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Solutio-r~ of L j  n e a r  Eq.ila t:io;ls and F171~c t-ion I<i-rlf~ii. zuki  011~::. 

Abs-bract . , , 

A r;tathcci is given for- der iv ing  t h e  fo~1,nil.a f o r  t l i e  V--W genaz,al3.~~eci 
b i  

i n v e r s e  of a matrir,. A si1,ri lar tcchliq-UF: i s  then  uszd t o  general j ze tlic 
I :  

i I 
+ 8 'i 

method c," dorzped l n a s t  sqva rcs  f o r  the S O ~ U ~ ~ L O ~ J  of l i n a a r  oyua'l,ions. The 
I .  

, ' I .  
: . 1 :  V->J ggcn!2?7al -_fi.eecl inve r se  i s  wbi.l.i zsd t o  e:>: te:l:id the KC& ~nefit~.od of s t ecpc  s-b <,:I 

, .  I. 
:: i 

desc cnt alirl t o  gen@:r;13.i.z a t he  expl-essj 0x1 f o r  t h e  bas ic  ].ens-G squsre:; sol.ul:l.on , A  , a :  

I !  : 

of linear cc~uat-iov:;. Tochaiques f o ~  j-~,ip?*oving the co~rq>oi;ati.orz o.? V-.-W 

minirnfim i 5 . 0 1  pr OIII-EJ~:; t11-e al.so given. 

1. 11;Lroduc t:i.on. 

L e t  A ba an  m x n ma.trix of ra.~ik r . Ti2.m i-t 5.3 possi1:)7e t o  con:-ltr.v.c-l 

[21c], 125 3 an a1 n r me t r l i x  K pnJ  ar! r x n rriatrijx L such tho2, 

By d i ~ e c t  sl&st,j.ti?t,i.o;~ in tho, f oll .o~irig f out. d s f  j l l i~ lg  rel:i'ci.on:s f o r  t h . ~ ?  

general ized irivzr s* matri.r g i v m  by Fenrosbr: [19] . i 

(1-2)  
+- -I 4- 

A A A  = A ,  .'. tA  = A ,  

it can be e a s i l y  v e r i f i e d  t h a t  [12 1 I ,? I I . , 
. . 

( 1  3) A+ = L+K' = L ~ ( I , L ~ ) - ~ ( Y ; ~ I ) - ' ~ K ' ,  , I 

where ' denotes  the  t.yanr;pore. 1% is  17cl.l kncxn  [20]  thaB t l ~  solut,io;lrr , I  ? 

, I 

of tho, li.ncar equat ion  

ax7e given by 
I 

* Th1.s ressaych T-Jas sl~.pjjoi-f;e.l in p ; ~ ~ ~ t .  bbg the  1lai;ric~:c~al. Asx.i;naut;ics 
and Space J,dm j.nist1; ion  Gr an-t Ik, :,, ~ 3 . ~ - . 3 3  - 01.S.-.O:i.3 . 



where ;s:: ar-xl b a3.a col-cr:::! x~ector:; w i t h  n m d  rr el.sl:len-ts respectively,  y is 

an arbi iary n element co1u.m vsctoll and I is the ident;it,y mztzix of olyder7 n. n 

Any x griven b y  (1- -5 )  r:iL?imizas [Ib--Axll, viz . , tb  Euclidean I-eength of the 
1 4. 

resiclu:i1, and out of a l l  such x s, x = A b hcs the leas-t Euclidean 1.engf;b 

i- 
viz., l l ~ \ \ ~  i s  nini~nz~tn. I n  othnr words, x - A b i s  the unj.q~~c clinilailrz 

norm lc2r;t squaycs sol.ut:ion of (1.h.). Anslops t o  (1.3) we define [13], ~llr],.[3.5] 

where V' and W aye nonsi1-ig~1l:w syr.:lnetlaic ma:trices of order m and n respc-Ll-vdy . 

