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Abstract 

I 

This paper presents the i n i t i a l  r e s u l t s  of an investiga- 
I / 

t i o n  i n t o  t h e  question of a canonical product for  a r e a l ,  ra- , q 

I 

1 
t ional ,  unimodular bounded function. Here, a study i s  mde  of / 1 

+ 1 ,  

the p o s s i b i l i t y  of factoring such a function, f (s)  , i n t o  a 
I :  

I I 

product of functions of the  same type, i n  which each fac tor  I 

corresponds t o  a n  Inpedance having just  %wa kinds of elements. I , 

Such a fac tor iza t ion  inpl ies  an immediate and complete real iza-  

t i o n  of the inipedance corres3onding t o  f ( s )  by means of a t rans-  

formerless netrmrk. A s  a preliminary, several theorem are 

proved which serve t o  characterize those unimodular bounded func- 

t i ons  which correspond t o  RC o r  RL impedances. These r e s d t s  a r e  

then used t o  determine classes  of unimodular isounded functions i n  

which the desired factor izat ion can Se carried out. Exarnples 

M c h  i l l u s t r a t e  the  procedures are  given. 
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(1) I n  defining a general u.b.f ., these conditions a re  required only for  

IS  1 < 1, but f o r  r a t iona l  functions they f o l l m  fo r  1s 1 1 as rrefTL. 

(2) Throughout t h e  paper, we wil l  assume a l l  hctions are  real and ra- 

t i o n d  .unless s t s t e d  otherwise. 

(3) As us~~al,  sgn x, t he  sign&? of x, is  defined 2s d 1 x l  f o r  r e a l  I, X f 0. 
* * 

(4) If an ai = 1 o r  -1, then l/f (1) or l/f (-1) resgectively is  t o  be in- 

terpreted as a, Because of t he  alternation property, t b s e  cases czmot  

occur s b i t a n e o u s l y ,  



SOME THEOREMS ON UNIT9ODULAR BOUNDED FUNCTIONS AND 

THEIR APPLICATION TO IMPEDANCE SMfTlIESIS 

b y  
I r v i n g  Gerst  

1. I n t r o d u c t i o n  

Let  f ( s )  b e  a r e a l ,  r a t i o n a l ,  and unimodular bqunded func t ion  (u.b.f .) ,  

i.e. f ( s )  a n a l y t i c  and I f l < l o n  - t h e  u n i t  disc1 I s l <  1. As i s  knom, t h e  f ac to r -  - 
i z a t i o n  o f ,  f ( s )  i n t o  u.b.f. I s  i s  r e l a t e d  t o  t h e  s y n t h e s i s  o f  t h e  p o s i t i v e  red. ,  

r a t i o n a l  func t ion  (p.r . f  .) ~ ( p )  , which corresponds t o  f ( s )  v i a  t he  bi-unique 

t r a n s f o r n a t i o n  

Ihre p r e c i s e l y ,  if f ( s )  = f, ( s )  f , ( s )  where a l l  func t ions2  a r e  u.b*, and z,(P), 

Z2(p) a r e  t h e  p.r .f .  I s  corresponding t o  f, (s)  and f,(s) r e spec t ive ly ,  t hen  the  

balanced b r i d g e  whose oppos i t e  p a i r s .  of am,s a r e  Z,, l/zl and 1/~,, Z, r e spec t -  

i v e l y ,  h a s  an impedance equa l  t o  z ( ~ )  (~f. [ 2 ]  ,p.Z2) This process  l e n d s  i t s e l f  

t o  i t e r a t i o n  i f  t h e  f a c t o r i z a t i o n  of  f ( s )  can b e  continued. 

I n  c e r t & n  c a s e s  a complete r e a l i z a t i o n  of Z(P) c m  b e  obta ined  i n  Lhis 

xsy f rom a f a c t o r i z a t i o n  o f  f ( s )  aloce. In  t h i s  paper we cons ider  what fs 

probably  t h e  s i m p l e s t  s i t u a t i o n  where t h i s  is so .  Namely, %re i n v e s t i g a t e  con- 

l i t i o n s  unde r  which f ( s )  can be  wr i t t en  a s  a product of  u .b.f . ' s  i n  which each 

f a c t o r  cor responds  t o  a p.r.f. a r i s i n g  from a ne t~rork  having just t t ~ o  k inds  of  

e lements .  S n c e  such  p. r.f. 1s a r e  immediately r ea l i zab le ,  t h e  p o s s i 5 i l i t y  ex- 

ists f o r  o b t a i n i n g  a s h p l e r  tran.sformerless s p t h e s i s  of  Z(p) i n  t h i s  case  

than t h a t  p rov ided  by e x i s t i n g  s tandard  procedures. 

I n  d e f i n i n g  a g e n e r a l  u.b.f., these  condi t ions  a r e  r equ i r ed  only  f o r  I s [ <  1, 
bu t  f o r  r a t i ona l .  f u n c t i o n s  they  follow f o r  I s 1 =1 as  well. 

a Throughout t h e  paper,  we w i l l  assume all f 'unctions a r e  r e c  and r a t i o n a l  
unless s t a t e d  othsrr.sise. 



In. o rder  t o  s tudy the  spec i f i ed  type of fac to r iza t ion  f o r  f ( s ) ,  it i s  

f i r s t  necessary t o  ascer ta in  t h e  form of those u.b.f.ls which correspond t o  

LC, RC., and RL impedances respect ively .  ipk s h a l l  designate .such u.b.f. I s  as  

LC, RC a d  RL u.b.f. Is respect ively .  Now, the  form of  an LC u.b.f, i s  kno-irn 

(~f.[2],p.I61). It is given by 

where non-real s i  occur i n  con jugate complex pairs .  Further, t h e  ro le  of LC 

u.b.f. 's i n  f ac to r i za t i on  i s  c l e a r  [l]. They a c t  as u n i t  functions i n .  t h e  

sense t h a t  a fac tor iza t ion  f ( s )  = g(s )h(s )  with f ( s )  a u.b.f. and g(s)  a? LC 

u.b.f. impl ies  t h a t  h ( s )  i s  a160 a u.b.f. We may therefore  r e s t r i c t  our dis-  

cussion t o  RC and RL u.b. f .  I s  ( bu t  note the  remark i n  Section 9 . 
No r e s u l t s  znalogaus t o  those  f o r  LC u.b.f. 's seein t o  be a v a l a b l e  fo r  

