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ABSTRACT 

Closures a t  t h e  t h i r d  and four th  o rder  moment are presented f o r  t h e  

problem of t h e  decay of r eac tan t s  which obey an a ~ b i t r a r y  R~~ order  

equation (where 1<I?13) and whose i n i t i a l  descr ip t ion is  given stochas-: 

t i c a l l y .  The c losures  a r e  shown t o  sa . t i s fy  prescribed r e a l i z a b i l i t y  

and asymptotic condit ions f o r  c e r t a i n  i n i t i a l  assignments of  t h e  mean, 

t h e  mean square fluc-t-uations, t h i r d  order  moments, and f o u r t h  order  

moments of t h e  concentrat ion f i e l d .  

From t h e o r e t i c a l  considerat ions,  it w a s  found t h a t  non-second 

order  r eac t ions  required s e t t i n g  l i m i t s  on t h e  values of t h e  i n i t i a l  

da ta  ( i n  terms of dimensionless r a t i o s  t h a t  a r e  independent of t h e  

form of t h e  closure chosen) i n  order  t o  obta in  physica l ly  acceptable 

r e s u l t s .  Thus, they a r e  not  a s  genera l ly  appl icable  as t h e  second 

order model, which may be applied t o  any i n i t i a l l y  r e a l i z a b l e  values 

of the  mean, mean square,  t h i r d ,  and four th  order moments f l u c t u a t i o n s .  

In addi t ion ,  t h e  four th  order moment c losure  required a more s t r i n g e n t  

set  of i n i t i a l  condit ions than t h a t  f o r  t h e  t h i r d  order  moment c losure .  



I. INTRODUCTION -- .- 

OtBrien has a c l o s u ~ e  a t  t he  t h i rd  o r d e ~  moment f o r  

t h e  problem of the  decay of reactants which obey a second order equation. 

The closure has been sh0i.m t o  sa-t-isfy prescribed r e a l i z a b i l i t y  and 

5 
asymptotic conditions f o r  both the general i n f i n i t e  s e r i e s  form and 

1 t h e  simpler .two term form of the  expansLon . O'Brien has a l so  shown 1 

t h a t  t h i s  simpler form can quite closely model the exact sa lu t ions  f o r  

t h e  case of second order reactions. 

The objective of t h i s  report  i s  two-fold: 1) t o  extend the  analysis 

' t o  non-second order reactions,  and 2 )  t o  f i nd  a simple fourth  order 

moment closure t ha t  s a t i s f i e s  prescribed r e a l i z a b i l i t y  and asymptotic 

conditions. 



11. THE STATISTICAL PROSLEM 

The system is described by t h e  equation 

where I' is  the  concentration tihich w i l l  be a random var iable  bounded 

between O<I'<-, - R is  the  order of the  react ion which is bounded by 

14353, and t i s  the  time which has been normalized by a constant 

r e a c t i o n  r a t e .  

The problem is made s tochas t ic  by assigning i n i t i a l  conditions 

1 i n  a s t a t i s t i c a l  manner . For example, i f  P [ r (O) l  is  a prescribed 

I n i t i a l  p robabi l i ty  density f o r  t he  concentration f i e l d ,  then the  

2 exact so lu t i oa  f o r  any order monent e x i s t s  i n  the  following form : 

where t he  overbar denotes an ensemble average. 

There a r e  some asymptotic proper t ies  of (2.2) which w i l l  play a 

ro le  i n  determining the  forms of t he  moment closures t o  be suggested: 
I 



- 
where y = r - r ,  These follow simply from an asymptotic expansion of  

(2.2)  and t h e  assumption t h a t  - - 

- .  - .  
e x i s t  f o r  N = 1, 2F3, 4. 

Horiec-er, i n  t r y i n g  t o  form moment equations, we f i n d  t h a t  a binomial 

expansion of (2.1) f o r  R not an i n t e g e r  leads  t o  an i n f i n i t e  s e r i e s  

representat ion.  Thus we a r e  now confronted with two formidable problems. 

~ i r s t ,  we do not  have moments of a l l  orders  r ead i ly  ava i l ab le ;  and 
- 
N - N  

second, an i n f i n i t e  s e r i e s  is convergent only f o r  ) y  /r 1, where N - 
3 is an i n t e g e r  . This sec9nd prohlem must be overcome s ince  a goa l  of 

- 
N 4 1  t h i s  work is t o  have t h e  c a p a b i l i t y  t o  handle cases where l y  /I" ]>I. 

Therefore, w e  must forn acceptable c r i t e r i a  t o  decide which terms a r e  

t o  be re ta ined  i n  those moment equations s o  af fec ted .  

