


CONTENTS 

I. INTRODUCTION 1 ' 11. BAND ABSORPTANCE MODELS 2 

A .  Band Absorption 2 
B .  Band Absorptance 9 
C .  E l sasse r  Model 1 2  
D o  Rigid- rotor ,  Harmonic-oscillator Model 1 8  
E .  Band Absorptance Corre la t ions  24 

111. BASIC EQUATIONS 

A .  Rate Equations and Relaxation Time 2 9 
B.  Equation of Transfer  32 

:C, Radia t ive  Flux Equation 35 
I' 

D. Op t i ca l ly  Thin L i m i t  .' 38 
E .  Large Path Length L i m i t  3 9 

IV. RADIATIVE TRANSFER ANALYSES 42 

A .  Radiat ive Transfer  4 2 
B .  Radiation-Conduction I n t e r a c t i o n  6 0 
C .  Vibra t ional  Nonequilibrium 7 5 
D .  Radiat ive Equilibrium 



I. INTRODUCTION 

The o b j e c t  o f  t h i s  a r t i c l e  is t o  i l l u s t r a t e  t h e  incorpora t ion  of  

spect roscopic  information i n t o  t h e  r a d i a t i v e  t r a n s f e r  equations,  and t o  

q presen t  a  reasonable  means o f  t r e a t i n g  r a d i a t i v e  energy t r a n s f e r  wi th in  

gases .  S p e c i f i c  r e s t r i c t i o n  is made t o  i n f r a r e d  gaseous r a d i a t i o n ,  

which r e s u l t s  from molecular t r a n s i t i o n s  involving both v i b r a t i o n a l  and 

r o t a t i o n a l  ene rg ies ,  and emphasis w i l l  be placed upon t h e  a p p l i c a t i o n  

of  molecular band models t o  r a d i a t i v e  t r a n s f e r  analyses .  I n  a  sense,  

t h e  p resen t  chap te r  may be regarded a s  a  cont inuat ion  of  t h e  chapter  
1, 

< <  

appearing i n  Volume 5 of  Advances i n  Heat Transfer  by C.L. Tien, wi th in  

which d e t a i l e d  information regarding v ib ra t ion- ro ta t ion  bands is  included. 

Consequently, t h e  p resen t  chapter  w i l l  only b r i e f l y  review v ib ra t ion-  

r o t a t i o n  s p e c t r a ,  while t h e  main o b j e c t i v e  w i l l  be t o  apply band in fo r-  

mation t o  t h e  formulat ion of r a d i a t i v e  energy t r a n s f e r  wi th in  gases,  i . e . ,  

t o  t h e  a p p l i c a t i o n  of  l o c a l  conservation o f  energy wi th in  a gas.  

The chap te r  is  divided i n t o  s e v e r a l  s e c t i o n s ,  and t h e  following 

s e c t i o n ,  Sec t ion  11, b r i e f l y  reviews i n f r a r e d  band spec t ra ,  introduces 

very simple band models, and proceeds t o  d i scuss  t h e  formulat ion of t o t a l  

band absorptance information with t h e  a i d  o f  t h e s e  models. The b a s i c  

equations desc r ib ing  r a d i a t i v e  t r a n s f e r  wi th in  an i n f r a r e d  absorbing- 

emit t ing  gas  are formulated i n  Sect ion  111, and t h e s e  allow f o r  r a d i a t i v e l y  

induced depar tu res  from l o c a l  thermodynamic equil ibrium. The f i n a l  

s e c t i o n ,  Sec t ion  I V ,  p resen t s  some i l l u s t r a t i v e  r a d i a t i v e  t r a n s f e r  

analyses ,  wi th  emphasis upon phys ica l  i n t e r p r e t a t i o n s  and t h e  r e l a t i v e  

importance of thermal r a d i a t i o n  versus  molecular conduction a s  energy 

t r a n s p o r t  mechanisms. 



11. BAND ABSORPTANCE MODELS 

The purpose of  t h i s  s e c t i o n  i s  t o  formulate and d iscuss  spectro-  

scopic  models descr ib ing t h e  t o t a l  band absorptance f o r  in f ra red  . 

r a d i a t i n g  gases .  A s  w i l l  be seen i n  Sect ion  111, t h e  t o t a l  band - 

absorptance p lays  an e s s e n t i a l  r o l e  i n  descr ib ing t h e  equations f o r  t h e  

r a d i a t i v e  energy f l u x .  F i r s t ,  however, it w i l l  be necessary t o  review 

b r i e f l y  s e v e r a l  a spec t s  of  t h e  bas ic  s t r u c t u r e  of  v ibra t ion- rota t ion  

bands. A s  previous ly  discussed,  no at tempt a t  completness w i l l  be made, 

s i n c e  a desc r ip t ion  of i n f r a r e d  band s t r u c t u r e  has been given i n  t h e  

< .  

article by Tien (1) .  

A. BAND ABSORPTION 

I n f r a r e d  absorpt ion  and emission of  thermal r a d i a t i o n  is a consequence 

I of  coupled v i b r a t i o n a l  and r o t a t i o n a l  energy t r a n s i t i o n s .  Q u i t e  obviously, 

a diatomic molecule is  t h e  s imples t  molecule which w i l l  undergo such t r a n s i -  

t i o n s .  However, symmetric diatomic molecules, such a s  0 and N have no 
2 2 ' 

permanent d ipole  moment, and thus  they a r e  t r ansparen t  t o  i n f r a r e d  

1 
r a d i a t i o n .  For unsymmetric diatomic molecules, such a s  CO, t h e  in f ra red  

spectrum w i l l  cons i s t  of a fundamental v ib ra t ion- ro ta t ion  band occurring 

a t  t h e  fundamental v i b r a t i o n a l  frequency o f  t h e  molecule; i . e . ,  t h e  band 

a r i s e s  due t o  an energy t r a n s i t i o n  between two adjacent  v i b r a t i o n a l  energy 
s 

l e v e l s .  Vibra t ional  t r a n s i t i o n s  spanning t h r e e  v i b r a t i o n a l  l e v e l s  produce 

t h e  first overtone band loca ted  a t  twice t h e  fundamental frequency of  t h e  

molecule, and subsequent overtone bands occur a t  higher mul t ip les  of t h e  

'symmetric diatomic molecules may have pressure- induced bands which can 
p lay  a s i g n i f i c a n t  r o l e  i n  atmospheric r a d i a t i o n .  For example, i n f r a r e d  
transmission by hydrogen is important i n  t h e  atmospheres of t h e  Jovian 
p l a n e t s  (2,3). 



n i f i c a n t  r e l a t i v e  t o  t h e  fundamental band. 

The p i c t u r e  is much t h e  same f o r  polyatomic molecules, except t h a t  

t h e s e  have more v i b r a t i o n a l  degrees of  freedom. For example, carbon 
4 

dioxide  is a l i n e a r  t r i a t o m i c  molecule and thus  possesses f o u r  v i b r a t i o n a l  

c degrees o f  freedom. The two bending f requencies ,  however, a r e  i d e n t i c a l ,  

while one o f  t h e  s t r e t c h i n g  modes is  symmetric and thus  has no permanent 

d ipo le  moment. Consequently, carbon dioxide  has two fundamental bands. 

I n  a d d i t i o n  t o  fundamental and overtone bands, t h e  in f ra red  spectrum of 

I polyatomic molecules a l s o  inc ludes  comdinat ion and d i f fe rence  bands which 

occur a t  l i n e a r  combinations o r  d i f f e rences  of  t h e  fundamental f requencies .  

Again choosing carbon dioxide  a s  an example, t h e  important i n f r a r e d  bands 

a r e  t h e  1 5 ~  and 4 . 3 ~  fundamental bands and t h e  2 . 7 ~  combination band. 

While t h e  l o c a t i o n  o f  a v ib ra t ion- ro ta t ion  band is described by t h e  

I assoc ia ted  v i b r a t i o n a l  t r a n s i t i o n ,  t h e  band s t r u c t u r e  i s  governed by 

simultaneous r o t a t i o n a l  t r a n s i t i o n s  which accompany a v i b r a t i o n a l  

t r a n s i t i o n .  A s  a consequence o f  t h e  unequal spacing of r o t a t i o n a l  energy 

l e v e l s ,  t h e  coupled v ib ra t ion- ro ta t ion  t r a n s i t i o n s  occur a t  d i s c r e t e  

I frequencies l o c a t e d  about t h e  v i b r a t i o n a l  frequency. The r e s u l t i n g  

band s t r u c t u r e  i n  t u r n  c o n s i s t s  of  an a r r a y  of  d i s c r e t e  r o t a t i o n a l  

l i n e s .  
w 

Before proceeding, it should be mentioned t h a t  while a v i b r a t i o n a l  

t r a n s i t i o n  is  always coupled with a r o t a t i o n a l  t r a n s i t i o n ,  r o t a t i o n a l  

t r a n s i t i o n s  do occur  by themselves. Since t h e  t r a n s i t i o n  energies  a r e  

very smal l ,  t h e  r e s u l t i n g  spectrum i s  normally i n  t h e  microwave region 

and has no in f luence  on i n f r a r e d  r a d i a t i o n .  There a r e  exceptions,  such 



4 

Often, however, t h i s  pure r o t a t i o n  band is  t r e a t e d  i n  a manner similar t o  

a v ib ra t ion- ro ta t ion  band. 

I n  order  t o  descr ibe  t h e  absorpt ion  c h a r a c t e r i s t i c s  of a v ib ra t ion-  

r o t a t i o n  band, it is first necessary t o  consider  t h e  v a r i a t i o n  of t h e  

s p e c t r a l  absorpt ion  c o e f f i c i e n t  f o r  a s i n g l e  l i n e .  For i n f r a r e d  
t 

r a d i a t i o n ,  t h e  most important line-broadening mechanism is pressure  

broadening ( l ) ,  and t h e  v a r i a t i o n  o f  t h e  s p e c t r a l  absorption c o e f f i c i e n t  

with wave number is given by t h e  Lorentz l i n e  p r o f i l e  a s  

Here rw denotes t h e  volumetric absorpt ion  c o e f f i c i e n t ,  and w is wave 

number ( w  = v/c where c is t h e  speed of  l i g h t  and v t h e  frequency). 

The r o t a t i o n a l  quantum number is  denoted by j ,  such t h a t  t h e  subsc r ip t  

j r e f e r s  t o  a s p e c i f i c  l i n e  wi th in  t h e  band. Thus t h e  wave number 

l o c a t i o n  of  t h e  l i n e  is w j , a n d  y and S r e f e r  t o  t h e  h a l f  width 
j j 

I and i n t e n s i t y  of t h e  l i n e ,  r e spec t ive ly .  For t h e  time being, no 

d i s t i n c t i o n  w i l l  be made between t o t a l  and p a r t i a l  pressures .  The l i n e  

i n t e n s i t y  is  defined a s  

and t h i s  is  c o n s i s t e n t  with eq. ( 1 ) .  The l i n e  i n t e n s i t y  may be described 

i n  terms of t h e  molecular number dens i ty  and E ins te in  c o e f f i c i e n t s ,  and 

f o r  a p e r f e c t  gas  it fol lows t h a t  S is a function s o l e l y  of temperature. 
j 

From k i n e t i c  theory,  t h e  l i n e  h a l f  width may be shown t o  vary with 

p ressure  and temperature a s  
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P 
( 3 )  

'j " 

Wore d e t a i l e d  quantum mechanical c a l c u l a t i o n s  again show t h e  l i n e a r  , 

dependency upon pressure ,  but  i n d i c a t e  t h a t  t h e  inver se  square- root 
w 

v a r i a t i o n  with temperature is  o f t e n  t r u e  only f o r  t h e  band wings ( l a r g e  

cc values of j ) .  Again considering CO a s  an example, Yamamoto, Tanaka, 
2 

and Aoki ( 4 )  have shown t h a t  t h e  temperature dependency of t h e  l i n e  
-n, 

half width may be  described by y Q, T ', and t h a t  n approaches 0.75 
j j 

fop s m a l l  j ,  decreases with increas ing j t o  approximately 0.3, and 

then i n c r e a s e s  with a f u r t h e r  ina rease  if i  j t o  t h e  k i n e t i c  theory value 

The Lorentz l i n e  p r o f i l e ,  as described by eq. (I), is i l l u s t r a t e d  

in Fig. 1. There a r e  two p o i n t s  worth not ing .  The first is  t h a t  in-  

creasing pressure  broadens t h e  l i n e ,  and, with r e s p e c t  t o  a  complete 

band cons i s t ing  of  many l i n e s ,  t h i s  w i l l  a t  s u f f i c i e n t l y  high pressures  

l e a d  t o  a  smearing ou t  of t h e  d i s c r e t e  l i n e  s t r u c t u r e .  The second point  

is t h a t  t h e  maximum absorpt ion  c o e f f i c i e n t ,  which occurs a t  w = w is 
j ' 

i n v a r i a n t  with pressure ,  s i n c e  

PS 
( K  .) - i 

j w3 "j 

from eq. (11, while 
'j % '* 

It remains t o  descr ibe  t h e  v a r i a t i o n  of  l i n e  i n t e n s i t y  with r o t a t i o n a l  

quantum number, and f o r  present  purposes t h e  simple model of a  harmonic 

o s c i l l a t o r  and r i g i d  r o t o r  w i l l  be assumed. Following Penner ( 5 ) ,  and 

assuming a l a r g e  number of  l i n e s  ( l a r g e  j ) ,  t h e  v a r i a t i o n  of  S with 
j 





where h is P l a n c k t s  constant ,  k Boltzmann's constant ,  and B t h e  

r o t a t i o n a l  constant  of  t h e  molecule. Furthermore, S denotes t h e  in ten-  

s i t y  of  t h e  t o t a l  band, such t h a t  

K 
W - S = jw -03 7 d (u-o0) (6) 

where w i s  t h e  wave number a t  t h e  band center .  It should be rea l i zed ,  
w 0 

of course, t h a t  t h e  i n t e g r a t i o n  l i m i t s  i n  eq. (6 )  imply i n t e g r a t i o n  

over t h e  e n t i r e  band, a s  opposed t o  eq. ( 2 ) ,  where t h e  l i m i t s  i n d i c a t e  

i n t e g r a t i o n  over a s i n g l e  l i n e .  

A f u r t h e r  consequence of t h e  r i g i d , . r o t o r  approximation is t h a t  t h e  
r ' 

l i n e s  a r e  equal ly  spaced, with t h e  spacing d = 2B. Consequently, t h e  

l i n e  loca t ions  may be expressed i n  terms of wave number by 

Combination of eqs. (6 )  and ( 7 )  allows a continuous represen ta t ion  of 

S with wave number, and t h i s  is i l l u s t r a t e d  i n  Fig. 2. I n  a c t u a l i t y ,  
j 

f o r  a r e a l  band t h e  two branches ( P  and R branches) a r e  not  symmetric, 

while v i b r a t i o n a l  modes involving bending e x h i b i t  a t h i r d  c e n t r a l  

branch (Q branch). Nevertheless,  t h e  present  s impl i f i ed  model w i l l  

s e rve  t h e  purpose f o r  which it i s  intended; i . e . ,  t o  i l l u s t r a t e  t h e  b a s i c  
k 

f e a t u r e s  o f  t h e  t o t a l  band absorptance. 

With regard  t o  t h e  v a r i a t i o n  of  K over t h e  e n t i r e  band, t h i s  
L W 

w i l l  cons i s t  o f  t h e  superposi t ion  of  t h e  con t r ibu t ions  from t h e  individual  

l i n e s ,  such t h a t  





whem t"he f a c t o r  o f  two is included t o  account f o r  both branches. Again 

assuming a l a r g e  number o f  l i n e s ,  t h e  summation may be replaced by 

i n t e g r a t i o n ,  and employing eq. (5) 

which i l l u s t r a t e s  t h a t  t h e  separa te  app l i ca t ions  of  t h e  assumption of  

a l a r g e  number o f  l i n e s  a r e  mutually compatible. Since S is a 
j 

functZon solely of temperature, - t h e  above equation a d d i t i o n a l l y  i l l u s t r a t e s  

tha t  t h e  band i n t e n s i t y  is  a func t ion  only of  temperature. 
2 

3, BAND ABSORPTANCE 

The spectral band absorptance is  def ined a s  

-KWY 
a = 1-e 

W .  
(9) 

The p h y s i c a l  i n t e r p r e t a t i o n  of au is  t h a t  it is t h e  f r a c t i o n  of energy 

which is absorbed when a beam of r a d i a n t  energy passes  through an i so-  

thermal  slab o f  gas  of  th ickness  y .  The t o t a l  band absorptance is i n  

turn 

where t h e  in%egra t ion  over t h e  s i n g l e  band is again implied. The physica l  

i n t e r p r e t a t i o n  of t h e  t o t a l  band absorptance is not  a s  simple a s  f o r  i ts  

s p e c t r a l  coun te rpa r t  a . For present  purposes, it w i l l  be s u f f i c i e n t  t o  
W 

%bile  t h e  conclus ion i s  c o r r e c t ,  t h e  s i t u a t i o n  is r e a l l y  not  t h i s  simple, 
since summation over  v i b r a t i o n a l  quantum number has been ignored. 



state t h a t  t h e  to ta l  band absorptance w i l l  be needed l a t e r  t o  genera te  

t h e  ke rne l  f u n c t i o n  i n  t h e  r a d i a t i v e  f l u x  equations.  

