
ABSORBING I.iEDIU?s,I EOLINDED BY A i 

mu-L liiWL- --.--- - - - .?-..ux...*-L-. -.- 

i 
q 

Report  No. 21 
I 
I 
!I 

I SPECULAR RZFLECTOR 
I 

I 

by 

R. D. Cess 2nd A, E. S o t a k  

B 
!I 

RADjlkTION HEAT TRANSFER I N  AIJ H" 
1 



A 2 )  By R -  D. Cess and A ,  E, Sotalc, S tony  Brook, N ,  Ye, U,S.=I, 

I n  analyzing r a d i a t i o n  hea t  t r a n s f e r  within a medi~tm which  

absorbs and emits thermal r a d i a t i o n ,  a r a t h e r  l a rge  number of 

assumptions a re  convent ional ly  employed, One of these is t h a t  

the bounding su r faces  are  d i f f u s e  r e f l e c t o r s ,  and t h e  purpose of 

the p r e s e n t  note i s  t o  i n v e s t i g a t e  a simple s i t u a t i o n  involving 

a  bounding sur face  ~ u t ~ i c h  r e f l e c t s  i n  a specular r a the r  than 

d i f f u s e  manner, 

The phys ica l  model and coordinate system a r e  i l l u s t r a t e d  i n  

Figure 1, and t h i s  c o n s i s t s  of two i n f i n i t e  p a r a l l e l  p l a t e s  sepa- 

r a t e d  by an abso rb ing  and emi t t ing  medium, The bottom p l a t e  i s  

assumed Lo b e  i so thermal ,  g ray ,  n d i f f u s e  emi t t e r  and a spccular  

r e f l e c t o r .  F o r  s i m p l i c i t y  t h e  upper p l a t e  i s  taken t o  be an i s o -  

tilerma: black s u r f  ace,  and t h e  fo l lowing  assumptions regarding 

the  absorbing medium w i l l  b e  employed: 
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I. The medium i s  gray w i t h  an index of r e f r a c t i o n  

of u n i t y  and an absorpt lon c o e f f i c i e n t  which i s  

independent of temperature,  
F 

2. S c a t t e r i n g  i s  n e g l i g i b l e ,  

1 3. Radia t ion  i s  the  so le  mode of energy t r ans fe r ,  

! It  should be noted t h a t  i n  t h e  absence of an absorbing 

( medium the n e t  h e a t  t r a n s f e r  between p l a t e s  w i l L  be independent 

i of whether the lower p l a t e  i s  a  d i f f u s e  or specular  r e f l e c t o r  [I]. 

I Thus, the  p resen t  phys ica l  model i s  one which i s o l a t e s  t h e  e f f e c t  

I of su r face  r e f l e c t i o n  c h a r a c t e r i s t i c s  upon r a d i a t i o n  t r a n s f e s  

i wi th in  t h e  medium. 

2, Resul ts  fox Diffuse Ref lec t ion  

Be fo re  proceeding with t h e  a n a l y s i s  i n  which  surface 1 is a 

specular ref l e c t o r ,  it will be convenient t o  b r i e f l y  summarize 

the  equat ions  which apply t o  the analogous s i t u a t i o n  where s u r -  

f a c e  1 r e f l e c t s  i n  a d i f f u s e  manner, Let  e denote blac1.:-body 

emissive power ( LZ -- ~ 7 '  v~here r is the Stefan-Boltzmann eon- 

s t a n t  and T i s  absolu te  temperature), ? denote the r ad ia t ion  
r 

h e a t  flu>: witll in t h e  medium, and denote the  r a d i o s i t y  of  t h e  

lower s u r f a c e  ( i .e . ,  the s u m  of emitted and r e f l e c t e d  rad ia t ion  

from sur f  ace 1). Fur the r ,  dimensionless q u a n t i t i e s  w i l l  be de- 

f i n e d  a s  
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The expression f o r  the r a d i a t i o n  h e a t  f l u x  i s  given r 
I in a  number of r e fe rences ,  f o r  example [2] and , and i n  
i 

dimensionless form i s  

I 
where Tc -  a y  = CtL U i s  the absorption cot- 

efficient of the medium, and ~ , ( f )  3s the  exponent ia l  

i n t e g r a l  
i 

I The equat ions  governing the emissive power p r o f i l e  q ( ~ )  the 

I rad5amtion hea t  f l u x  $. , and the r a d i o s i t - j r  Ri , a re  as fofloxv: 

I 
I 

Emissive power p r o f i l e ;  

Radiat ion hea t  f l u x  



where E i s  the emiss iv i ty  of su r face  1. 