-!- + 
It; is  :iho TI i n  [15] t h a t  i f  t:e rep1 ace A b21 l!, i n  (1.5)) thcn the resul-king 

v,w 4 

valul: o ' inimizr,:; Ilb-!~~l\ a11d out oi" all. such X ' S ,  x = A b hi's t h  I-east 
v v,w 

I?' le:  a.,  XI/^^ i s  minii:iu~n. The V   or^) l e n g t h  11<1! of rOi?  vector 
V, 

5 is c l ~  by [ \ % I \ '  = 5 ' ~  5 -  
V 

1; nexf; sectj-on we % r i l l  give an alternative way of deriving (1.6) 
4- 

f r o i , ~  t! ove sientionbci pyuperties of A and sho ,~  tI1a.t the same techl-iqie 
V, FT' 

can be l i e d  t o  the so  called method of der:~pl,ad l e a s t  squares [nh], [27], 
, ' 

such tha ; [ j b - A ~ / / ~  t cli~ll:~ instead of lll~-Axl\~ -k ~llxllz is minimized. We w i l l  
TT 

-I- - 
also sh.or;: t ha t  i f  W i s  replaced by Ill then the resul t ing A. 1 car1 be used 

VJ n 
t o  extend b132 weak nle$h.od of steapest descent r26]. If A i s  of full coluan 

-!- 
rank (r=n) than a silxple application of A. Go the basic l e a s t  squares v',w 
sol.ut,ion of l i nea r  equati.ons is a l s o  given. 

I n  section 3, co-nsider the case t:hen A hrs fd.1 rev rank ( r = ~ i )  
4 

and a. method i s  given t o  impr ovc the co~~di t ion ing  of A I n  sect ion 4, 
o,w0 

severTd+ applications of the resu l t s  (obtained in section 3) t o  the utl- 

constrained optimization of nunline ar  f ulc t ions  are given. 
+ 

2 A1.t  ibxtive derivation of A. and appli-cation:] when r=n. 
V,, W 



, w m r  ''p- 

It i s  sho~sn. i n  [20] th.at  f o r  a l l  x t he  s o l u t l o ~ i  x = ~ ' b  of (1.k) 
0 

/ I  1 , 
L e t  u s  cons ide r  t h e  s o l u t i o n  of t h e  sys t cn~  , , .  

(2.3) (ERF) ( F I X )  = Eb 

where E and F  are nons ingular  l i~a t~ r i ce s  of  order. m and n l ~ e s p e c t i v e l y .  

. Then i n  view of (1.1) and (1..3), the nain.irrmm Eucl idian l e n g t h  loast i 
i ! '  

squares s o l u t i o n  o f  (2.3)  5.s 

: i 4 ,  z 

: j 
F - ~  x = (EAF)+ ~h = (EKLF)' 

I 

= WLf (L&YL')-~ (K'VK)-~K'V b, whom FF' = W and E'E = V, and from 

(1.61, it f o l l o ~ r s  t h a t  

(2.L) 
t 2 = AnT b 

Since F-'2 i s  the l e a s t  squares  s o l u t i o n  of (2 .3) )  a s  i n  ( 2 .  for  a l l  

1 x, we have l/Eb - E A F ~ $ J ,  > I l ~ b  - FWF 41, ,rriiich impl ies  t h a t  1 1  1 

S i m i l i a r i l y  , t h e  mininlum norm colidition (2.2) g ives  

- EAFF1~l, = b - 2 and I / F - ' x ~ / ,  2 I I F - ' ~ ~ ~  , 

which y e i l d s  



The above resul-Ls can be s t a t a d  as  

+ 
Theormi 2.1. If 2 = Alrjyb i s  ch as  the solut ion of (1.4), then 

f o r  a l l  x e i t h e r  c2.5) o r  (2.6) hold:, 

Tho above theorem was first giv: ;.;; Grevil le  [13], [ l k ]  f o r  ej.thor 

W = I o r  V = I and was l a t e r  extendei: by Herring [ls]. Bauer [3] has  

given an N-go1 Program f o r  n = r and an e,specj.ally chosen matrix V. The 

main advantage of our proof i s  t h z t  a similar  technique can be w e d  t o  

extand t h e  method of danlped l e a s t  squares [16], [ 2 7 ] ,  such t h a t  tho V 

length of the  r e s idua l  vec to r  and the W 3.ength of the solut ion vector i s  

minimized, ins tead of t he  usual  Eucli.dian ' lengths.  We have t he  following 

Yneorsrn 2.2. If i n  cquati.on (L-L), A has f u l l  col-urm rank (n = r )  and 

-1 
(2 . 7 )  = (A'VA. + A'V b , 
then f o r  a l l  x 

(2*8) lib - qlp +lldl\> Ilb - + ellql; , 

where e i s  a small  pos i t i ve  nunzber. 

