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In t roduc t ion  

Pho toe>as t i c i t y  i s  d e f i n i t e l y  one o f , t h e  most powerful and widely used 

methods i n  experimental  s t r e s s  a n a l y s i s .  However t h e  f a c t  t h a t  p h o t o e l a s t i c  

models have t o  be  made of  c e r t a i n  t ypes  o f  t r a n s p a r e n t  m a t e r i a l  with e l a s t i c  - 
cons t an t s  q u i t e  d i f f e r e n t  from t h a t  o f  t h e  pro to type  has r a i s e d  quest ions 

from t ime t o  t ime a s  t o  t h e  v a l i d i t y  o f  t h e  experimental  r e s u l t .  From 

t h e o r y  of e l a s t i c i t y  w e  know t h a t  i f  t h e  problem i s  e i t h e r  p l ane  s t r e s s  

o r  p l ane  s t r a i n  and t h e  boundary cond i t i ons  a r e  such t h a t  they  a r e  s p e c i f i e d  

i n  terms o f  s u r f a c e  t r a c t i o n s ,  t h f m  i n  t h e  absence o f  body f o r c e ,  t h e  s t a t e  

o f  s t r e s s  o f  t h e  body i s  independent of  both e l a s t i c  cons t an t s ,  provided 

t h a t  t h e  body occupies  a  s i n g l y  connected r eg ion .  For mul t ip ly  connected 

bodies  it i s  necessary  t o  have t h e  a d d i t i o n a l  condi t ion  t h a t  t h e  sum o f  

a l l  f o r c e s  on each and every  boundary is  zero.  Other t h a n  t h i s  r a t h e r  

restrbicted c a s e ,  t h e  e f f e c t  o f  e l a s t i c  cons t an t s  i s  always p re sen t  i n  t h e  

s o l u t i o n  of  a e l a s t o s t a t i c  problem. 

I n  model s c a l i n g  t h e  e f f e c t  of Young's modulus E can be matched by 

in t roduc ing  non-dimensional q u a n t i t y  such a s  o/E [l];?: t h e  e f f e c t  of  

Po i s son ' s  r a t i o  v , being  non-dimensional i t s e l f ,  however, can only be 

matched by u s i n g  t h e  same va lue  as t h a t  o f  t h e  p ro to type .  Since it has  

been unsuccessfu l  t o  change t h e  v o f  a  p h o t o e l a s t i c  m a t e r i a l ,  e f f o r t s  

have been d i r e c t e d  t o  f i n d i n g  o u t  s p e c i f i c a l l y  what e f f e c t  Poisson 's  

r a t i o  has  on t h e  state o f  s t r e s s  and how t o  c o r r e c t  it. Numerous 

papers  a r e  devoted t o  t h i s  s u b j e c t .  For example, papers  by S ick ly  L21, 

Clu t te rbuck  [3] , F e s s l e r  and Lewin [ 41, and Kznny [51 among o t h e r s .  

*Numbers i n  b r a c k e t s  denote r e f e rences  a t  t h e  end o f  paper .  



The common conclusion from Yhese i n v e s t i g a t i o n s  have been t h a t  t h e  e f f e c t  

o f  v on s t a t e  o f  s t r e s s  is l e s s  t h a n  10% and is o f  t h e  same o r d e r  o f  

magnitude a s  t h a t  o f  exper imenta l  e r r o r ;  hence it is customary t o  neg lec t  

t h e  Poisson 's  e f f e c t .  

However, -in 1966 Sanford [ 6 1  showed t h a t  t h e  e f f e c t  o f  Po i s sonTs  

r a t i o  i n  g e n e r a l  cannot be neg lec t ed .  For t h e  p a r t i c u l a r  c a s e  s tudied  b? 

him, t h e  e f f e c t  could be a s  l a r g e  a s  86%. 

Indeed it i s  n o t  d i f f i c u l t  t o  genera te  some problems f o r  which t h e  

e f f e c t  i s  o f  s i g n i f i c a n t  importance. For example, i f  a t e n s i o n  b a r  is  

connected t o  a frame made o f  t h e  same m a t e r i a l  a s  shown i n  Fig.  1, t h e  

s t r e s s  a t  s e c t i o n  PA o r  BB of  t h e  h o r i z o n t a l  connect ing b a r  i s  approxi- 

mately equal  t o  UP i f  t h e  frame is  made r e l a t i v e l y  r i g i d  compared t o  

t h e  connect ing b a r s .  The magnitude o f  t h e  s t r e s s  can then  range from 

ze ro  t o  1 / 2  P depending up011 whether v i s  zero o r  a h a l f ,  r e s p e c t i v e l y .  

It is obvious t h a t  t h e  e f f e c t  is  even more pronounced i f  t h e r e  a r e  ho le s  

o r  notches p r e s e n t .  

