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1 .  

The Hankel t ransformation i s  generdlized i n  a d i s t r i b u t i o n a l  j ' :  I 

! 'i 
way, something t h ~ t  apparent ly  has not been done before,  Two I 

: / I '  , 
di f fe ren t  procedures a r e  used t o  accomplish t h i s .  I n  t h e  first . - 

procedure a topological  l i n e a r  space of t e s t i n g  func t ions  i s  1 ,  
It: 
I .  

constructed f o r  which theA40rder  Hankel t ransformation i s  a I 

I 

topological automorphism. The dual space cons i s t s  of t h e  A* 

order Hankel-transformable d i s t r i bu t ions .  The d i s t r i b u t i o n a l  I 

Hankel transformation is then defined by genera l iz ing  a va r i a t i on  
' 1  

o f  Parsevalrs  formula. It tu rns  out  t h a t  t h e  d i s t r i b u t i o n s  t o  1 %  j I 

. I  
iiuhich t h i s  transformation may be appl ied  must be of slow growth. 

I I . ,  

i 1 

The second procedure y i e ld s  a more general  r e s u l t  In t h a t  
I 

there  i s  no r e s t r i c t i o n  on the  r a t e  of growth of t h e  d i s t r i b u t i o n s  I I 
I. 

I 

t h k t  a r e  t o  be transformed. Here again, Parseval ' s  formula 1 / 
I I1 

i s  used t o  define t h e  general ized Hankel transformat'ion, but i n  . 1 1  , 1 1  

contrast  t o  t he  previous case the  t e s t i n g  funct ions  i'or the 
I1 
! 

d l s t r ~ b u t x o n s  under considera t ion a r e  required t o  have bounded 
I 

supports, The Hankel t ransforms then t u r n  ou t  t o  be continuous I 
, I 

l i n e a r  iunc t iona l s  on c e r t a i n  c lasses  of ana ly t i c  func t ions ,  I : 

I 

Several app l ica t ions  t o  d i f f e r e n t i a l  equations containing : I!.  I' 

Bessel-type d i f f e r e n t i a l  operators  are a l s o  given, 
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I n  this work we extend the  Hankel t ransformation t o  d i s t r i b u -  

t ions ,  something t h s t  apparently has not  been done before. 

t n  the  o ther  hand, it should be noted t h u t  Ditkin and Prudnikov. I , . I  I 

[l], i2] have developed a Mikusinski-type operat ional  ca lcu lus  

t h l t  i s  su i tab le  f o r  t h e  operator.  This r epo r t  i s  divided i n t o  

two par t s .  In t he  first par t  our method is  i n  t h e  s p i r i t  of 
1 ! I 

L. Schwartz(s extension of t he  Fourier  t ransformation t o  tempered I . I t  
i l  I 

' I  
dis t r ibu t ions  [3 ;  Vol.111, whereas i s  the  second p a r t  we obta in  I i 

a more general r e s u l t  by a procedure t h a t  i s  s i m i l a r  t o  t h e  
' I 

I Ehrenpreis [ l b ]  and Gelford-Shilov [5]  extension of t h e  Four ie r  I ,  ! i 
,' I , !  

t r k n s f  orm ... t i o n  t o  a l l  d i s t r i bu t ions .  

We s h a l l  make use of t he  following c l a s s i c a l  r e s u l t s  con- 

f cerning t h e  Hankel t ransformation The f irst  i s  an invers ion 

theorem C6; p. 523, [7; p. 4561. A s  is customary, Lp ( a , b )  

denotes t he  space of (equiva.lent c l a s se s  o f )  l o c a l l y  i n t eg rab le  

functions f ( t )  is abso lu te ly  in tegrab le  on a-b. 

If f (x)  E Ll(O, a) , i f  f (x) is of bounded v a r i a t i o n  & 2 - -- 
1 

neighborhood of t h e  ~ o i n t  x q o  , if fi  - 2 if 

where a s  usual J denotes the Bessel funct ion of first kind -- /' 
and orderr , - then 



Egs. (1-1) and (1-2 define respect ive ly  the  ( ordinary)  

d i rec t  and i n v e r s e r  th-order Hankel transformations, which a r e  

se l f - r ec ip roca l  ( Kp = Ki' ) . Another usefu l  r e s u l t  i s  

Parsevsl 1 s formula : 
1 

If f ( x )  and G(y)  are L1 ( O , @ ) )  > - and if - - 
2 ' -- 

F(y) - and g(x) r e spec t ive ly  the d i r e c t  and inversep  s - o r d e r  

Hznkel t ransforms of f (x) g& G(y),  then 

This form of P a r s e v z l t s  f o r m u 1 a . i ~  ezsy t o  prove. Other 

conaitions under which (1-3) h6lds a r e  given by Macaulay-Owen [ b l .  

F i n a l l y ,  we have a genera l iza t ion  of a Paley-Wiener theorem 
1 

ace t o  G r i f f i t h  [ 9 ] ,  whose r e s u l t  has been extended by Kaman Unni 

[lo] and by Gergen, Burlak and Dressel [ll]. 

I 

7 - y + i w  2 - 5 .  - A funct ion $ (7) has t h e  represent&- 

t ion  
7 

I 
?-a - 2  4 3 even e n t i r e  function of 2 , and t h e r e  e i i s t s  

a conste.nt C such t h a t  - -- 

I ;; 
f - ;  . 
c i 

i; ' 

i ;' 
2 :  

I 
I :  j j . .. / - . i i  
:. 1 1  

I : '  i i ,  
!, i 
>L. I : 
. . 

f o r  a l l  7 . -- 



Our procedure f o r  g e n e r a l i z i n g  t h e  Hankel t ransformat ion  

i n  t h e  f i r s t  p a r t  of  t h i s  r epor t  i s  as  fol lows.  We cons t ruc t  a 

2 topologichl  l i n e n  space of t e s t i n g  f u n c t i o n s  on O<x<- . 

L f o r  which t h e /  th-order  HL.nkel t ransformat ion  ,q is  a 
I 

t o p o l o g i c ~ l  automorphism when/ > - - ~ i e  dual  space t o  ... 
2 .  

cons i s t s  of  t h e  H~nkel- t ransformable d i s t r i b u t i o n s .  These 

d i s t r i b u t i o n s  t u r n  out  t o  be of slow growth as x + s ~  . The , . 
I 
! .  

/CA th-order d i s t r i b u t i o n a l  Hankel t ransformat ion  is then  de- , . 
I / 

' I  f ined  by genera l i z ing  Parseval ' s  equs t ion  (1-3). 
. I .  . I 

1 i 

The procedure i n  t h e  second p a r t  o f  t h e  r e p o r t  i s  t o  ( 

I r 
construct  a  t e s t i n g  f i m c t i o n  space B/, of those  f u n c t i o n s  i n  % ' . I  , - I 

t h z t  a r e  i d e n t i c a l l y  y f o r  a l l  s u f f i c i e n t l y  l a r g e  x. Taking . . I  I I 

i I 
, ;  

t h e p  th-order Hankel t ransforms of t h e  elements of B/c , we 

obtain a  c e r t a i n  space Yp of a n a l y t i c  func t ions .  It is  found I :  , 

: I 

t h a t  $LC i s  a t o p o l o g i c a l  isomorphism from B ,4 onto  Y . The ' I  

3 I /. , 
dual space B p  i s  a space of d i s t r i b u t i o n s  on 0 We , which . , 

3 . i I 

behave a s  do t h e  d i s t r i b u t i o n s  inbJr .as  x +0+ but  have no I N  1 I 
I 

r e s t r i c t i o n  on t h e i r  behavior  a s  x -;too , By us ing  once again an 1 
analogue t o  P a r s e v a l f s  equat ion (b-3) t o  de f ine  the/ th-order  

9 
d i s t r i b u t i o n a l  Hankel t r a n s f  ormatlon on B w e  f i n d  t h a t  Y r 
i s  t h e  space of such Hankel trbnsforms. 

1 1 -  
Our gener.. .lizations of t h e  Hankel t ransformat ion  a r e  u s e f u l  j I .  

I I 

i n  so lv ing  d i s t r i b u t i o n a l  d i f f e r e n t i a l  equat ions  t h z t  con ta in  t h e  



o r  the Bessel operator  

a s  we. s h a l l  see. 

I n  t h i s  work, x, y ,  and w s h a l l  denote r e a l  one-dimensional 

variables;  x w i l l  always be r e s t r i c t e d  t o  t he  open i n t e r v a l  

(6, m ) This i n t e r v a l  w i l l  be denoted'by I. The parameter/  

i s  allowed t o  assume any r e ~ l  value, However, whenever we deal  wi th  

t he  Hankel transformation, we s h a l l  r equ i re  . t h a t p  be no less than 
1 

By a smooth func t ion  we mean a func t ion  t h a t  possesses 

(ordinary)  der ivat ives  of a l l  orders  a t  a l l  points  of i t s  domain. 

le s h a l l  a l s o  use the  no ta t ion  D Dx d/dx. A t  t imes,  we 

s h z l l  denote a  s ingula r  d i s t r i b u t i o n  f by f (x) merely t o  i nd i ca t e  ' 

t h ~ t  t he  t e s t i n g  func t ions ,  on..which f is defined, have x a s  

t1.ei.r independent var iable .  Whenever tre speak of an isomorphism 

o r  automorphism, we s h a l l  mean a topolog ica l  isomorphism o r  topo- 

l og i ca l  aut  omorphism. 

1 1  
A t  times we s h a l l  d e a l  with.multiva1ued'functions of t h e  i 

complex var iab le  = y + i w  t h a t  a r e  a n a l y t i c  except f o r  branch 



, j ' .  , I 
po in t s  a t ?  =O and =@ . We s h a l l  always r e s t r i c t  such f u n c t i o n s  - r 1 I /  

! 

t o  t h e i r  p r i n c i p a l  branches by r e q u i r i n g  t h a t  -T<y?'r. i ,  
& denotes t h e  space of smooth f u n c t i o n s  whose suppor ts  ' I T <  

I , I  e 

. I 

a r e  ccntained i n  I, We a s s i g n  t o  i t  t h e  topology t h a t  makes its . I  

I 

dual 4 t h e  space of Schv~ilrtz d i s t r i b u t i o n s  on I C3; Vol.1, p. 651. , .  i- 

The number t h a t  f €  Dt a s s i g n s  t o  6 f DI i s  denoted by < f,a>. 1' i 
I ! 

* . 1  
;$;oreover, we a s s i g n  t o  D' t h e  weak topology generated by t h e  ' ! !  . . I , . 

r q  i i : , 
seminorms . I ,  - I  . . 

i I . 8 



PART I 

THE HANKEL TRANSFORMATION OF CERTAIN DISTRIBUTIONS 

OF SLOW GROWTH 

2. - The Tes t ing  Function Space +fi. 