A convenient f o r m  o f  eq. (10) fol lows t o  be 

OD 
K 

W 
A = [l-exp(- Py)] d (w-wo) (11) 

From eq. ( 8 )  it is evident  t h a t  K /P depends both upon pressure  and - W 

temperature, such t h a t  

A = A(Py, P, T) (12) 

I t  is important to  note  t h e  d u a l  r o l e  t h ~ t  p ressu re  p lays .  Its appearance 
< *  

i n  t h e ' p r e s s u r e  path l eng th ,  Py, is due simply t o  t h e  f a c t  t h a t  absorp- 

t i o n  is  dependent upon t h e  number o f  molecules which a r e  p resen t  along a 

l i n e  of s i g h t .  The second dependency upon pressure  is a r e s u l t  of t h e  

l i n e  s t r u c t u r e  o f  t h e  band being a func t ion  of  pressure .  For s u f f i c i e n t l y  

high pressures  t h e  l i n e  s t r u c t u r e  is  smeared o u t ,  and i n  t h i s  l i m i t  

p ressu re  e n t e r s  s o l e l y  through t h e  p ressure  pa th  length  Py. This w i l l  

be i l l u s t r a t e d  i n  q u a n t i t a t i v e  terms l a t e r .  

I n  t h e  fo l lowing two subsect ions ,  simple band models w i l l  be employed 

t o  i l l u s t r a t e  c e r t a i n  b a s i c  f e a t u r e s  of  t h e  t o t a l  band absorptance. There 

is ,  however, one important  l i m i t i n g  form o f  A which is completely 

independent of t h e  band model, and t h i s  a p p l i e s  when ~~y << 1; i.e., f o r  

b t h e  conventional o p t i c a l l y  t h i n  l i m i t  i n  r a d i a t i v e  t r a n s f e r .  Upon expand- 

ing t h e  exponent ia l  i n  eq. ( l l ) ,  then  

This  i s  t h e  so -ca l l ed  l i n e a r  l i m i t ,  and t h e  important f e a t u r e  of t h i s  



r o t a t i o n a l  l i n e  s t r u c t u r e .  

A second l i m i t i n g  form f o r  t h e  t o t a l  band absorptance is  t h a t  o f  

s t rong  nonoverlapping l i n e s .  Although t h e  a c t u a l  l i m i t i n g  r e s u l t  f o r  A 

depends upon t h e  band model employed, t h e  condi t ions  f o r  achieving t h i s  
* 

l i m i t  may be discussed i n  genera l  terms. The l i m i t  r equ i res  t h a t  two 

- separa te  condi t ions  be s a t i s f i e d .  The f irst  is  t h e  requirement of s t rong  

l i n e s ,  f o r  which t o t a l  absorpt ion  occurs i n  t h e  v i c i n i t y  of  t h e  l i n e  

cen te r s .  From eq. (9) ,  t h i s  i s  equivalent  t o  requir ing  t h a t  K +Y >> 1 f o r  
W J  

w=w and upon combining t h i s  with eq. (4),  t h e  s t rong  l i n e  condi t ion  
j ' 

becomes 1, 
r ' 

The second condi t ion  p e r t a i n s  t o  nonoverlapping l i n e s ,  and t h e  

motivat ion f o r  t h i s  l i m i t  i s  t o  be ab le  t o  employ t h e  expression 

where A is t h e  t o t a l  absorptance of a  s i n g l e  l i n e  
j 

with t h e  i n t e g r a t i o n  being performed over t h e  ind iv idua l  l i n e s .  Equation 

(15) is ,  of  course,  appl icable  only i f  t h e  in tegrands  i n  eq. (16) do not 

over lap ,  s i n c e  eq. (15) c o n s t i t u t e s  simply a summation of ind iv idua l  

l i n e  absorptances.  What i s  requ i red ,  then,  is t h a t  t h e  integrand i n  

eq. (16) approach zero f o r  w-w = ~ ( d ) ,  where d i s  t h e  l i n e  spacing. 
j 

With re fe rence  t o  eq.  ( l ) ,  t h e  nonoverlapping l i n e  l i m i t  w i l l  be s a t i s -  

f i e d  providing 



1 
and t h i s  is a d i r e c t  contradict ion t o  t he  strong l i n e  condition of eq. (14). 

Hence, t o  avoid t h i s  contradict ion it is necessary t o  require  t h a t  y << d. 
j 

The conditions which must be s a t i s f i e d  i n  order t o  achieve nonoverlapping 

l i n e s  a r e  thus 

where the  second condit ion follows from eq. (17). The above conditions, 

together with eq. (14) ,  describe t h e  strong nonoverlapping l i n e  l i m i t .  

The appl icat ion of  t he se  t h r ee  conditions i n  deriving t h i s  l i m i t  w i l l  

be i l l u s t r a t e d  i n  t h e  following subsection. 

C. ELSASSER MODEL 

The simplest  band model t h a t  accounts f o r  l i n e  s t ruc ture  i s  the  

Elsasser  model, f o r  which equally spaced l i n e s  of equal i n t ens i t y  and 

equal half  width are assumed. A portion of such a band is  i l l u s t r a t e d  

i n  Fig. 3 ,  where t h e  broken curves represent the  absorption coef f ic ien t  of 
* 

t he  individual l i n e s ,  while t h e  s o l i d  curve is t h e  absorption coeff ic ient  

a s  given by eq. (81, and t h i s  may be rephrased a s  

K S.Y 
- =  3 C  1 
P lr 2 2 (19) 

j=o y +(w-w0+jd) 

The subscr ipt  j has been dropped from y i n  accord with t h e  previous 
j 
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Fig. 3 .  Elsasser band model.. 



assumption, but  it is r e t a i n e d  i n  S even though S is independent of  
j ' j 

j, i n  order t o  denote t h a t  t h i s  is  a l i n e  i n t e n s i t y .  Carrying t h e  

summation t o  i n f i n i t y  does not  preclude r e s t r i c t i o n  t o  a f i n i t e  band 

. width ( f i n i t e  number of l i n e s ) ,  but  is merely cons i s t en t  with t h e  e a r l i e r  

assumption of a l a r g e  number o f  l i n e s .  The above s e r i e s  may be expressed 
.- 

i n  closed form a s  (6) 

K S .  
" = $ [  P s inh(~f3 /2 )  1 (20) 

cosh(a8/2)-cos(nz/2) 

where ,. 
#, .. 

4~ 4(w-wo) o = -  d 3 Z =  d 

The quan t i ty  f3 is a p a r t i c u l a r l y  s i g n i f i c a n t  parameter, s ince  it 
I 

represen t s  t h e  r o l e  of l i n e  s t r u c t u r e .  Recall ing t h a t  y P, t h e  l i m i t  

of l a r g e  pressure  corresponds t o  8 -t -. This is  t h e  l i m i t  f o r  which 

l i n e  s t r u c t u r e  i s  smeared ou t ,  and eq. (20) reduces t o  

The r a t i o  S./d a l s o  has an a l t e r n a t e  i n t e r p r e t a t i o n .  If an average 
1 

absorption c o e f f i c i e n t  is defined over a l i n e  spacing a s  
b 

- 
K 

r - -  w 1 d / 2 K w  - - r - d (w-w.) P d - d / 2 P  3 

it follows from eq. (20)  t h a t  Fw/p = S ./d. 
3 

The wave number width of  t h e  t o t a l  band w i l l  be denoted by Ao, and 

l e t t i n g  n be t h e  number of l i n e s  i n  t h e  band, then A. = nd. Furthermore 



where A(u,B) is  a dimensionless funct ion .  Reca l l  from t h e  previous 

d iscuss ion t h a t  pressure  e n t e r s  i n t o  t h e  band absorptance i n  two ways, both 

through t h e  pressure  path length  and a l i n e  s t r u c t u r e  e f f e c t .  This dual  

r o l e  is  c l e a r l y  i l l u s t r a t e d  by eq. (23) ,  s ince  u is a dimensionless 

p ressu re  path length ,  while 6 is a l i n e  s t r u c t u r e  parameter. 

Consider now l i m i t i n g  forms of  t h e  t o t a l  band absorptance. The l i n e a r  

l i m i t ,  app l i cab le  f o r  u << 1, r e a d i l y  fol lows from eq. (22) t o  be 

and t h i s  is c o n s i s t e n t  with eq. (13) .  Note once again  t h a t  l i n e  s t r u c t u r e  
t 

plays  no r o l e  i n  t h e  l i m i t  of  smal l  path lengths .  I n  t h e  l a r g e  path  l eng th  

l i m i t ,  u > > 1 ,  and eq. (22) y i e l d s  

- 
A = L ;  ~ > > 1  (25) 

Physica l ly ,  of course,  t h i s  r ep resen t s  t o t a l  absorpt ion  wi th in  t h e  f i n i t e -  



< 
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models y i e ld  considerably d i f f e r en t  r e s u l t s ,  a s  w i l l  be i l l u s t r a t e d  i n  

t h e  next subsection. 

A t h i r d  l i m i t  corresponds t o  strong nonoverlapping l i n e s ,  and following 

Penner (5 )  o r  Goody (6) ,  eq. (22) may be reduced t o  . 
- - 

A = epf (l fls) - 2 2 (26) 

subject  t o  ce r t a in  constra ints .  A s  discussed by Penner (5 ) ,  these consis t  

of B << 1 and u/B >> 1. With reference t o  eqs. (14) and (18),  t he  remain- 

ing requirement f o r  the  strong nonoverlapping l i n e  l i m i t  is  Bu << 1, f o r  

which :eq. (26) y ie lds  I, ,. 

- 
A = 6; .;-8 << 1, u/B >> 1, $U << 1 (27 

This is a l so  re fe r red  t o  a s  t h e  square-root l i m i t .  

A f i n a l  l imi t ing  form of eq. (22) is t h a t  f o r  which l i n e  s t ruc ture  I 
i s  smeared out,  and l e t t i n g  B -+ w, then 

A s  should be expected, t h i s  is  simply Beer's law. 

The Elsasser  band absorptance is  i l l u s t r a t e d  i n  Fig. 4, and t h e  various 
- 

l imi t ing  forms a re  c l ea r ly  evident. For u << 1, the  l i n e a r  l i m i t ,  A = u, i s  

obtained, with the  band absorptance being independent o f . l i n e  s t ruc ture .  

t The th ree  constra ints  on the-square-root l i m i t  a r e  a l so  apparent. This I 
l i m i t  requires  $ << 1, but it s t i l l  departs from t h e  complete solut ion 

f o r  e i t h e r  l a rge  o r  small u. The departure f o r  small u denotes a 

v io la t ion  of t he  requirement t h a t  u/$ >> 1, such t h a t  t he  strong l i n e  
- - 

condition is no longer s a k i s e e d .  For l a rge  u, the  condition $u << 1 is 

not f u l f i l l e d ,  and eq. (15) is  no longer applicable.  The present l a rge  





- 
path l e n g t h  l i m i t ,  A = 1, simply denotes t o t a l  absorpt ion  wi th in  t h e  

band, and t h i s  is a consequence of t h e  E l sasse r  model having a pre-  

s c r i b e d  f i n i t e  width. For a more r e a l i s t i c  band model, a s  described i n  

the  fol lowing subsect ion,  t h e  t o t a l  band absorptance w i l l  asymptotical ly . 
approach a func t ion  of u r a t h e r  than un i ty .  

D. RIGID-ROTOR, HARMONIC-OSCILLATOR MODEL 

Assuming t h e  molecular model of  a r i g i d  r o t o r  and harmonic o s c i l l a t o r ,  

t h e  d i s t r i b u t i o n  of l i n e  i n t e n s i t i e s  is given by eq. (51, while t h e  l i n e  

spacing corresponds t o  eq ,  (7  ) . [ . ~ o r e n t $  l i n e  shapes w i l l  again be 

assumed. I n  c o n t r a s t  t o  t h e  E l sasse r  model, t h e r e  i s  no defined band 

width, s i n c e  t h e  l i n e  i n t e n s i t i e s  approach zero  asymptotical ly i n  t h e  

band wings. Thus, t h e  bandwidth parameter A. w i l l  not  correspond t o  

a s imple  s p e c i f i e d  width, but  ins t ead  w i l l  a r i s e  a s  an e f f e c t i v e  width 

r e s u l t i n g  from t h e  l i n e  i n t e n s i t y  d i s t r i b u t i o n  of eq. (5 ) .  No at tempt 

at  a complete formulat ion of  t h e  t o t a l  band absorptance w i l l  be made, 

however t h e  l i m i t i n g  expressions w i l l  be presented.  Since t h e  l i n e a r  

l i m i t  is completely genera l ,  then eq. (24)  is app l i cab le  t o  t h e  present  

band model, 

Considering t h e  l a r g e  path  length  l i m i t  (u >> l ) ,  it w i l l  be 

convenient  t o  i n i t i a l l y  assume a high pressure  such t h a t  l i n e  s t r u c t u r e  

is smeared o u t ,  which corresponds t o  t h e  l i m i t  f3 -+ Thus, i n  accord 

wi th  eq. ( 21), and upon combining eqs . ( 5), ( 7 ) ,  and ( 9 ) ,  t h e  s p e c t r a l  

band absorptance  is described by 

2 
a = 1 - exp(-uSe-' ) 

W 
(29) 

where a g a i n  u = SPy/Ao, while 



Furthermore, s i n c e  t h e  band is  symmetric, and with = A/Ao, then 

Combination o f  eqs. (29) and (31) thus  descr ibes  t h e  t o t a l  band absorptance 

i n  t h e  l i m i t  a s  l3 -t co, and numerical r e s u l t s  a r e  given by Penner ( 5 ) .  

Concerning an asymptotic expression f o r  l a r g e  u, one procedure is  t o  

combine eqs  . (29) and (31) and perform 8n asymptotic expansion. A 

p h y s i c a l l y  more u s e f u l  method, however, with reference  t o  t h e  inc lus ion 

of l i n e  s t r u c t u r e ,  fo l lows t h a t  employed by Edwards and Menard ( 7 ) .  Upon 

d e f i n i n g  

= hnu 

eq. (31) may be w r i t t e n  a s  

where 

2 
,. 

r2 = 1 [I-exp(-uge-' 1105 
51  

It may r e a d i l y  be shown t h a t  f o r  u >> 1 



Thus, t h e  l a r g e  path length  l i m i t  fol lows t o  be 

K = 2 &  ; u > > 1  

. While eq. (34) has been derived sub jec t  t o  t h e  condit ion 6 +- m, it 

is e a s i l y  shown t h a t  t h i s  r e s t r i c t i o n  may be removed. With reference t o  

v 

Fig.  5, denotes t h e  a r e a  of  t h e  s a t u r a t e d  por t ion  of t h e  band, and t h e  

inc lus ion  o f  l i n e  s t r u c t u r e  w i l l  not  a l t e r  eq. (33a) a s  a proper asymptotic 

l i m i t .  Thus, only I' w i l l  be a f f e c t e d .  Again with reference  t o  Fig.  5, 
2 

if t h e  region 5 > clis considered t o  c o n s i s t  of a s e r i e s  of E l sasse r  
I, 

< '  

bands, it fol lows t h a t  t h e  inc lus ion  of  l i n e  s t r u c t u r e  w i l l  r e s u l t  i n  

a. decrease i n  I' and eq. (33b) is  again v a l i d .  Equation (34) the re fo re  
2 ' 

c o n s t i t u t e s  t h e  asymptotic l i m i t  f o r  t h e  t o t a l  band absorptance regardless  

of  t h e  value t h e  l i n e  s t r u c t u r e  parameter 6. 