One method t o  c o r r e c t  t h e  Po i s son ' s  e f f e c t  on s t r e s s  d i s t r i b u t i o n  is 

t o  in t roduce  a Vo l t e r r a  d i s l o c a t i o n  t o  a second model a s  proposed by 

F i lon  [7,81. The s t r e s s  due t o  d i s l o c a t i o n  i s  then  added t o  t h e  s t r e s s  

due t o  l oad .  While t h e  method i s  t h e o r e t i c a l l y  sound, the extreme exper- 

imenta l  d i f f i c u l t y  involved i n  producing Vo l t e r r a  d i s l o c a t i o n  has p r a c t i c a l l y  

prevented it from being used by e x i e r i r n e n t a l i s t s  . 
In  1967 Dundurs [ 9 1  publ i shed  a very i n t e r e s t i n g  paper  showing t h a t  

t h e  dependence on Poisson ' s  r a t i o  i.n p lane  e l a s t i c i t y  can be der ived  

e x p l i c i t l y  and t h a t  t h e  s t a t e  o f  s t r e s s  of  a body of  any Poisson ' s  r a t i o  

can b e  ob ta ined  i f  it i s  known f o r  two models o f  d i f f e r e n t  Po i s son ' s  r a t i o .  



The p o s s i b l e  impact of t h i s  r e s u l t  on p h o t o e l a s t i c i t y  i s  obvious and it i s  

t h e  i n t e n t  o f  t h i s  paper  t o  provide some experimental  evidence t o  t h e  

a n a l y s i s  and t o  exp lo re  t h e  p r a c t i c a l  a spec t  of i t s  a d a p t a b i l i t y  t o  photo- 



Scope o f  t h e  Study and Experimental P r o c e d u ~ e s  - 

While Dundurs' r e s u l t  a p p l i e s  t o  both plane s t r e s s  and p lane  s t r a i n  

problems, t h e  foriner w a s  chosen f o r  t h e  s tudy  because o f  t h e  d i f f i - c u l t i e s  

involved i n  producing p lane  s t r a i n  cond i t i on  f o r  models o f  var ious  m a t e r i a l s .  - 

For p lane  s t r e s s  case  it was shown by Dundurs t h a t  

i n  which a is  t h e  s t r e s s  t e n s o r ,  q t h e  loading ,  i j  and Yi j  and 8 a r e  
i j  

f unc t ions  o f  p o s i t i o n  only .  I t  is  seen  t h e r e f o r e  t h a t  i f  t h e  s t a t e  of 

stress is known f o r  two models w i t h  d i f f e r e n t  v ,  
'i j 

a n d *  c a n b e  
i j 

so lved  t o  y i e l d  t h e  s t a t e  o f  s t r e s s  f o r  any Po i s son ' s  r a t i o .  Experimentally 

t h e  s t a t e  o f  s t r e s s  should be  p l o t t e d  a g a i n s t  v, and t h e  r e s u l t  should be 

a  s t r a i g h t  l i n e .  S t r e s s e s  f o r  o t h e r  Po i s son ' s  r a t i o s  can then  be obtained 

by l i n e a r  i n t e r - o r  e x t r a p o l a t i o n .  The a d a p t a b i l i t y  of  t h i s  technique 

depends on whether o r  n o t  t h e r e  a r e  two p h o t o e l a s t i c  m a t e r i a l s  with 

Po i s son ' s  r a t i o s  d i f f e r e n t  enough s o  t h a t  accu ra t e  I n t e r - o r  ex t r apo la t ions  

can be  made. I t  i s  obv io i~s  t h a t  i f  t h e  da t a  p o i n t s  from two p h o t o e l a s t i c  

models a r e  t o o  c l o s e  t o g e t h e r  t h e  s t r a i g h t  l i n e  connect ing them may no t  

r e p r e s e n t  t h e  a c t u a l  d i r e c t i o n  because of  experimental  e r r o r s .  

I n  t h i s  s tudy  f o u r  d i f f e r e n t  m a t e r i a l s :  CR-39, epoxy, ure thane  

rubber ,  and aluminum were chosen a s  model m a t e r i a l s .  T h e i r  corresponding 

P o i s s o n t s  r a t i o s  a r e  l i s t e d  i n  t h e  fo l lowing:  

Ma te r i a l  P o i s s o n ' s  Rat io  

Urethane Rubber 0.456 
CR-39 0.428 
Epoxy (Hysol 4290) 0 .377 
Aluminum 0.361 



The reason f o r  choosing these  mater ia ls  is  mainly t he  avai l -abi l i ty  

t o  t h e  author a t  the  time of experiment. Tests  were pe+formed first 

f o r  t h e  t h r e e  pho toe las t i c  models t o  see  i f  t h e  data  points  form a s t r a i g h t  

l i n e  and whether it i s  s u f f i c i e n t  t o  render accurate  in te r -o r  ext rapola t ions .  

The t e s t  on the-aluminum model w a s  performed l a s t  t o  check t h e  accuracy of 

ext rapola t ion.  