Proof.  Consider the  l e a s t  squares solution of the system 

c;) x = (:), where 7 = [E > 0 .  

Since A h a s  f u l l  column rank (r = n) and E has rank m 2 n, therefore ,  in 

view of ( ~ 1 )  and (1-.3), we have 

= (A'VA + c ~ ) - '  (A'E', TF'), s ince E'E = V and F'F = W , 
and 



Thuc;. f r ox  (l.5) it follows t h a t  the solut ion of (2.9) is  

and 2 i s  the  unique l e a s t  squares solut ion of (2.9) v iz . ,  f o r  a7.1 x 

t h i s  conpletes the  proof of t h e  theorerx. 

For sorile of t he  uses  and coir~nents on the rnothod of dznipd l e a s t  

squares a s  wel l  a s  t h e  usual leas- t  squares method the reader 55  referred 

t o  [4] 3 c51, [6], [ll] , [16], [27] . we w i l l  now show how the  A' can 
v, w I 

be used i n  the weak method of s teepest  descent. To t h i s  end, WQ w i l l  ? I 
need the  following theorem, a constructive proof of which i s  given i n  

. * 
which i s  easy t o  evaluate. Now we can prove the  fol loving 

I & 
\ ' 

I '  

Theorem 2.3. The i t e r a t i v e  schema , . :  

(2.10) u =(I, - A'A) u + p ~ ' b  ; I  
kt1 k L 

1 ,  . . 
.,a .h i - i- 3 . I 

with a rb i t r a ry  u converges t o  u = A b -b (In - A A) uo , if 
0 " 1 1  

! 
h < 2/11~'4j, . I ! 

i 

I n  the above theorem l i A ' ~ j l _  dono.tos the usual maximum norin [lo, p. 631, 
I 

? : 
I 

Theorem 2 .b. The i t e r a t i v e  scheme 

I 

+ converges t o  5 = A b , i f  uo = A.Iy and O <  p <  2 / 1 1 ~ ' ~ 4 \ _  , whero y i s  v, I 
a rb i t r a ry  col.umn vector with m elemsnts. 

-5- 

i 
I 



' P 
r 

Proof.  Theorem (2 .3)  i s  c e r t a i n l y  t r u e  i f  t h e  nlatrix A and t h o  vec-  
. ' I  
' !  

t o r  b  a r c  r e p l a c e d  by EA and Eb respec t ive ly ,  s i n c e  E i s  a  non-singular. 

matrix. Now 

(KA) '(EA) = A'E'EA = A'VA , s i n c e  V = E 'E . 

+ I # 

(2.14) [I, - (EA)+EA] A' = A' - (EKL) EKL IJ'K' , using (1.1) #. , i , 
I ,  

-1 . , 
= A' - L'(LLf) (K'E'EK)-IK'E'EK LL'K3 , us ing  (1.3) 

j b !  

= A' - L'K' = 0 , us ing  (I.]-) . * ,  I 

us ing  (1.1) and (1.3) I I ;; , i 

= L ~ L L J ~ '  (X'VK j1 K'v~, = A+ I, . 
V, 1 : a  

. ;  
The t h e o r e n  fo l lows  by repl.acing A arid b by EA and Eb r e s p e c t i v e l y  i n  , I '  . 

t 

r 

Theorem (2.3) ,  fol-lowed by t h e  use  of (2.12), (2.13)) (2.1L) and (2.15).  

From Theorem 2.1, it fo l lows  f h a t  t h e  i t e r a t i v e  schorne (2.11) given 

above min.im_izos t h e  V l e n g t h  of  the  - r e s i d u a l  i n s t e a d  ol" t h e  Eucl idean  

length ,  as is t h e  case  i f  (2.10) i s  used. Minimizing the  V l e n g t h  of 

the  r e s i d u a l  is  a t  t i m s s  d e s i r a b l e  due t o  s c a l i n g  and round-off conc 

a t i o n s  . 
f 

We will not.^ g ive  a n a p p l i c a t i o n o f  A t o  t h e  bas i c  l e a s t  squa res  
V,FJ 

I :  

s o l u t i o n  x of l i n e a r  equat ions.  R O S ~  1211 de f ines  2 a s  t h e  v e c t o r  having I . I  
. , 
I I 

a t  most r . . ze ro  components and f o r  a l l  o the r  x 
1 

(2.16) / / b  - AX/\P l i b  - A% 
Let P be a. ; : rmutat ion nmt r ix  of order  m such tha.t 

where R dc,  'I  i 
; a l l  t h e  l i n e a r l y  independent col.umns of A and D t h e  de- - I 

! 