The t h i r d  l i m i t  i s  tllie square- root l i m i t ,  and r e c a l l  t h a t  t h i s  

corresponds t o  s t rong nonoverlapping l i n e s .  For s t rong  l i n e s ,  t h e  Lorentz 

l i n e  p r o f i l e ,  eq. ( l ) ,  may be expressed by (6 )  

and upon s u b s t i t u t i n g  t h i s  i n t o  eq. (16) 

I n  t u r n ,  from eq. (15) 





Again employing t h e  assumption of  a  l a r g e  number of  l i n e s ,  t hen  

and upon combining t h i s  wi th  ( 5 ) ,  and no t ing  from eq. ( 7 )  t h a t  d  = 2B, l 
it f o l l o w s  t h a t  

I *  
r ( 

A t  t h i s  p o i n t  it should aga in  be  emphasized t h a t  summation over  

v i b r a t i o n a l  quantum number has  no t  been taken  i n t o -a c c o u n t .  While i 
t h i s  has no d i r e c t  bear ing  on t h e  l i n e a r  and l a r g e  p a t h  l e n g t h  l i m i t s ,  

s ince t h e  band i n t e n s i t y  S a l r eady  denotes  a  summation over  v i b r a t i o n a l  I 
quantum number, it does a f f e c t  t h e  i n t e r p r e t a t i o n  of  t h e  mean l i n e  width, 

Equa t ion  (36)  is t r u e  only when a l l  t r a n s i t i o n s  have t h e  same lower 1 
v i b r a t i o n a l  s t a t e ,  Upon l e t t i n g  v  be t h e  quantum number of  t h e  lower 

v i b r a t i o n a l  s t a t e ,  then  eq .  (36)  should be r e c a s t  a s  

. 
where Sv r e p r e s e n t s  t h e  d i s t r i b u t i o n  of i n t e n s i t y  wi th  v i b r a t i o n a l  

quantum number, such t h a t  S zvEo S . It  has been assumed i n  eq. (37)  t h a t  
v  

the  r o t a t i o n a l l y  averaged l i n e  width y is independent of v i b r a t i o n a l  

quantum number v ,  and t h i s  has  been confirmed by Yamamato, Tanaka, and 

A o k i  ( 4 )  f o r  C02. 

Following Edwards and Menard ( 8 ) ,  and Edwards (91,  it w i l l  f u r t h e r  

be assumed t h a t  r o t a t i o n a l  l i n e s  r e s u l t i n g  from d i f f e r e n t  v i b r a t i o n a l  



l e v e l s  do not  overlap,  and t h e  t o t a l  band absorptance may thus  be w r i t t e n  

SLS 

03 

A =  C A 
v=o v . (38) 

. From ep. (37) ,  it fol lows t h a t  a v i b r a t i o n a l l y  zveraged mean l i n e  width 

may be def ined a s  (8, 9 )  
F 

7 = y (  ; JS)* v=o v (39) 

Thus, upon l e t t i n g  6 = 4?d, t h e  square- root l i m i t  fol lows from eqs. 

[ 3 7 )  a p d  (38) t o  be 
I, 

r 

A = 2 . 0 6 G ;  B << 1, u/p >> 1, Bu << 1 (40 ) 

A t  s u f f i c i e n t l y  low temperatures, f o r  which only  t h e  v i b r a t i o n a l  

grounrit s t a t e  is populated, eq. (39) w i l l  reduce t o  = y. A s  temperature 

i n c r e a s e s ,  however, t h e  summation i n  eq. (39) w i l l  become a s i g n i f i c a n t  

f u n c t i o n  of temperature, and t h e  temperature dependence o f  may d i f f e r  

s u b s t a n t i a l l y  from t h a t  of  y .  To give  an i l l u s t r a t i o n ,  consider  t h e  

4.3~1 fundamental band of  CO Employing t h e  y.(T) r e s u l t s  of Yamamoto, 
2 ' I 

Tanaka, and Aoki ( 4 )  i n  eq. (35),  t h e  temperature v a r i a t i o n  of y(T) may 

be expressed by 
C 

and for temperatures of  roughly 300°K and lower, t h i s  should adequately 

d e s c r i b e  ?(TI. Edwards and Menard ( 8 ) ,  on t h e  o t h e r  hand, have found an 

average temperature dependence f o r  t h e  range 300°K t o  1390°K of 



  he discrepancy between eqs.  (41) and ( 4 2 )  implies a r a p i d  change i n  t h e  

temperature dependence o f  a s  temperature i s  increased.  

The primary u t i l i t y  of t h e  p resen t  molecular model of  a r i g i d  r o t o r  

and harmonic o s c i l l a t o r  has  been t o  i l l u s t r a t e  l i m i t i n g  so lu t ions  o f  t h e  , 

t o t a l  band absorptance f o r  a s e m i- r e a l i s t i c  molecular model. One important 

conclusion is t h a t  l i n e  s t r u c t u r e  appears only  i n  t h e  square- root l i m i t ,  

and thus  t h i s  l i m i t  has been employed t o  descr ibe  t h e  mean l i n e  width 

a s  defined by eqs .  (35) and (39) .  

While t h e  preceding subsect ion  d e a l t  with l i m i t i n g  forms of t h e  

t o t a l  band absorptance,  it i s  necessary t o  have a t  hand an  expression 

f o r  r ( u ,  8 )  which is app l i cab le  f o r  a l l  va lues  of  u and 6. Several  

such express ions  a r e  a v a i l a b l e ,  and they a r e  a l l  based upon const ruct ing  

an express ion f o r  x ( u , ~ )  which s a t i s f i e s  c e r t a i n  l i m i t i n g  condi t ions .  

For p resen t  purposes,  t h e  same l i m i t s  a s  employed by Edwards and Menard 

( 7 )  w i l l  b e  used, and t h e s e  a r e  

- 
A = l n u  ; u >> 1 ( 4 3 ~ )  

r 

While Edwards and Menard i n t e r p r e t e d  t h e  above i n  terms of  a reordered 
I ~ exponent ia l  d i s t r i b u t i o n  of  l i n e  i n t e n s i t i e s ,  a s l i g h t l y  d i f f e r e n t  explana- 

t i o n  w i l l  b e  g iven here. The first l i m i t ,  eq. (43a),  is simply t h e  

genera l  l i n e a r  l i m i t ,  while  eq. (43b) is  e s s e n t i a l l y  eq. (40) f o r  t h e  

r i g i d  r o t o r  and harmonic o s c i l l a t o r .  The t h i r d  l i m i t  is of a d i f f e r e n t  



form than t h a t  o f  eq. (34) f o r  t h e  r i g i d  r o t o r  and harmonic o s c i l l a t o r .  

For moderately l a r g e  values  of  u t h e  two expressions a r e  i n  reasonable 

numerical agreement, but  f o r  inc reas ing ly  l a r g e  u they begin t o  diverge.  

The r a t i o n a l  f o r  us ing eq. (43c) is  twofold. F i r s t ,  Edwards and Menard 
Y 

have shown t h a t  a logar i thmic  l i m i t  is a t t a i n e d  f o r  nonrigid r a t h e r  than  

). r i g i d  r o t a t i o n ,  and second, e x i s t i n g  emperical c o r r e l a t i o n s  a r e  of t h e  

same form as eq. (43c).  

The first band absorptance c o r r e l a t i o n  t o  s a t i s f y  a l l  t h r e e  l i m i t s  

is t h a t  proposed by Edwards and Menard (7),  and t h i s  c o n s i s t s  of  an 

a n a l y t i c  i n t e r p o l a t i o n  of t h e  form I ,  

- 
A = l n u  + 1 

By comparing t h e  above c o r r e l a t i o n  with experimental  da ta  over a l a r g e  range 

* of p ressure  and temperature,  Edwards and coworkers have empir ica l ly  

determined t h e  necessary c o r r e l a t i o n  q u a n t i t i e s  S (TI,  Ao(T), and B(T,Pe), 
* 

where P is t h e  e f f e c t i v e  broadening p ressure ,  f o r  t h e  important bands e 

of CO, C02, H20, and CH . I n  determining B(T,P,), both s e l f  broadening 
4 

1 and n i t rogen  broadening were considered.  These r e s u l t s  a r e  summarized by 

I 3 Edwards, e t  a1 (10) . I n  p a r t i c u l a r ,  f o r  t h e  CO fundamental and t h e  6 . 3 ~  

3 ~ h e  c o r r e l a t i o n  q u a n t i t i e s  C1 and C3 of r e fe rence  (10) correspond t o  
t h e  p resen t  nomenclature through A. = C3 and S = C1/RT, where R i s  t h e  
gas cons tan t  . 
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fundamental of  H 0 ,  it was found t h a t  
2 

A. = l.Sl(kBT/hc) 1/ 2 (44) 

and t h i s  is i n  exce l l en t  agreement with eq.  (30).  

A continuous band absorptance c o r r e l a t i o n  has been proposed by Tien 

and Lowder ( l l ) ,  and t h i s  is  of t h e  form 

where 

1, 

f(B) = 2.9%[1-exp(-2.60B)I 

I 

1 The choice of eq. (45) was based on t h e  s p e c i f i c a t i o n  of f i v e  condi t ions ,  

and t h e  form of f(f3) was chosen s o  a s  t o  g ive  agreement with t h e  c o r r e l a t i o n  

of Edwards and Menard. The square- root l i m i t ,  eq. (43b), was not ,  however, 

one of t h e  spec i f i ed  condi t ions ,  and eq. (45) does not  s a t i s f y  t h i s  

requirement. 

I A continuous c o r r e l a t i o n  f o r  z ( u ,  6) has a l s o  been proposed by Goody 

and Belton (12),  and i n  terms o f  t h e  p resen t  nomenclature t h i s  may be 

w r i t t e n  a s  

Although t h i s  c o r r e l a t i o n  s a t i s f i e s  t h e  t h r e e  l i m i t s  a s  s p e c i f i e d  by eqs. 

(43) ,  t h e r e  appears t o  be  one shortcoming. Upon l e t t i n g  f3 -t w ,  which 

I 
I corresponds t o  smeared ou t  l i n e  s t r u c t u r e ,  eq. (46) reduces t o  
1 

I 

I and f o r  l a r g e  u t h i s  y i e l d s  21nu, while i n  t h e  l i n e a r  l i m i t  2u is obtained.  

i 
The l i n e a r  and logar i thmic  l i m i t s  a r e ,  however, independent of l i n e  s t r u c t u r e ,  



such t h a t  eqs.  (43a) and (43c) should be achieved i r r e s p e c t i v e  of  whether 

one does o r  does not  l e t  f3 -+ =. Thus, it would appear t h a t  the  use o f  

eq. (46) should be r e s t r i c t e d  t o  r e l a t i v e l y  smal l  values o f  8 .  

A f a i r l y  simple c o r r e l a t i o n ,  which does s a t i s f y  t h e  above c o n s t r a i n t ,  - 
i n  a d d i t i o n  t o  a l l  of  eqs.  (43) ,  is  of  t h e  form 

Pre l iminary  comparisons i n d i c a t e  t h a t  eq. (47) does an exce l l en t  job of 

c o r r e l a t i n g  band absorptance d a t a  f o r  CO 
2 ' 

*+ 

< '  



2 8 

111. BASIC EQUATIONS 

I n  t h i s  s e c t i o n  t h e  b a s i c  equations w i l l  be  developed which descr ibe  

I 

t h e  r a d i a t i v e  f l u x  vec to r  wi th in  an i n f r a r e d  absorbing-emitting gas .  

I 
I Knowledge of t h e  r a d i a t i v e  f l u x  vec to r ,  qR, is of course necessary i n  

1 2, 
I 

I any conservation of  energy a n a l y s i s ,  s i n c e  t h e  energy equation f o r  a 

r a d i a t i v e l y  p a r t i c i p a t i n g  gas  is of  t h e  form 

DT div(hgrad T) + E- Dt = DP d i v  q R (48) 
'L 

where p ,  cp, and A denote dens i ty ,  s p e c i f i c  hea t  a t  constant  pressure ,  

and thcrmal conductivi ty,  r e spec t ive ly .  " with reference  t o  eq. (48),  it 

I i s  necessary t o  have a desc r ip t ion  of  q i n  terms o f  temperature wi th in  R 
'L 

I t h e  gas ,  and t h i s  is p r e c i s e l y  t h e  purpose of t h e  p resen t  sec t ion .  

I S t r i c t l y  speaking, eq. (48)  a p p l i e s  only t o  a molecular continuum 

under t h e  condi t ion  of l o c a l  thermodynamic equi l ibr ium (LTE). The energy 

equation may, however, be extended t o  r a d i a t i v e l y  induced depar tures  from 

LTE, and such extension i s  p a r t i c u l a r l y  appropr ia te  t o  in f ra red  t r a n s f e r .  

This  simply r e q u i r e s  replac ing q i n  eq. (48) by i t s  non-LTE counterpar t .  
R 
'L 

A t  t h e  same time, however, it must be assumed t h a t  any depar ture  from 

equil ibrium populat ion d i s t r i b u t i o n s  w i l l  not s i g n i f i c a n t l y  change t h e  

i n t e r n a l  energy and t r a n s p o r t  p r o p e r t i e s  from t h e i r  equil ibrium values .  

A s  discussed by Zel'dovich and Raizer  (13) ,  t h i s  assumption is j u s t i f i e d  : 
providing t h e  c h a r a c t e r i s t i c  v i b r a t i o n a l  temperature hv/k (where v is  a 

I 
I band frequency) is g r e a t e r  than t h e  v i b r a t i o n a l  temperature. Thus, t h e  
I 

temperature appearing i n  eq. (48) w i l l  be regarded a s  t h e  k i n e t i c  temperature. 

Radia t ive ly  induced depar tures  from LTE occur when t h e  gas  molecules 

e i t h e r  emit o r  absorb r a d i a t i v e  energy a t  such a high r a t e  t h a t  c o l l i s i o n a l  



v i b r a t i o n a l ,  and r o t a t i o n a l  energies .  Rota t ional  energies ,  however, r equ i re  

only a  few c o l l i s i o n s  t o  a t t a i n  equil ibrium, and s i g n i f i c a n t  depar tures  

I 9 

, - from LTE w i l l  f i rs t  involve soleby v i b r a t i o n a l  energies .  It may f u r t h e r  
I 

I be assumed t h a t  even f o r  non-LTE, v i b r a t i o n a l  energy l e v e l s  a r e  populated 

according t o  t h e  Boltzmann d i s t r i b u t i o n .  However, t h i s  d i s t r i b u t i o n  does 
I 

not correspond t o  t h e  l o c a l  k ine2ic  temperature, but  ins t ead  is governed 
, .. * - 

2. - 1  

by a  separa te  v i b r a t i o n a l  " t empmture .  

1 I n  summary, t h e  purpose o f  t h e  p resen t  s e c t i o n  i s  t o  develop an  

expression f o r  t h e  i n f r a r e d  r a d i a t i v e  f i h x  vec to r ,  and t o  al low i n  t h i s  
.-I 

I development r a d i a t i v e l y  induced depar tures  from v i b r a t i o n a l  equil ibrium. 

I I n  descr ib ing t h e  r a d i a t i v e  f l u x ,  t h e  Kernel funct ion  w i l l  be expressed 

i n  terms of t h e  t o t a l  band absorptance. This approach is  analogous t o  

I t h e  LTE formulat ions of Goody ( 6 ) ,  G i l l e  and Goody (141, and Wang (15 16)  

f o r  which t h e  Kernel func t ion  is expressed i n  terms of  a  modified gas 

emiss iv i ty .  For p resen t  purposes, t h e  phys ica l  model and coordinate 

system is t h a t  i l l u s t r a t e d  i n  Fig.  6. This c o n s i s t s  o f  a  gas  bounded by 

two p l a t e s  whose su r faces  a r e  assumed t o  be  gray and t o  emit and r e f l e c t  

i n  a  d i f f u s e  manner. 

I - A .  RATE EQUATIONS AND RELAmm "ITME 

I n  considering r a d i a t i v e l y  induced v i b r a t i o n a l  nonequilibrium (non- 

LTE), it w i l l  be necessary t o  have information pe r t a in ing  t o  v i b r a t i o n a l  

I r a t e  equations and t h e  v i b r a t i o n a l  r e l a x a t i o n  time. The r a t e  of 'change of 

v i b r a t i o n a l  energy o f  a sysfem;tdf o s c i l l a t o r s  may be expressed a s  
' _  - 

dEv * .. dEk. - - = id) .".* dEv 
d t  t (49) 

dt * ~ 0 3 . l  r ad  





31 

where t h e  terms on t h e  r i g h t  represent  contr ibut ions  due t o  c o l l i s i o n a l  

and radiative processes ,  r e spec t ive ly ,  and Ev denotes t h e  v ib ra t iona l  

energy per u n i t  volume. Furthermore, 

- rad  

C 

where, due to t h e  small  separa t ion  of r o t a t i o n a l  l e v e l s ,  t h e  contr ibut ion 

of r o t a t i o n a l  energy has been neglected.  