RC o r  RL u.b.f . 's .  We there fore  proceed f i r s t  t o  characterize these func- 

t ions.  This development which takes up most of t h e  paper, i s  given i n  Sec- 

t ions  2 and 3 and t h e  r e s u l t s  a re  embodied i n  Theorems 1 and 2. The l a t t e r  

are of i n t e r e s t  i n  themselves. Then, i n  'section 4, we discuss factorizatiort  

i n to  RC and EIL u.b.f.Is. Some extensions and several  examples complete the  

As we have a l ready ind ica ted  by our  s t ruc tur ing  of eqs. (1) and (2), the 

transforination from ~ ( p )  t o  f ( s )  may be considered t o  be accoeplished i n  t w s  

steps. The first  of these ,  eq. (1)) y ie ld s  a function F(P) which i s  rea l ,  

r a t iona l  and u n i - o d d a r  bounded i n  the  r i g h t  half-plane ~ e ( p )  2 0. F!e s h a l  

r e f e r  t o  f lp)  a l s o  as a u.b.f. I n  any discussion of u.b.f. 's it x d l l  be c h a r  

f r o m  t:?e independent var i sb le  employed ( p  o r  s), whether the  r i g h t  h d f - p l a e  

o r  t h e  u n i t  d i s c  i s  intended. 



I h n c t i o n s  F ( ~ )  which a r e  u.b. s tand i n  the  same re la t ion  t o  t he  cor- 

I responding ~ ( p )  with regard t o  f actoriza.tion as does t he  u.b. f. f ( s )  . It i s  

a mat ter  of choice which c l a s s  i s  used. We have therefore  derived, i n c i -  

dectal ly,  Theorems 3 and L t ~ h i c h  r e l a t e  t o  RC a d  RL u.b.f. Is F($), a ~ d  from 

i which Theorems 1 m d  2 f o l l o v  d i r e c t l y  using eq. (2) ,  However, i n  Section L, 

I our r e s u l t s  a r e  s t a t e d  f o r  t h e  u.b.f. f ( s )  only, k5th an indicat ion of-how the  

I corresponding r e s u l t s  f o r  u.b.f. I s  F(P) may be formulated. 

I The methods used i n  t h i s  paper a r e  s imi la r  t o  those employed i n  a previ- 

I OUs paper  [3] which was concerned with another problem. Reference trill be 

I made t o  t h i s  paper on occasion f o r  addi t ional  de ta i l s .  We a l so  c i t e  a par- 

i tial l i s t  o f  papers [4?-191, other  t hm those already mentioned, which essen- 

I t ia l ly make use of u.b.f.Is. Of these, the 'paper by Reza [ 6 ]  comes c lo se s t  t o  

I t h e  p r e s e n t  one i n  t h a t  an a l t e rna t i ve  argument f o r  proving p a r t  o f  condition 

(b) of our Theorem 4 could be made using h i s  resu l t s .  
i 
1 2. The Zeros and Poles of RC and RL u.b.f. 's 

I I n  t h i s  sect ion,  we e s t ab l i sh  cer ta in  conditions which must be s a t i s f i e d  

I by t h e  zeros  and poles of RC and RL u.b.f. 's, F(P) o r  f ( s ) .  I n  pa r t i cu l a r ,  

we show t h a t  i n  all cases t he  zeros and poles a re  r e d  and t h a t  t hey  a l t e r -  

I nzte . 
I Consider t h e  non-constant RC impedance 

I 

I where k > 0 and 

O < _ y ,  < 6, < yz ... < y n <  8 , .  ( 5 )  

I . Here 8, may be lacking,  i.e. the  l a s t  zero may be a t  co . For s i i ip l i c i ty ,  

I we a s s a i e  throughout t h e  a r g a e n t  t h a t  6, i s  f i n i t e ,  indicat ing l a t e r  =y m d i -  
7 

f l c a t i o n  which i s  t o  be aade if t h i s  i s  n.ot t he  case. 



I ÿÿÿ lying eq. (1) t o  Z (P)  i n  cq. (4)) we g e t  t h e  u.b.f. F(?) given by 

~ ( p )  a ~ P ( F )  - Q(F) 9 D(P) @(p) + QCP) ( 6) 

and denote t h e  ze ros  of ~ ( p )  and ~ ( p )  by -Ti and - 1. respec t ive ly .  For k > 0, 
J 

I N and D czn have no corrion zero.  For i f  p = p were one, then a consideration 

of N(P) + D(P) and N(P) - ~ ( p )  would imply success ive ly  t h a t  p = -bi f o r  scne i, 

and t > a t  p = - y f o r  some j, c o n t r a r y  t o  (9. Thus the  -Ti and the  -1. a r e  
3 J 

r e s p e c t i v e l y  t h e  ze ros  and po le s  of ~ ( p ) .  

We next l o c a t e  t h e  -Tii and t h e  -Aj. L e t  y be one of t h e  y l s .  The3 f r o x  
r 

n 
= k.n (-yr+6,) ; N(-Y,) 

and t h ~ s  ( 5 )  i m p l i e s  thak3 
I 

sgn N(-~ , )  = ( - ~ ) ~ + l ,  (r=l, 2, -.., n) 
S i ~ l  arly, 

sgn N(-6,) = (-1) , (r = 1, 2, . . . , n) . 
It folloius t h a t  h'(?) changes s i g n  i n  each i n t e r v a l  (-v r +I' -6r), 1-1~ 2, . >3-1- 

Hence, each such i n t e n d l  c o ; l t ~ i n s  a t  l e a s t  one r e a l  zero of N(?) WJS wc I 
l o c a t e d  n-1 r e a l  ze ros ,  -Ti, of N ( ~ ) .  If k=l,  ~ ( p )  i s  of degree n-1 md we lave 

) I  

*.) 

a l l  of t he  -Ti (one Tii has become i n f i n i t e ) .  If kh, then the  one rexaining -1i 

imst be ?&, it fclloiis f r m  t h e  pyece&ng infomat ion  on the  s igns tde.3 i 

by N(p) t h a t  it must lie 0utsj.de of t h e  i n t e r v a l  (-6,) -y1) I ts l o c a t i o n  iGL:: 
i 

I 

be made more p r e c i s e  5y cons ider ing  ~ ( p )  at t h e  r e d .  values co 



- 
If k < 1, k7e have sgn N ( a )  = -1. Hcnce, t h e r e  i s  a sigr; change i n  

I (-y, ,m ) and the remaining -Ti l i e s  t h e r e .  Mmilar ly ,  when k > 1, sen  

I '  X(-= ) = - 1 ,  which i m p l i e s  t h a t  t h e  remaining -Ti i s  i n  (-a, - s 2 ) .  