The following t h r e e  c r i t e r i a  w e r e  f e l t  t o  be reasonable means of 

deciding t h e  n u d e r  of terms t o  be r e t a i n e d  i n  t h e  first t h r e e  lowest 

order moment equations: F i r s t ,  s ince  t h e  h ighes t  0rder.momen-t c l o s ~ r  
. . 

scheme t o  be attempted is a t  t h e  four th  order  moment, t h e  moment equations - 
2 

f o r  t h e  der ivat ives  of and y were t runcated  t o  inc lude terms up t o  and - - 
Including y4; second, s ince  assuming R = 3 i n  (2.1) l eads  t o  a y5 term 

- 
3 

i n  t h e  moment equation f o r  the  de r iva t ive  of y , t h e  corresponding i n f i -  
- 

5 
n i t e  s e r i e s  moment equation is  t runcated  t o  include t h e  e f f e c t  of y ; 

and t h i r d ,  t h e  f irst  t h r e e  lowest order  moment equations formed from 

. . 
<he i n f i n i t e  series expansion and t runcated  as ind ica ted ,  must col lapse  

t o  t h e  same expressions t h a t  can be obtained by s u 3 s t i t u t i n g  R = 1, 2 ,  

and 3 i n t o  (2.1) and forming t h e  moment equations i n  t h e  usual  manner. 



With t h e s e  r e q u i r e m n t s  i n  ~ i n d ,  t h e  first t h r e e  moment equations 

of a n  i n f i n i t e  unclosed h ie rarchy  were found t o  be: 

- - - a-r 
- k3, 3 R~ -g K ~ P - I )  r pZ- - Y y4]  +- 

d - t  + R ( n- I)  ( P-2) P R-3 [F~ 4y-7p] .+ 
2 

Note t h a t  it i s  t h e  f r a c t i o n a l  o rde r s  t h a t  s i g n i f i c a n t l y  introduce - 
4 t h e  e f f e c t  o f  y . A t  t h e  i n t e g r a l  o r d e r s ,  (2 .7)  and (2 .8 )  a r e  independent 

- - 
2 3 The r e s u l t i n g  equa t ions  suppose t h a t  r ( 0 ) ,  y (01, and y ( 0 )  a r e  - - 

4 prescr ibed .  We w i l l  r ~ q u i r e  t h a t  y3 and y be r ep laced  by specified - 
2 f u n c t i o n s  o f  and y whose forms do n o t  depend on t h e  i n i t i a l  d a t a  

7- 
(though t h e  'magnitude of Y (0) ~ 0 ) ~ ~  i s  r e s t r i c t e d )  and ape such t h a t  

(2.7) and (2.8)  y i e l d  ~ h y s i c a l l y  accep tab le  descz.i.ptions of t h e  f i rs t  
- .  

- 
5 

t h r e e  monents. Note t h a t  s i n c e  y (0 )  is  - n o t  p re sc r ibed ,  w e  cannot use 
2 -  

" (2.91, even t o  t h e  e x t e n t  o f  eva lua t ing  - (0 ) .  at 



The foll.o>ring r e a l i z a b i l i t y  condi t ions  a1.e imposed t o  spec i fy  a 

c e r t a i n  degree of p h y s i c a l  r s a ~ o r ~ a b l e n e s s  -to t h e  so lu t ion :  

" i e  i n e q u a l i t i e s  (2.12) and (2.13) a r i s e  f r ~ m  a r e s t r i c t i o n 4  on t h e  

skewness and k u r t o s i s  of any p r o b & i l i t y  dens i ty  which i s  zero  fox? 

values of t h e  random v a r i a b l e  t h a t  a r e  l e s s  than o r  equal  t o  zero. 

In the  next  s e c t i o n ,  c lo su res  a r e  proposed whose r e s u l t s  sa- t isfy 

t h e  r e a l i z a b i l i t y  condi t ions  (2.10) ,  (2.111, (2.12) and (2.13) f o r  a l l  
- - 

B 
values of 0 ,  y 2 t ~ ) ,  r 3 ( ~ ) ,  znd y ' ( 0 )  xhich themselves do n o t  v i o l a t e  

(2.101, (2.111, (2.1-2) and (2.13). We w i l l  a l s o  r squi - re  t h a t  t h e  

asymptotic behaviors  g iven  by ( 2 . 3 ) ,  (2.41, 12 .51 ,  and ( 2 . 6 )  a r e  

s a t i s f i e d .  The c losu res  are t o  be simple f u n c t i o n a l  forms t h a t  do no t  

vary for  d i f f e r e n t  i n i t i a l  datt;. 