The aivergence of t h e  r a d i a t i v e  f l u x  is  a l s o  r e l a t e d  t o  the  s p e c i f i c  

i n t e n s i t y  
=a , and f o r  t h e  present  one-dimensional problem t h i s  is  given 

- 
by the -*expression 

8* .' 
d I  - a dqRw do = I: IF didw d iv  qR = lo dy 
d s ( 51) 

% 

I 

where St is the s o l i d  angle and s a  coordinate measured along t h e  penc i l  

of rays. Combination of eqs.  (49) through (51)  thus  y i e l d s  

This  m l a t 2 o n  c l e a r l y  i l l u s t r a t e s  t h e  inf luence  of r a d i a t i o n ,  through t h e  

second tern on t h e  r i g h t  s i d e ,  upon v i b r a t i o n a l  energy. 

The vLbrationa1 r e l a x a t i o n  of a system of o s c i l l a t o r s  undergoing . 
c o l l i s i o n a l  r e l a x a t i o n  may be described i n  terms of t h e  Bethe-Teller 

I r e l a t i o n  

- E*-E 
dEv v  v  - = -  (53) 
d t 11 

where E r e p r e s e n t s  t h e  equil ibrium value  of  v i b r a t i o n a l  energy, and Q 
'v 

is the v i b r a t i o n a l  r e l a x a t i o n  time. A simple de r iva t ion  of  eq. (53) is 

given by Zel'dovich and Raizer (13), and by Vincenti  and Kruger (17) ,  



w h i l e  anharmonic e f f e c t s  have been inves t iga ted  by Bazley and Montrol (181, 

and f o r t h u p  and Hsu (19) have discussed t h e  extension t o  mul t ip le  quantum 

t r a n s i t i o n s .  Goody ( 6 ) ,  however, suggests  accepting eq.  (53) simply as 

an experimental  r a t h e r  than a  t h e o r e t i c a l  expression.  

Information on c o l l i s i o n a l  r e l a x a t i o n  times i s  a v a i l a b l e  only f o r  a  

l i m i t e d  number of  gases  (20-26). For diatomic gases ,  an empirical  r e l a t i o n  

is g iven  by Mil l ikan and White (22) a s  

Values 'of A and p f o r  carbon monoxide $re A = 1.75 and p = 14. Note 

t h a t  q d e c r e a s e s  r ap id ly  with increas ing temperature. 

B, EQUATION OF TRANSFER 

The formulat ion of t h e  equation of  t r a n s f e r  f o r  v i b r a t i o n a l  non- 

equ i l ib r ium is t r e a t e d  i n  d e t a i l  by Goody ( 6 ) ,  G i l l e s  (27) ,  G i l l e s  and 

V i n c e n t i  (28), and Tiwari (29) ,  and t h e  complete de r iva t ion  w i l l  not  be 

r e p e a t e d  here.  The formulat ion is based upon the  assumption of a  harmonic 

o s c i l l a t o r  a s  we l l  as two l e v e l  t r a n s i t i o n s  between v i b r a t i o n a l  s t a t e s  

which n e s t r i c t s  t h e  a n a l y s i s  t o  fundamental bands. However, under condi t ions  

for which t h e  assumption of LTE is  not  j u s t i f i e d ,  combination and overtone 

bands do not  con t r ibu te  s i g n i f i c a n t l y  t o  t h e  r a d i a t i v e  t r a n s f e r  process (29) .  

When the assumption o f  LTE is v a l i d ,  t h e  equation of t r a n s f e r  reduces 

d i r e c t l y  t o  t h e  conventional macroscopic equation,  and t h e  r e s t r i c t i o n s  t o  

harmonic o s c i l l a t i o n  and two l e v e l  t r a n s i t i o n s  no longer apply. 

Following Goody (6 ) ,  t h e  equation of  t r a n s f e r  may be wr i t t en  as 



3 3 

w h e r e  t h e  source func t ion ,  
Jw ' i s  expressed by 

E 
v 

Jw = Bw g (56) 
v 

and Bo denotes black-body i n t e n s i t y .  For Ev = Eval, t h i s  of course 
* 

r e d u c e s  t o  t h e  equation of t r a n s f e r  f o r  LTE. 

+ The important po in t  concerning eq. (55) is  t h a t  rw is t h e  equil ibrium 

a b s o r p t i o n  c o e f f i c i e n t ;  i . e . ,  it corresponds t o  t h e  l o c a l  k i n e t i c  temper- 

ature. An explanat ion  o f  t h i s  is given by Goody ( 6 ) .  More recen t ly  

G i l l e s  (27) ,  and G i l l e s  and Vincenti  ( 2 8 )  have pointed out  t h a t  t h i s  is 

strictly a low temperature approximation". A t  e levated  temperatures, 

I however, c o l l i s i o n a l  r e l a x a t i o n  is very r a p i d ,  and it is doubtfu l  t h a t  

p h y s i c a l  s i t u a t i o n s  e x i s t  a t  e levated  temperatures f o r  which non-LTE 

effects would be important.  

For i l l u s t r a t i v e  purposes, it w i l l  be convenient t o  temporari ly 

restr ict  a t t e n t i o n  t o  diatomic gases,  such t h a t  only a s i n g l e  fundamental 

band is considered.  Under s t eady- s ta te  condi t ions ,  combination of eqs. 

(52), (53) ,  and (55)  y i e l d s  

F u r t h e r ,  upon def in ing a time constant  

t h e  source  funct ion ,  
J w )  

may now be w r i t t e n  a s  

nr+ 11x 
J = B E -  

w w qr+n 1 (58) 

t ihere  
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The t ime constant  " r i s  t h e  r a d i a t i v e  l i f e  t ime f o r  v i b r a t i o n a l  s t a - t e s ,  

and by assuming t h a t ,  wi th in  t h e  narrow band, B may be taken a s  independent 
w W 

o f  wave number, then  it may be shown t h a t  (6 )  

where n i s  t h e  molecular number dens i ty ,  wo is  t h e  wave number a t  t h e  

band cen te r ,  and S(T) is  t h e  band i n t e n s i t y .  Employing t h e  p e r f e c t  gas 
I' 

law P. = nkT, and s i n c e  S(T) % *' f o r  a fundamental band, it r e a d i l y  

fol lows t h a t  t h e  r a d i a t i v e  l i f e  t ime i s  independent of  both temperature 

and pressure .  

Now, s i n c e  B and Jw a r e  i s o t r o p i c  and slowly varying funct ions  
W 

of wave number wi th in  t h e  band, then upon combining eqs .  (51) ,  (551, and 

(58) ,  t h e  nonequilibrium source func t ion  may be expressed a s  

where 

and JW and BW denote q u a n t i t i e s  evaluated at t h e  band cen te r .  
? 

0 0 

Since J = B f o r  LTE, eq. (61) c l e a r l y  i l l u s t r a t e s  t h a t  t h e  degree 
Wo W 

0 

of nonequilibrium is charace te r i zed  by t h e  parameter n / n r .  When n/qr  is  

small, t h e  source func t ion  J reduces t o  t h e  black body i n t e n s i t y  B , 
W W 
0 0 ~ and t h e  assumption of LTE is j u s t i f i e d .  On t h e  o t h e r  hand, i n  t h e  l i m i t  

of l a r g e  n/n, t h e  divergence o f  t h e  r a d i a t i v e  f l u x  becomes zero (6 ) .  

- - 



This phys ica l ly  corresponds t o  t h e  s i t u a t i o n  f o r  which v i b r a t i o n a l  t r a n s i -  

t i o n s  a r e  r a d i a t i v e l y  con t ro l l ed ,  such t h a t  a l l  photons absorbed by t h e  

gas  w i l l  i n  t u r n  be  re- emitted.  There w i l l  thus  be no n e t  add i t ion  ( o r  

l o s s )  of r a d i a t i v e  energy t o  any gas  element. For in termedia te  values of 

4 
q/qr, t h e  divergence of  t h e  r a d i a t i v e  f l u x  w i l l  have a  lower value than 

t h a t  corresponding t o  t h e  condi t ion  o f  LTE. Consequently, t h e  i n t e r n a l  
A, 

t r a n s f e r  o f  r a d i a t i v e  energy wi th in  t h e  gas  w i l l  be reduced a s  t h e  r e s u l t  

of v i b r a t i o n a l  nonequilibrium. It i s  important t o  note from eqs.  (61) 

and (62) t h a t ,  r egard less  of t h e  magnitude o f  q/qr, t h e  assumption of 

LTE i s ' a lways  j u s t i f i e d  f o r  t h e  case  of  Sad ia t ive  equil ibrium ( i . e . ,  

dqR/dy = 0). This conclusion,  o f  c o u r s e , -a p p l i e s  only f o r  t h e  present  

r e s t r i c t i o n  of a gas having a s i n g l e  band. The preceding a n a l y s i s  may, 

however, e a s i l y  be extended t o  m u l t i p l e  band spec t ra .  

C. RADIATIVE FLUX EQUATION 

The equat ion  o f  t r a n s f e r ,  eq.  (55) ,  may be in teg ra ted  i n  t h e  conven- 

t i o n a l  manner s o  as t o  y i e l d  t h e  expression f o r  t h e  s p e c t r a l  r a d i a t i v e  

f l u x ,  qRw, with t h e  r e s u l t  (30) 

where Blw and B20 a r e  t h e  s u r f a c e  r a d i o s i t i e s ,  while En(x) is t h e  

exponent ia l  i n t e g r a l  

1 n-2 e - x / ~ d y  
En(x) = JO 

The expressions for t h e  su r face  r a d i o s i t i e s  a r e  f u r t h e r  given a s  (30) 



The s p e c t r a l  absorpt ion  c o e f f i c i e n t ,  K has been taken t o  be independent w a 

- of temperature i n  eqs .  (63) and (64) ,  and t h i s  e f f e c t i v e l y  c o n s t i t u t e s  a  

l i n e a r i z a t i o n  f o r  smal l  temperature d i f fe rences .  Note t h a t  f o r  black 

s u r f  aces B l w =  e and B2w 
Iw = e , whereas f o r  LTE Jw(y) = Bw(y) = ew(y)/n,  

2 

with  ew denot ing  P lanck l s  funct ion .  

~n of ten  employed approximation i n  Gadiat ive t r a n s f e r  involves approxi- 

mating t h e  exponent ia l  i n t e g r a l  E (x)  by an exponent ia l  funct ion ,  such t h a t  
2 

E2(x) ' a exp(-bx). Severa l  combinations o f  a  and b have been 

u t i l i z e d ,  and f o r  p resen t  purposes t h e  approximation w i l l  be chosen a s  

3 3x 
E2(x) = - exp(- -1-) 

4 (65a) 

The t o t a l  r a d i a t i v e  f l u x  is f u r t h e r  given by 

I n  t h e  subsequent d i scuss ion ,  a t t e n t i o n  w i l l  be d i r e c t e d  s o l e l y  t o  black 

bounding su r faces ,  al though s u r f a c e  emit tance e f f e c t s  w i l l  be discussed 

i n  Sect ion  I V .  Thus, upon combining eqs.  (631, (651, and (661, t h e  t o t a l  

r a d i a t i v e  f l u x  is given by 



where e  = o ~ ~ ,  with o denoting t h e  Stefan-Bolizmann cons t an t ,  while  Aw 

i n d i c a t e s  i n t e g r a t i o n  over  t h e  s i n g l e  band, aga in  r e c a l l i n g  t h a t  J and w 

e a r e  s lowly vary ing  f u n c t i o n s  of wave number ove r  t h e  s i n g l e  band. 
W 

The primary mot iva t ion  f o r  employing t h e  exponent ia l  k e r n e l  approxi-  

mation i n  t h e  p re sen t  formula t ion  i s  t h a t  i t  al lows t h e  ke rne l  func t ion  i n  

eq.  (67)  t o  be expressed i n  terms of  t h e  t o t a l  band absorp tance ,  s i n c e ,  

from eq.  (11 )  

and t h i s  i s  t h e  form of t h e  k e r n e l  func t ion  i n  eq .  (67) .  Thus, l e t t i n g  

SPL + y ,  u = -  
L 

A. 

- 
and employing t h e  dimensionless  band absorp tance ,  A(u,B), a s  def ined  by 

eq.  ( 2 3 ) ,  t h e  f i n a l  form of  t h e  r a d i a t i v e  f l u x  equat ion  is obta ined  by 

combining eps .  (61 ) ,  ( 6 2 ) ,  and (67)  as 

- 
where A' ( u )  denotes  t h e  d e r i v a t i v e  of A(u) wi th  r e s p e c t  t o  u .  Note t h a t  

r o t a t i o n a l  l i n e  s t r u c t u r e  i s  included i n  eq. ( 6 8 )  through t h e  band absorp-  

t ance .  Furthermore, eq .  (68)  desc r ibes  t h e  r a d i a t i v e  f l u x  f o r  non-LTE 

i n  terms of  t h e  band absorptance f o r  a gas i n  LTE. A s  p r ev ious ly  d i scussed ,  

fol lowing eq.  (56 ) ,  t h i s  is appropr i a t e  s i n c e  K i s  an equ i l i b r ium absorp t ion  
W 

c o e f f i c i e n t  even under non-LTE cond i t i ons .  



I 

I 
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The non-LTE inf luence  i n  eq. (68) is  through t h e  l a t t e r  terms which 

arc p r o p o r t i o n a l  t o  r1/0,, and which vanish i n  t h e  l i m i t  of  LTE ( i . e . ,  

ill'?,+ 0). Although eq. (68)  a p p l i e s  only t o  a  s i n g l e  band spectrum; 

. far LTE t h e  extens ion t o  mul t ip le  bands requ i res  simply a  summation of  

the inaportant bands. This w i l l  be  i l l u s t r a t e d  i n  Sect ion  I V .  
* 

Equation (68) possesses two convenient l i m i t i n g  forms. One is  t h e  

convent ional  o p t i c a l l y  t h i n  l i m i t ,  while t h e  o t h e r ,  t h e  l a r g e  path length  

l i m i t ,  corresponds t o  u  >> 1, and f o r  i n f r a r e d  r a d i a t i o n  t h i s  l i m i t  
0 

differs considerably  from t h e  o p t i c a l l y  t h i c k  o r  Rosseland l i m i t .  These 
I ,  .-* 

two l i m i t i n g  forms of  eq .  (68) w i l l  be t r e a t e d  i n  t h e  following 

sasect  ions .  

9 

D. OPTZCALLY THIN LIMIT 

As discussed by Sampson (31) ,  t h e  inf luence  o f  non-LTE is most 

pronounced i n  t h e  o p t i c a l l y  t h i n  l i m i t .  Following Cess and Tiwari (321, 

t h i s  l i m i t  may be obtained by employing t h e  l i n e a r  l i m i t  f o r  t h e  band 

absorpTance, eq. (43a),  s i n c e  t h e  o p t i c a l l y  t h i n  l i m i t  corresponds t o  

n << 3 .  I n  t h e  o p t i c a l l y  t h i n  l i m i t  one is genera l ly  concerned with 
0 

the divergence o f  t h e  r a d i a t i v e  f l u x  (30),  and upon d i f f e r e n t i a t i n g  eq. 

( 6 8 )  and employing t h e  l i n e a r  l i m i t  A1(u) = 1, then t h e  appropr ia te  , 

express ion  for 

- 

u  << 1 becomes 
0 

I An a l t e r n a t e  approach t o  t h e  o p t i c a l l y  t h i n  l i m i t  is  given i n  r e f .  (331, 

I which does n o t  make use of  t h e  exponent ia l  ke rne l  approximation a s  given 

by eq. (65), and it is shown t h a t  t h e  f a c t o r  of  3  appearing on t h e  r i g h t  

- 



I emmrents on t h e  app l i ca t ion  of t h e  exponential  ke rne l  approximation t o  
I 

infsared r a d i a t i v e  t r a n s f e r  a r e  given by Grief and Habib (34).  

