u t e s  a nondecreasbg 

ordinary f u n c t i o n  t o  Go(w) if and only i f  t h e  corresponding matrix 

of' r e s i d u e s  a,,, i s  a nonnegative-def i n i t e  h e m i t i a n  form. Further- 
rr, 

more, ( 5-16) i n d i c a t e s  t h a t  a p a i r  of poles  o f  rn&t ip l ic i ty  

> 1) at s = - + jFQ cannot c o n t r i b u t e  a nondecreasing funct ion  

t o  G o ( w ) .  

In the  v i c i n i t y  of each imaginary pole of W( s )  , t h e  contribu- 

t i o n s  of a l l  t h e  o t h e r  t e r n s  i n  t h e  p a r t i a l  f r a c t i o n  expansion of 

E ( s  $0 GO(u) are  bounded ord inary  funct ions ,  whereas t h i s  pole 

contributes singt .d .ar i t ies  of t he  form, 60~-2) and/or l /wA- '  i f  

it does n o t  fulf i l l  t h e  condi t ions  s t a t e d  i n  t h i s  lemma. Hence, 

f o r  G O ( u )  t o  b e  a nondecreasing ord inary  funct ion  t h e s e  conditions 

must be f u l f i l l e d .  The proof is completed by no t ing  t h a t  we may 

in te rchange  t h e  l i m i t  process c-.O + with the  symbolic integrat ion 

5.n (5-9) t o  o b t a i n  (5-183. Q.E.D. 

VI MATRICES WHOSE LAPLACE TRANSFORMS ARE POSITIVE-REAL - 

The 1;-domain cha rac te r i za t ion  0 f a r a t i o n a l  pos i t ive- rea l  ma- 

trix i s  as fo l lows:  

Theorem 4: - Let  w(t) ..- -- be an n x n matrix d i s t r i b u t i o n  having 

Support bounded on t h e  left and l e t  W(s) be i ts  Laplace Transform. - - -  -- 
The necessary and s u f f i c i e n t  condi t ions for  W(s) t o  b e  a r a t i o n a l  
7 - - - -  
p o ~ % t i v e - r e a l  - matrix -- a r e  t h e  following: 



1. .I. ~ ( t )  = .u k, 6 ( l ) ( t )  +so a (t) + - w l ( t )  
N 

- 
k, h a real ssvmmetric nonnegat ive-defini te  constant  matrix,  _kg - 

is 2 r e d l  c o n s t a n t  mat r ix ,  and w, ( t )  & a r e a l  mat r ix  d i s t r i b u t i o n  
i 

- ,w 

whose e lenants  c o n s i s t  of f i n i t e  l i n e a r  combinations of terms ef - 
! 
I form 
1 - 

E k E  7) $ 3 nonnegat ive i n t e g e r  - and 8 i s  a complex constant .  - - 
I 
1 
1 

2 .  Let  

For  every n x 1 cons tant  v e c t o r  y quan t i ty  Y*W ( t )  Y 3 GGk - 
i ,V + -h - 

n e g a t  i v e - d e f i n i t e  d i s t r i b u t i o n .  

Proof: Necessi ty:  Assume t h a t  W(s) i s  a r a t i o n a l  pos i t ive- rea l  - 
A. 

matrix. Since W(s) - i s  r e a l  f o r  s r e a l  and p o s i t i v e ,  the  r e f l e c t i o n  

p r i n c i p l e  [6;p. 1551 shows t h a t  w(:) = W(s) f o r  a t  l e a s t  Re s > 0. 
.L 4.. 

Consequenl;ly, w ( t )  i s  r e a l .  The res t  of  condi t ion 1, including t h e  
: C 

5 Proper t i es  of k, , fo l lows from lemma 2 ,  a p a r t i a l  f r a c t i o n  eXpansion 
& 

of - W(s), and a n - a p p l i c a t i o n  of t h e  i n v e r s e  Laplace transformation. 

To v e r i f y  cond i t ion  2 ,  s u b s t i t u t e  t h e  representa t ion  for d t ) ,  a 

given i n  theorem 2, into (6-1) ,, Using the proper t ies  of the  various 

matrices i n  this r ep resen ta t ion ,  we nay s impl i fy  the r e s u l t i n g  ex- 
I 

p r e s s i o n  f o r  -.. wh(t) i n t o  

Hence, 



W 
S i n c e  ,... Y [ K ( t j )  - - j&(l) l y  A i s  a r e a l  nondecreasing bounded funct ion  of 

7') f o r  every choice  of  y, $;$(I]) + j G ( v ) ]  y , y must have the same 
i(r 'U 4.. 

p r o p e r t i e s .  Condi t ion 2 now f 01101~s from t h e  Bochner-Schwartz theor- 

em a 

Suf f i c i ency :  Assuming t h a t  cond i t ions  1 and 2 hold,  we s e e  first 

of all that W(s) i s  r e a l  f o r  r e a l  s i n  t h e  regf on of convergence 
r_. 

since w ( t )  is real. Also, W(s) is  r a t i o n a l  and i s  o f  the form, 
h & 

where W, ( Y )  has more poles  than  zeros in t h e  finite s-plane. A l l  -.... 

t h e  f i n i t e  p o l e s  of W(s) must have nonpositive r e a l  p a r t s  because, 
.A 

o t h e r w i s e ,  Pyh(t )y would grow exponent ial ly  as t -03 f o r  at least - ..d 

one y. T h i s  would mean that y*vh(t)y is not nonnegative-definite - - -. 
i n  v i o l a t i o n  of cond i t ion  2. We conclude, the re fo re ,  that W ( s )  is 

h 

analytic for R e  s > 0 .  

Now, by cond i t ion  ( 2 )  and the Bochner-Schwartz theorem, 
* 
Y w (t ) y  can be represented  symbolical ly  by (5-181, where  go(^) is - Yh -I. 

a n o n d e c r e a s i n g  func t ion ,  Hence, by lemma 3 every irnaginav pole 

of ( S  ) is simple and each corresponding res idue  matrix is hermi- 

t i an  and nonnegat ive-def in i t  e ,  Also, using t h e  nota t ion  of lemma 

2, we can decompose G ( w )  i n t o  a s t e p  funct ion due t o  t h e  f i n i t e  0 
imaginary p o l e s  of W( s ) and an i n f i n i t e l y  d i f f e r e n t i a b l e  function 

C 

that i s  a p r i m i t i v e  of 

I Since G ( w )  is  nondecreasing, (6-2) i s  nonnegative f o r  every choice 
0 

of y .  We now  conclude from lemma 2 t h a t  ~ ( s )  i s  posi t ive-real .  
.c 

Q.E.D. 
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