The polynomial  D ( ~ )  i s  i;raated i n  t he  same way. Ifire f i n d  t h a t  Sgn 

D(-Y,) = (-1)'+' and sgn D(-6,) = (-I)', f o r  r = 1, 2, ..., n, . Thus 

each i n t e r v a l  (-br, -yr), r = 1, 2, . . , n, con ta ins  exac t ly  one r e d  zero, 

- A j ,  of D(p).  

I S m - a r i z i r ~ g ,  one o f  t h e  fo l lowing  two o r d e r  r e l a t i o n s  holds  f a r  t h e  

I bi, yj y d  t h e  7's and A ' s  if t h e  l a t t e r  are each indexed i n  i n c r e a s i n g  

I n ~ n e r i c a l  o r d e r .  

. . 

Ti < Y L <  Al < 6, < & <, < ... < yn < A n <  6, . (7)' 

I n  (71, Vn may b e  n i s s i n g ,  i. e., may b e  a t  oo , i n .  which case  F(p) has o n l y  

I n - l  f i n i t e  z e r o s .  

I The s t a t e d  o r d e r  r e l a t i o n s  can e a s i l y  be  shorn t o  hold when 6, i s  nizs- 

I i n g  i n  (41, if we i n t e r p r e t  6, as m. I n  t h i s  case only (7) ' i s  poss ib l e .  

We have now shorn t h a t  an  RC: u.b.f. ~ ( p )  must be of t h e  f o r n  
m 
u ( P + T ~ )  
i =l , (e)  

F(p) = n 
n (p+hj)  j =I 

I 
I 

where n i s  r e a l ;  m = n-1, o r  n ;  t h e  5 and A j  a r e  d i s t i n c t  r e a l  numbers k i t h ,  

i the l a t t e r  a l l  p o s i t i v e ;  t h e  Ti and A .  s epa ra t e  each o t h e r  accord ing  t o  one 
3 

I of t he  f o l l o w i n g  two schemes: 

I 
I In (9), may be missing.  Note t h a t  all t h e  Ti and A .  a r e  p o s i t i v e  exco?: J 

possibly i n  (9) ' 



, 
3 

.> 

NOW replace p i n  (8) u s ing  the  transformation of eq. (2) .  Fk get  

where f ( a )  i s  u.b.; c  i s  a r e a l  constant  express ible  i n  t e r n  of x,  Ti and Ij, 

and a i  and 8 .  a r e  given by  3 

when Vi # 1 and Xj 1. If % = 1 o r  5 = 1, rui o r  $ .  may be i n t e r p e t e d  as  
J 

and t h e r e  i s  no corresponding f a c t o r  (s+ai) o r  [s+Bj) i n  (10). Also xhen 

m = n-1 i n  ( 8 ) ,  i. e . , when 7 ,  = m , a f ac to r  ( s+ l )  appears i n  t h e  numerator 

I of (10). This f a c t o r  can be  considered a s  a r i s i n g  from ( l i )  by tdcing 

I Ti = \ = co . We see  then t h a t  t he r e  a r e  three  p o s s i b i l i t i e s  f o r  tine i n t ege r s  

I 
M y  N i n  ( lo ) ,  v iz :  M = N = n; N = n., M = n-1; o r  N = n-1, IY = n, where n. i s  a 

p o s i t i v e  in teger .  

It follows from (11) , (9) and (9) ' t h a t  the ai and B j are all . rea l  and 

d i s t i n c t  bu t  they  may take  both pos i t ive  and negative values. Furthemore, 

I froin t h e  p o s i t i v i t y  of t h e  h we have l a .  1 > lY as was t o  be expected r"2r a 
j J 

u-bef f( s )  . Consideration of the  l i n e a r  transformztion (1+~) / (1 -p)  which 

i s  involved i n  (11) shows t h a t  t h e  a l t e rna t ion  p r o ~ e r t 3 ~  of t h e  TIi md  lj i s  

prsaerved i n  t n e  map?ed s e t s  oi and Bj. However, the mapping nay ef fec t  a 

c y c l i c a l  pernuta t ion i n  t h e  numerical order i n  the  a: and B j  q ? e =  as 

I 

i compared t o  t h e  corresponding Ti and X For example, if 
j 

I 
- < Xk < Tk < . Xk+l < lk+l " ' 

are f l v e  consecutive t e r n s  of t he  7, X sequence and i f  hk < 1 < Tk, then (1:) 

i i q l i e s  t h a t  t h e  cu,@ sequence will s t a r t  with the  negativa terns ( ~ k  < 6k+l < uk+; 

I' and end w i t h . t h e  pos i t i ve  terms ak-l < Bk 



I ~ n e r e f o r e ,  l e t  u s  r e - index  each of t h e  sc ts (wi)> (pj) in i n c r e a s i n g  

1. n u ~ e r i c a l  o rdar .  The combined s e t  of t h e  c ~ f  s and firs when arranged as an 

i n c r e a s i n g  sequence %rill then  e x h i S i i  one of t h e  two fol lowing o r d e r  r e l a -  

I I n  b o t h  (12)  and (12)  ' t h e  las t  term may be missing,  i .e. ,  we may have 8, = a 

orcu ,  = 03. 

This c o n p l e t e s  o u r  development of t h e  cond i t i ons  which n u s t  b e  s a t i s f i e d  

by t h e  z e r o s  and p o l e s  of an RC u.b.f. f ( s ) .  

