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Abstrac t  

Ex i s t ing  at tempts  t o  extend two dimensional t rea tments  

of s t a b i l i t y  problems t o  the  th ree  dimensional cases  under 

cons idera t ion  a r e  shown t o  be erroneous, These mistakes 

stem from a l a c k  of c l a r i t y  i n  the  accepted formulat ion of 

the governing d i f f e r e n t i a l  system, The author  r e s t a t e s  i t  i n  

a  form t h a t  can f u l l y  account f o r  the  presence of the  surround- 

ing s o l i d  and f r e e  sur faces  a s  we l l  a s  f o r  sur face- tens ion  

v a r i a t i o n s  i n  the  l a t t e r ,  Approximate s o l u t i o n s  f o r  c i r c u l a r  

c y l i n d r i c a l  geometry a re  then found t o  be p h y s i c a l l y  plaus-  

i b l e ,  Thus, an  increase i n  the conduct iv i ty  of the  s o l i d  

sur face  has a s t a b i l i z i n g  e f f e c t ,  An inc rease  i n  e i t h e r  the  

conduct iv i ty  of the  top sur f  ace or  the  s lenderness  of t h e  

conta iner  r e t a r d  the Marangoni type of i n s t a b i l i t y .  



1. In t roduc t ion  

This work i s  concerned w i t h  the  i n s t a b i l i t y  of f l u i d  

which i s  e i t h e r  completely confined i n  a  c losed vesse l  o r  

p a r t i a l l y  confined i n  a  con ta ine r  which i s  open on top. 

The i n s t a b i l i t y  i s  e i t h e r  of the  Ragleigh o r  the  Marangoni 

type o r  due t o  both e f f e c t s  combined. This work i s  there- 
(1)  f o r e  s i m i l a r  t o  Pellew and Southwell ts  , yihtsC2 ' ,  N ie ld t s  (3) 

and many o t h e r  t reatments  (4,5,6) , It d i f f e r s  from these i n  

t h a t  it f u l l y  -accounts f o r  t h e  presence of l a t e r a l l y  confin- 

i n g  v e r t i c a l  wa l l s ,  Thus, u n l i k e  previous ones t h i s  work is 

concerned wi th  a  bona f i d e  t h r e e  dimensional problem. I n  - -  - -  
most of the  works c i t e d  a  h o r i z o n t a l  l a y e r  of f l u i d  i s  con- 

s ide red  and p e r t i n e n t  v a r i a b l e s  a r e  assumed t o  s a t i s f y  the 

Helmholtz equat ion i n  the  h o r i z o n t a l  co-ordinates ( Z, , XL)* 

P e r i o d i c i t y  i n  the v e r t i c a l  d i r e c t i o n  Z3 i s  assumed when 

ve ry  high columns a r e  considered(2).  Consequently only  i n  

one d i r e c t i o n  the  v a r i a t i o n s  of the  dependent v a r i a b l e s  a re  - -  
a  p r i o r i  unknown. The c r i t i c a l  Rayleigh and Marangoni 

numbers and $ a r e  t h e r e f o r e  c h a r a c t e r i s t i c  values of 

o rd ina ry  homogeneous d i f f e r e n t i a l  systems. Treatments of - - - -  
t h i s  type a r e  inapp l i cab le  t o  t h e  problems under considera- 

t i o n ,  Once t h e  X ,  dependence of the  v a r i a b l e s  i s  assumed t o  

have a  p a r t i c u l a r  form, i t  is impossible t o  p r e s c r i b e  a rb i -  

t r a r y  cond i t ions  a t  Xi = cons t ,  An appropr ia te  a l t e r n a t i v e  

approach is proposed here and var ious  p a r t i c u l a r  cases  a r e  

solved by way of example, 



The need f o r  an a l t oge the r  new method has  no t  been 

probably  because Pellew and Southwell appear 

to have o u t l i n e d  a  procedure by vhich some of the  problems 

i under d i s c u s s i o n  could be solved. They assume the above- 

mentioned h o r i z o n t a l  v a r i a t i o n s  no t  only f o r  unbounded 

l a y e r  but  a l s o  i n  the  Case of l a t t e r a l l y  confined f l u i d  

( 3 13). This  assumption g ives  r i s e  t o  c y l i n d r i c a l  su r f aces  

C (A,, X I )  = 0 on which the  v e r t i c a l  component of ve loc i ty  u, 

vanishes .  They s t a t e  the  condi t ions  t h a t  should be s a t i s -  

f i e d  by the  o t h e r  va r i ab l e  there ,  assuming t h a t  t h i s  sur face  

i s  s o l i d  ( 5 14). The va r i ab l e  LtA and a r e  so lved- for  

1 s imul taneously .  I t  i s  proposed t o  complete the  so lu t ion  f o r  

t h e  h o r i z o n t a l  components of v e l o c i t y  ( tc, , cr, ) and the  

tempera ture ,  when U3 and Kc, a r e  a l ready known ( 5 12). 

t It is  noteworthy t h a t  according t o  t h i s  procedure the  con- 

d i t i o n s  imposed a t  C c x , . j l =  on a l l  v a r i a b l e s  other 

t h a n  p l a y  no r o l e  i n  the  s o l u t i o n  f o r  . This 

mathemat ical  scheme, there fore ,  does not  r e f l e c t  the  f u l l  

p h y s i c a l  e f f e c t  of the  l a t t e r a l  wal l  on t h e  confined f l u i d .  