Pendent one ., . Equation (2.17) implies  t h a t  f o r  ahy non-sinp1a.r  mtrix I s  



1 I :  

and the  colun~tls i n  HI a r e  1inear;ly independe:~t. 'Then the bas ic  l e a s t  
I 

squares so lu t i on  of 

EAP P'x = Eb , 
according t o  Roson [21], i s  given by 

I . . ,  . I '  : 

# (FR) * 
PI: = (EAP) Eb = [ ;) ] E b  , using (2.18) 

using (1--3) and tho  ' fac t  t h a t  Eii i~ of f u l l  co l~um rank. Thus 

-1 
since R+ = (R'VR) R'v i s  independent of W, we denote it by R; . 

V,F? 

Furthermore, f r o n  (2.16) , we have 

1 1 %  - E A P P ~ ~ ~ ,  2 111% - E A P P ' ~ / I ~  , 
which implies t h a t  

(2.20) llb - 4IV Ilb - qlV - 
Therefore 2 given by (2.19) can be ca l l ed  the T-basic so lu t ion  of (1.41, 

since it minimizes the V l eng th  of the residual  and has a t  most r non- 

zero elements. Such V-basic solution may a t  times be more des i rab le  

than tha  usual  bas ic  sol.ution when scaling and round-off e r r o r s  a r e  

taken i n t o  considerat ion.  



+ 
3 .  Improvring t h e  computation o f  A 

V,W 
if  m = r. 

If A has rank m, then  by l e t t i n g  K = I arid L E A i n  ( )  fr,--:,.n (1.6) 

we have 

(3.1) A' V,W = W A / ( A W A / ) - ~  - A',, (say),  

s i n c e  t h e  middle expressi.'on i s  independent of V. Also i n  viepr of t h e  f a c t  

t h a t  A h a s  rank m, t h e  system (1.4) has zero res idua l .  Therefore, f ,yo:r, 

Theorem 2.1, it fo l lows  t h a t  f o r  a l l  x t h a t  g ive  zero res idua l  

+ 
(3.2) 1 1  x 11 ,-I > - 1 I where 2 = A Wb. 

It is i n t e r e s t i n g  t o  n o t i c e  t h a t  condi t ion (3.2) does not hold unless 

W is  symmetr ic  (and o f  course,  non-sj-ngul-ar) . However, i f  N i s  a non- 

singulaw (not  n e c e s s a r i l y  synlmztric) mat r ix  then 

+ 
(3.3) 

+ + 
x = A Nb + ( I ~  - A NA) y, where A = NA'(ANA')-', 

is  a s o l u t i o n  o f  (1 .4 ) )  v~here  r = m. This can be e a s i l y  ve r i f i ed  by d.i.racct . , 

suboti tut5,on i n  (I , k ) .  We w i l l  have occ?.sion t o  use  (3.3) i n  sect ion h.  

. In c a s e  A is such  t h a t  even AIJA is i l l -condi t ioned  [27], a simple Kzy 

+ < 

of improving t h e  computation of A i s  t o  r ep l ace  (3.1) by 
* 

(3.4) A + ~  = ~ A ~ ( A W A '  + %)ll. 

It was p r o v e d  i n  r 2 7 3  t h a t  t h e  condi t ion  number o f  AF(AF) ' + c I, i s  ICES 

than o r  equa l  t o  t h a t  of AF(AF)', and the re fo re  t h e  computation i n  (3.4) is, 

in  most cases ,  b e t t e r  t h a i i n  (3.1). The following theorem gives an i n t e r -  

p r e t a t i o n  o f  t h e  p e r t u r b a t i o n  € I, sliggested i n  (3 .  h) - I 

