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Abstract 

of concern are t h e  s e t  of d i f fe rent ia l  equations ~ ~ h i c h  are the 

of motion of a passive mechanical system. Of course any actual 

system of t h i s  type has damping. I f  the  differential  equations have con- 

stant coeff ic ients  then it i s  an elementary problem t o  show that any 

effect of the  i n i t i a l  conditions on the  motion dies out a t  an exponential 

ra te .  The main problem t r ea ted  i n  t h i s  paper relates  to  the situation 

i n  which the dqnping i s  not constant but i s  variable between l i m i t s .  This 

problem i s  analyzed by a special  method making use of the Laplace trans- 

form. It re su l t s ,  a s  i s  t o  be expected, t ha t  any effect of the i n i t i a l  

condition on t h e  motion dies out exponentially. 
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1, In t roduc t ion  

d his paper  i s  concerned with the forced vibration of electrical or 

system with damping. More precisely it is a study of the ef- 

fect of r e p l a c i n g  c o n s t a n t  l inear  damping with variable nonlinew damp- 

ing. The s t a b i l i t y  p r o p e r t y  assumed for  the constant l inear system is  

that any e f f e c t  of the i n i t i a l  conditions on the  velocity decays exponen- 

t i a l l y  t o  zero-  From a physical standpoint, it i s  reasonable t o  expect 

that the saxe s t a b i l i t y  property holds &en the constant damping i s  re- 

placed by damping v a r y i n g  a r b i t r a r i l y  between constant limits. The pur- 

pose of this paper i s  t o  give a mathematical proof of such stabil i ty.  

This paper is one  of a ser ies  of papers on the subject of nonlinear 

networks. I n  p a r t i c u l a r ,  t he  papers E l ] ,  [Z], 131 and [4] l i s ted  below 

are a l so  concerned w i t h  the s t ab i l i t y  problem studied here. The present 

paper makes no a p p e a l  t o  t h i s  previous work because the hypotheses are 

somewhat d i f f e r e n t ,  The hypotheses i n  t h i s  paper are i n  some ways less 

general than assumed i n  141 and i n  other wws more general. The essen- 

t i a l  d i f f e r ence  is  t h a t  i n  [ k ]  it was assumed tha t  resistance was present 

i n  every c i r c u i t  of the  network while here some circui ts  my be without 

resistance.  This  me- t h a t  the  res is tance matrix may be singular- 

I n  [b]  t h e  s t a b i l i t y  proof depended on the construction of a fun+ 

tion of Liapunov t ype .  By contrast, the  s t ab i l i t y  proof developad her@ 

does not make use of t h e  methods of Liapunov- 

The type  of non l inea r i t y  permitted i n  the damping is the same as 

that introduced in [l] and termed a llquasilinear replacement " The same 

was used i n  the  other papers of t h i s  series. A quas i l ines  re- 
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placement a r i s e s  in  Zn eleC%?ic2l lek-rork ?-<am res i s to r s  obeying ohmi 

law are replaced by nordiner* con5uctors whose d i f fe ren t ia l  res is tmce 

lies bet l~een  l i m i t s .  ? , X n t ~  [ 5 ]  h2s termed such nonlinear con- 

ductors 1rmonotone  resistor^" md >as given far-reaching applications of 

these concepts [61 Brorrder C 71 , Zar 2ntelI-o [ 81 and others have developed 

I s i m i l a r  t h e o r i e s  . 
2. Equations of mot ion 1:it:l constant coeff ic ients  

Of concern are e l e c t r i c a l  or  nechanical systems with damping. Fi rs t  

a t t e n t i o n  i s  conf ined  t o  sy s t em >nth constant danpingj l a t e r  the constant 

damping w i l l  be r e p l a c e d  by varia'ole dairping. The systems with constant 

damping a r e  assumed t o  obey t h e  following vector d i f fe ren t ia l  equation 

Here  L, T, R a n d  S a r e  n by n matrices whose matrix elements a r e  rea l  

constants .  The v e c t o r s  q and e have n components. I n  the usual mechanical 

i n t e r p r e t a t i o n  (1) is  the  Lagrange equation of motion fo r  the system. 