Neve r the l e s s  t h e y  t r y  t h i s  method ( § $ 37, 38). Understandably, 

t h e y  f a i l  t o  s a t i s f y  one of the  condi t ions  imposed a t  C h , , x L )  = 0 , 
namely, t h a t  of z e r o  hea t  f lux.  They conclude t h a t  "the case  

of r i g i d  non conducting boundary is in t rac t ib le tg  but f a i l  t o  
I 

mention t h a t  t h e i r  approach is, t o  say the  l e a s t ,  unpromising. 

Anyway, t h e y  do n o t  r u l e  out  t he  p o s s i b i l i t y  t h a t  the  case  of 

r i g i d  conduct ing boundary (which they  be l i eve  t o  be u n r e a l i s t i c )  

cou ld  be analyzed by t h e i r  method. It is shown he re  t h a t  subsequent , ' 



at tempts  ( 7 J  8 ,  t o  do so produced wrong r e s u l t s ,  Indeed 

c lose  examination with a t t e n t i o n  on i t s  determinacy shows 
s i x t h  order  

t h a t  thehdiff  e r e n t i a l  system proposed by Pel lew and Southwell 
Q 

governs only  t h e  i n s t a b i l i t y  i n * l a t t e r a l l y  unconfined l a y e r ,  

The formulat ion of the  appropr ia t e  d i f f e r e n t i a l  system i s  

presented i n  t h e  next  sect ion.  This formulat ion and ensuing 

a n a l y s i s  is based on the  assumption t h a t  marginal ly  s t a b l e  

modes a r e  time-independent, This  has  been proved f o r  the  

cases  of completely confined f l u i d c 2 ) .  For the  o the r  cases  

t h i s  widely acceptable  assumption appears  t o  be j u s t i f i e d  

i n  view of t h e  exis tence  of a non t r i v i a l  time-independent 

s o l u t i o n  and t h e  p l a u s i b i l i t y  of the  r e s u l t s  obtained. 

P a r t i c u l a r  so lu t ions  a r e  obtained f o r  t h e  marginal ly  

uns table  modes i n  c i r c u l a r  c y l i n d r i c a l  conta iners ,  This  i s  

done by extending Je f f rey t  s (9) Golds te in ta  (lo) method s o  a s  

t o  account f o r  the t h r e e  dimensional na ture  of the problem, 

Dependent v a r i a b l e s  a r e  expanded i n  terms of space-dependent 

func t ions  which ( l i k e  the  Four ier  Se r i e s  in t he  one dimen- 

s i o n a l  eases)  form a complete s e r i e s ,  The c o e f f i c i e n t s  i n  

the  expansions a r e  governed by i n f i n i t e l y  many homogeneous 

a lgebra ic  equations.  These a r e  s a t i s f i e d  when Ra and 8 
a t t a i n  t h e i r  c r i t i c a l  values. Approximate r e s u l t s  a r e  ob- 

ta ined he re  by t runkat ion.  These a r e  r e s t r i c t e d  t o  cases  

i n  which the  conta iners '  r a d i u s  t o  height  r a t i o  is  n o t  too 

l a r g e ,  For open conta iners  t h e s e  r e s u l t s  a r e  i n  a  q a a l i t a -  

t i v e  agreement with those obtained by Nield,  For ve ry  

s lender  contagners t h e  c r i t i c a l  values of /?a a r e  found t o  be 



w i t h i n  a  few p e r  cent  from the  va lues  obtained by Yih, 

2, Mathematical Formulation of t h e  Problem 

The equat ions  considered a r e  

( - /a t  - P b ' ) ~ .  
= - f .  A T )  , a/;/>xb + (0 ,  a, (1) - (3)  

Here p  and T a r e  the d e v i a t i o n  of the  pressure  and tempera- 

t u r e  r e s p e c t i v e l y  from t h e i r  undisturbed s t a t e ,  The 

expens iv i ty  of the  f l u i d ,  i ts kinematic v i s c o s i t y  and thermal 

d i f f u s i v i t y  a r e  designated by d , I/ and K , r e s p e c t i v e l y o  

The symbols and 3 denote t h e  imposed temperature g r a d i e n t  f 
and g r a v i t a t i o n a l  acce lera  t i o n ,  The symbol vZ r e p r e s e n t s  

t h e  three-dimensional Laplace d i f f e r e n t i a l  opera tor ,  Re- 

peated indicrs denote summation and t i s  time. 

The boundary condi t ions  imposed on t h e  temperature can 

be q u i t e  g e n e r a l l y  expressed by 

I n  t h i s  r e l a t i o n s h i p  k is  t h e  thermal conduc t iv i ty  of t h e  

l i q u i d ,  I\ i s  t h e  appropr ia te  c o e f f i c i e n t  of hea t  t r a n s f e r  

and 7 i s  the  d i r e c t i o n  normal t o  t h e  bounding su r face ,  I n  



5 

a d d i t i o n  t o  ( 6 )  i t  i s  necessary  t o  p resc r ibe  boundary condi t ions  

on e i t h e r  U. o r  the  th ree  s t r e s s  components. The condi t ions  

hold a t  t h e  s o l i d  sur face ,  Therefore equat ions  (1) - (9) 

form a determinant  system which governs t h e  case of completely 

confined f l u i d ,  

The cases  i n  which t h e  t o p  sur face  i s  exposed appear t o  

be somewhat more complicated because t h a t  sur face  dev ia tes  

from i t s  undisturbed p lane  by an unknown amount ( x, , 2cZ, i) +, 

From c o n t i n u i t y  one has 

where the  non-l inear  terms a r e  neglected wi th in  the  frame- 

work of t h i s  s tudy  of s t a b i l i t y ,  S imi lar ly ,  l i n e a r i z a t i o n  