The c a s e  o f  zn RL u.b. f ,  i s  now e a s i l y  t r e a t e d .  For, any RL impedance 

may be w r i t t e n  as 1/~(*) wi th  z ( ~ )  as i n  (L). E3ut by (1) and (2)  1 / Z  corre-  

sponds t o  -F(p) and t o  - f ( ~ ) ,  where F ( ~ )  and f ( s )  a r e  t h e  RC u . b . f . ' ~ *  !I%ls 

I t h e  c o n d i t i o n s  on t h e  ze ros  and po le s  remain as before a l s o  f o r  RJL u * b * f  ' s o  

3 .  The R e p r e s e n t a t i o n  Theorems 

Hzving o b t r i n e d  n e c e s s a r y  cond i t i ons  f o r  t h e  ai and P j  of the  XC ( o r  a) 

u.b.f f ( s )  i n  (lo), we n e x t  cons ide r  t h e  r e d l  mu l t ip l i ca t ive  cons t an t  C which 

appea r s  i n  t h a t  formula. Since I f ( s )  I < - 1 f o r  [ s l  < - 1, we have, i n  pa r t i cu l a r ,  

I f  ( 2 )  I < - 1 and if(-1) I < - 1. L e t  f*(s) = f ( s ) / c .  Then it i s  necessary  

t h a t  the f o l l o ~ 5 n g  i n e q u a l i t y  hold4 : 
, 

.Sines RC and RI, u.b.f. f s  j u s t  d i f f e r  by a f a c t o r  equal t o  -1, t h i s  condi t ion  

h o l d s  f o r  b o t h  c l a s s e s  o f  u.b.f . I s .  

We wi l l  shov t h a t  thr? necessary  condi t ions  obtzLned thus  f a r  a r e  a l s o  

s e f i c i e n t ,  i. e. , t h a t  t h e  f ollowi'ng theorem holds 

4 * 
L" an cui = 1 o r  -1, t hen  l / f*( l )  o r  l/f (-1) rsspectivelq; i s  t o  be  i n t e r -  

p r e t e d  as m . Because of t h e  a t e r n a t i o n  property,  these cases  cannot occo.- 

s i r r d - t a n e o u s l y .  

t 



! t ional  funct ion i n  lowest terms given by  

I be e i t h e r  an RC o r  RL u.b.f. a r e  

I ( i )  t h e  c r i  and B j  a r e  r e a l  and d i s t i nc t ;  

( i i )  f o r  each j = 1, 2, ..., N Isj\ > 1  ; 

(iii) M = N = n., o r  M = n., N = n-1, o r  M = n-1, N = n, n a posi-  

t i v e  in teger ;  

( iv )  the  c r i  and fl .,each indexed according t o  increasing n u ~ e r i c a l  
J 

value, exh ib i t  one of the order re1ation.s (12) o r  (12) '; 

(v) c i s  r e a l  and subject  t o  t h e  inequal i ty  

where f*(s) = f ( s ) /c .  

I We can a l s o  say  something more precise  about the range of c, and we c a  

1 d i s t i n g u i s h  between an RC and RL u.b.f. . For t h i s  purpose, it i s  convenient. 

t o  classify t h e  order r e l a t i ons  ( 1 2 )  and (12) ' i n to  three types. We do t h i s  

in t he  fol lowing way, which i s  d ic ta ted  by considerations a r i s ing  l a t a r  i n  

the p roof .  

I Let S be  t h e  ordered sequence of the ai and p .  t o  which we have added 
3 

I as  a last  t e r n  ern = m o r  $, = o, i n  case f ( s )  has a  zero or  a pole at i n -  

I f i n i t y  r esaec t ive ly .  Then S may be considered t o  be the jwttaposit ion of 

1 sub-sequences S, and S,, where S, contains a l l  those terms of S kr?ich l i e  i ~ ,  

the  semi-closed i n t e r v a l  (-a, -11, and S, contains a l l  terms of S which l i e  



i n  the' sex!.-closed i n t e r v a l  (-1, m]. Syrtbolicjlly, we can write S - (s, ,s,). 

Of course e i t h e r  S, o r  S2 could be vacuous. Form the new sequencc S '=( S, . Si ) . 
3 i s  c l e a r  t h a t  Sl reprasents  a c y c l i c s l  permutation of S. 115 c2.x ther! sta%s 

the  f oliowing : 

2ef in i t ion :  S i s  s a id  t o  be  of Type I if S '  begins with a $, of T n e  I1 if S' 

?., . , i ins ; l t h  an CY 2 1, and of Type 111 if S f  begins with an. CY such t h a t  -1 < U < ~ D  

?OT exCmple, consider t he  following th ree  S sequences: 

S: CY1 = -4, B1 = -3, a2 = -1, p2 = a; 

. S: 9, = -3, - =-2, % - 3 ,  p2 = CO; 

I ' 

The o r i g i n a l  sequences S would therefore be of Types I, I1 and 111 respective- 1 

t 

I IY - 
We can now forirculate t h e  r e s u l t  t o  which we have already alluded, using 

S: fl = -4, = -3, $a -2, % = 0, $2 = 3 . 
T h ~ n  tile corresponding sequences S' vould be respectively: 

s': a2 = 0 3 )  a1 = -L, B1 = -3, a2 = -1 ; 

I 9 
t h e  c l a s s i f i c a t i o n  of t h e  sequence S and t h e  f ' u~c t i on  f (s) previously de- 

s t :  e2 = 3, B2 = C D )  = -3, p1 = -2  ; 

I f i n e d  

1 Theorem 2. Le t  f ( s )  be a s  i n  Theorem 1, with c real; and l e t  (i)-(iv) of t h a t  



( i) i f  S i s  of  Type I then  0 < I c  1 < - 1 -1) 1 and 

sgn  c = sgn f Y ( l )  , cti # -1, ( i = l J 2 ,  ..., M) , 
f*( s )  , one cri = -1 ; 
s -1 

(b) i f  S i s  o f  Type I1 then  0 < I c l  < - ~ l / f * ( l ) ]  and 

sgn c = - sgn P ( 1 )  ; 

(c) if S is  of Type I11 then  

and 

sgn c = - sgn f*(l)  , 

Coro l l a ry .  Xecessary and s u f f i c i e n t  con.ditions t h a t  f(s1 be an 

u-b-f. a r e  given by t h o s e  of Theoren 2 if c i s  replaced by -c through- 

o u t *  
- 
i'heorems 1 and 2 wi,ll fo l low d i r e c t l y  when we have e s t a b l i s h e d  their 

c o = n t e r p a r t s  which c h a r a c t e r i z e  RC aiid RL u.b.f.Is F(P). These are next  

d s s c r i b e d .  