I 
Thus q i s  t h e  displacement vector, q = dq/dt 5s the  velocity vector, 

and < = d2q/dta is the accelerat?.on vector. Then Lq' i s  the iner t ia  force, 

I ~ q '  i s  t h e  gyroscopic  force ,  Rqf is thedamping force, Sq is  the spring 

I f o r ce .  and e is t h e  app l ied  force. &ergy considerations demand that b, 

R, and S b e  symmetric semi-definite matrices. On the other hand, T i s  , 

skew symmetric. The e l e c t r i c a l  n e h o r k  in terpre ta t ion of the differential  
I 

equation (1) i s  equa l l y  f a d l i z r .  Then q i s  the  current vector and e i s  

t h e  app l ied  e lec t romot ive  force. The matrix T appears when the netpork 

contains gyrators ,  a concept introduced by TeUegen. 

A t t en t i on  i s  r e s t r i c t e d  i n  t h i s  paper t o  those systems haying 
I .  

undamped free motions.  ~ 0 r  an equation with constmt  coefficients the con- 

I < .  

d i t i on  that there b e  no m d q e d  motion i s  ~ 0 ' ~ p l e t e l y  specified 
the 



of t h e  homogeneous equa t i on  

~ q "  + Tqf + Rqf +sq = 0 (2) 
/ be such t h a t  the  v e l o c i t y  vector q approaches zero as  t + +c? i s  that 

-hT z de t  ( z 2 ~  + zT + xR + S) f 0 . (3) 

for Re ( a )  2 0 .  Here N i s  t he  n u l l i t y  of S. - - 
Proof. I n  t h i s  theorem the na t r i c e s  L, T; R,and S can be coriqletely 
I_C 

a r b i t r a r y .  If 

de t  ( z 2 ~  + zT + ZR + S) = 0 

t h e r e  i s  a non-zero v e c t o r  Q such t h a t  

(z2L + ZT + zii. f S) q) = 0. 

z t  Thus q = ~ e "  s o l v e s  ( 2 ) .  I f  z # 0 and Re (z) 2. 0 then q' = z g  e does 

n o t  vanish a t  +a. If z = 0 aod if (4) has mul t ip l ic i ty  greater than N I 

t h e n  it is $ho~.m i n  r e f e r ence  [ 9 ]  t h a t  (2)  has  a solution of the  fom 

q = q l  + t ~ , % f O  . ( 6 )  1 

Then qf  = q-, does n o t  vanish a t  *. The necessi ty of condition (3) is 

thereby proved. 

TO prove t h e  suf f i c iency  note t h a t  if z = 0 then there is  a s e t  of 

N independent c o n s t a n t  vectors  sa t i s fy ing  ( 5 )  . These vec tors  are  solutions I 

of (2) but  have z e r o  velocity.  Accord.ing t o  [ 9 ]  these are  the only so- 
I 

1 e 
l u t i ons  correspond2ng t o  z = 0 .  f i so  according t o  [PI the solution 

tho 
I t j  

I m z t  I 
equation can be  ? m i t t e n  as a f i n i t e  sun of terms of the form qmt e I 

1 , 
If Re (z) < 0 then t h i s  term 3n6 i t s  derivative vanish a s  t -' I ' 

I 

This proves Theorem 1. ~4or-eov~r the  proof has the follo>?ing ccrollary- 

Sup?Ose t ha t  q, ( t )  and q ( t )  ;ra t ;~o solutions of the non-hononogene0us equation (1) 

I 

I 



men t h e i r  d i f ference s a t i s f i e s  the  homogeneous equation (2) and so 

l I d ( t )  - d ( t ) i l e c t  -1 o a s  t -+ ca. ( 7 )  

I H~~~ i s  a p o s i t i v e  cons t an t  wlnich depends only on the coefficients of 

I the @qua ti on In 0 ther  words t he  f o l l~ i i i ng  s tatenen% hold-. 
I 

s teb i l i ty '  Property 1. Any e f fec t  of i n i t i a l  conditions on the ve- 

I l o c i t y  decays exponent ia l ly  t o  zero. The main goal of th i s  paper is t o  

extend t h i s  proper ty  t o  SYS tems with nonlinear damping. 