of the  equi l ibr ium equat ion  i n  t h e  x, d i r e c t i o n  y i e l d s  

where t h e  r i g h t  hand s i d e  i s  evaluated a t  the undiaturbed 

p o s i t i o n  x , =  cobs 1 , r a t h e r  than a t  x ,  = CO,S/. + < . 
In t h e  l a s t  r e l a t i o n s h i p  t h e  normal s t r e s s  i s  equated t o  

t h e  sum of p ressu re  v a r i a t i o n  due t o  g r a v i t y  and membrane- 

type of f o r c e ,  produced by t h e  sur face- tens ion  S, E q u i l i -  

brium i n  the  , and 3\ d i r e c t i o n s  i s  maintained provided 

t h e  fol lowing holds  



6 

Here (3 s / ~ T )  i s  the  r a t e  of change of sur face  tension 

with the temperature, which g i v e s  r i s e  t o  the  Marangoni 

e f f e c t ,  Thus, the assumption of f r e e l y  d i s t o r t i n g  sur face  

requ i res  introducing one more dependent v a r i a b l e  k and pre- 

sc r ib ing  f o u r  condi t ions  (10) - (13) r a t h e r  than t h e  three  

7 - 9 It i s  then noted t h a t  s ince  boundary-condition 

(11) i s  i n  i t s e l f  an e l l i p t i c  p a r t i a l  d i f f e r e n t i a l  equation, 

the  system is underdeterminant unless  i s  made t o  s a t i s f y  

appropr ia te  condi t ion  a t  the i n t e r s e c t i o n  of the  c y l i n d r i c a l  

sur face  , =  and 2, = c o n s f .  It i s  assumed t h a t  

v e r t i c a l  c a p i l l a r y  f o r c e s  a r e  constant  so  t h a t  t h i s  condi t ion 

i s  

where 7 is the  normal t o  t h e  c y l i n d r i c a l  surface,  

For tunate ly ,  under the  assumption t h a t  time v a r i a t i o n s  

vanish,  equat ions  (11) and (14) a r e  uncoupled from the  

d i f f e r e n t i a l  system which has  t o  be solved. Under t h i s  

assumption the  l i n e a r i z e d  equat ion (10) reduces t o  

I n  such case equat ions (lo'), (12) and (13) a r e  the  t h r e e  

kinematic boundary cond i t ions  and these  do n o t  conta in  ., 
A determinant system is  t h e r e f o r e  obtained when equat ion (6) 

together  with e i t h e r  these  t h r e e  o r  equat ions  (7) - (9) a r e  

prescr ibed  a t  t h e  boundaries and equat ions  (I) - ( 5 )  a r e  made 



t o  hold throughout the c y l i n d r i c a l  domain, The uncoupling of 

equat ions  (11) and (14) impl ie tha t  a s  long a s  t h e  r e l a t i v e  

s t r e n g t h s  of surface-tension,  v i s c o s i t y  and g r a v i t y  keep 

i n f i n i t e s i m a l l y  small ,  these  su r face  e f f e c t s  do not  i n f l u -  

ence the  s t a b i l i t y  of t h e  f l u i d  below, The var iable  f ' b  
p l a y s  a  somewhat s i m i l a r  r o l e  t o  t h a t  of . It does not  

appear i n  any of the  boundary condi t ions  ( 6 )  - (91, (16) (12) 

and (13) and may the re fo re  be e l iminated  (by cross  d i f f e r e n t i a -  

t i o n )  from t h e  governing equat ions.  Once a l l  the o the r  

phys ica l  v a r i a b l e s  a r e  solved f o r  (and when the top 

su r face  i s  exposed) can be obtained by i n t e g r a t i n g  

equat ions  (1) - (3) ( toge the r  w i t h  (11) and (14)). 

While i n  t h i s  work only  f /  (and L ) a r e  el iminated,  

Pellew and Southwell e l imina te  a l s o  U, , U, and 7 . Their 

d e r i v a t i o n  is the re fo re  be l ieved t o  be permissable under 

some bu t  no t  a l l  circumstances,  Such s t e p  is l eg i t ima te  

whenever the  cond i t ions  which a r e  imposed on t h e  el iminated 

v a r i a b l e s  a r e  expressed i n  terms of the  remaining one, which 

i s  h, i n  t h e i r  ana lys i s*  They indeed show t h a t  the vanish- - 
ing  of U, and b on a  -- Izo.~iz:cntal - - -. -. s o l i d  boundary together  

w i t h  equat ion  (4)  y i e l d s  t h e  condi t ion  

Conditions imposed on T a r e  s i m i l a r l y  expressed i n  terms of 

b, . Their d e r i v a t i o n  i s  t h e r e f o r e  bel ieved t o  be l e g i t i -  

mate i n  the  case  of an unbounded l a y e r  of f l u i d .  However, 

they  propose and t r y  t o  so lve  the  l a t t e r a l l y  bounded case 



w5thout reducing the conditions of vanishing Lc, and 4 on 

C ( r , ,  & )  = to a condition which is expressed in terms of 

U3 a This loss of information is reflected in Osrach and 

Pnueli s (7) and ~nueli~s(*) restatement of the underdetermi- 

nant problem. There, a sixth order partial differential 

equation governing Li, is assumed integrable when three con- 

ditions are prescribed everywhere on the boundary, Two of 

these 

u3 0 a u , l s r ,  = 0 

are mutually independent only on a - - - - -  horizo~tal boundary, 

In elimina ting / from the governing equations it is 

convenient to make use of the functions 'p and y which are 
defined by 

Cross differentiation of equations (1) and (2) then yields 

where a ' is the Laplace operator in x, and xL 

Cross differentiation of the other two possible pairs of 

momentum equations yields 



Continuity then reduces to 

q Z y  = a u a  /ax, j 

so that equations (1) - (4) can be aubstjtuted by (16) 
(18) and any one of (17). 