For. each r e a l  number/u, we de f ine  a t e s t i n g  f u n c t i o n  space 

;y/* a s  follows. A complex-valued func t ion  qt (x) i s  in#p if 

and only if it i s . d e f i n e d  and smooth on 0 -4 and, f o r  each 

p a i r  of nonnegative i n t e g e r s  m and k,  the number 

e x i s t s  ( i . e . ,  i s  f i n i t % ) .  Here 

~ ~ 1 n c - i ~ -  t h e r e  a r e  k d i f f e r e n t i a t i o n s ,  It fo l lows  through ari i nduc t ive  

k :r a . r : t  th:,t;, f o r  each k ,  D is of r a p i d  descent as x w; 

t h i z  is,  x m ~ k q j O  as x j a  f o r  every m. 

%A i s  a l i n e a r  space  over  t h e  f i e l d  o f  complex numbers. i ~ e  
/ 

- 

A 
ass ign  a topology t o  it by t a k i n g  g,,,,k (cp) as i ts seminorms. 

Al terna t ive ly ,  we could u s e  t h e  fo l lowing seminorms, which gen- 

3 e r a t e  t h e  same topology i n  p 

. , I  

, I . , :. . , 
c ! :  
(? :I ,:, 
?-,. , : 

: , , 

r /c( 
Note t h a t  YO,; =f. is  a norm s o  ' t h a t  both (2-1) and (2-2) con- 

s t i t u t e  a separa t ing  system of seminorms C121. We s h a l l  say 



ff . I  1 Lemma 2-1: If q i s  an even p o s i t i v e  i n t epe r ,  then  =4/ + C 1 . r f  
and the  topology of a j & s t ronger  than  t h e  t o ~ o l o g v  induced I I 

- PB I 

,I I 

: 

This shows t h a t  fi+2 C@). (Co + 8 m r 2 , ~  

I 

a I 

t h a t  a sequence ~Q,,},,~, converges i n  HP i f  each @p ')(r ! $ !  

/@ 

and, f o r  every m and k,  &,,,A (uO,-qK)+o( o r  equivalent ly ,  f o r  
A 

-.;us, our lemma fol lows by induction on q. 

, 'I 

1 ' 
I (  1'' ' 

1 ,  

! 

Lemma 2-2: 31 is sequent ia l ly  c o m ~ l e t s .  r -  
proof: e converge in .# r By t h e  seminorms 8 a,, o 

t h i s  sequence converges uniformly on every compact subset  of I. 

each r, 

t 

Moreover, ' , 
D q  b4@v (!', 

( I C ' ' D ~ ~  L ( x # - l ~ ~ )  - x +/L' I [ak6-$&+ @-I  + W . ~ ! Z & ~ -  

2 Z $4 

' .' p ; ( ~ p  - uKd 0 ) . as y and K tend t o  infinity independently. v :, 1 %  
l L I t  I 

* i 1 L J  , 
I I 

A 
, , , 1 

Clearly, DI is a subspace of p a n d  convergence i n  DI 1 I 

implies convergence i n  ' 1 , ;  i I I 



r where t h e  a's denote cons tants .  From t h e  seminorms yx1d it 

-boo fol lows by induct ion  t h a t ,  f o r  each k, [D p-, converges 

uniformly on every compact subse t  of I. We c&n conclude t h a t  
I t he re  e x i s t s  a smooth f u n c t i o n  4' on O<X<- such t h a t  . ! I .  ' 

where t h e  convergence is  uniform on -8 , again because 
A 

of t h e  seminorms Yg 4 . Hence, 4 E% . Q. E. D. 

9 w i l l  denote a space  of m u l t i p l i e r s  f o r  / : A funct ion 

) ~ e f i n e d  on I i s  i n  6 i f  and only i f  it i s  smooth and f o r  

edch nonneg,-.tive i n t e g e r  I/ t h e r e  is an  i n t e g e r  Bu, such t h a t  

i s  founded on I. Note t h a t  t h e  product of two func t ions  i n  @' 

is a l s o  i n  8. For every f ixed /  , t h e  0peratir .n @ -6 is 

94 a continuous l i n e a r  mapping of 5 i n t o  /t . Indeed, l e t  Bk be 

a bound on (2-I&) f o r  a l l  u SO, 1, . . . , k. Then, 

which v e r i f i e s  our  a s s e r t i o n .  



i s  never zero f o r  0 < x<@ , then P (x2) / Q(x') is in @, -7 - -- ..I -. - - I  

Proof: Clearly,  P ( x 2  ) is  i n  8 . Theref ore,  w e  need merely 

show t h a t  ~ / Q ( X ~ )  i s  i n  8. F i r s t ,  note t h a t  

k = 
(xO'n) .Tx7 (2-5) 

is bounded on A< x<- f o r  each X > 0 and each k=o, 1, Z . , . ,  - 
Furthermore, i n  some neighborhood &of t h e  o r ig in ,  l / ~  (x2)  is 

an ana ly t ic  funct ion and i e  may apply the operator (x" D J ~  
. - --__/. 

t o  i ts Maclaui-*fs s e r i e s  expansion - .-.--- 

t o  Get another Kziclaurin's s e r i e s  expansion of the  same form, 

w:.:ct is va l id  i n  . Hence, f o r  every k ,  (2-5) is a l s o  bounded 

ic some (smal ler )  neighborhood of t h e  o r i g i n ,  This completes the  

. :.3;f, 

Lemma 2-4: The operat ion Q +$ (Q i s  an  isomorphism f ram sp 
onto Sp+, . 

/1C f i H  
Proof: For @ 6 j/r, 8 ,,* (% (el ' rh,k (cc). Q. E. Do 

Another opera tor  t h a t  we s h a l l  use i s  
1 1 

Nr 
F+. D - . ' Z  - 

= "  2 

which implies 

Lemma 2-5: T& operat ion Q+P~ cQ & 2 c o n t ~ u o u s  l i n e a r  P 
napping of i n t o  ++ / . /" 



Also, l e t  

; 1 )  

4 '  
I I Lemma 2-6: - The o p e r a t i o n  @ + MJ( @ 2 continuous l i n e a r  -.is I' , 

! II , 

. I mapping of 2 + I  i n t o  gP . , .  , 
-/" ; . I  

Proof: - 

This proves that M/* @ 6 .$ whenever @r $+/ and t h a t  t h e  

mapping is  continuous. 

The preceding two l e m m a s  show t h a t  t h e  operdtor  

is a continuous l i n e a r  mapping of $ i n t o +  . 

Ye now take  up t h e  behav io r  of* under t h e p t h - o r d e r  

Kankel transformation . 'Whenever we d e i l  with , p  w i l l  be re-  k <,we m y t h  s t r i c t e d  t o  t h e  ranga - 2 , -order  Kankel t ransform 

o f  an a r b i t r a r y  element Q i n  always e x i s t s  because @ ( x )  is P 
smooth and of r ap id  descent  as x 4 4  and @ (x) C( 1) as x 0+. 

'.; ;,he following w e  l e t  x and y denote t h e  independent v a r i a b l e s  1. -. 
s-? the  o r i g i n a l  func t ion  and t h e  Hankel t ransform respect ive ly .  > 

' I 

,. .. . 8  



Proof: Let 4 ( y )  -l [.a ((x], where 4 6 4  We may differ- 
P 

e ~ t i a t e  under the integral s ign,  as fo l lows,  

0 
r- . 

11, 
I ' 

becnuse (ICY)-/ $+, (xy )  is a bounded smooth function on 

If QE+ , then t .  Lema 2-7: > - ;. - - 
t - L 

? .  

u ~ ~ y < - .  Hence, 

= J % ( - X Q  $ + I ( x Y )  dx 

i i .  
.- 

:qhich i s  the same as (2-6)  0 

a (2-6) , I  I t  i 

l' ; !! i 
( 2-7 ) 

, I -  . ,  
I '  C A ~ ~ ) = - T  rU) ,. I /  i 

( 2-8 " 5 . 1  . :  I :  / ' I  
I 

( 2-9 ) , ' I  f i ' 

E .  . f 
I 

$ .'I >. 
11 . /: I 

I 

( 2-10) :; i 
I '  

( 2-11) i, ! 
i r 

i '  

To obtain. (2-7), first note that NP&! i s  in$+, according 

t o  lemma (2-5) so that  w e  may take its (p +1) th-order ~ a n k e l  1 . 

transform. An integration by parts y i e l d s  



i ' !  

Iqoa assume t h a t  ~ e $  and s e t  ) = C d ( x )  1. Eq. /"' Fi [ ! ,  

(2-10) is  derived by d i f f e r e n t i a t i n g  under t h e  i n t e g r a l  s i g n ,  I J ,  

I/ 

s procedure t h a t  i s  v a l i d  because T'J (xy) i s  bounded f o r  /" 

, ;  

1 
I. 
\ 
I 

12. ' 1  

0 < x < e  ;nd f o r  a l l  y  i n  any compact subse t  of li y < - . 1 
3~ 

L ,  

! 
i' 1 
;I : 

1 .  

1 
,. , 

Xul t ip l i ca t ion  by yy-l y i e l d s  ( 2-10) . I ,  . .I 

1 

I !  
' . ,  

; 
1 I I .  I 

1 \ 

For (2-11) we invoke lemma 2-6 and a p p l y c  . An in tegra-  r 
t i o n  by 'parts then  y i e l d s  

i I 

! - t 

The l i m i t  terms a r e  zero  s i n c e  (x) is of r a p i d  descent a s  i t i .  , i.1 1 

x +e and, a s  x+ 0+, yXy. $A+/ (xy) - 0 (x) and Cp ( x )  0 (11, ! . I  1 1  , I 

I n  view of t h e  seminorm 2p+t(Q1) and t h e  f a c t  tha t /?  -$ , 
OJ 

(P (x) = O(X) as x + O+. Moreover, J (xy) is  bounded f o r  /" 

i '  
Thus, we have obtained (2-7). i. 

G < xy <& and Q (x )  i s  of s a p i d  descent  as x - + a  . Hence, t h e  

i 

1 

l i m i t  terms are zero,  and w e  have ob ta ined  (2-11). I I 

I!: 
Ir 

Eqs. (2-8) and (2-9) now fo l low from t h e  preceding results. 
/ i b  

1:. 