3 .  Equation of motion w i t h  va r iab le  dawing 

The l i nea r  equation (1) i s  now replaced by the nonlinear equation 

L ~ "  + T~' + v ( ~ ' )  + ~q = e. (8) 

The only change i s  t h a t  t h e  constant l i nea r  damping term ~ q ' .  i s  replziced 

b y  a var iable  nonlinear t e r m  v ( ~ '  ) . We term t h i s  a guasilinear replace- 

ment i f  ~ ( y )  i s  a continuous vector function i~h i ch  sa t i s f i es  the folloir- - 
ing condition, 

where U is  a symmetric matrix sa t i s fy ing  the  quadratic form relat ion 

f o r  a pos i t ive  constant  D independent of the  vectors yl , y2, and and 

the time t. The phys ica l  i n t e r p r e t a t i o n  of a quaailinear replacement in  

an e l e c t r i c a l  network i s  t h e  replacement of constant l inear res i s to r s  by 

var iable  nonlinear r e s i s t o r s  whose d i f fe ren t ia l  resistance l i e s  between 

Posi t ive  l i m i t s .  A proof of t h i s  i s  given i n  [I]. 

1% is  permissable t o  have V depend on the time explicitly as 

as impl ic i t ly  through q' . In par t i cu la r  equation (8) includes the linear 

equation 

L~'' + + uq' + ~q = e ( 8 4  , 1 

where U i s  a matr ix  vhich i s  a continuous function of the t ine  and which 



i n e q u a l i t y  (19) 

4. e n e r g  i n e a u a l i 5 : ~  

Suppose that  2-e <WJ s? lu t i cns ,  ql and of the noIllinear dif-  

ferential e q u a t i o n  (8)  c o r r & s ~ o ~ d i n g  t o  t h e  same applied force e  but  

d i f f e r i n g  i n  i n i t i a l  c o n d i t i o n s  ~t t i n e  t = O .  Then let w = q, and it 

is seen t h a t  w s a t i s f i e s  Cile hcxogeneous equat ion 

L;/ + T;.?' + 57.7' + a": = 0. 

In t h i s  e q u a t i o n  a l l  c ~ e f f i c i e r 5 s  a r e  constant  except f o r  U which i s  a 

funct ion o f  the  time because  of I S s  dependence on and $. It s h a l l  be 

assumed t h a t  qi and d a r e  c o n t i ~ l ~ o u s  funct ions of the t i ne .  Thus wE and 

U are  con t inuous  f u n c t i o n s  oZ t h e  t i n e .  Ln what follows the  only other 

proper ty  assumed abou t  U i s  t h a t  it s a t i s f i e s  the inequal i ty  (10). It i s  

des i r ed  t o  show t h a t  S t3b i l i t . y  Troper ty  1 holds.  This w i l l  be deduced by 

I means of  a series o f  lem3.s .  
I 

Lemma 1. - I f  FJ i s  3 so lu t ic ln  of eaua t ion  (11) &n 

a 2 c t  J: e 2 c t ( ~ n ' , w ' , d t h  c! e [(Lu',wr) t (sw,w)]dt+B.  (12) 4 

0 
1 

I 
Here a  and c a r e  a r b i t r a r y  - - c o n s t a s t s  an-d t h e  constant B depends onPj on w. I 

i 

Proof.  M u l t i p l y i z g  t h e  d i E e r e n t i a 1  equation (11) by w' leads t o  the 
I I - Y 

r e l a t i o n  

(vwJ ,*') = ( 2  C(L~~',W') + (sw,w)l' 

According t o  t h e  hypotheses tnc. func t ion  on the  l e f t  is c o n t i n u ~ ~ s  so we 

M Y  m u l t i p l y  by e2ct and i n t e g r a t e .  In t eg ra t ion  by p a r t s  then gives 

2 ca 
B u t  e  [ ( )  + ( )  2 0 because L and S a r e  ~ o s i t i v ~  rexi- 

t=a 

d e f i n i t e .  This proves  t h e  l e m z  3 5 t h  25 = [ (~u;',s') + (SI?,Y)~ t.O* 



