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Abstract

A solution for the flow in the half plane bounded by a solid plane is obtained.
A circular part of this plane rotates steadily while the rest of the plane is stationary.
It is assumed that this rotation is the sole source of disturbance in the fluid. The
mathematical problem and the method of solutiongretherefore basically different
from Karman's and Cochrane's treatments of an apparently similar case. Compari-
son of these works with the solution obtained brings up the rarely discussed question

of determinacy of differential systems governing viscous incompressible flows.



Introduction

This is an analysis of the incompressible viscous flow in the half space

pounded by the solid plane =Z’= 0 , where (+', & z’) are
cylindrical co-ordinates. The central part of this plane o<~r'<q@  z%o
rotates with a constant angular velocity & . The rest of the plane g< +' Zko

is assumed to be stationary. This analysis shows that due to the viscosity
angular momentum diffuses through the otherwise stagnant medium, This
quantity is therefore small at infinity but large at the vicinity of the source of
motion. Due to the centrifugal acceleration, the fluid near the disk is pushed |
radially. In the same time, because of continuity, fluid is drawn towards the
disk along the axis of symmetry. A typical spiral particle-path is sketched in
Figure 1.

It is stressed that this qualitative explanation of the mechanism under
discussion, and the corresponding sequence of steps in the analysis are based
on the assumption that the rotation is the sole source of disturbance. As will
be shown this is not true for the flow considered by Karman [lJ and Cochrane 2] .
Hence, despite certain similarities between the geometries of the boundaries
and the resulting flow patterns (see Fjgure 1) the case considered here is
basically different. In the Karman-Cochrane solution the sum of the tangential
stresses on any central part of the disk (which they assume to be infinitely wide)
result in 2 moment /M\ which is proportional to a3/2 [3J Thus, though M
I'elOI;esents a generalized force and Q  is a measure of the resulting motion
these two vectorial quantities do not change signs simultaneously. This feature

ofthe M -Q relationship reflects the fact that the moment M is not the only




generalized force which disturbs the fluid. Conversely, in the solution proposed

M is indeed an odd function of QL.  so that the two change signs simultaneously.
The features of the M - relationship cannot form the basis for the proof

that the rotation of the disk is not the only cause of the Karman-Cochrane flow, We

(4] .

therefore propose to examine that solution more carefully. As pointed out™" it

[t 2,5, 6] in which the radial and circumferential

belongs to the class of solutions
components of velocity are proportional to 4’ while the z’ component is inde-
pendent of this variable. Since the o' dependence is assumed to be known, no con-
ditions are prescribed at +~'=const. = ¢ , At z’=00 Karman and Cochrane im-
pose two conditions while at z' = 0, all three velocity components are prescribed. .
This underdeterminate formulation gives the impression that the boundary con-
ditions which hold at z' = 0, or rather the fluid-motion that these represent, is of
particular importance. It probably led to the common belief that the Karman-

[3]

Cochrane flow is ""due to a rotating disk" and no other cause. However, it is
possibie to treat the Karman-Cochrane solution as one which is governed by a
well-posed problem in which the three velocity components are prescribed every-
where on the bounding surface. In such formulation the purely rotational motion is
prescribed at z' =0 as before. However, the velocity fields that were obtained

in Refs. 1 and 2 for Z’=c0 and = oo , appear in the properly posed
formulation as the boundary conditions which should be imposed at these parts of
the bounding surface. ‘ Therefore, overlooking the question of uniqueness, one
concludes that the Karman-Cochrane flow results no more from the rotation of

the disk than from the axial inflow and radial outflow which are found to prevail

at z'= oo and #+'=e0 , respectively.



Following Collins 17] and othersl4] we expand dependent variables in
poweTs Of Reynolds number Re. The coefficients in these series satisfy
differential equations of either the second or the fourth order, Correspond-
ing number of boundary conditions are obtained from the fequirements that
the fluid should not move with respect to the solid surfaces and that its
velocity at infinity should be finite. The last requirement is a consequence
of the factsthat the medium is dissipative and that finite amount of power is
supplied in order to maintain the only disturbance. The Green's functions
for the fourth and second order differential system are obtained. Interms
of these any finite number of coefficients can be evaluated. Attention is
focused on the physic‘al features of the solution in which only the first two
are retained and which is therefore valid only when Reynolds number is

small,
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Analytical Development