111. PROPOSED CLOSURES -- 

07Brien has shmml t h a t  the  follcwing simple t h i r d  order  rnoinent 

c l o s w e  s a t i s f i e s  asymptotic and r e a l i z a b i l i t y  conditfons f o r  the  

second order equation. FOT s impl ic i ty ,  we assume t h a t  t h i s  form is 

appl icable  t o  non-second order  reac t ions  without any modification. 

The t h i r d  order  moaent closure 

. i s  a combination of simpl.e, dimensionally co r rec t ,  simultaneous functions.  

In  the  same s p i r i t ,  t h e  following simple closure f o r  the  four th  

order  mornent is proposed: 

- - 
I n  (3.11, t h e  constant  A is obtained from A l " ( O ) ,  y2(0),  and -- 1 0 

~ ~ ( 0 ) .  We w i l l  show that t he re  e x i s t s  a naxirnui pos i t ive  value of 

A. and of B (say %IU: and BnAX, respect ive ly)  such t h a t  f o r  A 
1 0 < %Ax 

a n d B  < B 
1 MAX' t h e  c losures  (3.1) and (3.2) s a t i s f y  t h e  asymptotic 

condit ions (2.31, (2.41, (2.51, and (2.6) and the  r e a l i z a b i l i t y  condit ions 

- (2.101, 2 . 1 ,  (2.12 1, and (2.13) f o r  c e r t a i n  a l l ~ ~ r a b l e  ranges of the  
- - - 

3 4 
values o f Y ( o ) ,  Y 2 ( 0 ) ,  y (01, and y (0). This d i f f e r s  from 113 i n  

which t h e  use of a second order reac t ion  equation enabled the proof t h a t  
-- -- -- 2 3 (3.1) could be appl ied  t o  --- a l l  r e a l i z a b l e  values of r ( 0 ) ,  y (O), and y (0 ) .  

5 
' A s  suggested by OIBrien , (3.1) and, analogously, (3.2) have more . 

genera l  c losure  forms i n  terms of an i n f i n i t e  s e ~ i e s .  Powever, t h e  

purpose here  is  t o  explore t h e  relevance of  these  simpler  closures by 

shoisring t h a t  f o r  c e r t a i n  values of t h e  i n i t i a l  da ta ,  they s a t i s f y  t h e  



previously mentioned conditions. 

For convenience i n  constructing subsequent proofs,  t he  following 

def ini t ions  a re  made : 

When (3.1) through (3.6 ) are incorporated i n t o  (2.7) and (2.81, they 

become : 



An immediate consequence of the forms of (3.7a, b,  c ,  d) and the  

fact t h a t  Y1(0)>O and Y2(0)>0 i s  that i f  Yl(tl) = 0 f o r  sone t = 

then so is  

Similarly, r f  Y ( t  1 = 0, then so is 
2 2 

f o r  a l l  N . 

f o r  a l l  N. 

This implies t h a t  if T 2nd T are increasing functions, then: 



f o r  all t , 

and f o r  a11 t 

However, as can be seen from (3.5) and (3.61, c e r t a i n  r e s t r i c t i o n s  

on t h e  values of  Y2, A1, Ao, B1, and B2 must be made before T>O can be 

assured. .If t h e  necessary r e s t r i c t i o n s  a r e  made then it i s  c l e a r  t h a t  

T and T a r e  increas ing funct ions  of time. 

Thus, i ,n o rder  t h a t  T and r be non-decreasing functions of time 

and t h a t  (3.7a) and (3.7b) s a t i s f y  (2.3) and (2.4) respect ively ,  

it is necessary t h a t ,  f r o m  (3,7a): 

and from (3.7~): 

R ( Q - ' ( ~ , + ~ ~ B ~ + B L ) ~  e3~,)'(, - B- A,-/  + W - z  ( 6 



I V .  THEOIW"I'CAL IGSULTS --- - 

A.  General Cons idera t ions  

Since t h e  terms i n  (3.9)  and (3.10) a r e  e x p l i c i t  func t ions  of "R", 

while t h e  r e a l i z a b i l i t y  c o n d i t i o ~ l s  do not  conta in  "R" e x p l i c i t l y ,  we 

f i n d  t h a t  w e  w i l . 1  n o t  be a b l e  t o  prove f o r  t h e  whole range of  "R" con- 

s ide red ,  1<R'3, t h a t  u s ing  t h e  assurned c losu res  t o  sa t j . s fy  ( 3 . 9 )  and 