The geometry of t h e  model i s  shown i n  Fig.  2 together with the  

loading device. Under t h e  fo rce  s o  applied t h e  s t a t e  of  s t r e s s  a t  the  

c en t r a l  hor izon ta l  bar  i s  c l ea r l y  a function of Poisson's r a t i o .  The 

c i r cu l a r  notches a re  introduced t o  increase t h e  f r inge  order ( thus the  

e f f e c t  o f  Poisson's  r a t i o ) .  Each model i s  loaded a t  four  d i f f e r en t  l eve l s  
.. 

of loading and t he  s t r e s s  a t  t h e  t i p  of  notch (averaged over t he  two 

notches 1 p lo t t ed  agains t  t h e  loading t o  reduce experimental e r ro rs .  A 

t y p i c a l  p h t o t e l a s t i c  pa t t e rn  of a CR-39 model under loading i s  shown i n  

Fig. 3. S t ress-opt ic  coef f i c ien t s  a r e  ca l ib ra ted  using c i r cu l a r  disks 

under d iametr ica l  compression, and Poisson r a t i o s  a r e  obtained using 

tens ion bars .  For measuring t h e  longi tudinal  and t ransverse  s t r a i n s  of 

a tens ion ba r ,  moirk method was used f o r  the  case of urethane rubber 

whereas s t r a i n  gages were used f o r  t h e  r e s t  of  them. S t ra in  gages were 

a l s o  used f o r  measuring t he  s t r a i n s  a t  the  t i p  of notches of the  

aluminum model. 



Results  and Discussions 

The normalized s t r e s s e s  at  t h e  t i p  of notch i n  d i f f e r e n t  models a r e  

p l o t t e d  aga ins t  Poisson's  r a t i o  v as shown i n  Fig.  4. Normalization of  

stress is done by dividing t h e  stress by t h e  applied average pressure Pave, 

which i s  defined t o  be t h e  t o t a l  appl ied  force  divided by t h e  a rea  of  

appl ica t ion.  I t  is seen from Fig. 4 t h a t  t h e  state of  s t r e s s  i s  indeed a 

l i n e a r  function of Poisson's  r a t i o  and t h a t  accura te  in te r -o r  ext rapola t ions  

could be made from t h e  s t r a i g h t  l i n e  connecting t h e  t h r e e  photoelas t ic  data  

points .  The f a c t  t h a t  t h e  d a t a  p o i n t  from aluminum model f a l l s  be'low t h e  

predic ted  p o s i t i o n ,  however, is due t o  t h e  averaging e f f e c t  of a s t r a i n  

gage of  f i n i t e  s i z e  a t  t h e  t i p  of  notch.. 
'S 

h l i l e  t h e  pho toe las t i c  material chosen here  a r e  t h a t  of  urethane 

rubber,  CR-39 and room-temperature epoxy, t h e r e  is  no reason of  course 

t o  restrict onesel f  t o  t h e  s e l e c t e d  t h r e e .  Judging from t h e  accuracy 

shown i n  Fig. 4 it i s  s u f f i c i e n t  ' t o  use only two models with data  po in t s  

as widely separated a s  poss ib le .  The f a c t  t h a t  epoxy a t  c r i t i c a l  temper- 

a t u r e  has a Poisson's  r a t i o  of  approximately 1 /2  renders i t s e l f  a s  t h e  

b e s t  choice f o r  one of t h e  two needed points .  The o t h e r  point  may be 

obtained e i t h e r  from a Homolite 100 model (vg0.36) o r  a room-temperature- 

epoxy model (~30.34-0.38). Other pho toe las t i c  mate r i a l s  with r e l a t i v e l y  

low Poisson's r a t i o  of course could a l s o  be used. A s  mentioned before t h e  

present  choice of mate r i a l s  was mainly f o r  t h e  convenience of t h e  author; 

t h e  use of high-temperature epoxy, however, w a s  d e l i b e r a t e l y  excluded s ince  it 

needed four  models f o r  f o u r  d i f f e r e n t  l e v e l s  o f  loading as compared t o  

one f o r  t h e  r e s t  of t h e  mate r i a l s .  



Conclusions 

The experimental  evidence provided i n  t h e  paper  shows t h a t  i n  a 

mul t ip l e  connected body wi th  non-zero su r f ace  t r a c t i o n s  on i n t e r n a l  

boundaries  t h e  S t a t e  of  stress depends l i n e a r l y  on Po i s son ' s  r a t i o .  More 

important  it s h o ~ r s  t h a t  t h e r e  a r e  p h o t o e l a s t i c  m a t e r i a l s  a v a i l a b l e  (epoxy 

a t  c r i t i c a l  t empera twe  wi th  vz05 and Homolite 100 with v. = 0.36 ,  f o r  

example ) with Poisson 's  r a t i o  d i f f e r e n t  enough t h a t  acc;~ate  l i n e a r  i n t e r -  

o r  e x t r a p o l a t i o n  - can be made t o  m a t e r i a l  o f  any Poisson ' s  r a t i o .  The 

t h e o r e t i c a l  r e s u l t  o f  Dundurs and t h e  experimental  r e s u l t  presented i n  
I 

t h i s  paper  open up a  wide c l a s s  o f  problems t h a t  can be a t tacked  by 

p h o t o e l a s t i c i t y  wi th  confidence.  It i s  t h e r e f o r e  no longer  necessary ,  

a t  l e a s t  i n  p l ane  e l a s t i c i t y ,  t o  guess t h e  e f f e c t  o f  Poisson ' s  r a t i o .  
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