The i n t e g r a l  on the  l e f t  of inequal i ty  (12) m y  be regarde< ss 

rceighted sum of " d i s s i ~ a t e c l  energy." The in tegra l  on the r ight  :p.3y to 

regarded a s  3 weighted Sum of "kinet ic  energytt plus "potential cncrD.11 

 hi^ is a ~ r i n c i p l e  lemm in  t h e  proof; the following lemm i s  2 corolla~cy. 

 emm ma 2 .  The funct ions  (uwf ,w'), (RW' , w f ) ,  and I I R P T ' ( ~ ~  are of c l l s s  
---C - - 

I Proof: Le t  c = 0 i n  Lemm 1 then -- 

m o w i n g  a t o  approach i n f i n i t y  proves the T i r s t  statenent of the lexu:i3. 

Then hypothesis  (10) gives (RW' ,wf  ) D (uw',wf ) . This proves the second 

I stateinent o f  t h i s  lemma. To prove the  t h i rd  statenent we note that i f  P 

i s  any p o s i t i v e  semi-defini te matr ix  

Where Al is a p o s i t i v e  constant  dependent on P but not on x. Thus taking 

P = R and x = qf completes the  proof, 

5. Re6uction o f  va r iab le  danping t o  'constant damping 

The homogeneous equation with var iable  damping can be rer2uced to  an 

( inhomogeneous equat ion wi th  constant damping by vir tue of Lexm 3 to  fol- 

I low- This r educ t i on  perini ts  appl ica t ion of well known r~iethods of ansbs i s  

I developed f o r  d i f f e r e n t i a l  equations with constant coefficients- 

i Lmma 3. The d i f f e r e n t i a l  equation (11) m y  be written as - 
LWff + ~ w '  + ~ w '  + Sw = Rf (111) 

where f i s  a continuous vector  i n  the  range of R and 

ilf/12 A 2  (uwf ,wr 1 

for a constant  A, independent of w. 



proof: ~y a standard argxnent it foilo:;~ fqom hypothesis (12) thzt  - -- 
u and R have t he  S~~rne range i n  ~2.r:iculu. R::' and UP;' ape both i2 the 

r a n g e  of R. Thus ?re Can solve  the  Zollobring equation for f 

23 = ?>?/ - TJw' 

b y  the f07mula 

. f = R+ (TW' - UW' ) . 
+ 

Here  R denotes t he  inverse  0 5  R i n  t he  range subspace. T'nen f i s  i n  the 
+ 

range  of R and t h i s  is t h e  same as t:le rsnge of R because R i s  sexi- 

4- 
d e f i n i t e .  C lea r ly  f i s  c o n t i ~ ~ . o u s  and i f  A 3  i s  the norin of R then 

T h i s  inequa l i ty  together  s.;ith ineqda l i t i e s  (10) and (13) gives (15) and 

t h e  proof i s  conple te .  

It i s  de s i r ed  t o  so lve  the eqcatior? (lkj fo r  w i n  terms of  f .  Since 

t h e  equation (14 j has constat  coef f i c ien t s  the Laplace transfora furnishes 

a good way Ito do t h i s .  

6. Analysis via the Laplace t rans forx  

The fol lowing l e n i  i s  needed t o  deterrsne the algebraic structure 

of the Laplace transform. 

a r e  uniformly bounded ~ n a t r i c e s  f o r  Re(z) 2 0 -  

..-......-....- Proof. F i r s t  suppose z i s  r e a l  and i n  the range i Z < a* Then accord in^ 

t o  Theorem 1 r e l a t i o n  (3) holds and G e x i s t ~ .  Let h be an arbitrary vec'.or 

and l e t  x = ~h 

(6  + T + + Z - ' S ) X = R ~ -  

Since T i s  skew symmetric ( T X , ~ )  = 0 and 

s ( ~ x , x )  + ( R ~ , x )  + z-' (SX,X) = (m,x)= 



on the r i g h t  s i & ~  a e  Use the inequal i ty  

(Rhjx:) = ( R X , ~ )  6 llhll Ilhli. 