(3.10) is  tantamount t o  s a t i s f y i n g  t h e  r e a l i z a b i l i t y  condi t ions .  I n  

f a c t ,  as shown i n  Ref. [I], only f o r  t h e  p a r t i c u l a r  case  of R = 2 is  it 

t r u e  t h a t  employing t h e  assumed c losu res  i n  (3.9)  and (3.10) l eads  exac t ly  

t o  t h e  r e a l i  z a b i l i t y  condi t ions .  
- - 

In t h e  g e n e r a l  case, d i f f e r e n t  l i m i t s  on t h e  valuas of y3 and y 
4 

a r e  r equ i r ed  by r e a l i z z h i l i t y  than  by (3.9)  o r  by (3.10) .  Simultaneous 

sa t i . s f ac t ion  of r e a l i z a b i l i t y  , ( 3.9 1 , and ( 3.10 ) requir2es l i m i t i n g  t h e  

3  4 
values of  Y2(0), y ( 0 )  and y (0 )  t o  be wi th in  ranges amenable t o  then  

a l l .  (See Appendix I f o r  d a t a i l s . )  Thus, f o r  a r ~ b i t r a r y  R ,  no t  only 

must t h e  cons t an t s  used i n  t h e  c losu res  be l i m i t e d  by cer ta . in  r e l a t i o n s ,  

as i n  Ref. [ll; b u t  also t h e  va lue  of  t h e  i n i t i a l  d a t a  must be r e s t r i c t e d  

i f  one i s  t o  o b t a i n  physi .cal ly  meaningful r e s u l t s .  

The r e s t r i c t i o n s  may be d iv ided  i n t o  two major d iv i s ions :  those  

app l i cab le  f o r  1<R<2 and those  f o r  2<R53. Within each d i v i s i o n ,  d i f f e r e n t  

r e s t r i c t i o n s  a r e  r e q u i r s d  by a  t h i r d  o r d e r  moment c losure  than  by a  f o u r t h  

o rde r  moment c losu re .  - .  

B. Fourth Order Moment Closure 

Using t h e  assumed t h i r d  and f o u r t h  o r d e r  moment c lo su res  and r equ i r ing  

t h a t  r e a l i z a b i l i t y ,  (3 .9  and (3.10 be s i r n ~ l t a n e o n s l ~  s a t i s f i e d ,  y i e l d s  

the  fol lowing requirements:  



For 1<Xs2 

(-3+m)/2 * oO- 7 9) (LL .la) 

By subs t i tu t ing  closyres (3.1) and (3.2) i n t o  (4.lb) through (4.le), it can 

b e  shown t h a t  the constants used in  the closures nust be such t ha t :  





And by following t h e  procedure previously indicated ,  it can be <sh;wn 

t h a t  t h e  constants  used i n  t h e  closures must be such that: 

However, i f  R i s  very c lose  t o  2,  o r  if  

- then it can be shown t h a t  (4.10) may be s impl i f i ed  t o  y i e l d  t h e  require- 

ment t h a t  A. be such t h a t :  

Returning t o  genera l ly  appl icable  r e s u l t s ,  we f l n d  t h a t :  

and ' 

Using t h e  same procedures, t h e  t h i r d  order  moment closure problem was 

a l s o  considered. 

C. Third Order Moment Closure - 
4 

If it i s  assumed t h a t  y terms can he  neglected from (3.9) and (3.101, 

3  
and thus only a t h i r d  o rder  moment c losure  is required,  then y r e a l i z a b i l i t y ,  

( 3 . 9 1 ,  and (3.10) require t h a t :  



and for ~ ( 5 5 3  

- 
and if 



then ,  as before, (4.2g) is s impl i f ied  t o :  

In genera l ,  t h e r e f o r e ,  t h e  major.advantage of the  t h i r d  order 

moment closure over  t h e  four th  order monent closure is t h a t  it i s  

appl icable  t o  many more i n i t i a l  values of Y2(0). A p l o t  of (4.2a) aria 

(4.26) versus R ( see  Fig. 1 )  shows t h a t  t h e  maximum allowable value of 

3 3 
t h e  r a t i o  y ( O ) / Y  (0) for  the t h i r d  order moment closure is  at l e a s t  

1 

t h r e e  times t h a t  allowed by t h e  fourth order moment closure. 

Estimates of t h e  value of t h e  constants  A and B may a l s o  be 
0 1 

ohtained from an asymptotic expansion of (2.2). By comparing the  re- 

s u l t a n t  t i m e  s e r i e s  with (2.41, (2.51, and (2.61, one finds t h a t :  

Thus, from t h e  c losures  (3.1) and (3.2 1, together  with t h e  asymptotic 

condi t ion  ( 2 . 3 )  through (2.6) it i s  poss ib le  t o  iden t i fy  A. and B1 a s  

Follows : 



. - - . - .  . . . -.- - .. . .  . 
which,  f o r  K = 2  reduce 

and - 

- 
where - 

-- 
-2 

If only ?,'-'(o) and y (0  e x i s t ,  Then it is  possible t o  obtain a l.m~er 

bound t o  A and 8 i n  t h e  following fashion.  Since I"-' is  a non-negative 
0 1 

random var iab le ,  it 'too, s i m p l i f i e s  an inequal i ty  such as (2.12 o r  (2.13). 