Evidently equations (15) - (18) remain unaltered when 
one adds to (y t iyr) the product of an arbitrary analytic 

function of 4 X )  times an arbitrary function of x1 

A certain flexibility is therefore permissable in prescribing 

the boundary conditions on Ip and y ,  provided the conditions 

on u, and 51, hold. The following relationships 

are thus chosen as the boundary conditions for the solid and 

free horizontal boundaries, respectively, On the cylindri- 

eal surface both of the conditions 

make (I, and Ul vanish when 1 and 5 form an orthogonal 



r i g h t  handed coordinate system, It i s  convenient t o  impose 

equat ions  (21) and (22) i n  the  t reatments  of Sect ions 3 and 

4 respec t ive ly .  

I n  view of the  geometry of the p a r t i c u l a r  cases  under 

d iscuss ion  use i s  made of c i r c u l a r  c y l i n d r i c a l  eo-ordinates 
t 

3 ] = i .. I - !  6 -  + -5, i /;- j 4 , ti;; ,,:, , - ,  / ;, x, /A j [ c-r-, t:; - ! i J t , t C  8 d-) 6 

where d i s  the  he ight  of t h e  container .  A s  mentioned, time- 

independent s o l u t i o n  i s  sought, Dependent v a r i a b l e s  are 

the re fo re  assumed t o  have t h e  following form 

LA - U! ' i j  -pi :, /; cc.-r!i; 
- 

!, - ,.fr , .- L ~ s c f i 8  
I - # 

where h%', 0 , and :<t a r e  dimensionless. In view of the 

Four ier  Theorem the re  is no l o s s  of g e n e r a l i t y  by hawing t h e  

assumed dependence on 6 , provided r\ is an i n t e g e r ,  With 

t he  assumed form of s o l u t i o n  equat ions (5) (16) (17) and 918) 

reduce t o  



and 

where 

These together with the boundary condititons are first solved 

for eases in which M # 1 , Axially symmetric cases, which are 

more involved are considered in Section 4, 

3, Non Symmetric Modes of Instability 

Consider fluid which is completely confined in a container, 

Its temperature is taken to be nniforrn over the top and bottom 

surf aces = =  2 I/! Its cylindrical surface v=c is 

assumed to be either insulated or maintained at the linearly 

decreasing temperature of the undisturbed fluid, The last 

boundary condition holds when this surface is made of 

highly condnetise material, In the light of previous studies, 

here too both modes %n which VI/ is symmetric and antisymmetric 

with respect to I =  o , are expected to be possible, Por 

reason which will be explained later attention is focused on 

the symmetric case. The variable W is thus assumed to be 

expandable in the following form 

In this expression A': are constants, Im is Bessel Function 

of the order n Throughout this section w is assumed to be 



a p o s i t i v e  non-zero i n t e g e r ,  The number dz a r e  the  r o o t s  of 

the  t ranscendental  equation 

The assumed expression f o r  W s a t i s f i e s  the  boundary condi t ions  

which must hold on the s o l i d  boundaries. Furthermore, i n  

view of t h e  completeness of t h e  Four ier  s e r i e s  and the  s e r i e s  

of Bessel Functions,  t h i s  express ion  is  q u i t e  general ,  In  

terms of the  unknowns A: t h e  so lu t ion  of equat ion ( s t ) ,  f o r  

insu la ted  and h igh ly  conductive c y l i n d r i c a l  sur face ,  is 

1 where 

The symbol 1, des ignates  modified Beasel Function of the  

f i r s t  kind of order  n . 
I n  view of equation (18') and the symmetry of W ,  $ 

I must be antisymmetric w i t h  r e s p e c t  t o  z = 0, This f u n c t i o n  

i s  the re fo re  assumed t o  be expandable i n  the  form 



i n  which am a r e  U I ~ ~ ~ O W I I  constants. Like the expression i n  
j 

equation (241, t h i s  form i s  q u i t e  general and s a t i s f i e s  the 

~ o n d i t i o n s  which a r e  imposed on , namely equations (19) Y' 
w and (21). In terms of the constants  B J ,  the solut ion f o r  

which s a t i s f i e s  (16') (19) and (21) i s  

SO f a r  two doubly-inf ini te  s e t s  of constants,  Arand Brn 
i t  

were in t roduced-  A l l  the boundary condition and two of the 

four governing equat ions were sa t i s f i ed .  The solut ion w i l l  

be  completed by reducing the two remaining governing equa- 

t i o n s  t o  two s e t s  of doubly-inf i n i t e  a lgebraic  equations, 
% 

which a r e  l i n e a r  i n  A n  and Bj . The non- t r iv ia l  solut ions 

o f  the  l a t t e r  a r e  associated with c r i t i c a l  values of k , 
5 - e ,  va lues  of R G  f o r  which the  confined f l u i d  is margin- 

a l l y  s t a b l e .  One s e t  of equations i s  obtained by subs t i tu t -  

i n g  from (24) and (26 )  i n t o  (18'). Termwise d i f fe ren t i a t ion  

of the  two expansions,  which w i l l  be j u s t i f i e d  and discussed 

l a t e r ,  y i e l d s  

h 2 ,  , 3" 
hn=, i"0  

This  r e l a t i o n s h i p  i s  mult ipl ied by ) J and 

i n t e g r a t e d  w i t h  r e spec t  t o  r and z throughout the ranges 



I 
I 

I The other set of a lgebraic  equations is obtained by subst i tut-  

ing ftom equations (24) - (27) into (17') and integrating the 
I 

l a t t e r  ~ 5 t h  respect t o  from o t o  r , By processing the 

r e l a t i o n s h i p  i n  a s imi lar  manner the fol lowing i s  

where 



Of the  non- t r iv ia l  s o l u t i o n s  of equa%ions ( 28  .) and 
mJ 

(29 ,) t he  one wh5ch i s  asaoe%ated with t h e  lowest value of k, 
mJ 

i a  of i n t e r e s t ,  It Is assumed he re  t h a t  t h i s  s o l u t i o n  can 