Theorem 3.  Necessary and s u f f i c i e n t  condi t ions  t h a t  a n o n - c o n s t a t ,  

r z t i o n . d l  f u n c t i o n  i n  lowes t  terms given by 

be e i t h e r  an RC o r  RI, u,b.f. are 

(i) t h e  Ti and h j  a r e  real  and d i s t i n c t ;  

( i i )  f o r  each j = 1, 2, . . . , n, lj > 0 ; 

( i i i )  m = n, o r  m = n-1, n a p o s i t i v e  in teger ;  

(iv) t h e  Ti and Xj, each indexed according t o  increas ing  nui ie r ica l  

vdlue, e x h i b i t  one of t h e  o r d e r  r e l a t i o n s  (9) o r  (9) I ;  



(v). w is  r e a l  aqd s u b j e c t  t o  t h e  i n e q u a l i t y  

where ~*(p) = F( o) / X  , 

TO s t a t e  t h e  a n a o g u e  of Theorem 2, we aga in  f i r s t  c l a s s i f y  t h e  o rde r  

* r e l a t i o n s  ( 9 ) ,  ( 9 )  ' i n t o  types.  L e t  S b e  t h e  ordered sequence of TIi and aj* 

Def in i t i on :  -- The sequence S~ i s  s a i d  t o  be of Type I, 11 o r  111 respec t ive -  

l~,if s ~ .  S e g i n s  w i t h  a A, an $ > 0, o r  an Ti < 0 r e spec t ive ly .  - 
Thus, i f  (9) holds ,  S* i s  of we I, while  (9) ' y i e l d s  an S* of e i t h e r  

Type I1 o r  111, 

Theorem 4- L e t  F(P) b e  as i n  Theoren 3, wi th  H r e a l ;  and l e t  ( i ) - ( i v )  of --- 

t h ~ t t h e o r e m h o l d  f ~ r t h e T ] ~ a . n d h  Then F ( ~ J  i s a n R C u . b . f .  if a n d o n l y  
j 

if s a t i s f i e s  one o f  t h e  fo l lowing  condi t ions :  

(a) i f  sX-is of Type I, then  O <  x < :  h . f iT i i  ; 
j=1 Ji=l 

(b) if S* i s  o f  Type 11, then  -1 x < 0 ; 

(e)  i f  S* is  o f  Pjpe 111, then 

C o r o l l a r y .  Necessary  and s u f f i c i e n t  cond i t i ons  t h a t  ~ ( p )  be an RL u * b - f *  a r e  

g iven  by t h o s e  o f  Theorem 4 if H i s  rep laced  by  -v  throughout. 

SO as n o t  t o  i n t e r r u p t  t h e  development of o u r  r e s u l t s  on f a c t o r i ~ a t i 0 3  at 

o h i s  p o i n t ,  we g i v e  t h e  proofs  of Theorems 1 - IJ i n  an Appendix. Xowver, t h e  

fo l lo ; , . ng  remark i s  p e r t i n e n t .  - 
- 

Rsxark: I n  Theorems 1 and 2 we have no t  pos tu la ted  that  f ( s )  i s  a u.b.f. it 

is a consequence  of our proofs  that, t h i s  i s  s o  if and only if c is i n  the 

s p e c i f i e d  r a n g e s .  Because of t h i s  f ~ c t  we may drzx another coaclusion f ~ o x  

o u r  r e s u l t s ,  



For  given a r b i t r a r y  zeros and poles with t he  l a t t e r  outside t h e  un i t  

c i rc le ,  a r a t i ona l  f'unction f (s), as  i n  (lo), i s  a u.b.f. i f  and only if i t s  

I mul t ip l i ca t ive  cons tan t  c ie subject  t o  t h e  fnequa l i ty  

* where M = Kax 1 fn ( s )  1 9 f f/c: This follows d i r e c t l y  from the  
I s ! = ?  

Kax5.m~~ f'lc~dulcs Theorem a2plied t o  f  ( s )  i n  t h e  u n i t  disc. 

31 p a r t i c u l a r ,  f o r  t h e  f ( s )  of Theorem 2, (13) and t he  proof of Theoren 2 

1 It is e a s y  t o  prove d i r e c t l y  the  first two of these  formulas. The t h i rd  seeas 

a b i t  moye recondi te ,  S imi la r  r e s u l t s  hold f o r  ~ ( p )  of Theorem 4. 

4. Fac to r i za t i on  Theorens 

We nex t  consider  the  application of t h e  r e su l t s  of the preceding sections 

t o  t h e  f a c t o r i z a t i o n  of c e r t a in  c lasses  of u.b.f. 1s. We discuss only the ccse 

C ~ h . b . f .  ' s  f ( s )  , A t  t h e  end of t h i s  sect ion,  we indicate br ief ly  how our re-  

1 sfits can  be  c a r r i e d  over t o  u.b.f. 1s F(~). It i s  t o  be understood th~ough- 

l out  t h a t  all or' our  products are  f i n i t e  products. 

1 According t o  Theoren 1, a u.b.f. which i s  a product of I(C a d  RL u.b.f. ' e  

I h V e  301y r e a l  zeros and poles, We e s t ab l i sh  a p a r t i d  converse of t h b  



I Theorem 5'. L e t  t h e  r e a l ,  non-constant ,  r a t i o n a l  func t ion  f ( s ) ,  i n  t h e  canoni- 

cal product  form (lo), have r e a l  ze ros  and poles ,  with t h e  l a t t e r  o u t s i d e  t h e  

i u n i t  c i r c l e .  Then t h e r e  e x i s t s  + c o n s t a n t  co > o such t h a t  f o r  c ~ e d  ar.d 

I 0 < I c ~  < - co, f ( s )  i g  e i t h e r  an RC o r  KZ. u.b.f. o r  is a product  of  such  fuuac- 

t i o n s  . 

I proof: If t h e  z e r o s  and p o l e s  o f  f ( s )  a l t e r n a t e ,  then co  may be taken  a s  

( )  , f -  f *  = f ( s ) c  By Theorem 1, f ( s )  w i l l  be 

I e i t h e r  ul PC o r  IU, u.b.f. i f  0 c l c [  < co. 