Theorem 3.1. The s o l u t i o n  o f  t h e  system I 

(3 5 )  k = b - s z ,  

where 

(3.6) z = ( A W A ~  + lJ1b, 



having t he  ~ninimurn w1 leng th  i s  given by 

Proof. From (3.5) and ( 3 . 6 ) )  we have 

AX = b - E (AwA' + c ~ ~ ) - l b  = [(AWA' + c ) - E H](AwA' + E J&)-lb 
1 r 

= AWA/(AWA/ + ~ ~ ) - l b ,  , l 

7 I '  
Therefore, i n  view of (3.1) and (3.2)) the solut ion of (3.5) with t he  mini- G I  

I 
. . 

mum W-I leng th  i s  'I % > .  t 

i 

X = A ' ~ A W A ' ( E I W A ~ + E I ~ ) - ~ ~ = W A ' ( A W A ~ ) - ~ A ~ ~ A ~ ( A ~ J A ~ + E T , ) - ~ ~  I ) I 

1 
which conpletes t h e  proof of t he  theorem. , I  i 

, :  1 J 

For a given matrix R l e t  us define I 
Il a 112 

i I 
( 3 .8)  = %ace (a' W-l Q).  

w-" 
A l c  

1 

Now, corresponding t o  Theorem 3.1, we have 
I 

I I 
i 

'I 

Theorem 3.2. I n  the  matrix ecjuation 
i i '  

(3  9 )  A X = B - s  Z ! + . .  ' 

if X is an  n x p matrix, B and Z a re  both m x p matrices, and  a 1 1  i 
, t I 

(3.10) 
. : r  l z = (AWA' + GIB, . . 

t 
then 

i 
,,,L 2 I 

i 
A + '. 1 

(3.11) X = A # i s t h e s o l u t i o n t h a t m i n i m i z e s ~ ~ X I I - 1 .  W I '  . I I 

I . I 
Proof: Apply Theorem 3.1 t o  the.successive columns of B. 

' l j  
I / 

4 -  

I b  

4- *+ ' . !  49 Applications of A and A t o  nonlinear function optimization. ,: I 

' t  

In, this sect ion we w i l l  use the  r e su l t s  obtained i n  t he  preceding 
I 
i . . 

i. 
I : 

section t o  the  so lu t ion  of nonlinear equations. In pa r t i cu l a r ,  we give 1 i 
- !. 1 

' ,  a l t e rna t ive  der ivat ions  of some of th.e resu l t s  of Zeleznik r281 and I 
1. j 

i 

Pearson rl8] and a l so  describe some techniques f o r  making computational 

improvements i n  them. Some new me th,ods a r e  a l so  suggested. Gen eralizec? 



i n v e r s e s  have a l r e a d y  been u t i l i z e d  i n  non- l inear  func t ion  optl.mization 

by F leche r  [e l  and Pearuson [IS], Let us cons ider  ' t h e  probl-em o f  f i n d i n g  

t h e  v e c t o r  x t h a t  minimizes th.e quadra t i c  func t ion  
A 

( 4-11 f ( x )  = & x ' k  + b' x + c 

* 
where G i s  a p o s i t i v e  d e f i n i t e  syimetr ic  matrix, b i s  an n  elerrient column 

v e c t o r  and c  a c o n s t a n t  [ la ] .  Le t  x. denote t h e  ith approximation t o  t h e  . 
1 

v e c t o r  which m5.ni.miees (4 .1 ) .  Then it fol lows t h a t  i n  (4.1) , t h e  gradi -  

e n t  of  f(x) a t  xi is given  by 
h 

gi = q + b, 

which. imp1 i . e~  t h a t  

(L* 2) 'j.+l - 'i - - G ( x ~ + ~  - xi)* 

If we l e t  

(4.31 ~i - - (gi, - g )  and si = (X - xi) 
i+l 

then (L.2) car] b e  w r i t t e n  as 

(4.4) yi = si G . 
We have t h e  fo l lowing  a l g o r i t h n  [ la]  f o r  t he  minimization of (4 .1) -  

I J Algorithm 4.1. Given Yi = (yo,. . . ,yi_l )', Si = (si,.+.,s' ) '  and 
i-1 

Hi which s a t i s f i e s  t h e  equat ion  

(4.5) YiHi = Si, where Ho = R, a p o s i t i v e  d e f i n i t e  matrix. D t e m i n e  

x from t h e  r e l a t i o n  
i+l 

) = min f (xi + CY Hi gi) 'xi+l cY i 
i 

Compute gi,l and u s i n g  x update  Yi and Si and (h.5) as fol lotrs :  
i +l 

(4-6) . Y 
i+l 



It i s  proved i n  r18] t h a t  the  above algorithm terininates f o r  9 .  

r 

i < - n, i f  the  so lu t ion  of (4 .5 )  is  taken as 

where W and a r e  symmetric non-singular matrices. It should perhaps 
. L 

be pointed ou t  he r e  t h a t  we have changed t h e  notat ion i n  [18] t o  t r ans -  
. 

