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A function f ( ~ )  of a complex var iable  1 i s  b a  plane positive or simply 

p o s i t i v e  whenever 2% i s  a d f l i c  and s a t i s f i e s  Re f (1) > o i n  the half plane 

- 
R e  A 7 0. lf, in a d d i t i o n ,  f (z) = f(1) we say the  function is  positive r e d .  

.. 
By v i r t u e  of S a k z ' s  r e f l e c t i o n  pr inciple  the  last condition i s  equivalent t o  

ass wting that f(h) is  rea l  f o r  r e a l  1 i n  the ha l f  plane. A theorem of Nwenlirma 

1 C1] *ich is based on an earlier r e s u l t  of Herglotz [2] t e l l s  us that a necessary 

; M suffiaient c o n d i t i o n  for f (1) t o  be a posi t ive  function is  that it can be re- 
I 

presen ted  by t h e  S t i e l t j e s  i n t e r n  

Q) 

I *ere a 2 0 and g are  r e a l  scalars and p is a ion-decreasing and bounded f'unction 
i 
f 
1 * i c h w e n o m z e  byp(&) = o. Moreover, a s s h m b y C a u e r [ 3 ] ,  f ( k )  i spos l t ive  

We xlsh t o  extend (1) t o  a c lass  of operator valued functions 5 on a Hilbert 

space which are, in  a sense  t o  be made precise below, positive r e d .  Such fUmtion8 
I 

/ occur i n  t h e  s t u d y  of p a s s i v e  Hilbert  systems and the notation \ refers to  the fact 

that the  o p e r a t o r s  o f t en  $ r i s e  as t he  resolvents of certain unbounded operators (c-f- 

C41, DO]). I 

H dll d e n o t e  an wbitrary complex Hilbert  $pace and % i s  to consf st 02 dl 
I 
I 

elements i n  H which satisfy the symmetry condition (u,v) " (v,u), *ere parenthesis 1 

i n n e r  product In B, ~t is clear  t ha t  & form e Hilbert space oser the r e 3  

I 

I 1 

I I 

I  nu^^^. We now define a one p w m t e r  family of operators 4 on to  be positive 1 

if = (5 uYU) 3s p o s i t i v e   in^ for  a l l  u i n  the domain Of 5. h o r d u  to do- 

from the fact that  on P the matrix i 1 

I fine Pos i t i ve  r e d  ope ra to r s  s ~ e  t ake  OW clue - 
- - / ' y L d  ope ra to r  R ( h ) s a t i s P l e s  ( ~ ( z ) u , u )  = (R (A)*, u) for  a l l  r e a l  11 denever 



- ' ( 1  ( 1 )  Hence we say t h a t  a posi t ive family $ is posi t ive r e a l  whenever 

f(X) fT) for  KU ua I-J, . 
I The next theorem was first established on E" i n  a different way by Youla [ S ]  

Before proving it we need a lemma. 

Q) 

I 

! 1 Let fA(u,$) = a ( ~ , ~ )  A + q(u,V) + iCh-' dp ( u , ~ )  for Re A > 0 where a,q,p' 
-CD "86-1' 6 

/ are complex valued funct ion on H 6 H and where y, i s  of bounded vmiat ion i n  C oh 

i I determined by f and if f i s  a bil lnear  functional then so are a, q, II- 

i A A r 

Roof: 
1 
- Let FA (q 9 Q 5 v)  = fA (4 +Us y v) - fA ( U ~  ,v) - fh (%, v )  for aqr 

I 9 ;.% 3 Vo By assumption FA = o for Re h > o and it suff ices  t o  show the 

Unear i ty  of a, q, p i n  t h i s ,  the first argument, u. NOW FA = d(% , rh Y v) A I - 
i6X -1 + B ( h  Y Y  v) +j'- (3, % Y  v ) where a(%, y , v) = 4% Y +u, v) - ic-  A 

I a(% v) - a(%, v), etc. Since 5 i s  defined f o r  Re A > o then 3' = o also so  I 
*- 

that 
X 

l-Ga F - F - = a + J  
l. A 

a = o. If X = 1 we obtain. + [ a  = o. 
1';-ic (A-1) -c2 

Hence F1 = f3 = o o r  q i s  b i l i n e k .  Now from cr + S a = o we obtain I? = (Ma ) 
! 