I If the a l t e r a t i o n  p r o p e r t y  d o e s . n o t  hold, then  c o c s i d e r  t h e  ordered ,  i n -  

I c r e a s i n g  SeqAence, S, o f  t h e  ui and dB i n  (10) each s u i t a b l y  re- indexed.  If 

t h e r e  a r e  eqlal a Is o r  equa l  $ I s ,  t h e y  a r e  t o  b e  ass igned  sepa ra t e  i n d e x  n w -  

b e r s  i n  the sequence. Also, i f  m i s  a zero  o r  a pole  o f  f ( s )  of o r d e r  In, i t 

i i s  t o  be e n t e r e d  m t imes  a t  t h e  end o f  S as an cu o r  $ r e spec t ive ly .  
\ 

i (i) The s a q i e n c e  S may b e  p a r t i t i o n e d  i n t o  d i s j o i n t  sub-sequences S ,(i= 

i 
I' 

2 ,  r such  t h a t  each S(i)  h a s  i t s  a's and B1s a l t e r n a t i n g  and S is i h e  

I ( 2 )  union of t h e  S . For  example, one such decomposition i s  t o  t a k e  each  cu,. - 
s e p a r a t s l j r  and each E j  s e p a r a t e l y  as sub-sequences. Corresponding t o  e ~ c h  

I such s u b - s e q ~ e n c e  S(i) ,  form t h e  r a t i o n a l  func t ion  f i ( s )  = cifz(s)  There 

I f: (s)  has i t s  zeros  and p o l e s  at  t h e  -ai and - d .  r e s p e c t i v e l y  of  s ( ~ ) ,  and 
J 

has  m 1 ~ l t i p l i c a t i v e  c o n s t a n t  1. L e t '  

t If now, we t a k e  c o  = cio, then f o r  any r e a l  c ,  such t h a t  o  < [ c l  < - co :is 

I can f i n d  r e a l  ci, ( i = 1 ,  2, . . ., r )  s o  t h a t  c  = I-? c i ,  and f o r  each i, o < I c i  I< c, + . 
i=1 

- A. .J 

By Theoren 1, each f i (s)  w i t h  t h i s  choice of ci, is  e i t h e r  an RC o r  an RL z.5.f. 

E v i d e n t l y  f ( s )  = I? f i ( s ) .  This completes t h e  proof o f  Theorem 5. 
i=1 

Tneorem 5 e s t a b l i s h e s  t h a t  t h e  f a c t o r i z a t i o n  of a r e a l ,  r a t i o n d .  func t ion ,  

f ( a ) ,  h a v i n g  o n l y  r e a l  ze ros  an'd poles  i s  always poss ib l e  i n  t h e  s t a t e d  form f o r  



su f f i c i en t l y  s m a l l  1 c 1. The question a r i s e s  as t o  how l a rga  we can t W e  lc 1, 
i.e., what i s  t h e  value of t h e  pos i t ive  constant, c  such t h a t  f a c to r i za t i on  

9 i n  t e n s  of RC and R, u.b.f. I s  i s  poss ible  f o r  o < I c ]  < c, and impossible 

1 3- 
fo r  [ C I  > co ? Tho exis tence of such a constent  c z  can be est;blisked using 

the ideas  of Theorem 5, and t h e  f a c t  tha t ,  i n  any event, Icl <_ 1/H where 

M = Max if%) I , f+ - Isi=l - f/c,for f ( s )  t o  be u,b, In order t o  

consider t'nls question, we must allow a more general type  of decomposition of 

the sequence S than t h a t  used i n  Theorem 5. Nanely, i n  t e m s  of t h e  corre- 

sponding function,  f ( s ) ,  Ire nus t  nake provision f o r  a s i t u a t i o n  where f ( s )  = 

f i ( s )  f 2 ( s )  and fl ( s )  has a zero and f , (s )  a po le  a t  t h e  sane point  s = -so. 

Then so does no t  appaar i n  S. Thus, we are  motivated t o  make the fol lo tdng 

I de f in i t ion .  

L e t  s ( I )  and s(') be two n m e r i c a l l y  ordered sequences of uls  and 9's. Sy 

i . the  product, ~ ( % ) x  S ( 2 )  we Z ~ M  a t h i rd  n-mcrical ly  ordered ssquencc- S &osc 

f e n s  c o z s i s t  of  all t he  t e rn s  of bot5 $(')and ~ ( ' 1 ,  s u i t a b l y  re-indexed, ex- 
I 

cept  t h a t  i f  m a (8) d s ( ' )  i s  equal t o  a $ (u) of s ( ~ ) ,  both t e m s  are de- 
1 

l e t a d  fmn S, (cf .  D] p. 66). We wri te  S = s( ' )  x sC2) and speak of the  

fac tor iza t io ; l  sf s i n t o  t h e  fac tors   and ~( '1 .  The product thus  def ised 

I 
i s  seen t o  be both c o i ~ ~ ~ u t & t i v e  and associat ive,  

%- 
Thz determination of c, i s  st-ill open i n  t he  case of a general sequence S. 

12 prac t i ce ,  one can try dif ferent  decompositions of s i n  order  t o  I ~ y - o v e  the 

I cons tzn t  co of Theorem 5. Hovever, f o r  ce r tz in  spec ia l  c lasses  of sequences, 
-\Z 

S, t h e  vzlue o f  co can be given exy l i c i t l y  as the  following theoren shosrs. 

Theorsx 6 ,  L e t  f ( s )  be given as  i n  Theorem 5. If t h e  sequence S corres?and- 

on. t o  f (F) c m  be factored i n t o  a product of sequeilce s(~), ( i = , 2 , . .  . , r )  

silch t h z t  (a )  each s ( ~ )  i s  of Type I, o r  (b) each ~ ( i )  i s  of Q-pe 11, then f ( s ) .  



is f a c t o r a b l e  i n t o  RC and RL u.b.f .  I s  f o r  a l l  va lues  o f  c  f o r  which f ( s )  i s  

u,b., i.e., f o r  o  < Icl < - 1 / M ,  M = Max If*(s) l  , f* = f/c. I n  n d d i t i ~ o ,  

I 
Isl-1 * 

M = % -  1 o r  = (1) [ x c o r t i n g  2 ( z !  o r  (b) ho lds  r e s ~ ; ~ c t i v ~ l y -  
I .  
I Proof: -- S ~ ~ p o s a  ( a )  ho lds .  Fle employ t h e  cons t ruc t ion  of  Tneorern 5 bxt invoke 

r (a) o f  Theorem 2 and i t s  c o r o l l a r y .  We have f ( s )  = nr f,  ( s )  f o r  o  < I c [< n 1 l/f~(-l) 1 - 
i=l - i =1 4.. 