Lemma 2-6: I ? o r p k d 2  
I .  . .  % 



Proof: A s  before ,  l e t  + ( y )  =/j C@(X)]. By applying (2-6) - r 
k t imes and (2-7) m times and ~ i o t i n g  t h a t  

h/ /fa+*-, ,.. N r i & + f N / _ + . h ( ~ h @ ) = y 4 ~  hl N Y  
rim-' "' p+l r 

we obta in  

C - g ) " e N  p k - ,  o + J , & l y ) = ~ e ~ ~ ) . b C ~  a c ~ ]  >+4+m 
- 

This i s  t h e  same as cls3 pr2d t-~ 
~ - I , ~ + A + *  i3-1+)*r y-+ piaj= So [&-fafljYv-kq C ~ I  

: I 
1 

Furthermore, + h,m (z) / dTJZ is bounded on o < z <m by, say, 
; I s  
! 
! ,  

Bh. The lsst equat ion t h e r e f o r e  shows t h a t  4 ( y )  is  smooth on 

C < y < O o ,  

If n i s  an i n t e g e r  no  less than/ +k+l  ( m + l ) ,  t h e n  
2 

x2/ + L ~  +m+ < ( ~ + ~ 2  ) f o r  xX.  Hence, t h e  l a s t  equation a l s o  - 

h + I  
y P  (4) + / ( Y - ~ . ~ ) ' ' ' x Y / ( - ~  (p(~) (@~, . ,  af 

m, 4 0 

n + f  
I + x l  

C 1 - AT%", g += 0 (z>dgrn (** 
'-his i n e q u a l i t y  proves t h a t  @ i s  in& whenever @ is, and t h a t  

- 

the  l i n e a r  m a ~ p i n g  & is  a l s o  cont inuous f ram$ , 

3f t h e  inver s ion  formula (1-2) and t h e  f a c t  t h a t  I 

a l so  a one-to-one mapping of 
4 f  



.w!!B@m 
'1 

:. ; * 

I 

14. 

1 
The Dis t r ibu t ion  S ~ a c e  A . +9 is t h e  dual  space of 3. - 7" . The complex number t h a t  f €$' a s s i g n s  t o  4 6  7 '  . ,I r * I 

! $:I I 
be denoted by ~f ,@ >. We a s s i g n  t o  t h e  weak topology 

geiierated by t h e  seminorms I 

where t h e  a r e  a r b i t r a r y  elements of . Under t h e  customary 

d e f i n i t i o n s  of equa l i ty ,  add i t ion ,  and multiplication-by-a-complex- 

number, i s  a l i n e a r  space.  The use of l e y a  2-2 and a  small 

modification of M. S o  Brodski i ' s  proof of  t h e  sequen t i a l  com- 

pleteness  of t h e  space of d i s t r i b u t i o n s  C13; Sec. 2.21 shows 

t h a t  jg i s  sequen t i a l ly  comple'te . Obviously, t h e  r e s t r i c t i o n s  

I ; '  , .  

i . 1 . .  
, 
I .: 
i '  1 ] : 
8 : , 

1 .! : . 
, , '  1 

/ . I  I 

of t h e  members of t o  DI comprise subspace of Df and convergence 
Z ':I ' 

7 
in implies  weak convergence i n  D' . I 

S ( 1  * I 

1 1  . I  
9 , t h e r e  e x i s t s  2 nonnegative 

L 

Lemma 3-1: For each f 

i n t e g e r  r 5 p o s i t i v e  cons t lmt  C such t h a t ,  f o r  a l l  
I 

This boundedness proper ty  f o r  f t 3% ' i s  proven i n  p rec i se ly  P 
t h e  same way as i s  t h e  correspo:lding r e s u l t  f o r  d i s t r i b u t i o n s  

Some o the r  r e a d i l y  e s t a b l i s h e d  facts a r e :  

(i) SF' conta ins  every  regular d i s t r i b u t i o n  f t h a t  corresponds 1. I '- 



t o  a function which i s  L ebesgue in tegrable  on 0 < x a f o r  

every f i n i t e  X > 0 and i s  of slow growth as x 90" . I n  t h i s .  

case we haye 

(.ii) If f i s  a  tempered d i s t r i bu t ion  whose support i s  con- I * '  
I I 

t a ined i n  X < - x < for some X > 0, then f e* / .  

i ,' 
I I 

(iii) On t h e  other  hand, every f e$' is a d i s t r i bu t ion  of I /" . $ !  I 

I 1 
slow growth a s  x +# , i n  t h e  following sense. Let A be a  smooth ,I : - I  

. I ,  

function on -- < x t h a t  i s  equal t o  zero f o r  --<X < 1 
e :I 

I 

and i s  equal t o  1 f o r  2 < x <8. Then, A f i s  a tempered . t  . 21 : ,  

dis t r ibu t ion .  ( Here, it is  understood t h a t A  f i s  t h e  zero 

d i s t r ibu t ion  on -oo< x < l=) 

(iv) From lemma 2-1 we have t h a t ,  f o r  each even posi t ive  
3 

in teger  q, JJ c j  ' end convergence i n  A Xmplliea convergence 
P /"'I /" 
e 

A l 3  4. Some Operations on 

( i ] L e t  f €$ and . We define t h e  operation of 

multiplication-by- 0 , where GE a , through t h e  equations 

<@F,@)= <f',@Q>, 

It can read i ly  be shown t h a t  f 4 3  f is a continuous l i n e a r  

9 mapping of 9 i n t o  2 ' '  



his def ines  N/, f as a f u n c t i o n a l  on$ . By lemma 2-6, P+' 

- 1 

i . [ !I : 
I 1 ;  . . 
, . I 

i ( I  
f '  I 

16 ! 
1. 
+ / I  1 
t # , -  !I 

3,3 by 
i .  I 

(ii) The operat ion f + xf is defined on /G+, i I 1 ,  . ; ,  
I j 1 . I -  I; 

f i s  ir~&9~, , and f Np f 
is a continuous l i n e a r  mapping of A 

(xf,& > = <f, x Q > ,  11; i .  

1.1 ' into qCL . 
/' 

! 

( i v )  S imi lar ly ,  we def ine  31 

4 Mr 

here  f 6 F:, and 4eY The right-hand s i d e  hzs a sense 1' 
; 9 ;  , 1 
F I  ,i , 

ecause ? et.%+i . A s  a consequence of lemma 2-4, t h i s  map- t t  r 

ing is  an  isomorphism from %:t o n t o g '  . Thus, t h e  inverse  
I t : '  i 

/" 
! @ , , I  

. 
A' onto $4, . I ,  

pera t ion  g + g/x maps i , .  
/" 7 I 1 [ . I  

j. I 
(iii) The opera tor  N i s  defined on$ as follows. If r , , E. i i  * +  

f , : I  \ 

then  M/ v E P So, f o r  f e g '  we set r I,/ < - Mp d. 1 1  ., 
t ,  I .  

j 1  ! 

i '  i 

3 Q k  5 , and, by lemma 2-5, NJI . I h e re  f CJ$,+, , I '  1 I ! 
i I1 

ema 2-5 a l s o  implies  that f M f is a continuous l i n e a r  mapping '1, ! ! I  
/Y ' I  ! 

i ! fjp4, into A/' * ! '  

I 
% * 
L ,  

Iv)  Combining t h e  preceding two opera tors ,  vre see t h a t  t h e  I f ' 
: I, I 

5 .  ' 

perator  M N i s  a continuous l i n e a r  mapping of$) i n t o  %' , i A  i 1 ,  

I/" 
. .  , 

/" 
1 ' . i 

1 6  i : 
e f i n e d  by 

I , i 
I I .  i 
$ .  

, " 



17. 

5.  - A D i s t r i b u t i o n a l  Hankel Transformation. Henceforth, we 
1 r e s t r i c t /  t o  the i n t e r v a l  - - a 'i(( 

<aa . Following 

Schwartz's approach t o  t h e  d i s t r i b u t i o n a l  Four ier  t ransformation,  

we extend t h e  Hankel t ransformation t o  d i s t r i b u t i o n s  by genera l iz -  

ing  Parseval  f s equation (1-3). By lemma 2-8, CP is i n  AP 
/Y 

whenever is. So, we def ine  the/ th-order Hankel transform 

F o f f & A 7  by /" 

This determines F as a f u n c t i o n a l  o n j h .  That F i s  a l s o  a 
/ 

d i s t r i b u t i o n  in* fol lows from lemma 2-8. Indeed. ( 5-1) 

defines? as a continuous l i n e a r  mapping of JJ' in to$  . On f 
t he  o the r  hand, i f ,  F is taken as t h e  given d i s t r i b u t i o n  

then ( 5-1) a l s o  se rves  t o  define li' as a continuous l i n e a r  mapping 

$ 7  
/ 

of i n t o  . On t h e  o the r  hand, i f  F is taken a s  t h e  given 

d i s t r i b u t i o n  i n  9 , then  (5-1) a l s o  se rves  t o  de f ine  4-' as e r 
continuous l i n e a r  mapping of ' i n t o  gp . Moreover, ( 5-1) /* 
implies  t h e  following uniqueness property for 4 r e  

Lemma 5-1: - If f, S e  F - P ~  & G - X ~  g ,  

?=G 9 -  then  f=g.  
/ 

(Here, the equal  s i g n s  a r e  understood i n  t h e  sense  of  e q u a l i t y  

Proof: For @ - dP and b s ~ O  

I ;  i ,  - , I  

' I !  . I . :, 
I . ,  , . 

I ' . / '  
I I /. I '  

. I  !' * ' 
8 i .' 

' I  : 
, .  . . 

3 1 .  . 
, I r  ' ,  
.. I 

I 

', , , ': 
. ! ; .  , :, 

I . . ,  1 ,  
J l  ; : 1 i I, 

41;i.y; 
,. ;! 

':! . . '  ; i 

' I 1 j 
,: ) ; 
. ,  * 

! 
i 

i 

-1 

I '  , 
. . . . .  
I .  1 . I 

1 . ( I  . . 
1 .  : I  

: '  ' ,  

1 1' 

. I 
t i ,  . . 

: I  
i !  

' , '! 
; I .  , 

. . 
" i 

1 

7 .  
i ' ,  

' i  



Altogether,  then ,  we have bbtained 

Theorem 1: an autornorphisrn 39 . 
/" 

The ordinary Hankel t ransformation of  a func t ion  f b L, (o,oc) 

s a s p e c i a l  case of our d i s t r i b u t i o n a l  t ransformat ion ,  For, 

y t h e  d i s t r i b u t i o n a l  d e f i n i t i o n  of  /;. f=F, we have, f o r  @ e;C/ 

nd 
P /4 

5 .  , 
i. .I : 

ince $$ ccL/ lo,&) we may invoke t h e  c l a s s i c a l  Parseval  equat ion t , 
k ,, ' " 
f . I  , -  

1-3) t o  w r i t e  , i 
' I  .I I 
1' . ' 

1" o f (x )  q ( x )  dx = J:F~ (y )  @ ( y )  dy, 

nere ii", (y) denotes t h e  ordinary Hankel t ransform (1-1) of 

(x) . Hence, t h e  d i s t r i b u t i o n a l  Hankel t ransform F (y) i s  t h e  

2gular d i s t r i b u t i o n  on 0 < y <& corresponding t o  t h e  continuous 

lnc t ion  F, ( y ) .  