1 

It s h o u l d ' b e  observed t h a t  eq. (69) is independent o f  r o t a t i o n a l  

h e  s t r w c t w e ,  and t h i s  is  cons i s t en t  with t h e  previous discussion on 

* t he  invariance #of K(u,B) with t h e  l i n e  s t r u c t u r e  parameter B i n  t h e  l i n e a r  

Ximit. The obvious s i m p l i f i c a t i o n  o f  t h e  non-LTE inf luence  i n  eq.  (69) 

sbould also be noted. A s  such, a l l  o p t i c a l l y  t h i n  analyses  based on t h e  

assumpt ion of LTE may be modified t o  inc lude  t h e  e f f e c t  o f  non-LTE 

muztiplying t h e  divergence of 'the r a d i a t i v e  f l u x  by a constant  

involv'hg the inonequilibrium parameter q/rl . r 

i 

E. LARGE PATH LENGTH LIMIT 

Wen though t h e  o p t i c a l l y  t h i c k  (Rosseland) l i m i t  does not apply 

to  v i b r a t i o n- r o t a t i o n  bands, s i n c e  o p t i c a l l y  nonthick r a d i a t i o n  w i l l  

a l w a y s  o c c u r  i n  t h e  band wings (33, 35), a l a r g e  path length  l i m i t  does 

exist and is achieved f o r  uo >> 1. Employing t h e  method of  s t eepes t  

d e s c e n t ,  it may be shown t h a t  t h e  asymptotic form of  t h e  i n t e g r a l s  

a p p e w z n g  in eq. (68)  corresponds t o  t h e  use of t h e  logari thmic l i m i t  f o r  

- the  band absorptance,  eq.  (43c).  For i l l u s t r a t i v e  purposes it w i l l  again 

be convenient  t o  t r e a t  t h e  divergence o f  t h e  r a d i a t i v e  f l u x  vector .  Thus, 
L 

q o n  d i f f e m n t i a t i n g  eq.  ( 6 8 ) ,  performing a subsequent i n t e g r a t i o n  by 

Wts, and u t i l i z i n g  t h e  asymptotic formulat ion x (u )  = l nu ,  one ob ta ins  

In arriving at  eq. (70), con t inu i ty  o f  temperature has been assumed 



4 0  

between t h e  g a s  and t h e  bounding surfaces .  This  is physica l ly  r e a l i s t i c ,  

s i n c e  u >> 1 implies t h a t  t h e  c e n t r a l  por t ion  o f  t h e  band i s  o p t i c a l l y  
0 

th ick ,  which would insure  temperature cont inui ty .  A more q u a n t i t a t i v e  I t r ea tmen t  o f  t h i s  po in t  w i l l  be given i n  Sect ion  I V .  

Since t h e  l a r g e  path  length  l i m i t  is an asymptotic l i m i t  f o r  l a r g e  

. u , it r e a d i l y  fol lows t h a t  t h e  second term i n  eq. (70) may be dele ted ,  
0 

with t h e  r e s u l t  t h a t  

d q ~  1 o d E '  - 4 = A. lo F 5 - 5 1  (71) 

8 ,  
< .  

and this is p r e c i s e l y  t h e  r e s u l t  f o r  LTE. The vanishing o f  t h e  non-LTE 

inf luence  i n  t h i s  l i m i t  can f u r t h e r  be i l l u s t r a t e d  by considerat ion of 

t h e  source  funct ion .  A s  previously discussed,  non-LTE e f f e c t s  e n t e r  

solely through t h e  source funct ion ,  and from eq.  (61) t h i s  may be 

expressed as 

Employing eq. (70) and t ak ing  t h e  l i m i t  f o r  l a r g e  uo y i e l d s  t o  r e s u l t  

t h a t  Ju ( 6 )  = ea (E)/n, which is  t h e  source func t ion  f o r  LTE. I n  t h e  
0 0 

I - large pa th  length  l i m i t ,  o p t i c a l l y  t h i c k  r a d i a t i o n  occurs i n  t h e  c e n t r a l  

I ) 

p o r t i o n  of t h e  band, whereas t h e  wing regions c o n s t i t u t e  a  continuous 

t r a n s i t i o n  f r o m  o p t i c a l l y  t h i c k  t o  o p t i c a l l y  t h i n  r a d i a t i o n .  Vibra t ional  

energy l e v e l s  are evident ly  dominated by t h e  o p t i c a l l y  th ick  por t ion  of 

I t h e  spectrum, which suppresses non-LTE e f f e c t s  (31) ,  such t h a t  t h i s  is 

I t h e  reason for t h e  exis tence  o f  LTE i n  t h e  l a r g e  path length  l i m i t .  

A second s i g n i f i c a n t  s i m p l i f i c a t i o n  assoc ia ted  with eq. (71) is 

t h a t ,  a s  f o r  t h e  o p t i c a l l y  t h i n  l i m i t ,  t h e  r a d i a t i v e  t r a n s f e r  process is 



not appear i n  t h e  equation.  The reason f o r  t h i s  is t h a t  t h e  band 

absorptance  becomes i n v a r i a n t  with l i n e  s t r u c t r r e  f o r  l a r g e  uo, and it 

is t h i s  asymptotic  r e s u l t  f o r  t h e  band absorptance which y i e l d s  eq. (71) .  

Note a l s o  t h a t  eq. (71) is independent of  both pressure  and band i n t e n s i t y ,  

.. and this w i l l  be discussed i n  more d e t a i l  i n  Sect ion  I V .  
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I This  s e c t i o n  p resen t s  s e v e r a l  analyses  i l l u s t r a t i n g  t h e  app l i ca t ion  o f  

I conservat ion  of energy t o  t h e  determination of t h e  temperature p r o f i l e  

I *  w i t h i n  an  i n f r a r e d  r a d i a t i n g  gas ,  with primary emphasis upon t h e  b a s i c  

I - features of  t h e  r a d i a t i v e  t r a n s f e r  process.  For t h i s  purpose, simple 

I i l l u s t r a t i v e  phys ica l  models w i l l  be considered. Referr ing t o  t h e  coordi-  

I nate system o f  Fig.  6, Sect ions  I V- A ,  IV- B, and IV- C consider  t h e  symmetric 

I case f o r  which T = T and t h e r e  is a  uniform hea t  source pe r  u n i t  volume, 
2 1 

Q, w i t h i n  t h e  gas .  I n  Sect ion  IV- A,  r a d i a t i v e  t r a n s f e r  is assumed t o  be 

I 
, * 

t h e  s o l e  mechanism of energy t r a n s f e r  through t h e  gas ,  such t h a t  t h e  

I energy equat ion  c o n s t i t u t e s  a  balance between t h e  divergence of t h e  

, r a d i a t i v e  f l u x  and t h e  source Q.  The same s i t u a t i o n  is considered i n  

S e c t i o n  IV-B, except  t h a t  molecular conduction is  included a s  an energy 

t r a n s f e r  mechanism i n  order  t o  i l l u s t r a t e  t h e  r e l a t i v e  importance of 

conduction ve r sus  r a d i a t i o n  wi th in  t h e  gas .  I n  both these  sec t ions  

r e s t r i c t i o n  is made t o  LTE, while t h e  inf luence  of  v i b r a t i o n a l  non- 

equ i l ib r ium i s  t r e a t e d  i n  Sect ion  IV- C. A b r i e f  d iscuss ion of  r a d i a t i v e  

equ i l ib r ium is included i n  Sect ion  I V- D  f o r  purposes of  i l l u s t r a t i n g  a  

p h y s i c a l  system which is  not  symmetric. - 

A. RADIATIVE TRANSFER 

The first i l l u s t r a t i v e  s o l u t i o n  is t h a t  f o r  which r a d i a t i v e  t r a n s f e r  

is t h e  s o l e  mechanism of  energy t r a n s f e r  wi th in  t h e  gas .  The l o c a l  

tempera ture  d i s t r i b u t i o n  is thus  a  consequence of  t h e  uniform heat  

source, Q ,  adding energy t o  t h e  gas which i n  t u r n  is  t r a n s f e r r e d  through 

t h e  g a s  t o  t h e  bounding su r faces  by r a d i a t i v e  t r a n s f e r .  The two bounding I 
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su r faces  a r e  assumed t o  be a t  t h e  same temperature, Tq = T1, LTE is 

assumed t o  p r e v a i l ,  and f o r  t h e  time being t h e  bounding surfaces  a r e  

taken t o  be black.  

The energy equation f o r  t h i s  s i t u a t i o n  is 
t 

and s ince  t h e  problem is symmetric, then  

where again  5 = y/L. For a single-band spectrum, t h e  r a d i a t i v e  f l u x  is  

described by eq. (68) .  A s  previous ly  d iscussed,  however, when LTE 

p r e v a i l s  eq.  (68) may be extended t o  mul t ip le  band s p e c t r a  by summing 

eq. (68) over  t h e  ind iv idua l  bands. Furthermore, s ince  smal l  temper- 

a t u r e  d i f f e r e n c e s  have been assumed i n  a r r i v i n g  a t  eq.  (68),  one may 

a d d i t i o n a l l y  'employ t h e  l i n e a r i z a t i o n  

1 
e - e  w 1 w i  ( )  (T-T 1 (74) i T1 

where t h e  s u b s c r i p t  i r e f e r s  t o  t h e  i t h  band, such t h a t  wi is t h e  

wave number l o c a t i o n  o f  t h e  band. The subsequent extension o f  eq. (68) 
* 

t h u s  y i e l d s  

I de 
3 ("i 3 

E A l . - I(.I'CT( S '  ) - T ~ I ~ ' C ~ U ~ ~ ( ~ - ~ '  ) I ~ c '  PR = 3' i-1 01 01 dT 0 
- 

T1 
(75) 

1 - IECT(S1 ) - T ~ I ~ ' c ~ ~ ~ ~ ( s ' - S ) I ~ E '  

where n r e p r e s e n t s  t h e  number of v ib ra t ion- ro ta t ion  bands i n  t h e  spectrum. 

Upon combining eqs.  (73)  and (75), conservation o f  energy is described 



I : 1 

I 
i. 
b 
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by t h e  i n t e g r a l  equation 

1 3 HiUoi  
: 

E - - = -  2 (T 
2 2 i=l 

(76) 
3u 

where 

i - A .(-I Hi - o l  d~ (77a) 

n  
T1 

H =  C Hi (77b) 
i=l 

< '  

T-T1 
$ = -  

QL/H 
( 7 7 ~ )  

Employing t h e  band absorptance c o r r e l a t i o n  of  Tien and Lowder (111, 

a s  expressed by eq. (45) ,  toge the r  with t h e  empirical  c o r r e l a t i o n s  f o r  

S. (TIy  Aoi(T), and 6.  (T,P ) given by Edwards, e t  a 1  ( l o ) ,  e q *  (76) was 
1 1 e  I 

1 
solved numerically f o r  C o p ,  H20, and CH4 (35 ) .  These so lu t ions  were 

1 
obtained by t h e  method o f  undetermined parameters,  i n  which a  polynomial 

I 

s o l u t i o n  f o r  @(C) is  assumed and t h e  cons tants  evaluated by s a t i s f y i n g  

t h e  i n t e g r a l  equation a t  equal ly  spaced l o c a t i o n s .  Both quadra t i c  and 

q u a r t i c  s o l u t i o n s  were u t i l i z e d ,  with t h e  two so lu t ions  y ie ld ing  v i r t u a l l y  
t 

i d e n t i c a l  r e s u l t s .  Before d iscuss ing t h e s e  r e s u l t s ,  however, it w i l l  be 

y convenient t o  f i r s t  i n v e s t i g a t e  t h e  o p t i c a l l y  t h i n  and l a r g e  path length  

s o l u t i o n s .  

1. Opt ica l ly  Thin Solut ion  

Following Section 1 1 1 - D ,  t h e  o p t i c a l l y  t h i n  s o l u t i o n  t o  eq. (76) is 
1 



T - T .  = ... Q 

The fact t h a t  eq. (78) p r e d i c t s  t h e  gas temperature t o  be independent of  

l o c a t i o n  i s  cons i s t en t  with t h e  r e s u l t  t h a t  i n  o p t i c a l l y  t h i n  l i m i t  each 

gas element exchanges r a d i a t i o n  d i r e c t l y  with t h e  bounding surfaces ,  and 

t h i s  exchange process is  thus  independe?? of  p o s i t i o n  ( 3 0 ) .  
< +  

AS discussed i n  Sect ion  111-D, eq. (78)  is independent of  t h e  l i n e  

structu~ parameter Bi. One may f u r t h e r  note  t h a t  t h e  o p t i c a l l y  t h i n  

limit is  a l s o  independent of  t h e  band width parameter Aoi. An indica-  

I tion of t h e  r e l a t i v e  a b i l i t y  of gases  t o  t r a n s f e r  r a d i a t i v e  energy is 

c l e a r l y  given by eq. (78 ) ,  s i n c e  a  lower gas temperature implies a  

greater c a p a b i l i t y  t o  t ransmit  energy. Thus, t h e  appropr ia te  gas 

p r o p e r t y  t h a t  se rves  t o  measure t h e  a b i l i t y  of  a  gas t o  r a d i a t i v e  energy 

is the quan t i ty  4 

For  example, CO has a  l a r g e r  value of K than does H 0 ,  and thus  C02 
2 2 

d w i l l  have t h e  g r e a t e s t  a b i l i t y  o f  t r a n s f e r r i n g  r a d i a t i v e  energy i n  t h e  

o p t i c a l l y  t h i n  l i m i t .  

2. Large Path Length L i m i t  

As discussed i n  Sect ion  111-E, t h e  l a r g e  path  l eng th  l i m i t  i s  achieved 

4The q u a n t i t y  K may be r e l a t e d  t o  t h e  l i n e a r i z e d  Planck mean c o e f f i c i e n t ,  
as defined by Goody (6 ) ,  and Cogley, Vincenti ,  and G i l l e s  (36 ) .  
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d e n  uoi >> 1 f o r  each band of importance, and t h i s  l i m i t  corresponds t o  - 
empf.oy9ng A'(u) = l / u  i n  eq. (76) ,  with t h e  r e s u l t  t h a t  

6 - - =  
2 (80 

* 

4%s2..de from t h e  obvious s impl i f i ca t ion  i n  form i n  going from eq. (76) t o  

I t-801, t h e r e  are o t h e r  more s t r i k i n g  consequences associa ted  with eq. ( 80) . 
I 

Fnr example, of t h e  t h r e e  c o r r e l a t i o n  q u a n t i t i e s  Aoi, Bi, and Si, only 

& appears  i n  eq. (80) through t h e  d e f i n i t i o n  of  41(5). The dependence oi 

1 qmn t h i s  s i n g l e  c o r r e l a t i o n  quan t i ty  i n  t h e  l a r g e  path length l i m i t  has 

&so been i l l u s t r a t e d  by Edwards; e t  a l " (10)  i n  deal ing with laminar flow 

I between p a r a l l e l  p l a t e s .  The absence of t h e  l i n e  s t r u c t u r e  parameter 

Bi bas been discussed i n  Section 111-E, while t h e  invariance of t h e  band 

I *=rptance S ,  is physica l ly  l o g i c a l ,  s ince  t h e  c e n t r a l  por t ion  o f  t h e  
I , 

Pans is s a t u r a t e d  i n  t h e  l a r g e  path length l i m i t ,  and consequently t h e  

I m d i a p i v e  t r a n s f e r  process should not depend upon t h e  t o t a l  band a r e a .  

A f u r t h e r  s i m p l i f i c a t i o n  assoc ia ted  with eq.  (80) is t h a t  t h e  temper- 

I a'ture p r o f i l e  within t h e  gas is independent of  pressure .  This is  not  t h e  

case with r e s p e c t  t o  t h e  genera l  formulat ion,  eq. (76) ,  f o r  which pressure  

appea~s both  i n  t h e  dimensionless path length uoi and i n  t h e  l i n e  

s t r u c t u r e  parameter  Bi. This invariance of temperature p r o f i l e  with 

plressure can a l s o  be found from t h e  r e s u l t s  of  Edwards, e t  a1 ( l o ) ,  and 

ercpex5rnental confirmation has recen t ly  been presented by Schimmel, 
I 
I 

Rovotny, and Olsofka (37).  

Equation (80) c o n s t i t u t e s  a s ingu la r  i n t e g r a l  equation with a 

Cauchy t y p e  ke rne l ,  f o r  which t h e  s o l u t i o n  is (38) 

+(5) = + 15(1-5)1~'* + C[S(l-F)I 
-1/2 



where C is an a r b i t r a r y  cons tant  which a r i s e s  s i n c e  t h e  s o l u t i o n  o f  

I eq. ( 8 0 )  is not  unique. However, t o  s a t i s f y  t h e  physica l  requirement 

of f i n i t e  temperature everywhere wi th in  t h e  gas ,  C = 0, and 

I N o t e  t h a t  t h i s  temperature p r o f i l e  y i e l d s  t h e  r e s u l t  t h a t  t h e  gas tem- 

p e r a t u r e  a t  a su r face  is equal  t o  t h e  su r face  temperature, and t h i s  

absence  of  a temperature s l i p  is c h a r a c t e r i s t i c  of  o p t i c a l l y  t h i c k  

I r a d i a t i o n  (30) .  A s  discussed i n  Sect ion  111-E, t h i s  i s  a  consequence 
1, 

r 

of the f a c t  t h a t  o p t i c a l l y  t h i c k  r a d i a t i o n  is occurring i n  c e r t a i n  

I s p e c t r a l  regions .  Opt i ca l ly  nonthick r a d i a t i o n  e x i s t s ,  however, i n  

o t h e r  s p e c t r a l  regions (33) ,  with t h e  r e s u l t  t h a t  eq. (81) d i f f e r s  

s u b s t a n t i a l l y  from t h e  temperature p r o f i l e  which would be predic ted  

u s i n g  a  Rosseland type ( o r  d i f f u s i o n )  equation.  