be approximated by t runkat ing  from the  s e r i e s  expressions 

under cons idera t ion  terms involving A: and 8: f o r  m j  + I 

and 1 , o  Equations (28 -) and (29 ,) then y5eld 
mJ m.J 

The corresponding flow p a t t e r n ,  namely, t h a t  whPch is regre-  

sented  by n o n ~ n i s h i n g  A :  and 6: , is (say) upward through- 

o a t  the  sec t ions-d /11~n~)c(*r jz  , 3 ~ / 2  L M B C  r~/' 0 0 - 
and downwards 2 4 3 , .  . 4 , -  4 . Within 

aueh s e c t i o n s  i t  i s  r a d i a l l y  ou%ward f o r  270 and in-  

ward f o r  z L o When C i s  n o t  too  l a r g e  t h i s  is  the  

expected c i r c u l a t i o n  p a t t e r n  fox  t h e  f e a s t  s t a b l e  mode, 

More ncomplieateda p a t t e r n s  in which U, changes i t s  s i g n  

a c r o s s  an i n t e r n a l  c y l i n d r i c a l  s u r f a c e  +- = y*c C a r e  

bound t o  produce h igher  viscous d i s s i p a t i o n  and consequently 

be more s t a b l e ,  I n  order t o  v e f i f y  t h i s  conjec ture  a poss ib le  

change of f low d i r e c t i o n  a e r o s s  + = Y "  i s  allowed by re-  

t a i n i n g  A: 13: , A: and , r a t h e r  than only  the  
) 

f h a t  two constants .  An a l g e b r a i c  equat ion q u a d r a t i c  i n  

is then obtained, For C d 5 the  lower of the  two s o l u t i o n s  

is indeed q u i t e  c lose  t o  t h e  express ion  i n  equat ion  (301, 



The Rayleigh number which corresponds t o  the  more reomplica ted 

circulation p a t t e r n  is hrgher, Of course f o r  l a r g e  c o r  

B e o h  shapedn c y l i n d r i c a l  con ta ine r s  the u s i m p l e ~ o d e s  a r e  

more s t a b l e ,  These can take p lace  only i f  t h e  work done by 

t h e  baoyancy f o r c e s  along the upward f l u i d  pa r t i c l e -pa ths  i s  

bal laneed by t h e  high viscoua d i s s i p a t i o n  due to the  compara- 

t i v e l y  long h o r i z o n t a l  paths.  Thus the  more wcomplicatedt 

p a t t e r n s ,  i n  which the hor izon ta l  pa ths  a r e  n o t  too long, 

a r e  l i k e l y  t o  be marginal ly  s t a b l e  f o r  lower values of Ra 
Ihe c r i t i c a l  va lues  of Ra f o r  such modes a r e  governed by 

equat ions  (28,pj) and (29,?j)e Those values of Ra can 

t h e r e f o r e  be approximated by al lowing a change of f low di rec-  

t i o n  across  one o r  more c y l i n d r i c a l  sur faces ,  i n  the manner 

shorn. Again, convection p a t t e r n s  i n  which bV i s  a n t i -  

symmetric with r e s p e c t  t o  z = 0 a r e  more Beomplieateds than 

symmetric ones i n  the  sense t h a t  L$ changes s ign  ac ross  an 

i n t e r n a l  surface,  Since f o r  any value of c the former a r e  

bound t o  be more s t a b l e  they a r e  n o t  t r e a t e d  wi th in  t h e  frame- 

work of t h i s  ana lys i s .  

Though more accura te ,  the e x p l i c i t  expression f o r  t h e  

s o l u t i o n  obtained by r e t a i n i n g  f o u r  cons tan t s  i s  lengthy  and 

involved. On t h e  o ther  hand equat ion (30) r e a d i l y  demonstrates 

t h e  e f f e c t  of var ious  cireumatancea on the s t a b i l i t y  of the  

completely conf ined f l u i d .  Thus when the  c y l i n d r i c a l  su r face  

is insula ted ,and is uni ty,  Re is  smaller  than when t h i s  

s u r f a c e  i s  h igh ly  conductive, Indeed h igh ly  conductive w a l l s  

tend t o  i n h i b i t  i n s t a b i l i t y  by reducgng the  dev ia t ion  of t h e  

temperature from i t s  l i n e a r  d i s t r % b a t i o n ,  When t h e  a r e a  of 



t h e  c y l i n d r i c a l  sur face  is  small  compared wi th  t h e  hor izon ta l  

ones i ts  conduc t iv i tg  p lays  a l e s s  important r o l e ,  Thus whenc 

i s  l a r g e ,  y e t  (LdTc) is kep t  cons tant ,  t h e  mul t ip lyer  of 

i s  very small ,  Sim5larly Rayleigh number f o r  very  s lender  

colefmn can be obtained by l e t t i n g  c become very small ,  

Equation (30) then degenerates i n t o  

- 
where RP i s  the Rayleigh number defined wi th  the  r a d i u s  of 

t h e  conta iner  as the c h a r a c t e r i s t i c  length,  I n  Table I the 

va lues  of f o r  very s l ender  insu la ted  conta inera  which 

were obtained by Yih a r e  compared wit"hthoae of Equation (@0*), 

The closeness of the  r e s u l t s  is p a r t i c u l a r l y  r eassur ing  when 