5 : 

Theorem 2: the support  of f C A' ( > - ) & 2 compact 
P . I  - L I 

i b se t  -- of ( b , a o  ) , then i '  .: 
( 5-2 i '  i l y )  = (+ f) ( y )  = <f(x) ,  -3, (xy) >, 

, 
I 

I '  
: I 

iere F ( y )  & 2 smooth funct ion  on G < y <- t h a t  satisfies an ! I .  , I 

i . ;  I , :  

lequality of t h e  form, 
I 

1 '  : 
and p be in4  s u f f i c i e n t l y  l a r g e  cons tan t s ,  - I 

i '  

1 ' 
I I 

I '  
I .  
L' 



The proof proceeds by means of two lemmas. 

Lemma 5-2: Let 4 &% and set 
(x )  ' lof w p (xy) dy* 

k Then, f o r  each nonnegative in teger  k ,  D RE (x)  converges - -- 
as  f + O+ unifornly on every compact subset  of 0 < x <-, 

Proof: Since 4F 3 ( z )  is bounded on O < z < - ,  R, ( x )  r 
converges uniformly t o  zew on 0 < x <- , By repeatedly d i f fe ren t ia t -  . I 

I 
/ I  

ing under the  i n t e g r a l  s ign,  we obtain,  f o r  k=op 1, 2, ., 4 : ,  
/ 

i 

1 'i 1 
(-x' 'D)~ xgp- R, (x) = J ) y ' 4 + 2k $,y,y~, b 

XY /* II .I _ I  

\ 
This is va l id  because Jn ( 2 )  1 zn a l s o  i s  bounded on 0 < a < op. 

I I 

*t follows t h a t  t h e  left-hand s i d e  converges uniformly t o  zero on I 
.; I 

L < x < 6 as f + O+. Moreover, w e  can wr i t e  

where the  a 's denote constants ,  Our conclusion follows from t h i s  I .J 

Lemma 5-3: Under the hypothesis of theorem 2, 

<f(x) ,  w 9 (XY) > 

is a smooth function on 0 < y <@ t h a t  satisfies t h e  inequal i ty  ( 5-31 . . 



\ 
i ', Proof:  The expression ' (  5-4) i s  a smooth f u n c t i o n  on . .: ;. 

O < y <- s i n c e  t h e  support  of f i s  a compact subse t  of I and 

s ince  Jfl (xy) is smooth f o r  0 < x <- and 0 < y < - 
[13; Sec. 2.71. nlso ,  note  t h ~ t  f o r  every nonnegative i n t e g e r  

and t h a t  $+, ( ~ ) / z / ' ~ i s  bounded on 0 < z <a by, say ,  B, . 
Itioreover, if ./ (x )  i s  a t e s t i n g  f u n c t i o n  i n  DI that ~s equal  t o  

1 on a neighborhood of t h e  support of f, then 

i.here C 
" J ,  

i s  u bound on xm (x" u ~ ) ~ - ~ J  (x) f o r  0 < x <a . 
Since  (5-4) is t h e  same as < f (x), A (x)  9 (xY)>, OUT 

conclusion now fo l lows from lemma 3-1. 

rroof of theorem 2: The only t h i n g  thtlt reniiins t o  be shown 

is 2 .  >'or every $ E J/ , P 

Le c ~ n  interchtinge t h e  i n t e g r a t i o n  on y with t h e  *:inner product" 

on x ( s e e ,  f o r  example, 113; c o r o l l a r y  5.3-26, p.1211) t o  ob ta in  



I n  view of lemma 5-2, t h i s  is  equal  t o  

6. Some - Operation-transform Formulase 

-7 1f f c ; U 7  Theorem 2:  Let 2 - 5.  - then r ' -  

If f p3' - r+, t h e n  9 -  

1 / 

Proof: To  prove ( 6-2 ) , l e t  E %+, and (b = /;re, a . 
_.N c;nJ 

1 .  4' .(note '39 noting t h a t  7' p I 
( lemma 2-1) and $ 4 ~ ~  c 

/"- PC' i 1  
(iv) Sec. 3 ) ,  and by hsing notes  (i) and (iii) of  Sece  4 Eq. (2-11), 

and lemmas 2-4 and 2-6, we may w r i t e  
' I '  / I 

.I . 

which is t h e  desired r e s u l t ,  

- 1  
I 

Eq. (6-1). can be obtained from (6-2) as follows. Let F*$ f - 
I - I  , I 

I 
1 .  

I '  



t 1 
I t  S i n i l a r l y ,  f o r @ € $  and $=$@,  ( 6 - 6 )  i s  obtained 

/Y I 

. - n 

I ,I i : by using notes  (ii) and ( i v )  of Sec. 4 and Eq. (2-7) as fol lows.  I t  , 8 

--. . . 

I 

LI ;  M $, 6)= .(pr-c',~>= <4''-dPce> , d l  r- i , ' . r -($+IF, / d + > = ~ ?  $+(C,d). i r  : .  , I L b  . ! i  

Then, by s e t t i n g  F= C f ,  we c s n  de r ive  ( 6 - 5 )  by 1- i 
P' I 

r 1 

' ' , I  

w-. , -. . 

i 

I - . I 

I 

Eqs. (6 -3 )  and (6 -4 )  fo l low d i r e c t l y  from t h e s e  r e s u l t s .  1 I . . 
;: 

22. 
. I  I 

d note t h a t  ' i s  t h e  i d e n t i t y  operator .  Then, 

i This is  t h e  s e e  as (6-1) with f and x replaced  by F and y 
I I 

.% ' I  respect ively.  

7. 5 Application - t o  Ordinajry D i f f e r e n t i a l  Equations,  

Let P(x) be a polynomial with no r o o t s  on -4 5 0 and 

let 2- 1. We can use our  d i s t r i b u t i o n a l  Hankel t ransformation /"C 2 

t o  solve a d i f f e r e n t i a l  equat ion of t h e  f o m .  

':liere: g is  a given d i s t r i b u t i o n  ia d and u i s  an unknown 
J" 

Jv7 d i s t r i b u t i o n  which i s  a l s o  requi red  t o  be i n  /U . j l p p l y i n g P  

and invoking ( &L), we g e t  

where U and G a r e  t h e  Hankel t ransforms of u and g .  



jl7 t h a t  assigns t o  each 4 That . is ,  u i s  t h e  d i s t r i bu t ion  i n  
I 

the  member . 1 ,; ;; 
I I . ,  ' 

Since l / ~ ( - ~ ~ )  is a mul t i p l i e r  i n 9  ( see  note (i) of Sec. 4 r 

By lemma 5-1 t h e  so lu t ion  u i s  unique i n  

. I 

I n  a s imi l a r  way we can solve simultaneous equations of 

and lemma 2-3)' our so lu t ion  is  given by 
, 

I/ 
I -  I 

t h e  form 

P ( M N J  - /UP 8' 
where P i s  an n x n matrix whose elements a r e  polynomials and 

A 

u -nd 3 a r e  respect ively  unknown and given n x 1 vectors  whose 
/r 

~ i e m e n t s  a r e  d i s t r i b u t i o n s  i n  . I n  t h i s  case t h e  determinant ' 

of P (x)  must have no roo t s  on -OO< x 5 0, 1 

N 

I '  I 
I 1  

1 

* * . L 

A s  an extension of t h i s  technique, we can allow the poly- 

nomial P (x)  t o  have some roots  on -A x < 0, say, at X - Y ~ , ~ . . ,  -r; 
( Y,> 0 ) with m u l t i p l i c i t i e s  m, . . . , mk respectively.  That is, 

I 

I - 
I 1  

I 



icktere Q ( x )  has 'no  r o o t s  on --< X < 0 ,  In t h i s  case a so lu t ion  . .  
1 
I 

to ( 7-1) can be found if g c ' i s  such t h a t  I 

/" I 
- P,k)rnI ( - f+  y ) m k ,  = F  ( y )  ( Y +  

where F ( y ) & 3 J / 1  Indeed, 

A3 However, t h i s  s o l u t i o n  is no longer  unique i n  /r s ince  we ckn add 

t o  i t  any complementary s o l u t i o n  i n  . Such a  complementary solu- 

t i o n  h a s  t h e  form [13; Sec. 3-21 

Here, t h e  C g y  are a r b i t r a r y  constants  and d$-  'Pp) denotes t h e  

delta f u n c t i o n a l  concentrated at t h e  poin t  y= 'fpD 

D i f f e r e n t i a l  equat ions  of t h e  type 

P (Br) v=f,  

where v and f are known and given d i s t r i b u t i o n s  on 0 < x <=- and 

c.-11 a l s o  be solved by means of if we first mult iply v and f 

by 93, This  i s  because 

so %ktt, with u=pv and g&? f, (7-2) is t h e  same as (7-1). 



F i n s l l y ,  we note  t h a t  we can r e l a x  t h e  condi t ion  t h a t  P ( x )  

be d i f fe ren t  from zerr, a t  x-0 i f  we r e s t r i c t  g somewhat f u r t h e r .  

Por example, t h e  d i f f e r e n t i a l  equat ion M N u=g can be solved /4 /' 

/c $ 2  - $1 i f  we requ i re  t h a t  ~ j d ' _ ,  . uniquely i n  U ' r *  /- 
Indeed, applying 6 and not ing  (ii) of Sec. 4, we g e t  /" 

U(Y) = - G ( ~ ) / ~ ~  ~ 3 '  and U = [ - ' U C ~ / ~  /" /" /"' 

8. Another Application: ;1 Boundary-vslue - Problem with a 
! 1 

D i s t r i b u t i o n a l  Boundarv Condition. The problem we wish t o  so lve  I ; 
/ I  I 

i s  t h e  following: Find a func t ion  v ( r , z )  on the  domain, 0 < r < , I 

I 

0 < z <-, t h a t  s s t i s f i e s  Laplace 's  equation ( i n  c y l i n d r i c a l  

coordinates  with no 8 v a r i a t i o n ]  

and t h e  fol lowing boundary condi t ions:  

(a) A s  z + 0+, v ( r , z )  converges i n  some genera l i zed  sense 

t o  t h e  d i s t r i b u t i o n  f ( r )  whose support  i s  a compact' s u b s e t ' o f  

(b) As 2: * ~ p  , v(r,z) converges t o  zero uniformly on 0 < r <@. 
(c )  A s  r . ,  v ( r , z )  converges t o  zero f o r  every  z>0. . I . .  . I 

( d )  A s  r +0+, v ( r , z )  remains f i n i t e .  

, I 

. I  
We w i l l  formal ly  d e r i v e  t h e  s o l u t i o n  by u s i n g ' t h e  zero-order 

! 

$ 1  

Hankel t ransformation and then  w i l l  prove t h a t  the  s o l u t i o n  s a t i s f i e s  

(8-1) and t h e  boundary condition.  F i r s t ,  however, we s e t  
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- 1  

u ( r , z ) d F v ( r , z )  and g(r1-P f ( r ) .  i l  
, I .  I 

Eq, (8-1) then becomes I : ! 

