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ABSTRACT 

This is a summary of the work performed under contract 

AF 19(628) -2981 during the period from June 1, 1963 t o  May 

31, 1965, A l l  s ignif icant  resul ts  have previously been re- 

ported i n  sc i en t i f i c  reports and journal publications. The 

present report summarizes and compares these results. 
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: A Summary o f .  Research Resul t s  : 

This i s  a r e p o r t  on t h e  r e s e a r c h  r e s u l t s  obtained during 

the  per iod  o f  June 1 ,  1963 t o  May 31, 1965 under the  c o n t r a c t  
AF lg(628)-2981, sponsored by the  A i r  Force Cambridge Research 

Labora to r i e s ,  Of f i ce  of Aerospace Research, United S t a t e s  A i r .  
Force,  Bedford lV~assaohusetts . This con t rac t  has  been extended 

t o  t h e  percbod of June 1 ,  1965 t o  May 31, 1967. A l l  s i g n i f i c a n t  
r e s u l t s  obtained so  fa r  have been repor ted  i n  t h e  S c i e n t i f i c  
Reports and r e s e a r c h  papers l i s t e d  i n  t h e  preceding s e c t i o n .  
Here we s h a l l  summarize and c o r r e l a t e  these  r e s u l t s .  

Our r e s e a r o h  e f f o r t s  can be c l a s s i f i e d  under the  fo l lowing 
t h r e e  c a t e g o r i e s .  

1 .  The time-domain s i g n i f i c a n c e  of p o s i t i v e - r e a l i t y ,  
2. The time-domain. s y n t h e s i s  of d i s t r i b u t i o n s  . 
3 . The d i s t r i b u t i o n a l  g e n e r a l i z a t i o n  of the  Laplace:!and 

Mel l in  t ransformat ion .  

Vie shall  d i scuss  each of these  s e p a r l t e l y .  

1 .  The Time-Domain S ign i f i cance  of Pos i t ive-Real i ty .  

A necessary and s u f f i c i e n t  time-domain c h a r a c t e r i z a t i o n  
a p o s i t i v e - r e a l  f u n c t i o n  o r  p o s i t i v e - r e a l  mat r ix  has been 
obta ined ,  S c i e n t i f i c  Report (1 ) presen t s  t h e  development f o r  
t h e  s p e c i a l  case where the  p o s i t i v e - r e a l  f u n c t i o n  o r  mat r ix  
i s  r a t i o n a l .  It a l s o  appears  i n  t h e  Journa l  of the  Socie ty  
f o r  I n d u s t r i a l  and  Applied Mathematics a s  paper ( 4  ) S c i e n t i f i c  

Report  ( 2 )  g ives  the  development i n  the  most genera l  case  where 

t h e r e  a r e  no r e s t r i c t i o n s  on the. p o s i t i v e - r e a l  func t ion  o r  
mat r ix .  I n  t h e  l a t t e r  case our main conclusions can be 
s t a t e d  as followg: ' 



Theorem: Let w(t) be an n x n matrix distribution and 
let W(S) be its Laplace transform, 1. The necessary and sufficient 
conditions for W (s) to be positive-real are the following: 

(i) w(t) = Ad"'(t) + w,(t) where A is a real symmetric 
nonnegative-def init e constant matrix, d"'(t) is the first 
derivative of the Dirac delta functional, and we (t) = d49/dtk  

where the elements of the matrix are continuous functions 
whose supports are contained ia 04 t~ az. 

(ii) For every n x 1 constant vector y, y*@(t) + wT(-toy 
is a nonnegative-definkts distribution, where w7 is the transpose 
of w, and y* = complex-conjugate of y c  

It is expected that this most general result will also appear . 

in the Journal of the Society for Industrial and Applied 
Mathematics. 

Actually, the nonnegative definiteness of condition (ii) 

is a reflection of the passivity of a system whose impulse 
reprise matrix is w(t) . Thus, this gives a concise and 
yet completely general link between passivity and positive- 
reality. 

2. The Time-Domain Synthesis of Distriktions. 

In this area we have developed for the first time a method 
for the time-domain synthesis of a distribution. This method, 

which is based upon a Fourier series ,technique, is describe& 
in Scientific Report (3). , Various aspects of it are published 

in Papers (1) - ( 3 ) ,  (5). An outstanding feature of this 
technique is that, if the Ldplace transform of a given dis- 
tribution is known, a realizable approximating signal can be 

written down without any computation; it only requires values 



/ .  
. 1 

~f the Laplace transform at veious points in its region of 
(:. 

Gonvergence. Since ordinary locally integrable functions are 
special cases of distributions, the technique is significant I j : !  ' 

I I 
I for the customary time-domain synthesis problem as well, 

/ I  

/ ' 

More recently, our investigations in this area have developed 
along a somewhat different line. In particular, we Bave j ; 

1 ' 2  

generalized the Lee-Kautz-Huggins time-domain synthesis pro- I '  I 
cedure which uses an orthonormal series expansion technique. i I 
Our generalization now allows one to synthesize a dis'tributional I I 
signal in the time-domain, whereas the Lee-Kautz-Huggins i I 
procedure was previously retricted to ordinary functions, 
In order to accomplish this, we had to develop a method for 
expanding distributions into prthonormal series, something 
that apparently had not as yet been done in mathematics. This,. 
mathematically new result is described in Scientific Report (5). 
At the present time a paper on the generalization of the Lee- 
Kautz-Huggins procedure is being prepared for submission to 
the IEEE Transactions on Circuit Theory, 

9.  The Distriktional ~kneralization of the Laplace and 
Mellin Transformation. 

knother problem we have lid'ttertaken to solve is that of 

analyzing in a distributional way the Euler-Cauchy type of 
time-varying networks. .These are networks that are char- 
acterized by differential equations of the form 

where D = d/dt, Physically, this means that the resistors of 

the circuit remain constant whereas the inductors and capacitors 

vary linearly with time, A natural way of analyzing euch net- 



works is  by us ing  t h e  N e l l i n  t ransformation.  Thus, our f i r s t  

problen was t o  genera l i ze  t h i s   transformation,^^ t h a t  i t  
cou ld  be used f o r  d i s t r i b u t i o n s ,  This was accomplished and 

repor ted  i n  S c i e n t i f i c  Report (4). It is  expected t h a t  a 
condensed v e r s i o n  of t h i s  r e p o r t  w i l l  appear i n  the  Journal 

of the  s o c i e t y  f o r  I n d u s t r i a l  and Applied Mathematics. W e  
a r e  now i n  t h e  process  of applying t h i s  t ransformation t o  the 
d i s t r i b u k i b n a l  a n a l y s i s  of Euler-Gauchy networks. 
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