5 t  i s  born i n  mind t h a t  in R e f .  2 an a l toge the r  d i f f e r e n t  

mathematical procedure i s  used, 

Table I 

n 

from equat ion (30) 

from Ref, 2 

It is  noted  t h a t  no t  ve ry  meaningful r e s u l t s  a r e  obtained 

by car ry ing  t h i s  process  i n  the  o t h e r  d i r e c t i o n ,  namely, by 

f i n d i n g  the  l i m i t  of equat ion (30) f o r  ve ry  l a r g e  C As 
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mentioned, t h e  mode repreaented by non-vanishing A: and 5: 
i s  no t  t h e  l e a s t  a t a b l e  un less  C i s  moderate o r  small ,  

When W vanishes on I = .' !/2 t he  a e r i e s  expression of 

equat ion (24) can be d i f f e r e n t d a t e d  with r e s p e c t  t o  z (11) . 
It can be s i m i l a r l y  shown t h a t  i f  i s  expressed aa 

where h r  a r e  cons tants ,  then the following holds 

I n  'the i n t e g r a t i o n  by p a r t s  the  boundary terms vanish be- 

cause $ (c, z )  ( l i k e  W(V, + //t) i n  the  previous i n a t a n t )  

i s  zero,  Since W vanishes on a l l  the  boundaries one can 

a l s o  j u s t i f y  t h e  d i f f e r e n t i a t i o n  which was c a r r i e d  out  i n  

order  t o  d e r i v e  v2 VC/ The termwise d i f f e r e n t i a t i o n s  in-  

volved i n  express ing  the  o t h e r  components of the i n t e g r a t e d  

v o r t i c i t y  equat ions  a r e  s i m i l a r l y  permismable, I n  many o the r  

works on s t a b i l i t y  the  s e r i e s  expzesa2ons which a r e  t o  be 

d i f f e r e n t i a t e d  have t o  con ta in  t e r n s  which depend on the  

bomdary va laes  of t h e  v a r i a b l e  expressed o r  i t a  d e r i v a t i v e s ,  

This  complicates t h e  a n a l y s j s  considerably when a c e r t a i n  

expression has  t o  be d i f f e r e n t i a t e d  as many a s  f o u r  o r  six 

time%, Here four  r a t h e r  than  one o r  two dependent v a r i a b l e s  

a r e  solved f o r ,  Each i s  theref  o r e  differentiated fewer times. 



It is consequently possible to express these var iab les  by 

comparatively simpler s e r i e s  formse 

When the top surface is exposed one can no longer expect 

modes of i n s t a b i l i t y  $0 be agmmetrPc with respec t  t o  the 

c e n t r a l  hor izonta l  plane, Therefore, i n  these  cases  the o r i g i n  

i s  taken t o  be on the bottom of the container ,  The following 

expression f o r  the  v e r t i c a l  component of ve loc i ty  is assumed 

where 1; are  unknown conatants. Since i t  is  intended t o  

account for surface tension varSst ions the following r a the r  

general  condition 

Pa assumed t o  hold a t  z = 1, The nondimensional parameter N 

5% defined by 

N = L A / k  

( 6 )  I ts  physical s lgnif ieanee is amply explained by Pearson . 
On the  other hand @(", 0 )  and @(c, r )  a r e  assumed, f o r  

simplicity, t o  vanish. The so lu t ion  f o r  the  temperature 

d i s t r i b u t i o n  is theref ore 



! 
I 

I 
men non-dimensi~na1ized9 equation (20) reduces to 

B = a $ / a z  , a ~ / a z  = 

where t h e  Marangoni number B i a  defined by 

5s assumed t h a t  4 can be expressed in terms of the unknowns - 
i n  t h e  form 

w h i c h  s a t i s f i e s  ( l 9 )  and (20')~ A tltnSrd s e t  of eonatants J 2" L J  

5s in t roduced i n  t h e  assumed expansion f o r  -\r 

This f o r m  s a t i s f i e s  eondPt5on (19), (20) and the  governing equa- 

tion (16 ' )~  F r ~ m  condi t ion  (21) one g e t s  the re la t ionship  

which y i e l d s  an i n f i n i t e  s e t  of a lgebra ic  equations l i n e a r  i n  
r- 

, 8; and e Two other  such s e t s  a r e  obtained from 
1 

I the of c o n t i n u i t y  and r o r  t i c i t y .  Trunkation of these 



in the manner which was discussed previously y ie lds  

I Though inaccura te  t h i a  r e l a t ionsh ip  is i n  agreement w i t h  

1 a v a i l a b l e  r e s u l t s  and i s  phys ica l ly  plausible ,  It implies tha t  

I t h e  f l u i d  i s  uns tab le  when a l i n e a r  combination of /?a and g 

I (3 )  exceed a c r i t i c a l  value,  Thus a s  found by Nield i n s t a b i l i t y  

/ can occur when t h e  f l u i d  is cooled ra ther  than heated below, 

1 p r o v i d e d  the Marangoni number is s u f f i c i e n t l y  large. Equation 

(35) a l s o  i n d i c a t e s  t h a t  an increase of 11 or a decrease i n  c 
! 

r e t a r d  the Marangoni type of i n s t a b i l i t y .  Indeed, when N i s  

1 l a r g e  the temperature of the  exposed surface tends t o  be uniform 

and  t h e r e  a r e  only  small va r i a t ions  i n  the surf ace tension. 