I 

By applying 4 with respect  t o  r, using (6-41, and fomally 
I : j 

interchaaging r(6 with dj/dzz we get  
P - P L  u C P p )  4 x 2 -  ( 6 ~ )  =ol 

i ,I 

where U(p, z )  =& [u( =,el 1. I n  view of t h e  boundary condition a t  

z=O and invoking theorem 2, 

By theorem 2,  (8-3)  i s  an absolutely integrable smooth funct ion on I 
C < p <e when z X. Thus, we may apply the  ordinary inverae 

Hankel transformation t o  ge t  the solut ion,  

That ( 8-4) s a t i s f i e s  t he  d i f f e r e n t i a l  equation ( 8-2)  can be 

shown by d i f f e r e n t i a t i n g  (8-4) under t h e  i n t eg ra l  s ign ,  a pro- 
. I 

cedure t h a t  i s  j u s t i f i e d  by theorem 2 and the  f a c t s  t h a t  yJo(y) 

and yJ,(y) a r e  bounded on 0 < y <a. 

Now, we s h a l l  show t h a t  boundary condition (a )  i s  s a t i s f i e d *  

 or any fl E Ae and for 4 = (U , t he  def in i t ion  of t h e  d i s t r i b u t i o n a l  1 I 



H~nkel trarisformation y i e l d s  

<u( r , z )  , 4 (r)> = lm< g ( x ) ,  J (xp)> e-Pz 4 ( p )  dp. 
0 0 

; / I  

The last i n t e g r a l  converges uniformly f o r  z < m b e c a u s e  of i 

I I 

theorem 2 and t h e  f a c t  t h a t  &' ( p )  is  smooth, bounded on every % I  

i n t e r v a l  of t h e  form 0 < p < R (Ii< 6 ) , and of rapid descent  as ;I 

p+" .  Since t h e  in tegrand is a continuous f u n c t i o n  of z ,  we 

m q  t ake  a l i m i t  under t h e  integr , , l  s i g n  t o  ge t  

T h u s ,  i n  t h e  sense of convergence i n  g: , u ( r , z )  converges t o  

e( r) .is z+ O+. Therefore,  v( r, z )  converges i n  a d i s t r i b u t i o n a l  

sav to f(r). 

iiext , we have from ( 8-11.) t h a t  

~ u ( r , z )  1 < - J P  ) < g ( x ) ,  mJO (xp)> e-PZ wJo ( r p ) ]  dp. ( 8 - 5 )  
0 

Because J o ( r p )  is  bounded on 0 < rp<bq we may aga in  take a l i m i t  

under t h e  i n t e g r a l  s i g n  t o  g e t ,  f o r  z ; .~  - , 
1 I 

I v ( r , z ) l  - r u r , z  + 0 ? I  I I #  

. I 
; mi 
! I 

uniformly on 0 < r <# . This  v e r i f i e s  boundary condi t ion  (b 1 . 1 

. ' I  

Eqb ( 8-4) a l s o  shows t h a t  v ( r ,  z )  remains f i n i t e  as r 9 0+ I 

b e c a s e  t h e  i n t e g r a l  i n  u (r,z)/ JF\ is  bounded on 0 < r <a and , 
I .  

I 

I 

I - 



28. 

Z j z <a for every > 0. 

Finally, boundary condition ( c )  c&n be derived from an 

analogue t o  the  Riemann-Lebesgue lemma [7; p. 1,571; namely, 

if t h e  locally integrable function h ( p )  i s  absolutely i n t e g r a b l e  

on 0 < p <--, then as r +UO 



PART I1 

THE HANKEL TRANSFORMATION OF CERTAIN DISTRIBUTIONS 

OF RAPID GROWTH 

9. Testing Function &ace - rjb 

Let b be a real positive number. is the space of all / 4 ~ ~  
smooth compbex-valued functions (i? (x )  on such that 

1 
@ (x) = 0 for b < x <so and (x-'D) x ,/4 - 5 L4 is bounded on 

0 < X . ,$&,b is a linear space to which we assign the topology 

generated by the countable set of seminorms, 

equivalent topology is generated by the following countable 

set of norms. 

It follows that %, b is a Hausdorff locally convex linear 

topological space that satisfies the first countability axiom 

i. i4; Chap. 11. 

P Lemma 9-1: The norms Y, & ~ c  are concordance for 
r 0 P 

v e r y  choice of p q. (Tha t  is, whenever {qy]Vs I &Z 1 

. ~ u c h v  sequence under p a  -- norm and converges to zero under 222 of 

tte norms, then it converges to zero under the other norm as well.) - 
f l  

Proof: For def initeness, assme p - q .  ~ i n c e ~ ~ ~ ~ y ) ~ ~ ~ ~ ~ )  9 



/Q 

it fo l lows t h a t  convergence t o  zero under t h e q  f- norm impl ies  

convergence t o  zero  under t h e  <$ norm. 
ole r 

C ~ n v e r s e l y ,  l e t  [@Au=r converge t o  zero  under t h e r r  norm. 
1 - k 

Theref o r e ,  (x ' D  ) xofi -g + 0 uniformly f o r  each k=O, 1, . , p. 

It f o l l o v ~ s  from a n  i n d u c t i v e  argument t h a t  D~ Qpd 0 f o r  each 

k=O, 1, . . . , p* knif ormly on every compact subse t  A- of ( 0 ,  ) . 
The f a c t  t h a t  {@cP~] i s  a Cauchy sequence under @? s i m i l a r l y  

& 
implies t h a t  {ilk @)]AJ=, converges uniformly on every -0- f o r  

k=p+l ,  p+2, , . If t h e  l i m i t s  of t h e s e  l a t t e r  sequences 

were not  t h e  zero  f u n c t i o n ,  then D ~ @ , J  could not  converge t o  1 

zero on (0,ao) f o r  every k=O, ,.., p. Hence, ( x " ~ ) ~  - xof i - i  ad 

converges pointwise t o  z e r o  on (0 ,  a ) f o r  k=p+l, . . . , q. Since 
o b  " (k=p+l, ..., q ) ,  it f 1~,{ o= r is a Cauchy sequence under T4 

now fo l lows  that^:^^,] + 0 f o r  k=p+l, ..., q. Q. $. DO , 

Altogether  then ,  & i s  a countably normed space 114; 'p.61 
P J ~  

i s  3 -&x Lemma 9-2 : F,b - complete space. 

This lemma fo l lows d i r e c t l y  from t h e  proof of lemma 2-2 

and t h e  f a c t  t h a t  a l l  members of 9,b a r e  i d e n t i c a l l y  zer'b f o r  

We f i n a l l y  note  t h a t ,  f o r  b<c, p, bc Bp,c and t h e  topology 

induced on by+,& is i d e n t i c a l  t o  t h e  topology of 9 , b  



8 % 

' 1  . 
c A &,Y Lemma 3-2: - If q --- is  an even p o s i t i v e  i n t e ~ e r ,  then  @pJl+g,b f ,  1 .  6 .  I ! 

U 

and the  topology of 8 , -- - i s  s t ronger  than  t h a t  induced on i.J ' ? -  : - r t g , b  ! .  

J! ,b  
i ' 

Proof: A l i t t l e  computation shows t h a t  f o r  0 6 - /"f% J2 

which impl ies  our  a s s e r t i o n .  
I 

Lema 9-L: opera t ion  @-+ Y CQ is an isomorphism from 

I p l b  - 

P A+\ 
Proof: This f o l l o w s  from t h e  f a c t  t h a t  Y + CYQ) = (u) . 

Lenma 9-5: The opera t ion  L[+NA~ i s  a continuous linear I /  
k i +  

mepping of d b i n t o  5-r: b' . 
P 3  

A+/ 
proof: F I N / Q )  = a" (4 

k t  r 

Lemma 9-0: The opera t ion  &+&is a continuous l i n e h r  map- 
'& 

ping of$ j 5  i n t o  Pjb . 
Proof: Some computution shows t h a t  f o r  & t (B 

/ + I  , b  
/y+/ ~ g L % c a ) S  Z G + ~ + J ~  4 ( ~ ~ ) r b ? - ~ f i + '  

4-+ I 
from ~jh ich  t h e  lemma fol lows.  

Lemma 9-2: Let & ( x )  be a smooth func t ion  on 0 < x <- such ) 



I k 
that  (x-' D ) 8 is  bounded on 0 < x < X f o r  some X. Then, - 

l a +8cp is a cont inuous l i n e a r  mapping i n t o  6 
p , b  

Proof : 4 .  

This implies t h e  lemma. 
I 

10. T h e  Tes- Function Space - /" 
F o r  any f i x e d  8 denotes t h e  s t r i c t  inductive l f m i t  of 

I r 
I 

I the %, b where now b t r d v e r s e s  a monotonically increasing 

sequence of p o s i t i v e  numbers and tends t o  a . Thus, @ rg/, 
if and o n l y  i f  & C  0 f o r  some b. 14 bas is  of neighborhoods r1 
of 0 in  9 i s  t h e  c o l l e c t i o n  of a l l  convex s e t s  iu' i n  9 such 

thst, f o r  any b, is  a neighborhood of 0 i n  

An e q u i v a l e n t  topology can be s e t  up i n  by using the  

foilowing neighborhood b a s i s  of 0 i n  8 . / 
Let ~ ' { f ~ ,  2,) £2, l l e J  

be t- s e q u e n c e  of dec reas ing  pos i t ive  numbers tending t o  0, and 

let n= {mo, m m . . .] be a sequence o f  increasing nonnegative 
1 '  2' 

n~beobers t e n d i n g  t o  m . V(lr7 i s  t h e  s e t  of a l l  (4e $L such t h a t ,  r 
foreach 9 ' 0 ,  1, 2,  ..., we have f o r e 9  

i ( ~ - l ~ ) ~ , p - t  ce \  c ~ ,  ( ~ S O , I ~  .,a,.-g). 

The ~ 0 1 l e ~ t i ~ ~  of a l l  such v/, ( r n , ~  ) is t he  bas is  of neighbor- 

hoods of 0 in $ , which generat,zs t h e  equivalent topology in 

4 s i n c e  we s h a l l  make no use of this r e s u l t ,  we omit 

i t s  proof .  



The f o l l o ~ i n g  C ~ ~ C ~ U S ~ O ~ S  a r e  i rmediately obtained from the 
j 

theory of s t r i c t  induc t ive  l i m i t s  of l i n e a r  topological  spaces. 
, z 

The sequence converges t o  4 in % if  and only if & a d  a l l  

@ a r e  i n  F,b f o r  some f i x e d b ,  and Qy +C p  in &p,b 
i 

I f  
' I  

i l b ;  p.21, theorem 341. Since each (B is  sequent ia l ly  complete, i I 

f i b  i .  