A 
a i 

ic-h 
0 o r  1 - = o for Re > o. Hence L (u,v) = <(us v) is  a l s o  s dl 

iC-A 1 16 -1 

I bil inear .  By the  S t i e l t j e s  inversion formula (see, for e m l e y  C6I, Pg 3 5 7 ) ~  
.- - - . - . . - - 

I 

P (u,u) - k U = Ura  P R ~  L (u,u) diu where A = ~ + i w .  But p- = o so t h a t  c t o  
w0 60 A 

1 / ~ ( ( u Y u )  - f ~ e  LA (uYu) due Now polarize p t o  obtain ' 
a* -a, 

.Iim S(R~ L (u, v)  dC riincs 5 ,  being bi l lnear ,  i s  uniquely determined by i t s  
0-bo-O A 

I 



quadratic f a n e  This formula exhibi ts  the fact  that p (u, v) i s  also bilinear. 
6 

. H s n c e C ( y ,  #, v )  = o  a n d s o F x = w ( y ,  % , v )  = o w h i c h s h o x a t h a t a i a b i -  

U n e a a *  

I If f can b e  represented  by d i f fe rent  a, q, p then by taking cM.ffurances 
A .  

1 sasrmtie l ly  the same argument as aboire shows t&t the difference in qt s are arm 
1 
I ar( 

l a n d  that the differences i n  a and p ' s  satisfy a + = 0 or jyU 0. me 
16 X 

1 S t i e l t j  6s formula app l i ed  to th is  last expression shows that the difference i n  p 

~ a l u e s  i s  a l s o  zero. This shows that fl Miquely determines a, q, p. An albrmb 

argument can b e  based on t h e  f a c t  that a i s  L determined by l i m  f(u)/v *ere a = Fh A 
w 

(see [?'I, pg. 24). Since  f(a) = o for 0 > o then so is a. 

* 
1% i s  worth remarking here on & similar resul t  which is d 8 0  quite 

a, 

u s e h l .  If we know L (u,v ) . ~ 2 %  dq (u, U) is billnear then so is 1 
t -0) 

C 
I .- 

I 
whenever 9 is of bounded variation i n  c.' The proof can behmd, for 

example, in [ 93 , pp . 35-6 and i s  equivalent to  showing that if 



Theorem: kt % b e  a One-Parameter family of bounded l inear  operators on 

the IKlber t  Space H. Then a necessary and sufficient condition in order 

tha t  % be  p o s i t i v e  is that it admit the spect ra l  representation 

03 

for all Re X > 0, where A i s  a'bounded self  adjoint and positive operator on 

8 and Q is skew self a d j o i n t  ( i .e . ,  Q = @) and where i s  a om-parweter 

family of bounded s e l f  a d j o i n t  operators on A which sat isfy t6 > tc' for  - 
( > C ' s  i-e - , U, U) > ( $ 6 ' ~ , ~ )  f o r  dl U, $ = 0 and (( ~ , 3  bounded in  ( *C - -a 6 
6 . I n  a d d i t i o n  % i s  p o s i t i v e  r e a l  if  an& only i f  (Qu,u) = 0 for  nr Ho and 

/ 

LC = -ts - 
Roof: If (2) holds  then  f (A )  = (5 u,u) = (Au,v) A + (Qu,u) + J* d(tp,u)  - 
i a  c l e a r l y  p o s i t i v e  i n  R e  1 > 0 since ( A U , ~ )  2 0, Re (Qu,u) = 0, and ( ) C ~ , ~ )  

is  non-decreasing, bounded i n  C and non-negative. I f  f(1) i e  posit ire r e d  then 