Thus, we can w r i t e  t h a t  



Because o f  t h e  approximate n a t u r e  of o u r  a n a l y s i s ,  t h e  preceding 

should  be cons idered  as o r d e r , o f  magnitude e s t i m a t e s  f o r  A and B 
0 1' 

However, i n  t h e  c a s e s  o f  d i s t r i b u t i o n s  f o r  which nega t ive  moments do 

n o t  e x i s t ,  there. appears  t o  b e  no a n a l y t i c a l  way i n  which t h e  constarlts 

A and B can b e  e s t i n a t e d .  
0 1 

D. Asymptotic Condi t ions  

As i n d i c a t e d  i n  s e c t i o n s  B and C ,  i f  t h e  i n i t i a l  s t a t i s t i c s  f a l l  
-- 

3 
w i t h i n  t h e  ranges  o u t l i n e d ,  one can then  say  t h a t  y ( t )  r e a l i z a b i l i t y  

(2.12 1, 14( t ) ~ e a l i z a b i 1 i t ~ -  (2.131, ( 3.9 and (3.10 are s imu l tmeous ly  

s a t i s f i e d .  

If (3.9)  is s a t i s f i e d ,  t hen  t h i s  impl ies  from (3.5) t h a t  T is  a 

non--decreasing f u n c t i o n  of t ime.  Using t h i s  f a c t ,  one can f i n d  f ~ o m  (3 .7b)  

t h a t  

With T i n c r e a s i n g ,  (4.16) is a  monotonical ly  decreas ing  func t ion  

of t ime.  Changing t h e  t i m e  s c a l e ,  w e  can w r i t e  t h a t  (4.16) i n d i c a t e s  

t h a t  I 

.sf -2c"" 
Thus, asymptot ic  c o n d i t i o n  ( 2 . 3 )  i s  s a t i s f i e d .  

F u r t h e r ,  use o f  ( 3 . 7 ~ )  and (3 .6)  wi th  t h e  r e s u l t s  of  (4.16) imply 

t h a t  

0 

This  wi th  ( 2 . 3 )  imp l i e s  t h a t  



75 .---P O0 

Thus,asymptotic condit ion (2.4) is  s a t i s f i e d .  
- 

Using these  r e s u l t s ,  (3.8a and b), i . e . ,  I'(t)?O, y2(t)q0, together  

3 
with t h e  forms of  t h e  closures, (3.1) and (3.21, suggested f o r  y ( t )  - 

4 
and y ( t )  i n d i c a t e  t h a t  a synp to t i c  conditions (2.5) and (2 .6)  are a l s o  

s a t i s f i e d ,  i .e. : I 

which s a t i s f i e s  (2.51, and 

which s a t i s f i e s  (2 .6  1. I 

Thus, i n  s e c t i o n s  B ,  C ,  and D we have shoxn t h a t  when the  i n i t i a l  I 

da ta  a r e  found t o  be wi th in  t h e  l i m i t s  ou t l ined ,  use of t h e  closure 

Tforms (3.1) and (3.2) do indeed s a t i s f y  the prescr ibed r e a l i z a b i l i t y  . 
l 

and asymptotic condit ions f o r  the  p robab i l i ty  d i s t r i b u t i o n  under con- I 

s ide ra t ion .  
I 



V. CONCLUSIONS -- 

I n  t h e  previous secti .ons, a  method has been presented t h a t  w i l l  

y ie . ld s a t i s f a c t o r y  c losure  so lu t ions  a t  t h e  t h i r d  and four th  order 

moments provided t h a t  c e r t a i n  requirements on i n i t i a l  da ta  a r e  met. In 

a d d i t i o n ,  t h i s  method has been shown t o  he d i r e c t l y  appliczble t o  

r e a c t i o n s  of o t h e r  than second order (though t h e  order i s  herein l imi ted  

t o  be between one and t h r e e ) .  

An i n t e r e s t i n g  r e s u l t  of proceeding from a binomial expansion for - 
4 t h e  moment equat ions  i s  t h a t  thc e f f e c t  of t h e  y (t) dependence c l e a r l y  

appears only f o r  R#2. However, i n  accounting f o r  i ts  presence, the  

f o u r t h  order  momeilt c losure  by i ts  very nature  requi res  a  much more 

s t r i n g e n t  s e t  of  l i m i t a t i o n s  on the  values of t h e  i n i t i a l  moments than 

t h o s e  imposed by a t h i r d  order  moment closure.  Thus, s ince  use of a  

4 
t h i r d  order  c losure  e l iminates  accounting f o r  the  y ( t )  dependence, it 

is pro3ably t h e  more u s e f u l  of the  two f o r  purposes of appl ica t ion .  