I"r i s  too. A l i n e a r  operator  fl from 9 i n t o  a loca l ly  : I 
j ! 

I I 
I I convex t o p o l o g i c a l  l i n e a r  space X i s  continuous i f  'ind only 
j 1 
I I if Q~ -> 0 i n  X whenever t h e  sequence [@' 3 converges t o  

I ; 1: I 
zero i n  6 [14; p. 18, theorem 29 and p. 20, theorem 331. 

/" ,I  
' 1  i l l  

Lema 10-1: i s  2 S U ~ S D ~ C ~  3 The topoloav of 8 & Isr - r *  - -/" 
-- 

lh Lt e r  topology is everywhere dense -- i n  

Proof:  First, it is  obvious t h a t  8 i s  a subspace of r 
Second, cons ider  a s e t  A of all (I C 9 such t h a t  fh ) 4 

f o r  f i x e d  m and k. This  is a s e t  

b conta ins  a neighborhood of 0 

4 (4. It follows t h a t  t h e  

every neighborhood of 0 i n  yp contains a neighborhood of 0 in 

B F i n a l l y ,  we wish t o  show thaO ,U i s  e v e v h e r e  in& 

Let A (x) be a smooth funct ion  tha t  equals 1 f o r  - @ <  X < 
and equals 0 for 2 < x <& Then AY ~ e = j ( d - f l )  4 ~ 9  = 1, 2 ,  3,  

whenever & t . Moreover, some computation shows t h a t  for . r (4 a) 9 0 as v + 4 . This implies t h a t  every m a n d k , C t 4  



r 
. - 

I l  

I 
i ; - 

$ 4  

' I 
3 

, ' .; 
34. 

4 :' 
1 : '. 31/, of a given @f=$ conta ins  some member every neighborhood in  2~ - 

of /3r . G. E. D* : ( .  

i l  
1 j j 

11. D i s t r i b u t i o n  Space LS/. . - " ,  
b 

I ,i . 
Let f be a l i n e a r  f u n c t i o n a l  on and l e t  <f ,Y > be t h e  I 1 :  

, I ;  

number t h a t  f a s s i g n s  t o  @ t dp . It fol lows from a statement ; 1 
1 1  ' 
i ' I  

of the preceding s e c t i o n  t h s t  f i s  continuous on 9 if and only ! ! i  
i f  e, (P y > + 0 whenever the  sequence 1 converges t o  0 

i n  +, . %' i s  t h e  d u a l  of bP ( i .e . ,  t h e  space of a l l  con- 

tinuous l i n e h r  f u n c t i o n a l s  on @ ). lie s h a l l  use only the  weak 

topology of  9 , t h a t  is, t h e  topology assigned t o  it by t h e  I L 

I where t h e  index Q t r a v e r s e s  % . Since each h3 b is a s e q u e n t i a l l y  /". I 
complete countably  normed space,  &' is  a l s o  s e q u e n t i a l l y  com- /" 
plete C14; p. 22, theorem 373. 

1 Note t h a t  D I  is a subspace of 8 f o r  e v e v  and t h a t  t h e  
I P 

1 topology of DI is s t r o n g e r  than  t h e  topology induced on Df by 
I 

AS a consequence o f  t h e s e  f a c t s ,  t h e  ~ e s t r i d t i o n s  of t h e  members 

of 8,L t o  D compri.se a subspace of Dr aiid convergence i n  #' 
1 t ' r 

inplies t h e  weak convergence of t h e s e  r e s t r i c t i o n s  i n  Di. 

63 d 

If i s  a n  o p e r a t o r  on p,h i n t o  eJb , then  t h e  a d j o i n t  
' 

$ 

cyerat o r  nd i s  a mapping of i n t o  @ def ined  by 

L nr$l a) = (4, ~ 1 .  
Thus, mult ipl icat ion-by-x i s  a self-ad j o i n t  ope ra to r ,  whereas N , P  



The next  f i v e  lemmas fol low d i r e c t l y  from lemmas 9-3 t o  

9.7. 
3 

Lemma 11-1: If q & an even p o s i t i v e  i n t e g e r ,  then  P c r 
knd t h e  tonology of&: & s t ronger  t h a n  t h e  t o p o l o m  induced on -- 

Lemma 11-2: T& opera t ion  f j x f  & an isomorphism from 

8' i n t ~  6 3  . 
/A+ I /' 

Lemma 11-3: - The opera t ion  f + N f i s  2 continuous l i n e a r  r . -  

mapping - of 67 i n t o  @' . 
/' P4' 

Lenuna 11-4: - The opercition f + M  f is continuous l ine i i r  
/LC 

mapping of 6 i n t o  6 2  . - /"+' - /" 
Lemma 11-5: Let 8 be defined as i n  lemma 9-7. Then f+ef - - 

is continuous l i n e a r  mapping of 6, i n t o  6; . (This  napping - -  
-/" 

i.. defined b~ < @ f ,q  > = G,@q > where Ct6 e, .) - 

Lemma 11-6: i s  2 subspace $33.  topology of A$ 
/C" - P 

-- kvith t h e  i s  s t r o n g e r  than  t h e  topology induced & 9'. - /" 
1: t te r  topology, 3 )  & everywhere dense a @? . 

Proof:  The first t w o  statements follow d i r e c t l y  from t h e  

f i r s t  t x o  s t i t e m e n t s  of lemma 10-1. 

Piext l e t  A be a smooth funct ion  which is equal  t o  1 f o r  

-&< r < 1 and i s  equal  t o  0 f o r  2 < x <a . S e t  AV ( x )  = A  (x-3 ), 

~ n d  let ft-6' . Lt fol lows t h a t ~ f l ( . % ?  . I q o r ~ v e r ,  if 8 6  83 , /" 



1 The next  f i v e  lemmas follow d i r e c t l y  from lemmas 9-3 t o  

J 3 Lemma 11-1: If q i s  an even p o s i t i v e  in teger ,  then P C Apt?, - r 
2nd t h e  t o ~ o l o g y  of&: is s t ronger  than  t h e  topology induced -- 

Lemma 11-2: T& opera t ion  f j xf i s  an  isomorphism from 

Lemma 11-3: - The operat ion f 3 N  f is  a continuous l i n e a r  r 
m ~ p p i n g  f 67 i n t o  6' . 

/" P4 

I Lemma 11-4: - The operdt ion f + M  f i s  a continuous l i n e z r  
/4 

mappinp of 6 9 i n t o  8 9  . 
,A+/ - /" 

Lemma 11-5: - Let 8 - be defined as i n  lemma 9-7. Then f+df 

is continuous l i n e a r  mapping of 6, i n t o  &/ .  his mapping - -  
-/ 

i: defined b~ < 0  f , (4  > = <f,BcC> where Ctk /3, 0 )  - 

Lemma 11-6: 3/-' i s  2 subspace of 8) .  The topology of 
P - /Y 

d i t h  the i s  s t r o n g e r  than t h e  topology induced=$? -- - -- /" 
1 - : t t e r  t o p o l o m ,  $/2 % everywhere dense 

. Proof:  The f i rs t  two statements follow d i rec t ly  from the  
t 

f i r s t  t3;o s t ~ t e m e n t s  of lemma 10-1. 

h a t  l e t  A be a smooth funct ion which is equal t o  1 f o r  

I -&< x < 1 and i s  equa l  t o  0 f o r  2 < X < m  set A, (x )  = ,I (x-9 1, , 

I m d  l e t  f 6 )  It f 0110~s t h a t  A /  6,y N o r ~ v e r ,  i f  6' 6 GP , ! 

r" 



then A y e  *8 i n  % 9 and CAY f, 6, = ($1 A p  e)~t<q,@). Thus, 

every neighborhood of  f topology contains a 

/" 
B J  member of$ ' ; t h a t  dense i n  P . q. 1. Ii. 

12.  The test in^ Function Space - 
Let  y and w b e  r e a l  va r i ab les  and l e t  7 =y+iw. As before, 

/CC and b a r e  f i x e d  r e a l  numbers with b > 0.  We define a topologi- 

c a l  l i n e  ~r space 3 , b  a s  follows. a) i s  a member of J if 

tnd only if )27f&('() i s  an even e n t i r e  funct ion of and f o r  

each r.onnegative i n t e g e r  k t h e  quant i ty  

4" @).= y I c - b i ~ I  24-/-+ 4 (T)] 
b,-@ 7 

e x i s t s  (i .e., i s  f i n i t e ) .  The topology of 7p,b i s  the  one gen- 

e ra ted  by using t h e 4  P (k-0,  1, 2 ,  . . . ) as seminoms. An 
b. 4 

equivalent  topology i s  generated by t h e  following s e t  of norms* 

r 7  

lhus, y/4,h is a Hausdorff l o c a l l y  convex topological  l i n e a r  
space t h z t  s a t i s f i e s  t h e  first coun tab i l i ty  axiom. 

- a n d P r  are i n  concordrnce for km-na 12-1: The norms pblp - 
every choice of p and q. b1 r 

Proof: jigain f o r  de f in i t eness ,  l e t  p < q. &so, l e t  

be a Cauchy sequence under both norms and l e t  ? ( f m ~ e o  
r 

H e n c e , e  ($9) 3 0 . This means t h a t  t h e  pointwise l i m i t  
b,c 

of t h e  ?-?-% bP LZ ) , is  $he i d e n t i c a l l y  zero funct ion.  Noreover, 
I 

f o r  each k=O, 1, ..., q, e - b lw j  z&-p -5 
'1 @t)converges Y m i f o e  on 



t h e  e n t i r e  9 -plane. It fol lows t h a t  $cl(bp)-+ 0 U *  E* D* 

i 
It fo l lows  now t h a t  q p , b  is  a countably normed space . 1 . I  

Cl4; p. 63. 1 ! i ; 
1. 1 
I I 

I 

Lemma 12-2: i s  2 sequen t i a l ly  complete space,  1 : 
I ,  

Lemma 12-2: - If b<c, then - ~ l ~ c Y / 4 , c  
and t h e  t o p o l o m  9 - -  

jzecerated on i s  i d e n t i c a l  to t o p o l o g ~  
?P)b &&,c - $'rtb 

Proof:  L e t  4 t $I'~ b By the  Phragmen-Lindeloff theorem 
J 

/' Proof : Let  {d,3 converge i n  yr) b . By t h e  serninorm d b,4  r 
t he  @~?)?%-2 converge uniformly on every bounded domain 4- of 

the  --plane. Therefore',  t h e r e  e x i s t s  a l i m i t  f u n c t i o n  such 

i l l ;  p. 177 we have f o r  w> 0 
L 

j e  ; b k  LL z'/P-*+ ( ~ 7  \= e - b ~  1.1  S * - ~ - ~ Q ( ~ ) I ~  . . 