In terms of the non dimensional independent variables defined by

(7,9, z) = (¢/a), g, (Z/a)) J

the governing equations are

- R & %((z, ) = DM

) 1
T, z) &

2% * 20 Z) + = (2)

where

o

A 2
= - 27 aa
D" = "% ¥ 3 Y o=z ke

Here » 1is the kinematic viscosity’ W is the Lagranges stream function so
that the velocity components in the direction of (+ , 8,2) are
(+' b\/"/ Rz U, - T"Byf/ 2%). The dependent variables U and 2

J 4 :

are nondimensionalized so that the boundary conditions are

U= Vo= 2V¥laz = o zzo0, 0<tT<I,
U= ¥ o= 'ayf/az =0 Z=0, 1<71<00, (3)
v + ?'\//'/'0')" J T B'Yr/bz ame pivu'ﬁ Mz



The following expansions are assumed to hold

o0
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Equations (1) and (2) thus y1eld(: -]
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in which coefficients with a negative index are taken to vanish identically. The
function V0 satisfies the conditions imposed on { while the coefficients V;J,
for (>0 vanish everywhere on z = 0 and are finite at infinity. We let func-
tions ’\Yﬂ " for any index satisfy the conditions imposed on "y~

The coefficient V, is gove rned by

o = DY)

Y (1.0) Vo opet mz -

" N

= O <7,

The governing equation suggests a solution of the type J, (/"') </ or

(22i‘f1)

©)




v /M) P where J, and Y are Bessel Function of the first order.
In view of the finiteness of the velocity field at infinity the argument of the ex-
ponents has to be negative. Inclusion of the axis of symmetry in the domain
under discussion makes VY e 2y inadmjssable, so that V is assumed

to have the form

Yo = ogﬁ(/')ly""”wz/‘“’f“ : (6)

The function g (/M) is obtained by combining Henkel's inversion formula
with the boundary conditions at z = 0, When use is made of the recurrence

relationships of Bessel Functions the solution can be expressed thus:
o0
_ Fdu
L [ipigery
(2]

In order to solve for V., , ¢ > 9 , useis made of the auxiliary

functions %L defined thus:

Y = W /e

b

These functions satisfy the following conditions and equation
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where %u' (v z) is the left hand side of equation (121). Here {2

is the Laplace operator in cylindrical co-ordinates which is related to D2 thus:

i

p* +6/27) = rh/2M)y?

The resulting potential problem (7) has a solution of the form

oo ° o0

7 7.2 d# 1G (7,2, 7, 2) 7 dF oz
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where G is the appropriate Green's function. It is (&)  times the
potential due to two uniform ring shaped ""charges" or "masses' located
at "I“='F z=‘2 and at P =F z="2

4

This function is given by

G- - g‘(—l{/ (T+F)y (z-2)2 \‘< (\/(M:):vf(z—i):)

VD L 2+ 2 (/ 417 ‘ 7
K {(F+5)* + (2 + 2)° ) J

Where K is the Complete Elliptic Integral of the first kind.

It is noted that V0 could have been evaluated by solving first for W{,
Which is harmonic throughout, has assigned values at z = 0 and vanishes

at infinity, By differentiating W, the following is obtained

(89;)

)
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7 dF . (10)

'3/((1_;1) z (7 + Fcosd) o
s (

T+ 7§ ArFecosd + =22 )R

This form is more complicated than that of equation (6'), but its more
recognizable order properties are useful.
Just as D? of equation (y9) is related to  v*  so is D* which appears

in equation (2, ;) related to the biharmonic operator Ve . Therefore again

use is made of auxilliary function J;_ which is defined in this case by
TR0,/ = Y

AL+ 20+

Evidently I is governed by

AL+t
0
- [ b hnds - AT
PAR 2 20 +1
T
(1)
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where Py;4+1 stands for the left hand side of equation (2Zi+l)' In the solution

of the type

&0 oo o0
i f [ [+ b8 23] [ (7,2,5, 2) 7 i dz it
s




we let the Green's function H have the form
o
H = - (8'51.’)“{’ I[ (¥ +271Fcosd + 7% + (z-20)"™

-ov

(13)

5/1 pout - -
(T;‘i—z’r'r"cosg + 7+ (z+32)Y) 1dé6 @(”“,Z,"“.z)} .