On the l e f t  s ide we apply inequa l i ty  (13) t o  the three sed-def ini te  

matrices. Th i s  y i e l d s  

Z + \IRA\" + z - ~ I ~ s ~ ~ "  ~ ~ l l h \ i  /]dl. 
~ r o m  t h i s  i n e q u a l i t y  it i s  apparent t h a t  / I  41 i s  uniforfiy bounded as 

1 ?. 
-, +m. It then f o l l o > ~ s  t h a t  ll~dl = 02-* and llsxll = oz  ?. 

From t h e  d e f i n i t i o n  o f  x it fo l lows  that  

Then employing the  bounds obtained f o r  t h e  terms on the r ight  r e  find 

1 
nonsingular cons t an t  matrix $re see t h a t  //x// = 02". Since h i s  an aybitr;!ry 

vector it follovrs t h a t a  matr ix  element of G, say Gij, must sat isfy 

k 1 G. . I  = O z  . But  G. is  a r a t i ona l  f unc t i on  of z so i f  G. were unbounded 
IJ 13  13 

it would i n c r e a s e  a t  l e a s t  a s  rapidly  as 1 zl. Thus actually G i j  i s  mi- 

f o d y  bounded as z approaches *. 
To show t h a t  Gij i s  u n i f o r d y  bounded for  z i n  the range 0 < z 1 

l e t  2' = l / z  and  t h e  above argument c a n  be repeated with L and S inter- 

changing r o l e s .  Thus we have shown t h a t  G. does not have a pole a t  z = = 
13 

and a l s o  a t  z = 0 .  But by condition ( 3 )  of Theorem 1 it follows illat Gi 

has no p o l e s  f o r  Re z a 0 ,  and 1 21 > 0.  Therefore, it may be con:ludcd 

G- is uniformly bounded f o r  2 0. This proves the st?.tencrlt of % ' e  
1 j 

~emI?'la Concerning G. 

By what has  j u s t  been proved zLG is  bounded a t  the origin. Wi te  

z m  = -TG - RG - z Q ~ ~  + (ZL  -k T R +Z"S)G 

The four  mtri ces on the  r igh t  a re  miformly bounded a t  inf in i ty  53 t b i j  

Proves t h e  statement of the lem f o r  ZLG. A ~y~lmet r ica l  argument d~-l:- 
- 9- 



strates t h e  s t a t e m e n t  o f  t h e  lemfla concerning Z-'SG 2nd the prosf i5 co:l- 

I p l e t e  
I Lemma 5. ~ o u a t i o l l  &4) h a s  a s o l u t i o n  rrl such t h a t  

2nd q at.<, COT.- - -- -- - 

proof: In  t h i s  lemma it i s  assumed t h a t  f i s  given a pr ior i  as a - 
I funct ion o f  the t ime 1% f o l l o ~ f s  from Lemtna 2 and L e ~ m  3 tha t  f E L,(o ,-) . 

~hus t h e  i n t e g r a l  

e x i s t s  f o r  ~ e ( z )  > 0 .  Of course ,  cp is t h e  Laplace transform of f and is  

symbolized a s  cp = x ( f ) .  S i n c e  t h e  m a t r i x  elements of G a r e  uniformly 

bounded r a t i o n a l  f u n c t i o n s  it f o l l o w s  t h a t  there  i s  a continuous function 
t 

u, such that ~ ( u  l = Gy. L e t  wl = So u d t  so  y' = u and s(% ) = z - ~ G c ~ .  
4. 

Then by t h e  u n i q u e n e s s  theorem of t h e  Laplace transform fo r  continuous 

func t ions  ve have  

t 
+ !lhl + R y  + S JE q d t  = j' R f  d t .  

0 

D i f f e r e n t i a t i n g  t h i s  completes the proof.  