8 8 .  , I 

posed vectors  and matrices, i n  order t o  be consis tent  no t  only with t he  I , /  

'I 
r e s u l t s  given i n  sec t ion  3 of o u r  paper, bu t  a l so  the cur ren t  l i t e r a t u r e  I !. 

' I  I ,  

i n  generalized inverses .  i i 

. .  , 

The following theorems w i l l  be  nepded i n  the  sequel. 1; > 

I ' ,  

i , i 
Theorem 4.1. If a non-spnot r i c  matrix N can be found such t h a t  i , 1 .  1 1  

: I 
Yi N y i  = 0, and vi = N yi/yi Nyl, then I 

4- 
(4.9) (y ) +  = [(I, - vi~ i ) (~ i )N , vil 

i-a N 

Proof. Since Y is  of rull row rank [I], the re fow from (3 .3 )  
j+l 

and (4.6), we have 
l -1 



Theorem 4.2 .  If a syrnnlet&c matrix N can be found such t h a t  

Y ~ N Y ;  = 0 and V i  = K~;.!~~N~;, then 

Proof: Since N = N', therefore y.m' = yiI$y; = 0 and 
1 i 

+ 
Y ~ ( Y ~ ) ~ ,  = Y~NY;(Y~NY;) = 0, therefore (4.9) becomes (4.1-0). 

I I . ,; 

A s  i n  [28], l e t  us define 

. , 
I Then from (4.7), (4.11), (4.6) and (k-5) we g e t  I '  

In view of (3.3), it i s  easy to  see tha t  

is a solution of (4.12). I n  case N i s  symmetric and posit ive definite, 

then from (3.1) and. (3.2), it follows that fo r  the Ci given by (h-13)9 

I I c ~ ~ ]  i s  minimum. If we substitute the value of ( Y ) f m m  (4-9) 
N - ~  N . '. 

or (4.10) i n  (4.13), then i n  both cases (symmetric or non-symmetric N) 

The equivalence between (4.14) and A l g o r i t h ~ ~  4.1 can be seen from the 

following 



'P - 
Theorem 4.3. If (4.8) with W = N and = 8 i s  chosen as a solu- 

- 
t i o n  of (4*5) and yi'y; ' YiNy; = 0, then the correction matrix C: in 

(11.11) i s  given by e i t h e r  - 
- "y;ai 

(k.l.5') C i =  V . S  - v y . H  = - 
l i  i l i  

I '  Y ~ N Y ~  yiEYi 

~ h , e n  N and Ij a re  symmetric but  not necessarily equal; or by (h.14) i f  

N and are  equal but  may be unsymmetric. 

Proof: By d i rec t  subs t i tu t icn  o r  from (3.3) it can be easily veri- 

f i ed  tha t  (4.8) i s  a solution o f  (4.5) and similarly 

is a solution of (L.7) even though N and may not be symmetric. Using 

(4.10) and (4.6) i n  the above equation, f o r  synunetric N and E, we get; 

. . 
, .  -. . . . . . 

. 8  
. , 

But - . .  

(L.18) Hi = (yi);, si + [I, - (yi) i  Y~]R,  
. .- -.. 

and Y.NY{ = 0 3 y i ~ i  = 0, since N = N'. Therefore 
1 

-1 

)ii(yi)h; = y im; (y iq )  and t h i s  i d  d d o  true i f  N is replaced by 5 

which, i n  view of (1!.18), irilplies tha t -  

(4.19) yiHi = yiR. 