Equation ( 2 a ) ,  which i s  an i n t e g r a l  equation descr ibing 

P(T) , is obtained by d i f f e r e n t i a t i n g  Equation (1) and noting 

t h a t  (;S i s  a  cons tant ,  Equation ( 2 b )  descr ibes  the n e t  heat 

t r a n s f e r  between t h e  two p l a t e s ,  and is simply Equation (I)  

w i t h  r = 0 . The racl iosi ty  e:cprcssion, Equation ( 2 ~ 1 ,  

fol lows f r o m  combining the  d i f f u s e  su r face  r e l a t i o n  [3, 47 

w i t h  Equation (2b), and t h i s  procedure i s  analogous t o  t h a t  pre- 

v ious ly  employed by Perlmutter  a n d  Howell C53. Xesults f o r  ~( r )  

and 6)  a r e  given i n  a number of re ferences ,  f o r  example L2-j 

and [ 6 ] .  

3 .  Analysis f o r  Speeular Ref lec t ion  

Consider now t h e  ease i n  which surface I i s  a speeu la r  re -  
+ 

f l e c t o r ,  and l e t  I and 1- denote the i n t e n s i t i e s  of rad ia-  

t i o n  ( i . e , ,  the r a t e  of energy t r a n s f e r  per  u n i t  so l id  angle per  

u n i t  a rea  normal t o  the penc i l  of rays)  i n  t h e  upper and lower 

d i r e c t i o n s  a s  i l l u s t r a t e d  i n  Figure 1, W i t h  -AA = , i t  

f o l ~ o v ~ s  from [23 tI1a-t 

1 r r  t -a ,  c l t  , = ~+(S,O) exp(-5)  + i J o e ( + W o ) ~  
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p These express ions  a r e  completely genera l  a s  f a r  a s  the direc-  

! t i o n a l  emission or  r e f l e c t i o n  c h a r a c t e r i s t i c s  of surface 3 are  
t 

I 
concerned, If  s u r f a c e  1 Is a d i f f u s e  emit ter  and d i f fuse  re- 

? f l e c t o r ,  t h e  q u a n t i t y  z+(u,o) appearing i n  E q u a t i o n  (4a) 

I is a constznt, w h i l e  f o r  any o the r  s i t u a t i o n  ~ ' ( d ,  O) w i l l  

i b e  a  f u n c t i o n  o f  

For the p r e s e n t  s i t u a t i o n  i n  which sur face  1 i s  a d i f fuse  

e m i t t e r  and specular  r e f l e c t o r  

where ( / - € ) is t h e  r e f l e c t i v i t y  of a g r a y  surface.  Thus,  

from Equat5on (4b)  

The n e t  r a d i a t i o n  hea t  t r a n s f e r ,  ar , may now be ob ta ined  

t h r o u g h  i n t e g r a t i o n  over t h e  s o l i d  angle,  w l t h  the r e s u l t  



For comparative purposes, it will be convenient to express 

Equation ( 6 )  in terms of the same dimensionless  quantities pre- 

viously considered; i.e., and Q . To t h i s  end, it is 

first necessary to obtain an expression for the radiosity R, * 

! 

i Since 

then from Equation ( 5 )  

and t h i s  i s  identical with t h e  result for d i f f u s e  reflection 
I 

given by Equation (3). One may now express Equation ( 6 )  in 
I 

I the dimensionless form 

+ z o - ~ ~ ~ % ( t ) i f i ~ E ~ ( ~ + ~  o - ~ E ~ ( T ) E , ( T ) ; ~ ~  

Referring to Equation (1) for diffuse reflection, Pt is seen 

1 that Equations (I) and (8) differ through the appearance of the 

I last term in Zquation ( 8 ) ,  

The equations describing ~ ( r )  5 and R, may be 

obtained in exactly t h e  same manner as previously described for 

d i f f u s e  reflection, and these equations are as follow: 



Emissive power p r o f i l e ;  

Radiation h e a t  f lu:r; 

Comparing the above equations with Zqua t ions  (2) which app ly  

f o r  d i f f u s e  r e f l e c t i o n ,  it i s  seen t h a t  only E q u a t i o n s  (2a) and  

( 9 a )  d i f f e r ,  Equa t i on  (921) contains an  a c l d i t i o n a l  t e rm,  and t h i s  

termaffects 8(r) in two ways ,  F i r s t ,  i t  introduces t h e  

emissivity B a s  a parameter ;  and second,  ?)(TI is no longer 

antisymmetric as it is f o r  d i f f u s e  r e f l e c t i o n  t71. 
To obtain a  f i r s t  approximat ion f o r  , a pzrticularly 

meaningful approach f o r  t h e  present  problem is  t h e  exponen t i a l  

Isernel approx imat ion  a s  employed by  Lick [ g ] ,  and t h i s  makes use 

of the expressions . 