Lemma 6. The s o l u t i o n  xl o f  Equation 1 4  sa t i s f i e s :  
t 

~ y '  = So ~ , ( s )  f ( t - s )  ds, 

t .  
S y  = So K ~ ( S )  f ( t - s )  ds, 

-2 t 
where g ~ ( t )  - a n d  ~ , ( t )  are con t inuous  matr ix functions such th? t  ~ ~ ( t )  ; 0 c 

and K, = 0 .-kt f o r  any p o s i t i v e  constant  k such that -k exceeds ths  1*c2l - 
p a r t  of any  p o l e  o f  G. 

p roof .  L a m a  4 shows t h a t  b o t h  zLG and a r e  u n i f o r m  bounc!cd 

Re( 2) 2 0. T h i s  inrp l ies  t h a t  LG = 0 ( 1  + 1 for  Re ( 8 )  2 0. 

Then by t h e  elementary p r o p e r t i e s  of t h e  Laplace transform IG = ~ ( ~ 1 1  

- 



where K1 i s  a continuous matrix f .~--~+- '  a-,,ulon such t h a t  K 2  = 0 e -kt. 

It a l s o  f o l l o ~ ~ s  from Ley_-= Ir 5 2 ;  SG and ;-~SCT a r e  uniformly bounded 

1 ~ for  ~ e ( z  I 2 0 .  Hence Z'SG = 3 ( L  + 1 z 1 )-' and so s-'SG = L(K,) where K, 

- k t  
i s  a continuous matr ix  funct ion suzh %'?at K2 = 0 e . 

It i s  a consequence of t3e  proof  of Lemma 5' t h a t  LGq = .C(LIT[) and 

1 J Z - ~ S G Y  = ~ ( S Y  ). The inversion of ;hese ' r e la t ions  by t he  convolution I 
theorem of the  Laplace t r a n s 3 o r ~  c c ~ l e t e s  t h e  proof. 

The following lemma is nee5e6 t o  czrry on t h e  analys is ;  it  i s  a gene- 

r a l  property o f  convolutions. 

Lemm 7. - Le t  f ( t )  E ~ ~ ( 0 , a )  a3cl l e t  ~ ( t )  E ~ ~ ( 0 , a )  where a >  0. Then - - 
the convolution 

A t  

g ( t )  = j ~ ( s )  f ( t - s )  ds  
0 

s a t i s f i e s  t he  inequal i ty  

where c i s  any r e a l  constant. - 
Proof. The e,xistence of g(t) f o r  almost a11 t a s  a measurable function - 

i s  we l l  known. F i r s t  consider the  spec ia l  case when K and f a r e  r e a l  valued 

non-negative functions and c = 0. Define f ( t )  = 0 f o r  t S 0. Then the fol-  

I lowing three r e l a t i ons  ac tua l ly  z r e  equa l i t i s s :  

I 
a 

g ( t )  i S ~ ( s )  f ( t - s )  ds, 
0 

2 a a a 
[J f ( t - s )  f ( t - r )  dt] s 1 [ f ( t -s )12dt  Lf ( t-r)12 d t -  

0 0 0 



Since f ( t )  = 0 if t < 0 t h e n  

I Combining the l a s t  three i n e q u a l i t i e s  gives 

This i s  seen t o  prove t h e  lemma i n  the special  case.' 

In the vector case i t  is  assumed, of course, that the norn of a 

matrix i s  defined so t h a t  

Then by the def in i t ion  o f  g 

Since noms a r e  non-negative scalar functions the argument given above 

holds and proves the ley- i n  the case c = 0. But for arbitrary c 

and t h i s  i s  seen t o  complete the proof. 

L e m  8. Let y be the solution of equztion (14). a c be - - 
constants such t h a t  a > 0 - and c 5 k - where -k exceeds the real  part of 

pole of G(z), Then - 

the constant A4 i s independent of a and c. 

Proof. Direct app l i ca t ion  of L e m s  6 and 7 gives - 

But by def in i t ion  of c 



This l a s t  i n t e g r a l  i s  independen.t of a and c. It conveyges because of 

the de f in i t i on  of I<. Noreover since L i s  a positive semi-definite :l2triz 

the i n equa l i t y  (13) a p p l i e s  and gives 

where A5 does n o t  depend on a or  c. A s t r i c t l y  analogous argument shows 

t h a t  

Adding these i n e q u a l i k i e s  proves the  lemma with A* = A= + A g .  