Q u i t e  i n t e r e s t i n g l y ,  f o r  a closure a t  e i t h e r  the  t h i r d  o r  the  

f o u r t h  order  moment, t h e  second order  r eac t ion  is  the  only one t h a t  - - - 
4 

ellorrs  any x a l i z a b l e  value of r(0), y2(0),  y3(0), and 1 ( 0 )  t o  be used. 

Th i s  seems t o  b e  due t o  t h e  nature of the  form of the  t h i r d  order  moment 

c l o s u r e  used. This  form no t  only makes the  moment equations automatically 

s a t i s f y  t h e  t h i r d  order  r e a l i z a b i l i t y  condit ion,  but is a l s o  of a funct ional  

form t h a t  r e q u i r e s  r e l a t i v e l y  minor c o n s t r a i n t s  on t h e  constants  so  t h a t  

q u i t e  accurate solut ions1 can be obtained f o r  any i n i t i a l l y  reaiizabl-e 

A s  poin ted  o u t  i n  Section I V ,  t h e  fac t  t h a t  the  r e a l i z a 3 i l i t y  

condi t ions  a r e  n o t  e x p l i c i t  functions of R, while the  genera l  moment 



equations a r e ,  makes it very unl ike ly  t h a t  a c losure  form can be devised 

t h a t  w i l l  automati. c a l l y  s a t i s f y  r e a l i z a b i l i t y  and the  physical  require-  

ments on t h e  moment equat ions .  

I n  genera l ,  it seems t h a t  r e s t r i c t i n g  t h e  num3er of terms and t h e i r  

forms f o r c e s  r e s t r i c t i o n s  on t h e  range of a l loxab le  i n i t i a l  da ta ;  

whereas, a t t e n p t i n g  t o  a l low f o r  any r e a l i z a b l e  i n i t i a l  value forces  

one t o  adopt much more complicated closures.  Of course, increasing 

t h e  number of terms h inders  the  ease of a p p l i c a b i l i t y  of t h e  closure.  

6 
Besides, as Orszag has  pointed out  , a d i s t r i b u t i o n  funct ion  is  

not  determined by t h e  s p e c i f i c a t i o n  of a  few lowest order  moments and 

it i s  thus c l e a r l y  untena3l-e t o  expect t h a t  a s p e c i f i c  s t a t i s t i c a l  

descr ip t ion  w i l l  be accura te  f c r  a l l  poss iSle  d i s t r i b u t i o n  functions 

t h a t  d isplay  t h e  same i n i t i a l  values of t h e  t h r e e  lowest moments. 

Therefore, s i n c e  t h e r e  i s  no guarantee t h a t  increasing t h e  n u ~ b e r  

of terms by a f i n i t e  amount w i l l  produce more accurate c losures  and 

s ince  p r a c t i c a l  u t i l i t y  makes a many term c losure  awkward t o  use t h i s  

paper has been devoted t o  t h e  demonstration t h a t  simple-two-term c losure  

f o ~ m s  can indeed s a t i s f y  r e a l i z a b i l i t y  and asymptotic condit ions and 

are thus  very u s e f u l  f o r  p r a c t i c a l  app l i ca t ions .  Rei tera t ing  t h e  

1 
remarks i n  on t h e  c losure  and r e a l i z a b i l i t y  problems, we emphasize t h a t  

the  use of r e a l i z a b i l i t y  condi t ions  w i l l  be r e l evan t  t o  any problem 

involving a s t a t i s t i c a l  desc r ip t ion  of r eac t ions  s ince ,  by nature ,  con- 

cen t ra t ions  a r e  non-negative q u a n t i t i e s .  This s p e c i a l  na ture  of t h e  

concentrat ion a s  a  random v a r i a b l e  can be ignored only i n  t h e  case of 
- .  

first order r e a c t i o n s ;  s i n c e  t h e  mean concentra t ion  and t h e  f luc tua t ions  

" -do no t  i n t e r a c t  for t h i s  o rde r .  O f  course,  i n i t i a l  moments must s t i l l  

be properly s p e c i f i e d .  