Bu% by tl13 remrk a t  the end of S e c t i o n  3 

Hence 

r +  M = Max I f Y ( s ) l  = Max If; ( s ) l  = n Ifi ( - l ) . [  = P(-1) , 
I s ~ = I  i-1 i=1 

l and tine t h e o r e n  f o l l o ~ ~ s .  

The c a s e  when ( 3 )  h o l d s  i s  t r e a t e d  i n  t h e  sane way except  that ('0) of 

1 Theorem 2 and i t s  c o r o l l a r y  are used,  This  conple tes  t h e  proof o f  Theorem 6. 

1 I n  ' q p l y i n g  Theorem. 6, i t  would be h e l p ? d  t o  know :&en t h e  sequence S can 5e 

1 f a c t o r e d  i a t o  sequences o f  t h e  speci . f ied t y p e .  Fuch c o n d i t i o n s  czfi be  g2vcn. 

I h e y  a r e  b e s t  expressed  i n  terms of t h e  sequence 5' = (S,, S,) which has been 

I d e f i n e d  e a r l i e ?  i n  connect ion with Theorem 2. The same d e f i n i t i o n  c a r r i e s  over  

t t o  t h e  more gezeral sequences S considered here.  We a l s o  m a k e  use  of t h e  "ex- 

1 c e s s  f u ~ c t i o n , ~ '  ~ ( x ) ,  which has  a l r eady  occurred  i n  [3] ir! connection ~ % t h  a7- 

I o t h e r  problem. 

1 Cef in i t2on  : I n  any sequence of m l s  and B Is l e t  ~(x), where x i s  aqy t e r n  i n  

I t h e  sequence,  denote  t h e  d i f ze rence  between t h e  number of 8 ' s  i n  t h e  sequcrica 

I up t o  and i n c l u d i n g  x and t h e  number of c/'s 5n %,he sequence up t o  ad  inc l sd -  

i n g  x. 

Then we can  s t a t e  



1 

Theorem, 7: S can be fac to red  i n t o  a f i n i t e  product of sequences o f  Type I 

if a:ld on ly  i f  ~(x) > o f o r  every term x of t h e  sequence s'. - 
Theorern 8: - S caz be  fac5ored i n t o  a f i n i k e  product of  sequerces of w e  I1 

if a id  only ir" no CY. i s  i n  zhe opsa i n t e r v a  (-1, 1) ma a x )  < o f o r  every 
1 - 

te-irn of t h e  sequence S' . 
i Theorerr, 9: Le t  S s a t i s f y  t he  condit ions f o r  fac to r iza t ion  given i n  Theorem 7 

o r  Theorsm 8. Then S may be  factored i n t o  a product of m = M u X c S t I ~ ( x )  I but 

I no s a a l l e r  number of sequences of t h e  spec i f i ed  type. 

I Tne proofs  of these  theorems may be ca r r i ed  out by induction 27d b e c a s e  

of t h e i r  s tra5ghtforward nature,  will be o ~ i t t e d .  

It is  c l e a r  from t h e  r a l a t i on  Setween Theorems 1 and 2, and Theorexs 3 

2nd k ,  as brougkt out  i n  t h e  Appendix, t h a t  r e s u l t s  corresponding t o  T'neorar?,~ 

1 5-9 can i nxed i a t e ly  be wr i t t en  down'for a % n c t i o ~  ~ ( p )  given 5y (8) xhsrs 

I the 'Pi an6 h a r e  r e a l  with the l a t t e r  posi t ive .  One s i ~ p l y  replaces S and S' 
1 j 

by S-', c by  x .  P ( i )  o r  fQ(-1) by F*(CO) o r  F*(o) respectively. 

I n  t h i s  sect ion,  tre l i s t  a number of miscellaneous remarks aboub var isus  

I aspec t s  o f  t h e  preceding investiga.tion. 

1 (a) 1% is  c l e a r  K ~ a t  condit ion (a) of Theorem 6 can bo weakened t o  ai1o.r: S al- 

l so to iiave sub-seqcences s ( ~ )  of ryrje I11 as long as the associated functioo 

I f-T(s> - is  sxch th,;-; 

I A s i?Aia r  ra:nark app l ies  t o  condition (b) with the above min i i id??  noiq beirig 

1 I 
see? t h ~ i  t h e  correspon&i.ng inpedmce z ( ~ )  can have zeros and poles ::hick; ara 

I c ~ ~ . ? l e x  as well .  



(c) I n  Theorems 1 and 2 we can g e t  a v a r i e t y  of forms f o r  u.b.f.'s by forio- 

i ng  the? coxposite functj-on f [g (s ) ]  where g (s )  i s  u.b. For exaqple, r ep lzc lng  

3 57 s" gives a p a r t i c ~ ~ l a ~ l y  simple form which s t i l l  has a net;.7ork b b c _ ? p r ? ~ ~ -  

tion sacs s2 i s  a LC u.b.f.  

( 2 )  It can be s h o ~ m  that none of t h e  c lasses  of u.b.f. I s  considered i n  t h i s  

Fpsr, inc luding t he  composite functions mentioned i n  the  previous renark 

carrespond t o  so-called si.ngul= impedances z ( ~ ) ,  i .e., impedances such t h a t  

Z(imo) EL, a, ui, r e a l  and .! 0. 

(el  If f ( s )  i s  a u.b.f. having r e a l  zeros and poles, where soine o f  t;le zeros 

lie in the open i n t e r v a l  ( -1 , l ) ,  =hen f ( s )  czn be writ ten as a p r . ~ ~ ~ i C " u  fls) = 

g ( s )h ( s )  >:?lrc ..(s) i s  an LC u.b.f.  md h ( s )  is u.b. having rea2 zsros acd 

poles, ~t=th none of t h e  zeros i n  ( -1 , l ) .  This procedure obviates tha cansie-  

srzbiorr of m e  111 sequences but, i n  general,  it may cornplic&te the r e a l i z a -  

I of f is). An exaiiple w i l l  s u f f i c e  t o  i l l - u s t r a t e  t he  technique. 