(&,u) = 0 f o r  ur H, and 
ic-1 

ic1-1d((t6~,~) 16-h = I  - d ( $ c n , 3 s ~ t h a t f ( h ) w ~ )  
ig- A 

fo r  uc H,. - - 

TO e s t a b l i s h  t h e  converse l e t  % be positive and polarize (%U,Y) by writ- 

ing  4(5 u+v, U+V) - (% U-V, U-V) + i ( R ~  u + ~ v ,  u + ~ v )  - i (% u-iv, u-iv) . 
Each t e r n  on t h e  r i g h t  is a sca la r  posit ive function in  Re A > 0 md (1) 

holds f o r  each of t h e se  t a m s .  If combine the terns i n  a, q, 7 for each 

expression we ob t a in  a n o t h e r  representation l ike  (1) e x e p t  that now q no long- 

e r  will be real, n o r  a pos i t i ve ,  nor TI monotone increasing. I n  fact one ob- 

t a i n s  4(%u,v) = a(u,v) A + q(u,v) + am IC-A dq6(u,v) 
(3) 

-aD - 

where a, q, T) are complex valued and 'll is  simply of bounded variation in < *  

s ince  ( q u , ~ )  i 8  b i l i n e a r  i n  u,v so are a, q, 1 by i e m a  1. *la03 by 1- 1, 

t h e  r e p r e s e n t a t i o n  (I) - deternines a, q, 'll m i q u e b  SO tha t  if 
l e t  (3 )  

> 0, q(u,u) 
then, s i n c e  (%Y,u) is pos i t ive  i n  1, se see from (1) tha t  ~ U J U )  - 
i s  imaginary,  and 7 6 ( u , ~ )  2 0. T ~ U S  the  quadratic foms a ~ ~ o c i a t e d  with a( 

I 



! q(u,v), q (c,v) a re  non-negative and zero i f  
6 

and only i f  u = 0: Hence, by -schwarz Is inequal i ty  1 (a(u,v) 191 a(u,u)ll /Ia(v,v) 11 
and 1'f(u,v) 15 I]TlC(u,u)II II?15(v,v)II. Since 5 is bounded f o r  each Re h > 0 

I then 1 $(u,u) 1 < - donstant (u,u) where the  constant depends on h. For X = 1 

we obtain from (3) t h a t  a(u,u) + dv (u,u) < constant (u,u) . But o < a, 5 - - 
m 

1 5 T~ 5 <_ j' dvC (since TI = o) and so a(u,u) < - constant (u,u), TI 5 (u,u) < - . . 
,Q) -a . . . 

i constant (u,u) f o r  all ue H. By virtue of (4) this shows that  a(u,v) and 

1 ~c(u ,v )  are bounded b i l inea r  forms on Hy f o r  each 6 .  & a theorem of R i e s ~  
1 

I (see, f o r  example, Riesz and Nagy [8], pg. 202) there exis t  bounded operators 

I A, $ such- tha t  a(u,v) = (Au,v) and 15(u,v) = ( tcu,v) ; Since a, TI are both 
5 

I non-negative then A, $ are self  adjoint i o s i t i v e  operators f o r  each 5 5 
r 

( ~ e i s z - ~ a ~ ~  [8], pg. 229) . Also, since TI i s  bounded and non-decreasing so i s  
6 

I the  family $ From equation (3) we now see t h a t  q(u,v) is a l s o  bounded and 

I 
5 ' 

b i l i n e a r  ( the sum of bounded functionals i s  bounded) and so there exists, as 

I above, a bounded operator Q on H f o r  which q(u,v) = (Qu,~).  Since q(u,u) i s  

i ' imaginary we have (&,u) = (Q*u,u) = -(u,Qu) o r  Q i s  skew se l f  adjoint. E n -  