For t u r 3 u l e n t l y  mixed r e a c t i o n s ,  c losures  of t h e  kind presented 

here can be u s e f u l l y  appl ied  t o  moments t h a t  c o n s i s t  only of the  

concentrat ion va r i ab les .  Woments involving both ve loc i ty  and concen- 

t r a t i o n  w i l l  r e q u i r e  t h e  inpu t  of a  c losure  s u i t e d  t o  them; f o r  

example, t h e  r e s u l t s  obtained from the  Lagrangian History Direc t  I n t e r -  

7 ac t ion  Hypothesis . 
Questions p e r t a i n i n g  t o  t h e  accuracy of the proposed c losures  are 

present ly  being inves t iga ted .  Results  a r e  scheduled t o  be presented as 

College of Engineering Report No. 124. 
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APPENDIX I 

A. For 1<R<2: 

1. Y2 upper bound f o r  four th  order c losure  

From y4 r e a l i z a b i l i t y  we have t h a t  

- 
4 

and s i n c e  y i s  by nature  L O ,  t h e  most s t r ingen t  requirement an - - - 
4 3 

y f o r  the .  case  y3 LO is given by y = 0, i.e. 

, - - 
4 FOP (A. 2 )  t o  be t ~ u e  f o r  a l l  possible y , i.e. t h a t  any y4 t h a t  

7 

is >O s a t i s f i e s  y4 r e a l i z a b i l i t y ,  implies t h a t  

- 
3 

2. 1 fi13 upper bound - 
4 

From (3.7a) without  y term we have t h a t :  

- 
' 3  

3. 7 /Y. lower bound 

(8 .3 )  

(A .  4 

4 
(3.7~) without t h e  y term reads: 



- 
3 

Thus i f  (A. 8) s a t i s f i e s  y r e a l i z a b i l i t y  then use o f  (A.  8 )  con- 

s t i t u t e s  simultaneous s a t i s f ac t i on  of r ea l i zab i l i t y  and require- 

dy2 ment on - . However, i f  (A.8) does not s a t i s fy  r e a l i z a b i l i t y ,  
d t  - 

3 then use of Y r e a l i z a b i l i t y  a s  t h e  lower bound implies t h a t  

(A.7) should always be g rea t e r  than zero, which of course a l so  

s a t i s f i e s  the  requirement on ( 3 . 7 ~  1. 

Since subs t i t u t i on  of t he  range of R and Yp allowable i n t o  - 
(A.8) does not y i e l d  s a t i s f ac t i on  of y3 ~ e a l i z a b i l i t y ,  then by 

3 3  
t he  previous reasoning, the  lower hound on Y /Y1 is given by: 

4 
'I /Y: upper bound - 

(A. 8) 

4 .  From ( 3 . 7 ~ )  with y term we f i nd  t h a t  - 

- I 
(A.10) 

2- R>/ L I D  -t- €~3-Q/43 Y2'3 - 
4 4 

y /Y1, lower bound 

From y4 r e a l i z a b i l i t y  w e  have t h a t  
C-3 

( A . 1 )  

- . . 
4 

While from (3.7a) with y term we have t ha t :  



iii 

I t  is obvious t h a t  s a t i s f ac t i on  of (A.5) within t h i s  range of 

R implies t h a t  ( ~ , 1 1 )  gives: 

- 
3 f o r  any y . 

- 
4 
- > negative number 
w 4 -  

- 
However, use of (A.3) and 73 50 leaves the  pos s ib i l i t y  t h a t  

(A.1) can Lmply: 

- ,+ 2 posi t ive  number. 
v " 1 

Thus, s ince s a t i s f a c t i o n  of (A.13) automatically s a t i s f i e s  

(11.121, y4 r e a l i z a b i i i t y  is  chosen as t h e  lower bound on 

(A. 12)  

6. Y2, upper bound f o r  t h i r d  order closure 

Since (A .6 )  i s  f o r  t h i s  range always g rea t e r  o r  equal t o  zero - 
it automatically s a t i s f i e s  y3 r e a l i a a b i l i t y  f o r  Y2s1. However, :. 

f o r  Y p > l ,  requir ing r e a l i z a b i l i t y  t o  be s a t i s f i e d  implies: 

Solving f o r  Y2 y i e l d s  (AS Y2z0): 

where: D = R ( R - ~ ) ( ~ - R )  

- I - 
4 - .  

Note t h a t  s ince  t h e  maximum Y2 allowed by y r e a l i z a b i l i t y  is  

-. _ l e s s  than t h e  maximum Y2 allowed by (A.15) f o r  the 3rd order . 
closure,  t h i s  implies t h a t  f o r  t h e  four th  order moment closure 

(A. 14) a l s o  appl ies .  



From (A.10) 
! 