In this expression the square roots are the distances between (1", 0,z ) and

the points ( *, § , Z) and (#,6,-Z) . Since with R as the radial

’

spherical co-ordinate the following holds

V(R /sx) = @w R

these two terms are the biharmonic potential due to point "masses' or

"charges'situatedat (* , & , Z )and(+F , &, -Z ). Therefore, the
integral with respect to é is biharmonic everywhere except along =17'/
z=2 , -F<g<9C where it has the appropriate type of singularity. Because
of the mirror image at =¥ z=-2Z  this integral vanishes on z = 0
and ig finite at infinity. The function @ is a singularity-free biharmonic
function which, like the integral with respect to & , vanishes at z = 0 and is
fin" at infinity, It is added to the expression for H so as to make its derivative

the plane z = 0 vanish. This requirement yields the relationship

4

{ _ —'/1 A |
‘:ZEILfr"«:-z'rw‘cosB + 7 + 227 dé  + (’b@/?z)po
-5




which suggests the following solution for C)

o
i A -
@ = J | 7% +arfcosd + 11 + (z+2)* 1 2zzdf
-
Hence H is given by
o
H = - (3ﬂ)"J{[$2+2chosé + -i'(z—:"—)z:l’/:L
-

as')

- - - - l/ - -2 -
-,)_'f'2+ 2 Feosd + 1 o+ (z+2)7°1 % 2z Z[F*+2r7cosd + 1 + (z+3)] }01'9

Results and Discussion

In order to show that at least,under some circumstances, the flow
obtained has the predicted pattern we examine the solution in which only the
first term in each of the two expansions (4) are retained. Though the trunka-
tion of the terms of O(Rez) limits the applicability of the solution to cases in
which Re is small, previous works suggests that such results are neverthe-
less meaningful® 8. with (- ¥, equations (6') and (10) imply that
the circumferential velocity is small far from the disk. More precisely, it
follows from the latter that (¥ is very nearly equal to LzrR™° where L is a
constant, and is therefore of O(R_3) for large R, Therefore h , Which is

equal to (— )\(1/2 Z) , decreases like R, Consequently provided/o

10



and 5 are large but finite not too big an error is committed in setting
T= £ and z = as the upper limits of the integral in equation (121). Thus,

since expansion in powers of (1/z) and (1/r) yields

H = (8%)"_{{{ (2/z) - (2/2)

=3
Z

_(34)22r;+'$2+2Tic05§) " 0(1‘4)} 457 )
H = (i/2) 'z 7"_3 + O(Vr")

the following approximate relationship holds

/ R.Q r*27° for large z
Vo= Rt (/27

-3
Re@Q 2™ for large r

The constant @, which is given by

Q= - E_HLJq”L"z\g(-?k,z‘)zvo/ﬁ d#]F22d+dz

can be shown to be positive, The flow far from the disk can therefore be

approximated by

(L=—3sz@'rz’q o= Lyz? w:-—lReQZ-S P

W= 2R Q z~" U=Lz2™ w= 3RQZT,

(14)

(15)



for large and small (z/7) , respectively. These results imply that far
from the disk near the horizontal plane fluid particle paths spiral outward, Far
out near the axis the flow is directed towards the disk (see Figure 1.). At the
vicinity of the disk the swirl is predominant over the motion in the meridian
planes,

It is noted that the tangential stress at the disk "5;, like the
(dimensional) circumferential velocity is proportional to £ times a series
of even powers of Re. Therefore M is an ddd function of and the M-Qu
relationship satisfies the desired sign criterion.

As mentioned, the Karman-Cochrane solution is commonly believed to
represent the flow that can be produced by rotating a disk which is contact with
otherwise stagnant liquid. However, in any laboratory experiment that one can
visualize, the disk is not infinite as assumed in the analysis. It is therefore
necessary to assume that in so far as the vicinity of the origin , R<</ is
concerned the situation prevailing at the rim, A o~ , is of secondary
importance, However, if 'edge effects' (as Goldstein[?’] calls them) are negligible
then for small R the solution obtained here should be identical with that of
Karman and Cochrane. Evidently this is not the case. In view of equation (6')

the following holds

- Y-{‘ I ((+D] fk}J (/‘) 3-/‘20}“ } ’fu'ﬂ + OR).

abrl - . .
For small z the coefficients of 7 : , ¢ >©°, do not vanish while in the

Karman-Cochrane solution (¥ is proportional to r (for any Re). The in-

admissability of the assumption about ‘edge effects' is in line with our basic premise

12



that situations prevailing at different parts of the bounding surface should be
treated on equal footings, This attitude is evidently not, by any means,

universal in the contemporary literature on viscous incompressible flows,

o
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