8. The main s t a b i l i t y  theorem 

To prove the  s t a b i l i t y  property 'of w it i s  f i r s t  necessary to shox 

that the l a s t  lemma can be modified so a s  t o  holc! for w. 

L e m  9. - Let  w be  a solut ion of equation (11). Let a s d  c be posi- 

t i v e  constants and l e t  c I k. Then 

where % B, a r e  cons t an t s  independent of a c is  i ~ : . ~ ? e n ? ~ ~ ~ b  

of w as  wellr,, - 
Proof: Let x = -w - y. Then x is  a solution of the homogeneous - 

equat ion (2 ) .  Let  u s  u s e  the  notat ion 
1 -2 

1141 = [fe2ctC($,Lw') + (w,s+T) ]dt] 
a c  o 

Clear ly  t h e  t r i a n g l e  inequa l i ty  appl ies  t o  such a norm* l'hus 



Mor cover 

Here i s  f i n i t e  because all solut ions  of the  homogeneo~~s equ?.tion (12) 

I such t h a t  ektx\nd ek t f  a r e  i n  L 2 ( 0 3 ~ ) .  However Sx = -12 - T~ - R.. I 

,, ekt sx i s  a l s o  i n  L,(o,=). 

Lemma. 3 gives  11 dl2 5 A~(T.~' ,UI~')  so according t o  Lemma 8 

% This conpletes the  proof w i t h  Bl = (A&%) . 
The follo-c~ing i s  the main s t a b i l i t y  theorem. 

Theorem 2. Suppose t h a t  a l l  so lut ions  of the di f ferent ia l  - equation 

wi t h  r e a l  constant  c o e f f i c i e n t s  

are such t h a t  t he  v e l o c i t y  vector dx/dt + 0 - a s  t + +=. Here L, R, @ S 

are symmetric semi-def in i te  matrices and T is  a  skew-symr:cf;ric xl.trix. 

L e t  ?i(dx/dt) be  a  q u a s i l i n e a r  replacement of R dx/dt and suppose ths t  - 
for t 2 0 the  vec to rs  c l ( t )  and e ( t )  s a t i s fy  the nonlinear d i f ferent ia l  - - 
equa t ion  

Then the e f f e c t  of i n i t i a l  conditions on the  velocity decays exponentinlki 

to  zero i n  t h e  fol lor i ing sense. If ql@ 4 a r e  two solutions with con- 

t inuous  f i rs t  d e r i v a t i v e s  then 

where c  i s  a  pos i t i ve  constant  independent of 9- 



I Proof. - We l e t  w = q, - q2 a i~d  subst i tute  the inequality o f  Lsxila 9 

into the  inequality of Leimia 1 and obtrin 

I % Choose c such tha t  cE$ < 1. Then it is apparent tha t  the in tegra l  on the ! 
it fo l lo?~s  tha t  G = Cg + q where Q i s  a constant and 4 = 0 ( 1 + [ ~ 1 ) - ~ .  

l e f t  must converge a s  a -+ +a. It then follows frorn Lemma 3 tha t  

E L,(oJm). Since the matrix G i s  uniformly bounded for  R e  (2)  2 -4 

Since J(I:[) = Gy + GI cp we see tha; 

i 

1 -kt Here, jus t  as i n  Lexina 6, the -matrix function s a t i s f i e s  KS (t) = 0 e . 
I 

Multiply r e l a t ion  (19) by ect thee. the f i r s t  term on the r i g h t  i s  i n  

Lz(0,w). The convolution inequality of L e m  7 car? be applied to  the second 

c t  r term of (19) and consequently it i s  i n  L ~ ( o , ~ ) .  Tnus e wl E Ls(OJa). But 

r / c t  / c t  / 
FJ' = wi + x and we already know tha t  e x E L,(o,w). Hence e w E L Z ( O , ~ )  

and the  proof of Theorem 2 i s  coinplete. 

Theoren 2 shows t h a t  the system has a s t a b i l i t y  property such that 

the  effect  of i n i t i a l  conditions on the velocity decays exponentially t o  . 

zero. Nore precisely r e l a t ion  (18) forniulates the exponential decay as I 
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