J- 
t h a t  qy-f a$+qP-2c$ uniformly on A- . Since each "-% q~ ld  
i s  even and e n t i r e ,  - -  is s o  e n  and t i .  Also, 

I 
since le -'Iw' & -  i s  bounded on t h e  -plane uni f  o m l y  Z 

~ n d  f o r  w<O 
.I 

1 e -.'tbT T I+-+ &o\ = eb" I q  

i 
1 :  : 
:1 i 
8 . .  

1 . '  

1 ! . , 

Thus, 

dr b4 * ~e~=v l~  I , I  

I 

i :  

f o r  d l  Y , t h e  l i m i t  f unc t ion  4 s a t i s f i e s  a similar b0ur.d. ; I  : 



fi 
Hence, GC [&)= 6 ((#I), E* D* 

c ,  $4 
I 

Another topology can be constructed i n  b by using t h e  Y! 

where P i s  an ever1 polynomial and C is a s t r i p  of width 2a a 

symmetrically placed around t h e  r e a l  axis. 

Lemma 12-1: : - The topo log ies  generzted b~ seminorms 4'' 
w A 44 

and 5 ' -  - a r e  equivalent .  - 
- .  

/" Proof: It i s  obvious t h a t  t h e  topology generated by t h e  o(k  I& 
/ 

i s  stronger than  t h e  topology generated by t h e  
a, f l  

Con- 
i 

! ,  

versely, t h e  Phragmen-Lindehoff theorem shows, as i n  t h e  proof r I. i 
of lemma 12-3, t h a t  

w 1. i 
L ! 

T e Z  @(t) 15 * \y2k-P-z  @ w ~  i' 

t T le'br@( l a  t 

The right-hand s i d e  i s  i n  t u r n  less than , ,  

I 

@ 1 2  2 4 ~ - i  4 I .  
I 

> .  kGC4 r I 

b Consequently, t h e  topology due t o  t h e y q p  is s t ronger  than t h e  . t . . I 

A ' 
topology due t o  t h e  o( Q e  Ee De 1 , I 

4.4 - I 

i '  ! i 

; I 
i t 
I 

I 



9 ;/, g 
isomorphism Theorem 4: a/ll 2 - ;I I 

Proof: F i r s t ,  assume that @ t %, b ; Then - 
&%,= sob 4 ~ n w  J/, ( r l x )  A X  

1 
where t$ (x) 6 (0,b). By G r i f f i t h f s  theoren ,  q y - a  $ ( 2 )  i s  

an even e n t i r e  funct ion  of . Furthermore, an srgument 

similar t o  t h e  one given i n  t h e  proof of lemma 2-6 shows t h a t  

h o r n  t h e  asymptotic formula i 
I 

j! 

and from t h e  f a c t  t h a t  z-~$+~,czJ i s  an e n t i r e  function and 
* .  

hence bounded on every bounded domain of t h e  z-plane, it fo l lows 

th-it f o r  a l l  x and y 

where C,/ is  a cons tant  j.ndependent of x and . viith this 

r e s u l t  (12-1) can be converted i n t o  

Conversely, let k t - 1 ~ 4  , - It follows from G r i f f i t h f s  y L ' V "  4p,b - 

I theorem that $ CT\ is t h e  Pth -order Hankel t ransform of a 



function LL Cot-) which i s  zero almost everywhere f o r  

fib. S ince  t h e  Hankel transformation is se l f - r ec ip roca l ,  we 

have 

By fo rmal ly  d i f f e r e n t i a t i n g  under t h e  i n t e g r a l  s i g n ,  we obta in  

k I 
d i c e  @ (y)  i s  of r ap id  descent a s  y +a and z-p - ++a (2) I 

is bounded f o r  0 < 4 < - , the  l a s t  i n t e g r a l  converges uniformly I 

f o r  0 < x <-. It fol lows t h a t  t h e  left-hand s i d e  of  (12-2) 
I 

is cont inuous and bounded on 0 < x < f o r  every k ,  An induct ive  I 

Lsgument now shows t h a t  Cq i s  smooth on 0 < x <& . Thus, @ e  43 b. 1 

/'I i 

1 
I 

From (12-2) we a l s o  ge t  
I 

. , 

gc ((05 foy',&l( 1+q]g 
Y I 

= K P " P  
~ ( ' ~ ~  3 +h+v,rl a- Loo 4.j.- a 4 ~ ~ 1 1  

%here K i s  a constant .  If n i s  an i n t e g e r  no l e s s  than  k+ + 3 0, 

A'%+' < (i+y2)n f o r  y > O .  Hence, 

I '"2 c"Y")r ($1 
Us0 '7, IJ 

I - .  'nus, - i s  i continuous mapping of @,b9 i n t o  ?,be 

The linearity and uniqueness of complete t h e  proof. f 



I n  t h e  next  two lemmas we allow/ t o  be once a g a n  any 

r e a l  number. 

Lemma 12-5 : - If q _.-- i s  an even p o s i t i v e  i n t e g e r ,  then  c y p , b  

and the topology -- i s  s t ronger  -- than t h e  topology induced 

Proof : For @E %+ 1, and k=O, 1, 2, ..., 

I Lemma 12-6: - The opera t ion  43 2 is an isomorphism from 

Proof:  4 F+' 

b, 

Lemma 12-7: f ,,u 2 - :, ' - t h e  operation 4 + N/, b - i s  z, 
isomorphism from onto - 6 - $/+l,.b 

Proof:  Invoking lemma 9-4, theorem 4, and Eq. (2-6) 

( f o r  which we use a n a l y t i c  cont inuat ion from t h e  p o s i t i v e  y axis 

p = , x and t h a t  d onto t h e  7 p lane) ,  we s e e  t h a t  N 

onto 6 , multiplication-by-x 
/" 

i 
is  an isomorphism from y ,b 
i s  an isomorphism from 

/") 

fL , t ,b  ~ " t o p e ~ b  9 is an  

I isomorphism from p+@ Q . E . D .  

r' 

I Lemma 12-8: Ifp> - 5,  +M $J 2 continuous l i n e a r  

mapping of 



112 , 

Proof: Invoking lemmas 9-3 and 9-4, theorem 4, and Eq.  
_I 

12-10) ( f o r  which we use  a n a l y t i c  cont inuat ion  from t h e  p o s i t i v e  

y a x i s  onto t h e  p l a n e ) ,  we see that Mfi = $., x r" +I and t h h t  !-. . 

+ i s  an isomorphism from %+,,b onto 5 + , , b  , mul t ip l i ca t ion-  

by-x i s  a continuous l i n e a r  mapping of 6 p+O i n t o  qyb , and % 
is  an isomorphism 'from 9, b onto p, . Q. E. D. 

! 
Lemma 12-9: rC?) an ever1 e n t i r e  f u n c t i o n  such t h a t  . r 

. . 

IT(?) < c eaJw' 7 ~ a * )  ! 
I 

I 
where G & a a r e  r e a l  p o s i t i v e  constants  & m & g nonnegative i 

l 

i n t  e r e r .  Then, 4-r $h & 2 continuous l i n e a r  mapping f I 

. Test ing  Function Space 

8 ! yp denotes t h e  s t r i c t  induct ive l i m i t  of  t h e  /u;b where 

b t r s v e r s e s  a monotonically increas ing  sequence of p o s i t i v e  

numbers tending t o & .  A biisis of neighborhoods of 0 i n  $& is 

i the c o l l e c t i o n  of a11 convex.set  N i n  such t h a t ,  f o r  every b ,  



43 
v 

g/) y p  J 
i s  a neighborhood of G i n  yp , J,. Thus, a sequence 

[ & Y \  c o m e r g e s t o  i n  if and only if 4 and a l l  (b J 

> -re  i n  "Jr, f o r  some b afid 4,3 (b i n  Fjb [14; p. 21, theorem 341. 

$(,& is i l lso s e y ~ e n t i ~ ~ l l y  complete [14; p.  21, theorem 361. A 

l ir iedr opera tor  f l  from $!-!- i n t o  a l o c a l l y  t o p o l o g i c ~ l  l i n e a r  

t :.p; ce X i s  ccnt inuous if and only if M 4y-3 0 i n  X whenever 

1 t h e  sequence {4p$ converges t o  zero i n  % [14; p. 18, theorem 29 

iind p. 20 ,  theorem 331. Since  both $ and'& a r e  l c c a l l y  convex 
I 

i topo1ogic:il l i n e a r  spaces ,  t h e  fo l lowing theorem i s  a consequence 

of theorem 4 and our  comments concerning continuous l i n e a r  opera- 

t o r s  on & and% . 

Theorem 5: [ is a n  isomorohism from ,@ onto Yr . r - -  -/" 
Lemma 13-1: i s  a subspace ofd . . The topology r- - &Pi. 

s t r c n g e r  -- t han  t h e  topology induced -- on it h j j  8 With t h e  l a t t e r  

i s  everywhere dense &( /" 
7' 

! Proof: Our proof uses the facts  t h a t  
_II_ 

,( is  an  isomorphism 

from 9 onto yr" , as wel l  as from $ o i  i t s e l f .  Then, by 
I 

I lemma 10-1, 

I 
@ &  YP - > @ = $ - ' C b  e& p C j J  /" * @ = + ~ e + ~  . 

sex*, l e i k  be n neighborhood of  0 i n  is a 

neighborhood of 0 i n  t h e  induced topology On t h e  o t h e r  



I 
such t h a t  By lemma 10-1, t h e r e  e x i s t s  a neighborhood o f  0 i n  /r 

) i s  a neighborhood of 0 i n  /" 
2 & A) ' . This  v e r i f i e s  t h e  second 

I statement  of t h e  l e m m a ,  

The l a s t  s tatement  fol lows from the  last  s tatement  of lemma 

10-1. 

I 
I 14. The Generalized Function Space , - 
i 7~' is t h e  d u a l  of 

9; 
I yp ; t h a t  i s ,  yg is  t h e  space of a l l  

continuous l i n e a r  f u n c t i o n a l s  on Vie again  use t h e  nota- 

t i o n  LC, $) t o  denote t h e  2; a s s i g n s  t o  de tfi 
i'ie s h a l l  employ only t h e  weak topology o f  , From a s tandard  

1 theorem L14; p. 22, theorem 371 w e  have t h a t  /r, i s  s e q u e n t i a l l y  Y' 
complete. 

i 

i. 
The fol lowing lemmas a r e  consequences of lemmas 12-51 t o  12;9. 

I The opera tors  i n  lemmas 14-2 t o  14-5 a r e  def ined i n  t h e  

customary way as a d j o i n t s  of opera tors  on f o r  s u i t a b l y  . 