Upon s u b s t i t u t i n g  these i n t o  Equation (8) i t  is seen t h a t  the 

t l a s t  term vanishes ,  and t h i s  i s  the term t h a t  makes Equat ion ( 8 )  

d i f f e r  from i t s  d i f f u s e  r e f l e c t i o n  counterpart  given by Equa- 

t i o n  (1). Thus, within  the Erarnewo~"Ic of t h e  exponential  kernel  

i approximation d i f f u s e  r e f l e c t i o n  and speeular r e f l ee tdon  yie-t'd 
8 

i d e n t i c a l  r e s u l t s ,  and from Licl; C8] these a r e  

I 
I 3)  For t h e  sake of brevi ty ,  the  r s t h e r  lengthy expression f o r  

1 ?(r) i s  omitted. 

I 
I 4)  It should be r e c a l l e d  t h a t  f o r  d i f f u s e  r e f l e c t i o n  Hr) i s  

independent of . 

f t  i s  i n t e r e s t i n g  t o  note t h a t  t h e  above expressions h a v e  a l s o  

been obtained by De i s s l e r  L9] through use of the Rosselanci 

equation w i t h  jump boundary conditions.  

A second approximatior f o r  T ~ T ]  can be o b t a i n e d  by 

s u b s t i t u t i n g  Equation (10)  i n t o  the r i g h t  hand s i d e  of :!qua- 

t i o n  ( 9 a ) ;  i , e , ,  conventional use of t h e  m e t h o d  of successive 

approximations. The r e s u l t i n g  ~ h - )  p r o f i l e s  a r e  i l l u s -  

t r a t e d  i n  F i g u r e s  2 and 3 f o r  E S  a.7 3) and 8 - 3  eespeetively ,, 

4.) 
Also i l l u s t r a t e d  a r e  curves representing d i f fuse  r e f l e c t i o n  , 



and these  were obtained i n  the  same manner a s  t h e  specu la r  re-  

f l e c t i o n  r e s u l t s  by s u b s t i t u t i n g  Equation (10) i n t o  the r i g h t  

hand side of Equation ( 2 a ) .  The p resen t  d i f f u s e  r e f l e c t i o n  curves 

agree almost p r e c i s e l y  w i t h  those of References [2] and , and 

i t  was t l ~ u s  deemed unnecessary t o  consider  higher approximations 

of ~ ( 7 )  f o r  e i t h e r  d i f f u s e  o r  specular  r e f l e c t i o n .  

I t  may be seen t h a t  t h e  d i f f e r e n c e  between t h e  specular  and 

d i f f u s e  r e s u l t s  i s  q u i t e  s m a l l ,  I t  i s  slightly grea te r  f o r  - 0.3 than f o r  E -- O , b  s ince  r e f l e c t i o n  p l a y s  a g r e a t e r  

r o l e  a t  t h e  lower ern iss iv i ty  value,  Cne may a l s o  note t h a t  t h e  

d i f f e r e n c e  decreases  a s  becomes l a r g e ,  The reason is -that 

f o r  l a r g e  r a d i a t i o n  t r a n s f e r  w i t h i n  t h e  medium approaches 

a d i f f u s i o n  process  and thus becomes independent of t h e  re f lee-  

t i o n  c h a r a c t e r i s t i c s  of the bounding sur faces ,  A d i r e c t  analogy 

t o  t h i s  involves molecular heat t r a n s f e r  i n  a gas ,  s ince  the 

manner i n  which a surface r e f l e c t s  molecules p l a y s  no r o l e  i n  

continuum heat  conduction but is a f a c t o r  o n l y  under r a r e f i e d  

condi t ions .  

A comparison of n e t  hea t  t r a n s f e r  is i l l u s t r a t e d  i n  T a b l e  1, 

an6 these  r e s u l t s  were obtained through nurnexieal in t eg ra t ion  

of the  express ion  

A S  would be expected from the c l o s e  agreement of t h e  emissive 

power p r o f i l e s ,  t he re  is  no appreciable difference between the 



specular and d i f f u s e  r e f l e c t i o n  r e s u l t s  f o r  n e t  h e a t  t r a n s f e r .  

Table 1. R a d i a t i o n  h e a t  f l u x ,  Q - q , / ( ~ ~ - . e ~ )  

4, Coneludin~ Remarks 

D i f f u s e  

I n  c l o s i n g ,  i t  i s  wor th  mentioning t h e  more g e n e r a l  ease 

i n  which b o t h  s u r f a c e s  are s p e k u l a z  r e f l e c t o r s ,  L e t t i n g  P, 
and p, be t h e  r e f l e c t i v i t i e s  of t h e  two surfaces, t h e  

r a d i a t i o n  f l u x  e q u a t i o n  w i l l  c o n t a i n  i n t e g r a l s  of the type  

This reduces t o  t h e  e x p o n e n t i a l  integral, E,(?) , o n l y  f o r  

t h e  case 5n which one of t h e  two surfaces i s  b lack ,  

S p e c u l a r  ! 
- 

e 0 - 7  

---- 

F: z 0,3  
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Pig. 1. Physical model and coordinate system 



Pig. 2. Emissive power prof i les  for r n 0.7 
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Fig. 3. Emissive power profiies for c = 0.3. 