Upon r e c a s t i n g  eq. (81) a s  

i t  is apparent  t h a t  t h e  gas proper ty  which measures t h e  a b i l i t y  of  a  gas 

to  t r a n s f e r  r a d i a t i v e  energy i n  t h e  l a r g e  path length  l i m i t  is 

as opposed t o  t h e  o p t i c a l l y  t h i n  t r a n s p o r t  proper ty  

3. Resu l t s  

K,  defined by eq. 

For t h e  sake o f  b r e v i t y ,  numerical s o l u t i o n s  t o  eq. (76)  w i l l  be 

p resen ted  s o l e l y  i n  terms of t h e  c e n t e r l i n e  temperature; i . e . ,  



I n  t h e  case of a  single-band gas ,  t h e  summation s i g n  is  

removed i n  eq. (76) and r e s u l t s  may be expressed i n  terms of  t h e  s i n g l e  

p a i r  of parameters uo and 8. This is i l l u s t r a t e d  by t h e  s o l i d  curves 

i n  Fig. 7, and t h e  r e s u l t s  apply t o  any s i t u a t i o n  f o r  which r a d i a t i v e  
a 

t r a n s f e r  wi th in  t h e  gas is t h e  r e s u l t  of a  s i n g l e  band. For smal l  uo I 

I 
4 t h e  r e s u l t s  approach t h e  o p t i c a l l y  t h i n  l i m i t  a s  described by eq. (78). i 

I 
The maximum inf luence  of t h e  l i n e  s t r u c t u r e  parameter e x i s t s  f o r  i n t e r -  

I 
mediate va lues  of uo, while i n  t h e  l a r g e  path length  l i m i t  t h e  s o l u t i o n  

again becomes independent of  6. 

A ~ S O  i l l u s t r a t e d  i n  Fig.  7 is  a solGtion employing t h e  box model, 1 
f o r  which a cons tant  absorpt ion  c o e f f i c i e n t  is assumed wi th in  a f i n i t e  1 
band width Aw. The r e l a t i o n  between t h i s  width and t h e  bandwidth parameter 1 

-I 

A. was taken t o  be  Aw = (214/38) Ao,  which i s  appropr ia te  f o r  CO (331, 

and t h e  value of t h e  mean c o e f f i c i e n t  is i n  t u r n  = SP/Aw . Clear ly ,  ! 
i 
I 

such a model does not  account f o r  l i n e  s t r u c t u r e .  Since t h e  box model 

preserves  t h e  band i n t e n s i t y ,  it reduces t o  t h e  c o r r e c t  o p t i c a l l y  t h i n  

l i m i t ,  but a  s i g n i f i c a n t  depar ture  between t h e  two s o l u t i o n s  t akes  p lace  

I f o r  increas ing uo. This is e a s i l y  explained on physica l  grounds. In  
I 

I t h e  c e n t r a l  por t ion  of t h e  band t h e  box model underpredicts  t h e  value of 

% t h e  s p e c t r a l  absorpt ion  c o e f f i c i e n t ,  and it thus  w i l l  y i e l d  o p t i c a l l y  

t h i n  r e s u l t s  f o r  g r e a t e r  values of  u than w i l l  t h e  s o l u t i o n  employing 
0 .- 

t h e  band absorptance. A t  l a r g e  values o f  u t h e  box model overpredic ts  
0 

t h e  c e n t e r l i n e  temperature due t o  t h e  neglec t  of  t h e  band wings. For 

l a r g e  path l eng ths  t h e  wing regions  con t r ibu te  p r imar i ly  t o  r a d i a t i v e  

t r a n s f e r .  Since t h e  box model neg lec t s  t h e  wings, it underestimates t h e  

a b i l i t y  of  t h e  gas  t o  t r a n s f e r  r a d i a n t  energy f o r  l a r g e  uo values ,  

and consequently it overpred ic t s  t h e  c e n t e r l i n e  temperature. 

I 
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The i n a p p l i c a b i l i t y  of t h e  o p t i c a l l y  t h i c k  ( o r  Rosseland) l i m i t  should 

aga in  be emphasized. From t h e  box model, it r e a d i l y  follows t h a t  

(Tc-T1) Q L~ f o r  l a r g e  u  (33) ,  and t h i s  corresponds t o  o p t i c a l l y  t h i c k  
0 

a r a d i a t i o n  occurring throughout t h e  f i n i t e  width band. From t h e  l a r g e  

path  length  s o l u t i o n  of eq. (81) ,  however, (Tc-T1) Q L,  such t h a t  t h e  
X 

occurrence of  nonthick r a d i a t i o n  wi th in  t h e  band wings s i g n i f i c a n t l y  

inf luences  t h e  na ture  of t h e  r a d i a t i v e  t r a n s f e r  process f o r  l a r g e  uo. 

Also shown i n  Fig. 7 a r e  gray gas r e s u l t s  (33) ,  where, f o r  lack  of 

a  more r a t i o n a l  choice, t h e  mean absorpt ion  c o e f f i c i e n t  has been chosen 
h ,  

as t h e  Planck mean c o e f f i c i e n t ,  Ghich i s  defined a s  

Spec i f i c  comparisons a r e  made f o r  CO. It is q u i t e  obvious t h a t  t h e  gray 
I 
I 

s o l u t i o n  c o n s t i t u t e s  a  r a t h e r  l a r g e  depar ture  from r e a l i t y .  

With re spec t  t o  mul t ip le  band s p e c t r a ,  dimensionless c e n t e r l i n e  

temperatures f o r  CO H20, and CH4, a s  obtained from eq. ( 7 6 ) ,  a r e  
2 ' 

i l l u s t r a t e d  i n  Figs .  8 through 11. Since t h e  absc i s sa  v a r i a b l e  is t h e  

pressure  path length ,  t h e  separa te  inf luence  of  p ressu re  upon t h e  center-  

l i n e  temperature is due s o l e l y  t o  t h e  a l t e r a t i o n  of t h e  l i n e  s t r u c t u r e  

of t h e  bands due t o  pressure  broadening. A s  t h e  pressure  is increased,  

t h e  d i s c r e t e  l i n e  s t r u c t u r e  is e l iminated ,  and, a s  i l l u s t r a t e d  i n  Figs.  

8 through 11, pressure  ceases t o  be a  sepa ra te  parameter i n  t h e  high 

pressure  l i m i t .  This of  course is  analogous t o  t h e  l a r g e  8 l i m i t  

of Fig. 7 .  

I n  t h e  l a r g e  path length  l i m i t ,  t h e  dimensionless c e n t e r l i n e  

temperature fol lows from eq. 











F&ures 8 through 11 consequently se rve  t o  i l l u s t r a t e  t h e  condit ions I 

I 
mde~ Hhich the l a r g e  path  l eng th  l i m i t  c o n s t i t u t e s  a  useful  means of  

d e s c r i b i n g  t h e  r a d i a t i v e  t r a n s f e r  process.  Although t h e s e  f i g u r e s  

correspond to  a s p e c i f i c  physica l  problem, t h e  l i m i t s  of a p p l i c a b i l i t y  

off the'Large path  length  l i m i t  should be q u a l i t a t i v e l y  i n d i c a t i v e  of  

ather p h y s i c a l  s i t u a t i o n s .  Addit ional  numerical r e s u l t s  a r e  given by 

Cess and Tiwar i  (35) .  

II  &amparison of t h e  r e l a t i v e e a b i l i t i '  of various gases  t o  t ransmit  

F a d i a t i v e  energy may be obtained by comparing t h e  dimensional quan t i ty  

(Tc-T1)IQL. This is  shown i n  Fig.  12  f o r  a  temperature of 500°K and a 

pessure  of 1 atm. Reca l l  t h a t  a  lower c e n t e r l i n e  temperature implies 

a greater a b i l i t y  of t h e  gas t o  t r ansmi t  r a d i a t i v e  energy, and t h a t  i n  

tEhe o p t i c a l l y  t h i n  l i m i t  t h e  r a d i a t i v e  t r a n s f e r  c a p a b i l i t y  of a  given gas I 
I is dependent upon t h e  magnitude of  K given by eq. (79) .  For t h e  four  

gases considered ,  CO has t h e  l a r g e s t  value of K ,  followed respec t ive ly  
2 

bgr H20, CH4, and CO. This i s  c o n s i s t e n t  with t h e  r e s u l t s  shown i n  Fig. 1 2  

small &path lengths ,  i . e . ,  CO has t h e  lowest c e n t e r l i n e  temperature, 
2 

etc. As t h e  pa th  length  is increased,  however, CO undergoes a t r a n s i t i o n  
2 

I fram the  most capable t o  nea r ly  t h e  l e a s t  capable t r a n s m i t t e r  o f  r a d i a t i v e  

, emergy, s ince  CO has a  smal l  r e l a t i v e  va lue  f o r  H,  a s  defined by eq. (821, 
2 

hdicating that it i s  a poor r a d i a t o r  f o r  l a r g e  path  lengths .  

I With respect t o  gases  o t h e r  than those  considered here ,  t h e  l a r g e  path 

lemgth property H may be evaluated s o l e l y  from knowledge of t h e  appropr ia te  

bBd IacatZons and r o t a t i o n a l  cons tants  by employing eqs.  (30)  and (82) .  

1 

-j 
1 





It should be emphasized t h a t  t h e  l a r g e  path  l eng th  l i m i t ,  a s  t r e a t e d  here ,  

is  not  an exact  asymptotic l i m i t ,  s i n c e  it makes use of  t h e  logar i thmic  

asymptote f o r  t h e  band absorptance, which i n  i t s e l f  is an approximate 

l i m i t i n g  expression.  
* 

4 .  Effect  of Surface Emittance 

* 
The e f f e c t  of nonblack su r faces  upon i n f r a r e d  r a d i a t i v e  t r a n s f e r  w i l l  

now be inves t iga ted ,  u t i l i z i n g  t h e  same physica l  model a s  previously 

I considered. R e s t r i c t i o n  w i l l ,  however, be made t o  single-band gases ,  

s o  t h a t  t h i s  c o n s t i t u t e s  an extension of t h e  r e s u l t s  of F ig .  7. Both - 
I* 

< '  

su r faces  a r e  assumed t o  have t h e  same emit tance,  e ,  and it i s  not  necessary 

t o  p o s t u l a t e  gray su r faces ,  s ince  E may be regarded a s  t h e  s p e c t r a l  

emittance a t  t h e  wave number of  t h e  s i n g l e  band. 

fol lowing Tiwari and Cess (39),  t h e  combination of eqs. (63) and 

(64) ,  under t h e  condi t ion  of LTE, y i e l d s  

a s  t h e  appropr ia te  energy equation. This of course reduces t o  t h e  s i n g l e  
- 

band form of eq. ( 7 6 )  f o r  E = 1. 

Numerical s o l u t i o n s  of eq. (84) a r e  a v a i l a b l e  (39) ,  and t h e  dimension- 

less c e n t e r l i n e  temperature is i l l u s t r a t e d  i n  Fig.  1 3  f o r  B = -. A s  

should be expected, a reduct ion  i n  su r face  emittance g ives  r i s e  t o  a higher 

- l l l l l E I I B ~ m a r  
rmm 
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c e m t e r l i n e  temperature,  s ince  a lower s u r f a c e  emit tance corresponds t o  a 

=duction in  t h e  energy t r a n s f e r  c a p a b i l i t y  between t h e  gas  and t h e  

sm?faces. 

The m p t i c a l l y  t h i n  l i m i t  r e a d i l y  fol lows from eq. (84) t o  be 

and $his   coincides with t h e  single-band form of eq.  (78) f o r  black su r faces .  

. %h i n v a r i a n c e  of su r face  emittance upon gas  temperature i s  a l s o  observed 

f.or #a gray gas under o p t i c a l l y  t h i n  condi t ions  (40) .  To expla in  t h i s ,  

recalf t h a t  under o p t i c a l l y  t h i n .  condi t ions  t h e  su r face  r a d i o s i t y  is 

e v a l u a t e d  as 3 t h e  gas  were completely t r ansparen t  (30),  and s i n c e  t h i s  

smmesponds t o  an isothermal enclosure f o r  t h e  p resen t  problem, t h e  
I 

-face r a a i o s i t y  is equal  t o  black body r a d i a t i o n  i r r e s p e c t i v e  of t h e  

walue of the sur face  emittance. 

I n  the l a r g e  pa th  length  l i m i t ,  eq. (84) reduces t o  

1 dS ' E - 1 /2  = lo Q ( S I )  - I 

5-5 ' 

P'he s o l u t i o n  t o  t h i s  equation is  a l s o  i l l u s t r a t e d  i n  Fig.  13, and note  

e a t  t h i s  lgrni t  does depend upon t h e  su r face  emit tance.  On t h e  o t h e r  

Bbard,  f o r  a gray gas o r  any gas with a nonvanishing absorption c o e f f i c i e n t  * 

over t h e  e n t i r e  spectrum, t h e  r a d i a t i o n  i n  t h e  o p t i c a l l y  th ick  ( ~ o s s e l a n d )  

l i m i t  is independent of su r face  emittance (30, 41). With reference  t o  

rthe p s e s e n t  l a r g e  path  length  s o l u t i o n ,  it is r a d i a t i o n  occurring i n  t h e  

band wings which is n e i t h e r  o p t i c a l l y  t h i n  nor o p t i c a l l y  t h i c k  t h a t  produces 

tfae i n f l u e n c e  of  e upon t h e  temperature p r o f i l e  wi th in  t h e  gas.  

.,.a .- -.m *. ' < x * * . * * b e  * - ,* - 





6 0 

It may f u r t h e r  be noted from Fig. 1 3  t h a t  a s  E is decreased, t h e  

range of  a p p l i c a b i l i t y  of  t h e  l i m i t i n g  so lu t ions  a r e  appreciably reduced. 

I n  p a r t i c u l a r ,  f o r  E 0 . 1  an extremely l a r g e  value o f  uo would be. 

r equ i red  i n  order  t o  approach t h e  l a r g e  u l i m i t .  
0 0 

I B. RADIATION- CONDUCTION INTERACTION 

With t h e  exception of atmospheric app l i ca t ions ,  molecular conduction 

wi th in  a gas must be regarded a s  a poss ib le  energy t r a n s p o r t  mechanism, 

and, i n  f a c t ,  f o r  small  physica l  dimensions it w i l l  dominate r a d i a t i v e  

I* 

t r a n s f e r .  The purpose of t h i s  slibsection i s  t o  i n v e s t i g a t e  t h e  r e l a t i v e  

importance of r a d i a t i o n  versus conduction as  energy t r a n s p o r t  mechanisms, 

l and t h e  physica l  model of Sect ion IV- A is  again employed f o r  i l l u s t r a t i v e  

purposes. 

From conservation of energy, t h e  temperature p r o f i l e  wi th in  t h e  

gas  is described by 

where h is t h e  thermal conduct iv i ty  of t h e  gas. Upon i n t e g r a t i n g  t h i s  

equation once, and noting t h a t  dT/dy = 0 and q = 0 f o r  y = L/2, then 
R 

. dT = A- + Q(y-L/2) 
q~ dy (85) 

r 
For a gas containing n v ib ra t ion- ro ta t ion  bands, t h e  r a d i a t i v e  f l u x  is 

again  described by eq. (75), such t h a t  eq. (85) y i e l d s  t h e  i n t r o d i f f e r e n t i a l  

equation 



and t h e  quan t i ty  Hi is def ined by eq. (77a).  Since t h e  presence of 

conduction implies con t inu i ty  of  temperature a t  t h e  boundaries, t h e  

boundary condi t ion  f o r  t h i s  equation is 0(0)  = 0. When r a d i a t i v e  t r ans-  

f e r  wi th in  t h e  gas is n e g l i g i b l e ,  t h e  s o l u t i o n  of eq. (86) follows t o  

I n  t h e  o p t i c a l l y  t h i n  l i m i t  (uoi << 11, eq.  (86 )  may be expressed a s  

d20 - -  3N0 = - 1 (88) 
dt- * 

s u b j e c t  t o  t h e  boundary condi t ions  

0 (0 )  = 0, O t ( 1 / 2 )  = 0 

and f o r  which 

N = -  PL* 
A i=l 

(89) 

T1 

Equation (88) possesses an elementary s o l u t i o n ,  from which t h e  c e n t e r l i n e  

temperature is  found t o  be 

C 

exp ( - 
-- - = -  Tc-T1 1 {1-*[ 

3N 11 
Q L ~ / A  l+exp ( -J3?) 