I 

1 

and from (A.1) 1 

Thus we want t o  show t h a t :  1 

3 
is t r u e  f o r  any y and Y2 allowed ??y (A.41, (A.61, and (A.9). - 

7a; For Y3 LO and Y2 60.79, (A.10) is always 10 while (A.1) is 

always 10. Thus (A.16) is always s a t i s f i e d  f o r  these  condi t ions .  - 
3 

7b. However, f o r  Y 10, (A. 10)  is again always 10, b u t  (A. 1 )  may 

be less than ,  e q u a l  to ,  o r  g r e a t e r  than  zero. Thus, f o r  t h i s  

case (A. 16 ) i s  not  obvious. One way to prove (A.  16)  'is t o  show 

t h a t  s a t i s f y i n g  (A.16) i s  tantamount t o  s a t i s f y i n g  (A.9), i.e. - 
3 

Y r e a l i z a b i l i t y .  From (A.16) one f i n d s  t h a t :  

- 
3 Thus, s i n c e  w e  wish t o  allow f o r  a f u l l  range on y , for (A.16) - 

t o  be v a l i d ,  (A.17) must be r e l a t e d  to  (A.91, y3 r e a l i z a b i l i t y  

(A.181, ( ~ . 1 7 ) ,  and ( ~ . 9 )  can be *marranged t o  y ie ld :  



As Y, - ~0.79 and 1<R<2; (A.19) can e a s i l y  be v e r i f i e d .  Thus, 
L - 

any y3/y13 t h a t  s a t i s f i e s  (A. 9  1, s a t i s f i e s  ( A .  l 8 ) ,  which implies 

that (A .16 )  i s  t r u e ,  which must be f o r  t h e  terms upper and lower 
- 

bound on y4 t o  have meaning. 

8. Y2 lower bound 

2 -2 
Since Y = y /I' p h y s i c a l  r e a l i t y  r equ i res  t h a t  

2 

B. For 2q13: 
-- 

4 
'2 In lax  

f o r  Y c losure  sane a s  i n  Sect ion  A. 

- 
3 

2. y /y13 upper bound 

As w i l l  be seen,  t h e  condit ions t o  be s a t i s f i e d  only r s q u i r e  a - 
-3 Thus, lower bound on y /Y 

1 '  

- 
3 3 3 .  y /Y, lower bound 
I - 

4 
From (3.7a) without  y term, (A .  5 ) w e  now f i n d  t h a t :  

- 

However, s i n c e  (8.3) does not  s a t i s f y  y3 r e a l i z a b i l i t y  f o r  t h e  

f u l l  range of al lowable Y2, e.g. l e t  Y i  = 0 ,  the  lower bound 
- 

between t h e s e  i s  r3 r e a l i z a b i l i t y .  



Thus 

But if i n  (3.742) t h e  s i z e  of Y2 is r e s t r i c t e d  such t h a t  the 

following is  t r u e  

Then an examination of  (B.4) and ( ~ . 8 )  reveals t h a t  the  following 

i s  t r u e  

- ( B . 5 )  

% 3+ (2- R)X] 
Thus s a t i s f a c t i o n  of (A .8 )  implies s a t i s f ac t i on  of requirements 

dY1 dY2 - 
from - - dt ' dt , and y3 r e a l i z a b i l i t y  . Therefore: 

- - 
3 

4* '2 max fop y c losure .  Since no y4 r e a l i z a b i l i t y  i s  needed, - 
3 

(A.4) does n o t  hold. However f o r  y closure ,  i n  order f o r  ( A . 8 )  

to be t rue ,  t h e  following must be true i n  (A.7) o r  ( 3 . 7 ~ ) :  

- 
4 4 

5 .  y /Yl upper bound 

Frnp (3.7a) wi th  y4 term, we f i n d  t h a t  - 
- V y < 2 4 C 1 +  a t R- R-2) 9 1 3 

- .  

y4 ' 0 . 9 )  

R (4- 11 I ~ - a  (3- R) . 
-- 

ar,d s ince (B.9) is always >O (see  A.5)  'it a t  l e a s t  s a t i s f i e s  the  - 
4 

physical  r e a l r t y  of y . 



4 
6. /y14 lower bound - 

4 
From (3.7c)with y term _I 

(B.10) 
C ~ ( l i - z ) / 6 ~ . 7 c t t ~ i 3 - ~ ~ / 4 S  Y, 7 - 

Thus from (A. 71, (B . l o )  i s  always negative. However, f ~ o m  y 
4 

r e a l i z a b i l i t y  

4 which may be a p o s i t i v e  o r  negative number. Thus, since y must 

physical ly  be greater or equal t o  zero, use of ( A . 1 )  as a lower 

bound au toma t i ca l l y  s a t i s f i e s  (B. 10 1. Therefore : - 

' 0  '~ lmin same as (A. 20). 