I sly, if F$ i s  posi t ive r ea l  then q(u,u) = 0 f o r  a l l  ua H, since q = 0 in  (1) 

I 
for posi t ive r e d  functions. For the s m e  reason ( t  u,u) = -($6u,u) when 

-6 
us Ho. Thus 

" igx-1 
\(u,v = (AU..V)X + (PU,~)  + J' iC.A d(tCu,v) 

I - -OD 

I A, Q, $ have the  desired properties from which the theorem follows. 
6 
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1, . - ., 

The following is a corrected version of L e m  1 on page 2 o f  Eeport. NO. 108 

by E m  J m  Beltrami, 

Q) 

i b h  -1 
Lemma 1 Let  fX (u,v) = a(u,v) A + q ( ~ , v )  + f - dp (u,v) fo r  Re X > o where 

* . -ic-1 

/ a,q,i a r e  oonq,Iex vdlued functim3 on .H @ H and where p i s  of bouncled variat ion i n '  

( < on t h e  r e a l  axis, xiormallred so t h a t  p- = o. Moreover, suppose tha t  a(u,u) 

! >- O,  9(u,u) i s  imaginary, and p (u,u) i s  non-decreasing i n  I. Then the  quanti- 
. .. . 6 

I t i e s  a, q, p are uniqusly determined by f and if 5 i s  a bi l inear  functional X 
then s o  a r e  a, q, p.  

I - hoof:  Let (uI, %, V)  = fA & Y  v) - fA ( y , ~ )  - fk (%, for any 

Y Y % Y vs H. By assumption F = o for; Re A > o and it suffices t c  show the h 

1 By the  S t i e l t j e s  inversion formula (see, for. e x w l e ,  C61, Pg* 3571, 
.d b 

YC ( ~ ' 3  - yCo (i,u) = L i m  Re fX (u, u) dw , where A = o+iw and 
430 

C 6 0 
6 

Y C ( ~ s ~ )  = S (1*m2) 4 ("u). But yo = o and s o y  (u,u) = l i m  LJ' Re ~ ( u , u )  b- 

I .  0 0) , C cvo = 0 

NOW polar ize y t o  obtain b y (u, v) = y (u*, u + ~ )  - p (u-v, U - V )  + i CpG (u+iv, 
C 
. C f 6 

I u'iv) - pC (u-iv, u-iv)] = Urn 1 Re f (u, v) ~ U I  since f being bi l inear ,  i s  
1 A h ' Q-)O n Q 

i uniquely determined by i ts  quadratic form. . !his formula exhibits the f a c t  t h a t  
. . 
Y (US V )  is bil inear .  Moreover, since p, = 0 tM pC (u,u) = C and 

I the aame k g i e n t  sh- t h a t  (u, V) is also bilinear.  Hence F = w ( % ,  6 , - v )  1 
C A 

i k (9  rh, v). Since f i s  defined for Re A > o then Fx = 0 also &d F - F- = 
X A h  



LY - o which shms that a i s  bi l lnear .  But then FA = p - o and so q 

* is also b i l l n e a r .  

If fX can be rep re sen t ed  by a a f f e r e n t  a, q, p then by taking differences 

the same argument as above shows t h a t  Ik d q u e l y  determines a, q, p.  

An a l t e r n a t e  argument can be. based on the fact t ha t  a i s  determined by l i m  f (a) /o 
. . em 

&are a = R e  h ( see  [7], pg. 24). Since f(a) = o for cr > o then so is  a. 

3% is worth  remarking here on o a similar r e su l t  ih ich  is d s o  @to 

useflil. we G o w  L ~ ( U , V )  => it6 d C (II, V) is b i l i n e a ~  then 80 i8 9 

whenever 1 is of bounded var ia t ion  i n  C. ..me proof Can be 
'Or 

example, i n  [9], pp . 3$6 and is equivalent t o  S h d n g  that if 