It  r e a d i l y  fo l lows t h a t  t h e  dimensionless gas proper ty  N cha rac te r i zes  

t h e  r e l a t i v e  importance of  r a d i a t i o n  versus  conduction wi th in  t h e  gas  under 

o p t i c a l l y  t h i n  condi t ions .  For p a r t i c u l a r  va lues  of P and L ,  it is 

a c t u a l l y  t h e  dimensional quan t i ty  



which c h a r a c t e r i z e s  t h i s  r e l a t i v e  importance, and 
2 

values  of N/PL a r e  

i l l u s t r a t e d  i n  Fig.  14.  For C O Y  C02, H20, and CH4, eq. (90) was evaluated 

employing t h e  band i n t e n s i t i e s  of Edwards, e t  a 1  ( l o ) ,  while f o r  N20 and 

.. WH3 the i n t e n s i t i e s  where taken from Tien ( 1 ) .  The appropr ia te  thermal 

conduc t iv i ty  va lues  a r e  from Tsederberg (42) .  It should again be 

2 emphasized t l ia t  N/PL charac te r i zes  radiat ion- conduction i n t e r a c t i o n  

only i n  t h e  o p t i c a l l y  t h i n  l i m i t .  

For t h e  l a r g e  path length  l i m i t  (ubi >> l ) ,  eq. (86) reduces t o  

do 1 d5 ' 
; i ~ t  6 - 1/2  = M l o  0 (5 ' )  7 

5 5 
(91) 

where 0(0) = 0 is again  t h e  appropr ia te  boundary condi t ion ,  and 

HL L n M = - = -  i c A .(--I 
A i=l 01 dT 

(92) 

T1 

The dimensionless parameter M c o n s t i t u t e s  t h e  radiation- conduction 

i n t e ~ c t i o ~ i  parameter f o r  t h e  l a r g e  path  length  l i m i t ,  and t h e  

dimensional  quan t i ty  M/L is i l l u s t r a t e d  i n  Fig.  15. For CO, CO2> H20. 

and CHq, t h i s  quan t i ty  was evaluated by using t h e  Aoi values of  Edwards, . 
et al ( l o ) ,  while f o r  N20 and NH3 t h e  Aoi values were ca lcu la ted  from 

eq. (44). 

A comparison of Figs.  14  and 15  shows a considerable d i f fe rence  

i n  the radiat ion- conduction i n t e r a c t i o n  f o r  t h e  o p t i c a l l y  t h i n  l i m i t  

as  opposed t o  t h e  l a r g e  path length  l i m i t .  For example, i n  t h e  

o p t i c a l l y  t h i n  l i m i t  CO possesses a l a r g e  r a d i a t i o n  i n t e r a c t i o n  
2 

re la t ive  t o  t h e  o t h e r  gases,  while t h e  r eve r se  is t r u e  i n  t h e  l a r g e  

path l e n g t h  l i m i t .  On t h e  o t h e r  hand, j u s t  t h e  opposi te  t r end  is 





65 

o3served f o r  H 0 .  Since t h e  thermal conduc t iv i t i e s  o f  t h e  various gases 
2  

dp n o t  d i f f e r  appreciably,  t h i s  behavior is  due t o  d i f ferences  i n  

r a d i a t i v e  t r a n s f e r  i n  t h e  o p t i c a l l y  t h i n  and l a r g e  path  length  l i m i t s ,  

and  a discuss ion t o  t h i s  e f f e c t  has been given i n  Sect ion  IV- A. - 
Equation (91) does not  appear t o  possess a  closed form so lu t ion .  

+ d numerical s o l u t i o n  has thus  been obtained,  and t h e  dimensionless 

cent ier l ine  temperature i s  i l l u s t r a t e d  i n  Fig.  16. 

Numerical s o l u t i o n s  of eq.  (86) ,  which is app l i cab le  f o r  a l l  
uoi 

va lues ,  have been obtained f o r  s e v e r a l  gases  (32),  and c e r t a i n  o f  t h e s e  

r e s u l t s  a r e  i l l u s t r a t e d  i n  Figs.. 17  thrdugh 19 f o r  C02 and H20. The 

Large pa th  length  l i m i t ,  a s  given by Fig. 16,  is a l s o  shown. From eq. 

< 8 7 ) ,  t h e  c e n t e r l i n e  temperature f o r  pure conduction fol lows t o  be 

Tc-T1 - = 0.125 
QL 2/ A 

and  t h u s  Figs .  17 through 19 se rve  t o  i l l u s t r a t e  t h e  influence of  r ad ia-  

t i v e  t r a n s f e r  upon t h e  temperature p r o f i l e  within t h e  gas.  A s  would 

be expected,  t h e  importance of  r a d i a t i o n  becomes more pronounced a s  t h e  

p l a t e  spacing i s  increased.  

For  t h e  sake of b rev i ty ,  comparisons involving t h e  o p t i c a l l y  t h i n  

l i m i t  w i l l  be made only f o r  C02 a t  a  pressure  of one atmosphere. .These 

* are i l l u s t r a t e d  i n  Figs.  20 and 21 f o r  wa l l  temperatures of  500°K and 

l ,OOO°K,  r e spec t ive ly .  I n  Fig.  20 it is evident  t h a t ,  when r a d i a t i o n  is  

af importance, t h e  r a d i a t i v e  t r a n s f e r  process very nea r ly  corresponds t o  

t h e  l a r g e  path l eng th  l i m i t .  Conversely, t h i s  i n d i c a t e s  t h a t  when t h e  

r a d i a t i o n  is o p t i c a l l y  t h i n ,  it is i n  t u r n  n e g l i g i b l e  r e l a t i v e  t o  conduc- 

tion, such t h a t  t h e  o p t i c a l l y  t h i n  l i m i t  does not  c o n s t i t u t e  a useful  

J i m i t i n g  s o l u t i o n  f o r  t h e  condi t ions  i l l u s t r a t e d  i n  Fig.  20. This  is  
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F i g .  19. Conduct i on - r ad i a t  ion 

I 1.0 

L ,  crn 

results f o r  H20 w i t 1 1  T1 = 500°K. 



L, crn 

Conpar i sori of g o n d u c t i c n - r a d i a t i o n  s ~ l u t i o n s  f o r  
CO - w i t ] ,  P = 1 -aim a t  T = 500°K. 

2 * - ,  1 



Fig. 21. Comparisojt cf c o ~ l d u c t  
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Fig. 21. Compari sojt cf c o ~ l d u c t - i o n - r a d i a i o ; ~  solutions for 
Cc? w i t i i  P = .1 aim and T1 = 500°K .  
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no t  t h e  ca se  a t  h ighe r  tempera tures ,  f o r  which g r e a t e r  depa r tu re  from 

t h e  l a r g e  p a t h  l eng th  l i m i t  e x i s t s .  This  is  ev iden t  from F ig .  21, 

where t h e  o p t i c a l l y  t h i n  l i m i t  i s  seen t o  be t h e  a p p r o p r i a t e  l i m i t i n g  

form f o r  sma l l  va lues  of  L .  

Comparative r e s u l t s  f o r  CO,  C02, H 0 ,  and CH a r e  shown i n  F igs .  22 
2  4 

and 23 f o r  a  p r e s s u r e  o f  one atmosphere and wa l l  temperatures  o f  500°K 

and l , O O O ° K ,  r e s p e c t i v e l y .  I n  Fig.  22, with t h e  except ion  of  C02, t h e  

r e s u l t s  do not  correspond c l o s e l y  t o  t h e  l a r g e  pa th  l eng th  l i m i t ,  

a l though t h e  r e l a t i v e  p o s i t i o n s  of  t h e  curves  co inc ide  very n e a r l y  wi th  

t h a t  kndicated by t h e  i n t e r a c t i o n  parameter f o r  l a r g e  pa th  l e n g t h s  

( s e e  F ig .  1 5 ) .  The only  except ions  a r e  t h e  CO and CH curves showing 
4 

l e s s  o f  a r a d i a t i v e  i n t e r a c t i o n  e f f e c t ,  r e l a t i v e  t o  CO t han  is  I 

2  ' 1 

i 

i n d i c a t e d  by Fig .  15 .  This  is  ev iden t ly  a  consequence of depa r tu re s  j 
from t h e  l a r g e  pa th  l e n g t h  l i m i t  f o r  t h e s e  two gases .  1 

I n  Fig.  23 t h e  r e l a t i v e  o rde r  of  t h e  f o u r  curves ,  f o r  smal l  va lues  

of  L ,  is  c h a r a c t e r i s t i c  of  t h e  i n t e r a c t i o n  parameter f o r  o p t i c a l l y  t h i n  

r a d i a t i o n  ( s e e  F ig .  1 4 ) .  A s  t h e  va lue  of  L i s  increased ,  t h e  

r e l a t i v e  p o s i t i o n s  of  t h e  two curves t u r n  i n t o  those  d iscussed  f o r  

F ig .  22. I 

i 
From F igs .  1 7  through 19,  it is  evident  t h a t  t h e  l a r g e  pa th  l eng th  

l i m i t  c o n s t i t u t e s  an  upper bound upon t h e  in f luence  of r a d i a t i v e  t r a n s f e r  

* on t h e  temperature p ro3 i l e r .w i th in  t h e  g a s .  The same conclusion a p p l i e s  t o  
I f 

I t h e  o p t i c a l l y  t h i n  l i m i t ,  s i n c e  s e l f  abso rp t ion  is  neglec ted .  This  f a c t  1 
E 

t h a t  both l i m i t i n g  s o l u t i o n s  c o n s t i t u t e  upper bounds on t h e  r a d i a t i v e  

I i n t e r a c t i o n  can be employed t o  e s t ima te  whether o r  n o t ,  f o r  a g iven  g a s ,  

t h e  i n t e r a c t  i on  of  r a d i a t i o n  may be of  

, 

importance. 







A f i n a l  comment pe r t a in ing  t o  radiation-conduction i n t e r a c t i o n  involves 

t h e  experimental measurements of Schimmel, Novotny, and Olsofka (37) .  

The apparatus cons is ted  of  two p a r a l l e l  p l a t e s  spaced 2.55 cm a p a r t  and 

maintained a t  d i f f e r e n t  temperatures, such t h a t  t h e r e  was n e t  energy 

t r a n s f e r  from one surface  t o  t h e  o the r .  Temperature p r o f i l e s  were ob- 

.. 
ta ined with a  Mach-Zehnder in ter ferometer  f o r  pure CO and N 0 ,  and f o r  

2 2  

mixtures of CO -CH and CO -N 0 .  The d a t a  were compared with a n a l y t i c a l  
2 4 2 2  

I r e s u l t s  based upon t h e  method of  s o l u t i o n  a s  employed i n  t h e  present  

I s e c t i o n .  Agreement between t h e  experimental and a n a l y t i c a l  r e s u l t s  was 

I \ - 
exce l l en t .  In  p a r t i c u l a r ,  t h e  invarianLe of t h e  temperature p r o f i l e  

upon gas pressure  i n  t h e  l a r g e  path length  l i m i t  was c l e a r l y  i l l u s t r a t e d .  

C .  VIBRATIONAL NONEQUILIBRIUM 

I n  most r a d i a t i v e  t r a n s f e r  analyses t h e  assumption of l o c a l  thermo- 

dynamic equil ibrium is  employed. There a r e ,  however, phys ica l  s i t u a t i o n s  

f o r  which such an assumption i s  not  j u s t i f i e d .  The purpose of t h i s  sub- 

I s e c t i o n  is  t o  inves t iga te  t h e  poss ib le  inf luence  of  v i b r a t i o n a l  non- 

equil ibrium upon i n f r a r e d  gaseous r a d i a t i o n .  The i l l u s t r a t i v e  physica l  

models a r e  t h e  same a s  previous ly  considered i n  Sect ions  IV- A and IV- B. 

i 
Only a  l imi ted  number of  nonequilibrium analyses a r e  a v a i l a b l e  i n  

t h e  l i t e r a t u r e  pe r t a in ing  t o  i n f r a r e d  r a d i a t i v e  t r a n s f e r .  Goody ( 6 )  

u t i l i z e d  t h e  nonequilibrium t r a n s f e r  equation,  eq. (55),  t o  der ive  an  

expression f o r  t h e  heat ing  r a t e  due t o  a  v ib ra t ion- ro ta t ion  band i n  a 

plane atmosphere. The s p e c i f i c  app l i ca t ion  involved t h e  15p carbon 

dioxide band. The l i n e a r i z e d  form of t h e  nonequilibrium t r a n s f e r  equation 

was employed by G i l l e s  (27),  and G i l l e s  and Vincenti  ( 2 8 )  t o  ob ta in  an 



expres s ion  f o r  t h e  r a d i a t i v e  f l u x ,  wi th  a p p l i c a t i o n  t o  a c o u s t i c s  and flow 

through shock waves. S ince  a n  average a b s o r p t i o n  c o e f f i c i e n t  was used,  

t h e i r  a n a l y s i s  is analogous t o  a  modif ied g ray  gas  a n a l y s i s  and does 

n o t  account  f o r  t h e  a c t u a l  band s t r u c t u r e .  A formula t ion  f o r  energy 
'I 

t r a n s f e r  by r a d i a t i o n  and conduct ion,  i n  t h e  presence  o f  v i b r a t i o n a l  

A nonequi l ib r ium,  has  been p r e s e n t e d  by Wang (43 ) .  I t  was i n d i c a t e d  t h a t  

t h e  source  f u n c t i o n ,  i n  g e n e r a l ,  s a t i s f i e s  a  time-dependent equa t ion  

involv ing  P l a n c k l s  f u n c t i o n ,  t h e  mean i n t e n s i t y  o f  r a d i a t i o n ,  and a 

parameter  r e p r e s e n t i n g  t h e  r e l a t i v e  importance of c o l l i s i o n a l  and 

r a d i a A v e  r e l a x a t i o n s .  Other  nonequi l idr ium s t u d i e s  p e r t a i n i n g  t o  atmos- 

p h e r i c  a p p l i c a t i o n s  a r e  g iven  by Thomas (44)  and Oxenius (45 ,  461, and 

an  a p p l i c a t i o n  invo lv ing  r a d i a t i o n  gas  dynamics i s  p re sen t ed  by 

Mermangen ( 4 7 ) .  

I n  t h e  p r e s e n t  i n v e s t i g a t i o n ,  t h e  r a d i a t i v e  f l u x  equa t ion ,  eq .  (681, 

formula ted  i n  terms o f  t h e  t o t a l  band absorp tance  and t h e  nonequi l ibr ium 

parameter  n /qr ,  is employed. R e s u l t s  a r e  p re sen t ed  f o r  d ia tomic  gases  

i n  g e n e r a l  and carbon monoxide i n  p a r t i c u l a r .  The method of  a n a l y s i s  

may, however, be  extended t o  m u l t i p l e  band gases .  Th i s  ex t ens ion  t o  

i nc lude  v i b r a t i o n a l  nonequi l ibr ium w i l l  b e  i l l u s t r a t e d  f o r  t h e  p h y s i c a l  

systems desc r ibed  i n  Sec t ions  IV- A and I V- B .  