Again, such v a r i a t i o n s  across  a comparatively s m a l l  area Rave 

l i t t l e  inf luence on the  f l u i d  below, I t  is then noted tha t  i n  

the  extreme ease  of N + oo , = and equation (35) 

degenera te8  i n t o  a fo rm which i s  s imi lar  to  t h a t  of equation (30) 

when E Z O  The numefator i n  the  l a t t e r  i s  l a rge r  than 

t h e  r i g h t  hand s i d e  of equation (35). Fluid in an open container 

is t h u s  found t o  be l e s s  s t a b l e  than tha t  which is completely 



confined, I n  the  o t h e r  l i m i t i n g  ease of very s lender  column 

equat ion  (35) reduces t o  equation (30*) i n  which a vanishes. 

This  is t o  be expected because of the  aforementioned reasons,  

I 

4, Approximate Solu t ions  f o r  R o t a t i o n a l l y  Symmetric Modes 

It was pointed ou t  i n  the l a s t  sec t ion  t h a t  the assumed 

expansions a r e  q u i t e  general  and d i f f e r e n t i a b l e .  This t rouble  

waa taken i n  order  t o  show t h a t  5% is poss ib le  t o  solve f o r  more 

t h a n  one mode or o b t a i n  more accura te  values of & , However, 

t h e  p r o p e r t i e s  of t h e  assumed expansions hardly a f f e c t  the q u a l i t y  

of the  s o l u t i o n s  which were a c t u a l l y  obtained by d r a s t i c  treznka- 

t i o n s ,  The r e g u l t a  t u r n  out t o  be acceptable mainly because 

t h e  t runkat ion  g i v e s  r i s e  t o  l o c a l  r a t h e r  than o v e r a l l  viola-  

t i o n s  of t h e  phys ica l  p r inc ip les ,  Thus two of the governing 

equat ions  and e i t h e r  a l l  or a l l  but  one of the  boundary eon- 

d i t i o n s  a r e  s a t i s f i e d  exact ly ,  i ,e.  pointwise. The r e l a t i s n -  

s h i p s  t h a t  a r e  no t  s a t i s f i e d  e x a e t l y  a r e  reduced t o  i d e n t i t i e s  

between i n t e g r a l s  over e i t h e r  the  e n t i r e  volume o r  the e y l i n d r i -  

c a l  surface.  The q u a l i t y  of the  r e s u l t s  i s  a l s o  a f fec ted  by 

t h e  dev ia t ion  of the  assumed t runkated  expressions f o r  w and 4 
from the  exac t  s o l u t i o n  f o r  those v a r i a b l e s *  As pojnted out  

t h e  t rankated expressions r ep resen t  phys ica l ly  p laus ib le  flow 

p a t t e r n s  s o  t h a t  t h i s  devia t ion  is q u a n t i t a t i v e  r a t h e r  than 

q u a l i t a t i v e .  The e r r o r s  i n  the r e s u l t i n g  va lues  of & and 8 
a r e  consequently n o t  too ser ious ,  

Conversely, t h e  t runkat ion c a r r i e d  out  i n  Sect ion 3 g i v e s  

r i s e  t o  s e r i o u s  e r r o r s  when = If only A'. and R', a r e  



non-zero t h e  r e l a t i o n s h i p  (which was f i r s t  introduced i n  Ref, a ) ,  

does  n o t  hold an leaa  h f o I n  o t h e r  words, f o r  trunkated 

r o t a t i o n a l l y  symmetric so lu t ion  con t inu i ty  is  no t  s a t i s f i e d  

even i n  an o v e r a l l  manner and %he argnments about the q u a l i t y  

of the  s o l a t i o n  hold no longer,  The general  a n a l y s i s  of the 

l a s t  s e c t i o n  is never the less  v a l i d  f o r  N = o  so  t h a t  meanPngful 

results can be obtained by adopting l e a s  d r a s t i c  t runkat ion,  

However, a s  mentioned, the sola%%ons of two many homogeneous 

a l g e b r a i c  equat ions cannot be presented i n  the e x p l i c i t  form of 

eqnat iona  (30) and (35) - toward which we s t r i v e ,  A so lu t ion  

of aueh f o m  i s  the re fo re  obtained he re  by assuming r a t h e r  

s imple expressions f o r  4 a n d w  and carrying out  the a n a l y s i s  

as before,  Thege expressions need n o t  be the  f i x s t  terms i n  a 

complete d i f  f exen l i ab le  s e r i e s ,  Ins tead  they must aatistf y 

equa t ion  (36) and o the r  phys ica l  requirements which a r e  bel ieved 

t o  have bearing on t h e  q u a l i t y  of the  so lu t ion ,  It i s  thus  

r equ i red  t h a t  the  flow p a t t e r n  should be compatible with the  

d e s t a b i l i z i n g  f o r c e s ,  F Q ~  example, t h e  p a t t e r n  i n s i d e  a closed 

con ta ine r  should bear  resemblance t o  t h a t  of a ueonveetion e e l 1  u ,  

However t h e  assumed flow should be s tagnant  a t  the  s o l i d  

boundaries,  

In view of the above mentioned requirements and the  ro ta -  

t i o n a l  symmetry of t h e  flow p a t t e r n  t h e  f l u i d  i s  constrained t o  

move i n  the v e r t i c a l  planes 0 = cobs It  the re fo re  c i r eo -  

l a t e a  forming horizontalt, vor tex  r i n g s ,  Unless c i s  l a r g e ,  ~ 5 t h  



t h e  l e a s t  s t a b l e  mode i t  i s  expected t h a t  only one such r ing  

w i l l  be formed, It i s  therefore  assumed t h a t  f o r  a closed 

c ~ n t a i n e r  t h e  v e r t i c a l  ve loc i ty  is  given by 

where Q is  a constant .  The o r i g i n  of the co-ordinate system 

i s  chosen a s  i n  the  corresponding non-symmetric eases.  TRe 

number 0, is the f i r s t  n o n t r i v i a l  r o o t  of 

Hence t h e  expression f o r  w s a t i s f i e s  (36) and ( 9 ) -  
i 
I The opera t o r  V' appears f r equen t ly  i n  the governing equat ions 