Using (4.19), (b.18) and (4.11) i n  (4.17.1, we get (4.15). 
- 

I n  case N = N, b u t  N i s  not necessarily symmetric,by using (11.9) 

which, in view of (4.8) with w = B = N and (4.11) gives (b.14). %is 

Completes the  proof of  Theorem 4.3 



Various cho ices  f o r  N are poss ib l e  i n  (4.14) and (4. IS), f o r  ex- 

Case I. If we 1 .e t  N = H then i n  view o f  (,!4*5) and (4.4) 
i ' 

0 = Y~NY; = Y.H-~.' = S ~ G S ~  3 s GS'  = o , k # j, 
1 1 1  k j 

a l s o  (4.14) becomes 

This is  given a s  Al.e;oritbm 3 j.n r181. 

Case 11. If i n  Case I we l e t  y; = Mzl , where M j.s a p o s i t i v e  

d e f i n i t e  symmetric matrix, thcn the  condit ion 

and (4.20) can b e  w r i t t e n  as 

which i s  a g e n e r a l  c a s e  of t h e  Barnes algori thm f21, [28]. 

Case 111. Taking M = I i n  Case 11, we have t h e  Rosen's [22]  modi- 

f i c a t i o n .  The z. 1s are computed from s s such t h &  %z ' =O. %is can 
J k 3 

be done by u s i n g  t h e  modified Gram-Schmidt or thogonal iza t ion  [L]. Al- 

s o  (4.21) becomes 
H. a! (si  - y. H.) 

(4-22)  - - 1 1  1 1  

'i yi % 8; 

Case IV.  Taking N = M, 0 - my: = yiNy; * y$y; = 0,  k # j 

and (4.14) becomes 
I 

(4.23) 
m i ( s i  - Yi Hi) 

Ci = - 
yiw{ 

, . 
,I ; 
8 

. . 
, ;  ? , !  

. ! ' I  > I ' 8  . 
f ;: ; 

! ; 1: 

, L ' ., 1 .  
, , 

I* 9 
, 

I 

I ,  ' .  
. #  4 

. , ." v .  

, ' 1 1  . . 

; i '  

i 

, 

, 

, . 

, 1 : :  : 
. .  . 

I 

i.: , , 

. , ._ .  
, me,. 1 ' , 

i I , ' , :  
';I  . 1 
!:: . ; 

' ' t  - i 
i f  i 

1 ; 
" 1' ' i 
1 ,  i - $1 i 

'i! . ;,. ! . 

, 

1'; ; 
, ., . 
2 '  

. r : 

'I' 
i 
:\ 
:: : a 1 . 
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Since M i s  chosen t o  be symmetric, the Ci given by (4.23), minimizes I 

L 1  

llcil1 . This i s  t h e  second in te ra t ion  given by Broyden [7]. 
M - ~  

Case V. Le t  N = G-". From (4.4) and t h e  def in i t ion of Yi and Si 

it follows t h a t  : .. ? 
I 

(4.24) Yi = si G, 1 
4 

f 

and O = '~NY; = Y ~ G - ~ ~ ;  = S~GS; 3 s GS' = 0 k j; a lso  (4.14) and (4.4) 
I 

k j g r 

give 4 * : 1 
-1 I 

(4.25) 
G yi (si - yiHi) _ s;(si - yiHi) , - - - t . 

'i -1 1 : I 

yiG Yi yis; i 
i i 1' 

I 

amd l l ~ ~ l l ~  i s  minimized i n  t h i s  case. This is given as Algorithm 2 i n  

tlsl 

Also (4.15) gives 

Case V I .  In  (4.15)) l e t  N = G-I and 1 = Hi, where f o r  the  present  
* ' ,, 

we assume t h a t  Hi i s  symmetric. l T e  have 
ii 

I 0 = Y . N ~ '  = Y.G- '~;  = SiGsi 3 skGs! = 0, k # j, and 1 i  1 J Z 

.. r 

If I$ is  symmetric, then Ci i n  (4.26) is a l s o  s p e t r i c  and from (4.11) I I - b  . '  
I' I 
( 8 :  1 

it follows t h a t  H is a l so  symmetric. But Ho = R i s  symmetric. mere- ' i t ;  1 
it.1 16 i 

(1: i 

fore, by induction a l l  the  Hi a r e  symmetric. Equation (4.26) i s  the well- ,it 1%:. I i 1 
!,: : 
t . 1  

known Fletcher-Powell-Davidon method [ 9 ] .  It i s  worth noting t h a t  if , 

I 

- * A 

(4'.26) is  writ ten a s  Ci = Ci - Ci) then llEillG and llcillHTl a r e  minimized. 
1 