For t h e  c a s e  i n  which r a d i a t i o n  is  t h e  on ly  mode o f  energy t r a n s f e r ,  

a combination of  eqs .  ( 6 8 ) ,  ( 7 3 ) ,  and (74)  y i e l d s  

where 



For a s i n g l e  band gas ,  t h e  d e f i n i t i o n  of $9~ i s  i d e n t i c a l  t o  t h a t  o f .  $ 

I given by eq. (77c). Thus, $$: simply denotes a dimensionless temper- 
I 

a t u r e  p r o f i l e  f o r  non-LTE. A s  would be expected, eq. (93) reduces t o  

A t h e  s i n g l e  band form of eq. (76) f o r  LTE ( i . e . ,  n /n r  = O), and a 

comparison of t h e  two equations shows t h a t  

1 
9*(5) = q(5)  + - (95) 

4u0 "r 

&nploying t h e  LTE r e s u l t s  f o r  $ a ~ " ~ i v e n  i n  Fig.  7 ,  t h e  c e n t e r l i n e  

temperature is  i l l u s t r a t e d  i n  Fig.  24 f o r  6 = m .  Since 6 is t h e  l i n e  

s t r u c t u r e  parameter and is p ropor t iona l  t o  t h e  r a t i o  of  mean l i n e  

I width t o  mean l i n e  spacing,  then 6 = codenotes t h e  l i m i t  of overlapping 

I l i n e s .  Resu l t s  f o r  o t h e r  values of  6, corresponding t o  s i t u a t i o n s  f o r  

which l i n e  s t r u c t u r e  is  important,  a r e  q u a l i t a t i v e l y  t h e  same. Figure 

24 c l e a r l y  i l l u s t r a t e s  t h e  maximum inf luence  of non-LTE under o p t i c a l l y  

t h i n  condi t ions ,  with t h e  subsequent diminishing of t h e  non-LTE inf luence  

a s  uo inc reases .  Note t h a t  the  non-LTE r e s u l t s  y i e l d  higher center-  

I l i n e  temperatures than t h e  corresponding LTE curve. A s  discussed i n  

+. Sect ion  111-C, t h i s  is a consequence of  non-LTE reducing t h e  c a p a b i l i t y  

of t h e  gas  t o  t ransmit  r a d i a t i v e  energy. 

Spec i f i c  r e s u l t s  a r e  i l l u s t r a t e d  i n  Fig.  25 f o r  T1 = 500°K. It is  

evident  t h a t  non-LTE can e x e r t  a considerable inf luence  upon t h e  rad ia-  

t i v e  t r a n s f e r  process f o r  low pressures .  The reason f o r  t h i s ,  of course, 

i s  t h a t  n /n  v a r i e s  inve r se ly  with p ressure .  S imi la r  r e s u l t s  a r e  r 

i l l u s t r a t e d  i n  Fig. 26 f o r  T1 = l , O O O ° K ,  from which it is seen t h a t  t h e  
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mm-LTE inf luence  is very small .  This  is a consequence of t h e  s t rong  

tempera ture  dependence of , such t h a t  t h e  value of d q r  a t  l , O O O ° K  

2s approximately two o rde r s  of  magnitude l e s s  than t h e  value f o r  500°K. 

Considering now t h e  inc lus ion  of molecular conduction, a cornbina- 
w 

t i o n  of eqs .  (68) ,  (74),  and (85) y i e l d s  t h e  appropr ia te  energy 

I, equat ion  as 

d G, x +  5 - U 2  

3Mu0 3u - - -  3u0 

2 { ~ > ( ( ' ) b ' [ +  ({-5')]d(' - I : ~ ( E ' ) x ' [ ~  (5'-5)1d5'} 

b 1, 3u (96)  
d20 - 3u0 1 d20 - o - 3 ( 1 ) { 1 3 1  t --)A'C-- ( ~ - E ~ ) I ~ s ~  - 1 5 ( 1  + - ) A ~ C - -  ( s ~ - E ) I ~ s ~ I  

2 
El % d p 2  2 d < t 2  

where M is  defined by eq. ( 92) , while 

T-T1 
o = -  

Q L ~ / A  

Quation (96)  c o n s t i t u t e s  t h e  non-LTE counterpar t  t o  t h e  s i n g l e  band form 

of eq- (86) .  

Numerical s o l u t i o n s  of eq. ( 96 )  have been obtained by t h e  same 

method p rev ious ly  employed f o r  LTE (48) ,  and c e n t e r l i n e  temperatures a r e  

shown i n  Figs. 27 and 28 f o r  carbon monoxide with T = 500°K and lY00O0Ky 
1 

m 

r e s p e c t i v e l y .  Recal l  t h a t  non-LTE e f f e c t s  a r e  most pronounced f o r  smal l  

paTh lengths .  With re fe rence  t o  Fig .  27, however, t h i s  corresponds t o  t h e  
a 

s i t u a t i o n  f o r  which conduction i s  t h e  predominant mode of energy t r a n s f e r .  
- 

Thus, f o r  a given pressure ,  t h e  non-LTE inf luence  upon t o t a l  energy 

t r a n s f e r  within t h e  gas w i l l  vanish f o r  e i t h e r  smal l  o r  l a r g e  values of  

. 'The former corresponds t o  neg l ig ib le  r a d i a t i v e  t r a n s f e r ,  while t h e  

latter denotes t h e  l a r g e  path length  l i m i t .  I n  o t h e r  words, i f  non- 







equ i l i b r ium r a d i a t i o n  is t o  have a  s i g n i f i c a n t  i n f luence  upon t h e  energy 

equa t ion ,  t hen  t h e  p h y s i c a l  dimension of t h e  gas  system must be s u f f i -  

c i e n t l y  l a r g e  f o r  r a d i a t i o n  t o  p l a y  a  dominant r o l e ,  bu t  it cannot be s o  

l a r g e  t h a t  t h e  l a r g e  pa th  l eng th  l i m i t  is approached. I n  a d d i t i o n ,  of 

course ,  both p re s su re  and temperature must be  r e l a t i v e l y  low. 

D. RADIATIVE EQUILIBRIUM 

The preceding ana lyses  have d e a l t  s o l e l y  wi th  t h e  s i t u a t i o n  f o r  

which n e t  energy t r a n s f e r  is  between t h e  gas  and t h e  bounding su r f aces ;  

i .e . ,  t h e r e  is  no n e t  r k d i a t i v e  t r a n s f e r  from one s u r f a c e  t o  t h e  o t h e r .  

It w i l l  t h u s  be of  i n t e r e s t  t o  cons ider  b r i e f l y  t h e  oppos i t e  extreme 
-. 

f o r  which t h e  n e t  radiatirW: t r a n s f e r  i s  s t r i c t l y  between t h e  su r f aces .  

Th i s  i s  t h e  case of r a d i a t i v e  equi l ibr ium,  f o r  which, with r e f e rence  

t o  Fig.  6, t h e  s u r f a c e  tempera tures  T and T a r e  no t  equal ,  and t h e r e  
1 2 

is  no o t h e r  mechanism o f  energy a d d i t i o n  o r  t r a n s f e r  w i th in  t h e  gas .  

The energy equat ion  is thus  

For t h e  sake of  b r e v i t y ,  cons ide ra t ion  w i l l  be  g iven  only  t o  t h e  

l a r g e  pa th  l eng th  l i m i t , . a n d  upon summing eq.  (68)  over  a l l  bands, 

l i n e a r i z i n g  t h e  r e s u l t i n g  equat ion  through t h e  use o f  eq.  (74), and 

t a k i n g  t h e  l a r g e  pa th  l e n g t h  l i m i t  f o r  which A1(u)  = l / u ,  t h e  i n t e g r a l  

equat ion  desc r ib ing  t h e  temperature p r o f i l e  f o r  r a d i a t i v e  equ i l i b r ium 

fo l lows  t o  be ( 4 9 )  



where aga in  6 = y/L, while  

T-T 
o = -  

T1-T2 

A s  with eq. (80) ,  t h e  summation over  i n d i v i d u a l  bands vanishes  i n  

t h e  l a r g e  pa th  l eng th  l i m i t .  The s o l u t i o n  t o  eq. ( 97) y i e l d s  ( 38) 

Th i s  temperature p r o f i l e  i s  i l l u s t r a t e d  i n  F ig .  29 t o g e t h e r  with t h e  

r e s u l t  f o r  t h e  d i f f u s i o n  (Rosseland)  l i m i t .  

The n e t  r a d i a t i v e  hea t  f l u x  between t h e  p l a t e s  may i n  t u r n  be  

determined by employing eq. (98)  i n  t h e  express ion  f o r  t h e  r a d i a t i v e  

f l u x  qR, with  t h e  r e s u l t  t h a t  ( 4 9 )  

T h i s  has  been eva lua ted  f o r  s e v e r a l  gases  and i s  i l l u s t r a t e d  i n  F ig .  30. 

S i n c e  t h e  o r d i n a t e  va lue  o f  u n i t y  corresponds t o  t h e  t r a n s p a r e n t  l i m i t ,  

t h e  e f f e c t i v e n e s s  o f  each of  t h e s e  gases  i n  reducing  t h e  n e t  r a d i a t i v e  

f l u x  i s  c l e a r l y  i l l u s t r a t e d .  Furthermore, f o r  cond i t i ons  under which 

t h e  l a r g e  p a t h  l eng th  l i m i t  does no t  app ly ,  it may r e a d i l y  be shown t h a t  

eq.  ( 9 9 )  c o n s t i t u t e s  a  lower l i m i t  on r a d i a t i v e  t r a n s f e r .  

It is  i n t e r e s t i n g  t o  no te  t h e  d i f f e r e n c e  between t h e  p re sen t  

r e s u l t s  and t h o s e  o f  Sec t ion  111-A, which d e a l t  wi th  a  uniform h e a t  

sou rce  wi th in  a gas  bounded by symmetr ical ly  hea ted  p l a t e s .  Again t h e s e  

c o n s t i t u t e  two oppos i t e  extremes i n  t h a t  t h e  n e t  r a d i a t i v e  t r a n s f e r  is  

s o l e l y  between s u r f a c e s  i n  t h e  p r e s e n t  s i t u a t i o n ,  whereas it is between 

t h e  g a s  and t h e  bounding s u r f a c e s  i n  t h e  former case ,  and r e c a l l  from 

-- - - - - -- 



F i g .  29. Temperature d i s 'L~s ibu t ion  f o r  r a d i a t i v e  equ i l i b r i um i n  t h e  
l a rge  pa th  length  l i m i t .  
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S e c t i o n  1 1 1- A  t h a t  t h e  band i n t e n s i t i e s  
Si 

do n o t  appear  i n  t h e  l a r g e  

p a t h  l eng th  l i m i t .  This  absence can be t r a c e d  t o  t h e  f a c t  t h a t  t h e  

c e n t r a l  p o r t i o n  of a band, s i n c e  it i s  s a t u r a t e d  i n  t h e  l a r g e  pa th  

l e n g t h  limit, has  no e f f e c t  upon t h e  n e t  r a d i a t i v e  t r a n s f e r  between 

t h e  gas  and t h e  bounding s u r f a c e s .  I n  o t h e r  words, n e t  r a d i a t i v e  

t r a n s f e r  t a k e s  p l a c e  on ly  i n  t h e  wing r eg ions  o f  t h e  bands, and t h e  

e x t e n t  of t h e  wings depends only  on Aoi. This  i s  n o t  t h e  case  i n  t h e  

p r e s e n t  s i t u a t i o n ,  however, s i n c e  t h e  r educ t ion  i n  t h e  n e t  r a d i a t i v e  

t r a n s f e r  between s u r f a c e s  w i l l  depend upon t h e  extend o f  t h e  s a t u r a t e d  

c e n t r a l  p o r t i o n  o f  t h e  bands, and hence eq.  ( 9 9 )  con ta ins  both of  t h e  

band parameters  
A o i  

and S . .  
1 
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V. CONCLUDING REMARKS 

The i n t e n t  o f  t h e  p re sen t  chap te r  has  been t o  i n v e s t i g a t e  t h e  b a s i c  

f e a t u r e s  o f  i n f r a r e d  gaseous r a d i a t i o n  through use  of  extremely s imple 

and i l l u s t r a t i v e  p h y s i c a l  models, and no a t t empt  has  been made t o  d e s c r i b e  

s p e c i f i c  a p p l i c a t i o n s .  There does e x i s t ,  however, a  body of  l i t e r a t u r e  

p e r t a i n i n g  t o  t h e  i n c l u s i o n  of  spec t roscop ic  informat ion  i n t o  r a d i a t i v e  

t r a n s f e r  ana lyses  involv ing  t h e  s t r u c t u r e  and dynamics of  p l a n e t a r y  

atmospheres.  I n  such i n v e s t i g a t i o n s  i n f r a r e d  gaseous r a d i a t i o n  c o n s t i -  

t u t e s  an  important  mechanism of energy t r a n s f e r ,  and f o r  t h e  most p a r t ,  

a s  i n  t h e  p r e s e n t  chap te r ,  t h e  k e r n e l  f u n c t i o n  f o r  t h e  r a d i a t i v e  f l u x  

i s  formulated i n  terms of  t h e  band absorptance ( o r  t r ansmis s ion  f u n c t i o n ) .  

Normally, however, a t t e n t i o n  i s  d i r e c t e d  towards numerical s o l u t i o n s  f o r  

s p e c i f i c  p l a n e t a r y  cond i t i ons ,  and l i t t l e  emphasis is  placed upon t h e  

b a s i c  f e a t u r e s  of  t h e  r a d i a t i v e  t r a n s f e r  p roces s .  

A p a r t i a l  summary of  atmospheric r a d i a t i o n  ana lyses  i nc ludes  t h e  

i n v e s t i g a t i o n s  of Manabe and coworkers (50,  51, 52, 53) f o r  Ea r th ;  

s t u d i e s  of  t h e  s t r u c t u r e  of  t h e  Martian atmosphere by Prabhakara and 

Hogan (54 ) ,  Ohring and Mariano (55, 56) ,  and Gierasch and Goody (57, 

58); and t h e  a n a l y s i s  o f  t h e  atmosphere of  Venus above t h e  cloud t o p s  

by Bartko and Hanel (59 ) .  A weal th o f  information may f u r t h e r  be 

found i n  t h e  book by Goody ( 6 ) .  
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NOMENCLATURE 

-1 t o t a l  band absorptance, cm 

t o t a l  absorptance of  a  s i n g l e  l i n e  

-I 
band width parameter ( c o r r e l a t i o n  quan t i ty ) ,  cm 

- 
dimensionless band absorptance,  A = A/Ao 

r o t a t i o n a l  cons tant ,  cm - 1 

black-body i n t e n s i t y  a t  l o c a l  temperature 

- 2 -1 
s p e c t r a l  su r face  r a d i o s i t i e s ,  (watts-cm )/cm 

speed of l i g h t  

P lanck ls  funct ion ,  (watts-cm-2)/cm-1 

P lanck l s  func t ion  evaluated a t  band cen te r  

P lanck l s  func t ion  evaluated a t  temperature T 1 

v i b r a t i o n a l  energy 

equil ibrium v i b r a t i o n a l  energy 

P lanck t s  cons tant  

gas  proper ty  f o r  t h e  l a r g e  path  length l i m i t ,  eq.  (82) 

s p e c i f i c  i n t e n s i t y  

source func t ion  

Boltzmann constant  

gas  proper ty  f o r  t h e  o p t i c a l l y  t h i n  l i m i t ,  eq. (79) 

d i s t ance  between p l a t e s ,  cm 

radiat ion- conduction i n t e r a c t i o n  parameter, eq. (92) 

radiat ion- conduction i n t e r a c t i o n  parameter, eq. (89 )  

gas  pressure ,  atm 

equivalent  ( e f f e c t i v e )  broadening pressure  

t o t a l  r a d i a t i v e  hea t  f l u x ,  watts/cm 2 



-2 -1 
s p e c t r a l  r a d i a t i v e  f l u x ,  (watts-cm )/cm 

hea t  source o r  s ink ,  watts/cm 
3 

d i s t ance  along d i r e c t i o n  of r a d i a t i v e  propagation 

-1 -2 
t o t a l  band i n t e n s i t y ,  atm -cm 

l i n e  i n t e n s i t y  

temperature, k i n e t i c  temperature, O K  

reference  temperature (equi l ibr ium) 

su r face  temperature 

dimensionless coordinate ,  u = SPy/Ao 

dimensionless pa th  length ,  u = SPL/Ao 
0 

physica l  coordinate 

s p e c t r a l  band c o e f f i c i e n t  

l i n e  s t r u c t i o n  parameter 

r o t a t i o n a l l y  averaged l i n e  h a l f  width, eq. (35) 

v i b r a t i o n a l l y  averaged l i n e  ha l f  width, eq. ( 39 ) 

l i n e  h a l f  width, cm-I 

E su r face  emit tance 

rl v i b r a t i o n a l  r e l a x a t i o n  time, s e c  

'I, 
r a d i a t i v e  l i f e  time of  v i b r a t i o n a l  s t a t e ,  s e c  

* 0 dimensionless temperature, eq. (86)  

0 dimensionless temperature, eq. (97) 

-1 K equil ibrium s p e c t r a l  absorpt ion  c o e f f i c i e n t ,  cm 
W 

- -1 
K~ 

Planck mean c o e f f i c i e n t ,  cm 
- 

mean absorpt ion  c o e f f i c i e n t ,  K = SP/Aw 

X thermal conduct iv i ty ,  ( w a t t ~ - c m - ~ ) / ~ ~  

v frequency 

P d e n s i t y  

. . . a- "--- - r 9 --.* -,-- . *a 9 -, *= 
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