I chosen t/ 

> 
Lerrma l(i-1: If q 2 even p o s i t i v e  i n t e g e r ,  then  7)~ yPeP, 

I 2nd t h e  topology of s t r o n ~ e r  than  t h e  t o o o l o g ~  induced -- - 

I Lemma 14-2: Xhg o ~ e r a t i o n  F 3 q F  -- is an isomorphism - from 



c l e a r l y ,  Fc i s  a continuous l i n e a r  mapping of &' /" 
i n t o  9) . Equation (15-1) a l s o  al lows us  t o  def ine  t h e  inver se  

I l ~ n k e l  t ransform f when it i s  t h a t  is 

given. It r e a d i l y  i s  a one-to-one mapping of 

onto  2/ and t h a t  $-' is a l s o  continuous and l i n e a r  

on 7; . I n  o t h e r  words, w e  have 

?$+I onto  y ,  . 
' t h e  opera t ion  F + Np F & 2 continuous Lemma 14-1: sp 2 - ;, - 

l i n e a r  mapping of i n t o  

Lemma 14-5 : - Let - be defined as & lemma 12-9. Then, 

F +TF - -  is  a cont inuous l i n e a r  mapping of y~ ,= y p  

15. a Hankel Transformation of 9. 
 or 4 ~ 9 ,  ~t@/, , Henceforth, we assume that/> - - *  

2 
;ind 4 -5  Cp6 yP , we define t h e  Hankel t ransform F =pf by 

Theorem 6:  X) is  an isornor~h,ism from 9 onto $+ . r -- 



I 

I e m  1 1 :  is 2 subspace of topologs of 
1 - .N5 /" 
- 

P -  
i s  s t r o n ~ ~ r  t h a n  t h e  t o ~ o l o w  induced . Bith  t h e  -- 
induced topology ~ L / J  is everywhere dense & r 

Proof: This fo l lows d i r e c t l y  from lemmas 11-6 and 13-1, 
I 
I 
1 t heo rem 6 ,  and t h e  f a c t  t h a t  6 i s  a topo1ogicr;l ~utomcrphism 

Theorem 7: - L e t  ,e 2 - z *  - If f 6 9  &~=bf ip ,  then 

(15-2) 

If Ft%:, and - Cc 

/"+ ' (15-6) 

I Proof:  Our proof makes use of lemmas 2-7, 9-3 t o  9-6, 11-1 - 
j 
I t o  114, 12-5 t o  12-8 and 14-1 $0 14.4, and theorems 5 and 60 
1 

Li th  l e m m a  2-7 we also employ a n a l y t i c  continuation from t h e  

p o s i t i v e  y axis onto t h e  plane. 

and $e 6 , then 

8 

i T h i s  e s t a b l i s h e s  t h e  first p a r t  of (15-2). The second p a r t  of (15-3) 
i 

i s  g o t t e n  by applying b(l-' t o  t h e  fir3t par t  of (15-2). 
r+ ' 

1 -. 2 



Also, 

This g i v e s  t h e  first p a r t  of (15-31, from which t h e  second p a r t  

of (15-2) i s  obta ined  by applying t J  
/"+' 

Next, l e t  a k a p  , @-$,G , a n d  . Then, 

+F, 4 , = 4 ~ 4 ~ =  44 w=<&.i,-+~)=~fi~ $+,$ rnx 
I 
I 
I 

which y i e l d s  t h e  f irst  p a r t  of (15-6). The app l i ca t ion  of f - '  
/" 

I 

i y i e l d s  t h e  second p a r t  o f  (15-7). 
, 
4 

Furthermore, 

which v e r i f i e s  t h e  first p a r t  of  (15-7). The second p a r t  of (15-6) 

fo l lows  f rorn an a p p l i c a t i o n  of l-' 
/" 

Fina l ly ,  (15-1) and (15-5) a r e  obtained by appropr ia t e ly  

t combining (15 -Z ) ,  (15.31, (15-6) , and (15-7). Q. Ee D I  

I 

I Ide conclude t h i s  s e c t i o n  with t h e  determination of some 
, 

s p e c i f i c  Hankel transforms. F i r s t  note  t h a t ,  if & is a nonzero 

complex parameter,  t h e n  J ( ~ 6 )  +> - i) is - /" /" 
Hence, f o r  @ &  +and 4d k-..-- (2' ... 9 

< m 1 ,  C C ) )  = @ &I-%..<J{~- a, @ (q8. 

( Here, the right-hand e q u a l i t y  serves as the  de f in i t ions  f o r  

i J ( q - a ) t ~ / L ?  Thus, we have 



t iiote t h s t ,  i f  Im rf 0, t h e n  b( g-  if) has  no sense as a f u n c t i o n a l  
I 
1 on 39 . Thus, l' r i n  (15-8) must be i n t e r p r e t e d  as t h e  extens ion  
I 
I of t h e  Hankel t r ans fo rmat ion  t o  /3/3 . 

/ 

Furthermore, 

. . It is p e r n i s s i b l e  t o  in te rchange  t h e  i n t e g r a t i o n  and d i f f e r e n t i a t i o n  
! 
I here C15; p.993, and t h i s  y i e l d s  bY$/) Y '. We d e f i n e  A@)(?- 8) 
I 

h'e have, hereby 

e s t a b l i s h e d  t h a t  

number of o t h e r  Hankel transforms can be obtained by us ing  t h e  

formulas '  o f  theorem 7. 

16. 9 A ~ ~ l i c a t i o n  : The General Solut ion of 3 Homogeneous - 
Bessel-type D i f f e r e n t i a l  Equation. 

We wish t o  determine t h e  genera l  so lu t ion  i n  of the  

fol lowing homogeneous d i f f e r e n t i a l  equation, 

where m i s  a p o s i t i v e  i n t e g e r ,  t h e  a 's  a r e  constants  with am f 0, 

O < x <  , a n d p > -  ' It is known t h a t  t h e  d i s t r i b u t i o n a l  2' 
s o l u t i o n s  are none o t h e r  t h a n  t h e  c l a s s i c a l  so lu t ions  C14; p. 743. 
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?<oreover, i f  t h e  r o o t s  o f  t h e  polynomial P (-1 ) a r e  'I b;, 4 O 

with t h e  m u l t i p l i c i t i e s  kn, ( n  = .I) + 1, . . ., 2 q, ya=- K n , & ~ = 4 - - )  9 

then an easy computation shows t h a t  a s o l u t i o n  t o  (16-1) i s  

where t h e  bQy) denote a r b i t r a r y  cons tan t s .  Ue s h a l l  employ our  

genera l ized  Hankel t ransformat ion  t o  v e r i f y  t h a t  (16-1) has  no 

o t h e r  s o l u t i o n s  i n  @/ . 

By anplying 6 t o  (3.6-1) and invoking (15-5),  vie ob ta in  

Lema 16-1: o r d e r  for X( , b  t o  have t h e  form xcY) ), @ n ~ )  q( (%I ,  

where $ (2) a l s o  nnecessarv 2^ib, a & & s u f f i c i e n t  t h a t  

The proof of t h i s  lemma is almost i d e n t i c a l  t o  that of 

lerr ia  1 i n  113; Sec,  7.101. 

Let  r = max k,. %/I,,(,$ ( n  = -+ 1, + 2 , * * . , +  q) L-2: - 
be f i x e d  e n t i r e  func t ions  (not n e c e s s a r i l v  even) such that: - 

1. 1 e-b'w' qk/\t,  ( ~ 1 1 ~  CC Ch20;ltL,,.> J -- when t h e  Ck are Constants. 

2. An[-ql  = A - 0  h l  
k t  each -point q s  9 (lfn), /I ha5 2 zero with a .multi- 3 .  - - 

(3, 
p l i c i t y  of & l e a s t  r. & '7 = X h ,  4 ,,= 1 and /I, = O  for Y=p, - . , r ;  

I F i n a l l y ,  f o r  f ' t . Y p , b  



' - Then, can be uniquely rep resen ted  & t he  form 
I_- 

I 

where Y i s  i n  and s a t i s f i e s  (16-4). 
I 
I 
t 

Proof: That t h e r e  exist  A, s a t i s f y i n g  t h e  above condi t ions  - 
can be shown as f o l l o v ~ s .  Let  @ be an e n t i r e  func t ion  s a t i s f y i n g  

condi t ion  1. 

' h e n  , 
-C 

possesses t h e  d e s i r e d  zeros .  F i n a l l y ,  we can determine a poly- 

nornial H of degree r such t h a t  H (I, ) Z ( 2fn ) = 1 and BY&= \ ,= F,,= * - 
= t ,  2 ,  .. . , 4 - Then, A,= H is the  func t ion  we  

seek. 

& 

Next, . 
LJA (t) 61-r~ + ( - I ) ~  A -- (q )  GI- X, , )~J  ( 16-6 1 

i s  an even e n t i r e  funct ion ,  and i t s  product with q '+-L is in 

h .  
/ P J ~  . Consequently, Y. (q) , which i s  uniquely determined by 

( 16-9) , i s  a l s o  i n  yp, . That Y c ~ )  s a t i s f i e s  (16-4) can be 

si.own by d i f f e r e n t i a t i n g  t h e  product of (16-5) with -p C 

Lemma 16-3: ii necessary  and su f f i c i en t  condition f o r  an - 
t o  s a t i s f y  (16-3) is t h a t  - -- 
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wl~ere - t h e  b n are a r b i t r a r y  cons tants .  

Proof: That (16-7) impl ie s  (16-3) i s  c l e a r .  Conversely, f o r  

4 4- any 4' j p , b  we have from (16-3) and lemmas 12-9 and 16-5 t h a t  

~l'l-n', ir, &\= LF, PC<) 4- 0 , &Ioreover, f o r  any Y t 
lemma 16-2 al lows us t o  w r i t e  

By lemma 16-1, 2 h a s  t h e  form piI') 4 , and theref  o re  < P, > =0. 
CY) Z r i t i n g  i n  terins of cQJ , we see  t h a t  F( p ) has  t h e  

form of (16-7).  Note t h a t  (16-3) i s  s a t i s f i e d  by (16-7) f o r  any 

choice of t h e  bhr /  . Q. E.  D. 

. .. - I n  view of  (16-3) and lemma 16-3, t h e  general  s o l u t i o n  of 

t h e  homogeneous equa t ion  (16-1) i s  obtained by taking t h e  inverse  

I hankel  t ransform of  (16-7), I n  accordance with (15-91, we ge t  

I (16-2) , 

12, Another ~ s p l i c a t i o n :  & Operational Calculus, 

genera tes  an  opera t iona l  ca lculus  f o r  t h e  s o l u t i o n  u 
L 

in&/ of d i f f e r e n t i a l  equat ions of t h e  form 

I 

~y/_+) ' (  u=4 ( 17-1 ) 

i 4 4 is such t h a t  & . There a r e  many such 
where 8 P - 
g ' s  ( s e e  l e m m a  20 ) .  By applying to (17-1) and invoking 



l e m m a  L$-2, we ge t  t h e  following as the  solut ion i n  B t  of 
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