Case VII. If' W e  take  N = 9 G-'+ B Hi i n  (L-U), then we g e t  

-1 -1 

0 = Y  (TG ' = TY.0 y! + $Y.B-y' 
1 1 1  i = (T+B)S Gs' = 0 and 

i i i 

Rowever a and P should be  chosen such t h a t  N i s  always non-si.nplar,  he 

c h o i c e  could be  7\ = 1, $ = e 

We sha.11 need t h e  f ollowi.ng theorems in order t o  make use of Theorem 

3.2 in order  t o  make improvements i n  the computation of C . 
i 

Theorem 4.4. If a non- symet r i c  mat r ix  N can be found for which 

' + E), then Y.Nyl = 0 and wi = Ny;/ (yiNyi 
1 i 

l 

Proof. As  i n  We proof  of  Theorem 4.1, from (3.4) and (4.6), we get I 

= (NY;, Ny;) 
- 1 -  - -1 

-7 1 1  .NY.~(Y~NY; + r I ~ )  CY 

A + 
= HI n - w )  ( Y ~ )  W. 1 1, s i n c e  n. 1 = Ny f / 6 - 

Theorem 4-5. If a sym.metric n a t k i x  N can be found such t h a t  

+ e), then Y ~ N Y J  =.O and wi = Ny;/(yiNyi 

Proof , 

and (4.28) becomes (4.29) - I '  
. [ . '  



We can now use Th.eor ex 3.2 i n  the following . 
Theorem 4.6. For t h e  matrix equati.on 

where p = E /(yam.' + E) and fi = s -. yiHi ; one of the so'lutions i s  given by 
1 1  i 

A 

(4 931) Ci = ~ ~ ! f . / ( ~ ~ ~ $ r )  1 1  . 
If N i s  symmetric then f o r  a l l  the other solutions Ci of (4.30) 

6 

\\cilh -1 2 l\cilL -1 

Proof: In  view of (3-3),  i f  N i s  not symmetric, and i n  Theoz2em 3.2 
4- 

if we take W = N, then, X = ANB is still  a solut ion of (3.9) but  it does not 

minimize / I x [ ~  
N - ~  . Keeping t h i s  f a c t  i n  view according t o  (3.11) a soliltion 

= w f .  + using (4.28) or (L.29). i la 

= Ny.'f /(y.mL( + , eihich is  (4.31). 
1 1 

If N is s y m s t r i c  then from (3.11) it f o l l o r ~  t h a t  I/c .  11 -1 2 l\Ei~~,-l - 
1 N 

The above Theorem shows tha t  a small perturbation i n  the r i g h t  hand side 

of (4.12) leads t o  a corresponding s m a l l  change i n  the value of Cia 
* 

However, as  we mentioned i n  Section 3, ( Y ~ )  is  i n  general be t t e r  conditioned 
+ 

than ( Y ~ + ~ ) ~  and therefore the value of Ci computed from (4.31) dm.il.d 

generally give be t t e r  r e s u l t s  and keep the numerator yi~yl(  from get t ing 

too s m a l l  and i n  some cases negative due t o  romd-off errors.  Tkis, t o  
A 

some extent a l so  jus t i f i e s  (4.27). The use of ( Y ~ + ~ ) ;  i n  place of (Y. )* 
1+l N 

- w i l l  be especiallg advantageous, if i n  order t o  improve the computational 

accuracy, a t  periodic i n t e m a l s  Hi,, is computed direct ly  by the fornula (4.18) 



+ * + * + .. + 
d (yi ) i  yeplaced b9 ( Y ~ ) * ~  and ( y i ) ~  respectively. Such w i t h  (yiIN an 

periodic techniques f o r  improvement a re  being used advantageously in other 

ccmputational algor i t h n s  e -g- - the periodic reinversion of the basis in 

. product form of inverse  l i n e a r  ~ rogra~uning  codes [14]. McCornick [I71 has 

n o t e d  that  such pe r i od i c  inprovenent techniques improved the performance 

of the ~le tcher-Powel l -Dauido d lgor i th  D]. Barnes [I] suggests periodic 

rescaling of si and r e i n i t i a l i z a t i o n  of t o  improve the c0m;putations. 
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