so t h a t  t h e  assumed dependence on + involving Bessel EBunetions 

i a  convenient. Thug the s o l u t i o n  f o r  @ can be r e a d i l y  shown 

t o  be given by 
1 



I t  i s  assumed here  too t h a t  both hor izonta l  s o l i d  sur faces  a r e  

kep t  a t  constant  temperature, 

I n  view of t h e  a x i a l  symmetry of the f low p a t t e r n  one of 

t h e  momentum equat ions i s  s a t i s f i e d  i d e n t i c a l l y e  This i s  re-  

f l e c t e d  i n  the  p resen t  formulation of the  problem by the  possi-  

b i l i t y  of e l imina t ing  one of the dependent va r i ab les ,  When 

equa t ion  (22) r a t h e r  than (21) is assumed t o  hold on the  cyl in-  

d r i c a l  sur f  ace,  the  va r i ab le  Y s a t i s f i e s  homogeneous governing 

equa t ion  and boundary condi t ion%, It therefore  vanishes i d e n t i -  
I 

c a l l y .  The r a d i a l  component of v e l o c i t y  is therefore  (- a ( ~ / a ~ )  . 
The f u n c t i o n  4 is assumed t o  be given by 

so t h a t  (- ~ y / a v )  has the  d i r e c t i o n  which i s  compatible with 

t h e  assumed c i r c u l a t i o n  p a t t e r n  of a  s ing le  r ing-vor tex ,  This  

express ion  s a t i s f i e s  the boundary condi t ions  (17) and (20) 

when %,  is the  f i r s t  r o o t s  of 

Use is then made of the equat ion8 of con t inu i ty  and Tor- 

t i c i t y ,  Procedure s i m i l a r  t o  t h a t  of Sect ion 3 y i e l d s  the 

fol lowing r e s u l t s  

Here 7 , which i s  def ined  by 



is u n i t y  when t3. = d Henee a s  i n  equation (30) the  

m a l t i p l i e r  of & is  always positiive and when the c y l i n d r i c a l  

su r face  is wel l  i n s u l a t e d  the  confined f l u i d  i s  l e s a  s t ab le ,  

Again when c 4 0 &+ approaches the value obtained i n  

Reference 2. However, s ince  there  equat ion ( 3 6 )  is no t  s t a t e d  

e x p l i c i t l y ,  agreement i n  the  r o t a t i o n a l l y  symmetric ease appears 

a t  f i r s t  s u r p r i s i n g  r a t h e r  than reassur ing ,  Nevertheless, 

c l o s e r  examination shows t h a t  Yih% so lu t ion  (accidently?) does 

s a t i s f y  t h a t  requirement,  When C is very small 3 var5a- 

t i o n s  a r e  n e g l i g i b l e  and by v i r t u e  of equation (17') the con- 

d i  t i o n  of vanishing (-a @ /3r)w=c which is imposed there,  

reduces t o  

Since i n  Reference 2 the  s o l u t i o n  has t he  form 

equat ion (41) is mathematically equiva lent  t o  (36). The two 

condi t ions  never the less  a r e  der ived from two d i f f e r e n t  physical  

p r i n c i p l e s ,  



I n  Fig.  1 Ra i s  p l o t t e d  a s  a funct ion  of C f o r  th ree  

v a l u e s  of n and two values of & . Completely conf fned f l n i d  

is u n s t a b l e  when t h e  Rayleigh number exceeds the  l e a s t  of 

( i n f i n i  t e l y  many d i s c r e t e )  va lues  of Ra which correspond t o  

t h e  slenderness of the  conta iner  ( s e e  Fig. 1). Thus, convec- 

t i o n  never commences by forming a  p a t t e r n  i n  which there  a r e  

s t r o n g  8 v a r i a t i o n s ,  uSimplert  modes, n- o ,  I , where 

t h e r e  is on ly  one su r face  a c r o s s  which u, changes s ign  a r e  

e v i d e n t l y  l e s s   table, O f  t he  two poss ib le  t h e  r o t a t i o n a l l y  

symmetric p a t t e r n  i s  more s t a b 1  e  f ~ r  s lender  con ta ine r s  and 

l e s s  s o  f o r  coin-shaped ones, The t r a n s i t i o n  between the t w o  

is when C i s  about 6.4, It occurs  probably because compara- 

t s v e l y  wide h o r i z o n t a l  s o l i d  s u r f a c e s  tend t o  i n h i b i t  long 

horizontal .  p a r t i c l e  paths .  When w = 1 f l u i d  p a r t i c l e s  t r a -  

v e r s e  s h o r t e r  h o r i z o n t a l  d i s t a n c e s  than  when ?.c = 0 Aa 

mentioned,these r e s u l t s  a r e  r e s t r i c t e d  t o  moderate values of C , 

These s t a b i l i t y  curves a l s o  show t h a t  f l u i d  is l e a s t  s t a b l e  

when c is about 1.3. The corresponding c r i t i c a l  Rayleigh 

numbers f o r  h i g h l y  conductive and i n s u l a t e d  c y l i n d r i c a l  sur- 

f a c e s  a r e  2500 and 2150, r e s p e c t i v e l y .  Because of the increased 

v iscous  d i s s i p a t i o n  caused by the c y l i n d r i c a l  wa l l  both of these  

v a l u e s  a r e  s l i g h t l y  higher  than 1708 which was obtained i n  

Reference 5 and 1, 
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