Consider f (s)  = c (~+1/3) (s+$j(s+2) (s+&). hre c m  write f ( s )=g i s  >h(s> 

~11e1-e s(z)  = 3(s+1/3) /(s+j) ,h(s)  = c ( s + ~ )  ( .s+s)/~(s+~) (s+L). Then g(s)  i s  a LC 

u - b - f -  by (j),  and h (s )  i s  an RC u.b.f. by Theorein 2(a) when O < c < 9/80 - 
Theorem 5, we have the  s j i ip ler  a l t e rna t e  factorizat ion i n to  f!s) = 

f1 ( s )  f2 (E) %kere  f, ( s )  = c, (s+l/3)/(s+2) and f , (s)  = c , ( s + ~ / ( s + h )  , c . 
ClC,, 0 < Ic,l <3/2 ,  - o <  /c , ]  53/4. 



. . 

6. E s z ~ p l e s  

1. Consider  t h e  impedance 

' 
T r z n s f o m i n g  2(?) i n t o  f  (s) by (1)  and ( 2 )  and f ac to r ing  f ( s ) ,  tre f i n d  

By Theorem 5, s i n c e  t h e  zeros a d  p o l e s  of f ( s )  a r e  a l l  r e a l ,  factor izz-  

tion of  f ( s )  i n t o  RC znd RL u'.b.f. I s  i s  p o s s i b l e  f o r  some r a g e  of the r 8 c ~  I ti;- 

p l i c a t i v e  c o n s t a n t ,  bTe w i l l  s e e  whether t h e  given mul t ip l i ca t ive  consta.~:t  , 
1/10, is i n  this r a g e .  

Tne secjirJer;ce S f o r  f ( s )  i s  S:wl = -2, B, = 2, f j a  = 3, 0'2 = b, ti3 = h.5, u, = 5. 

Hecce, t h e  sequencz S f  i s  

I 
b 1 

We n e x t  c z l c u l a t e  t h e  func t ion  ~(x) f o r  St. We have ~ ( f 3 ~ )  = 1, ~ ( 3 , )  = 2, $1 

Eta2 ) = 1, Z( F ~ )  = 2, Z(CY~)  = 1, E ( c ( ~  j = 0 . Since ~ ( x )  - > 0 f o r  every t.em 

of S', Theorex 7 a?pl.ies, and meorex  9 then  i n d i c a t e s  t h a t  S can be fect.cred 

i n t o  a  p r o c k ~ c t  of t-KI sequences of Type I. Furtner ,  by Theorem 6, since 

I Pi( -1) 1 = j6/?, :re g e t  t h e  raiige 0 < I c  [ < - 7/36 f o r  the  m i L t i p l i c a M ~ e  con- 

st= t. Thus t h e  given f ( s  ) i s  fac torable .  

Tnere sre many xays of f a c t ~ r i n g  S i n t o  t h e  product of t ~ o  T j ~ e  I 8eqJ03CSS, 

s = s(l) x ~ ( ~ 1  choose S(l) : 9(1)=  3, o(') = 5; 
1 1 

s(4: a p )  = 2 91(2) = 2, OTp = L )  9$2) = k.5; 

tzd f o m  f ( s )  = f1(s)f,(s), where 

1 
(5'-5) , f2(s) = c, (s-2) ( s - 4 )  &(s) = c ? m  

(s.2) : s+L. 5') I 

I i I 



Hers .c, c, n ~ s t  be 1/10, azd by Theorem 2 

I 

We'choosa cl = 1/2, c, = 1/5. The impedances corresponding t o  f, and f, a ra  

I t h e n  

* 
By Theoren ? ( a ) ,  s i n c e  sgn f;*(l) - + 1 and sgn f,(l) = -1, r e  kno:~ tht 

Z, .+ri l l  be aii KC impedance and 2,  zn FX, h p e d a n c e .  ~ ( p )  5.s then r e a l i z e d  by a 

ba l anced  b r i d g e  shose  oppos i te  p a i r s  of a,ms are Z,, i /~ ,  and l;~,, Z, respec t -  

I i v e l y .  

I 2. Consider  t h e  fo l lowing  function, f [s), having r e a l  zercs  and polez: 

L e t  u s  d e t e r m i ~ e  a r a g e  f o r  c, as guaranteed b y  Theorem 5, f o r  whisk f (s) 

is factoraSle i n t o  RC ar.d 3L u.b. f. Is. We have 

s': CYZ = 1, 8: = -3, p2 = -2, CI1 = -1. .  

T'n~n 

I E ( N ~ )  = -1, E ( e l )  = 3, E(&) = 1, E ( c Y ~ )  = O . 
S i z c e  E(X) i s  n e i t h e r  non-negative o r  non-posi t ive,  a f a c t o r i z z t l o n  of  S 

I sinto f a c t o r s  xh ich  a r e  eit;?er exc lus ive ly  of  Tf la  I o r  Wpe 11 i s  c o t  possiSle + 

I Xe n w t  t h e r e f o r e  em?loy t h e  genera l  procedxre of  Tneorem 5 and t r y  v&rions  

I fac to?Lza%ions  of  Gie sequence S. 



,Ws sha1.L choose two f ac to r i z a t i ons  out  of those which are possible. 

( 2 )  Let f ( s )  = f , ( s ) f , ( s ) ,  where 

The scwence f o r  f l  i s  of Type I. Hence, by Theorex 2(a), 

0 < \c11 < - ll/f;(-l)l = 1.5 . 
A s  fo r  t h e  sequence ~ ( ~ 1 ,  it i s  of v p e  11. Heme, by 

Thearea 2(b), 

s -1 s+l 
f l ( s )  = c, , f z = c z -  

s-2 

i Again ve have s(') of Type I md s ( ~ )  of Wpe 11, SO t h ~ t  

0 < lc, 1 < - ll./f*(l) 1 =, ,,s , 
and, the re fore ,  f (s )  i s  factorable  i n  t h i s  way fo r  0 < Icl < - 1 . 

It i s  con2ectured t h a t  the  fac tor iza t ion i.n e x a ~ p l e  2(a)  provides the 

*: 
rmchium rmge of c, i -e . ,  c, = 1.5. On the o ther  hand, it i s  eas i iy  f o u d  t h i t  

Max If-'(s) / = .L. Thus f ( s )  i s  a  u.b.f. f o r  0 < Icl < 2.5, so Kyat facto2- 
Is! -1 - - 

I i za t ion  i n t o  RC and RI, 2,b.f.  Is i s  not possible f o r  the  f u l l  range of c. 
I 



hpp endix 

Proof  of Theorems 3 a d  --- h. 

I.Je remrk that Theorax 3 is implied by T'neora~ 4 and i ~ s  coraI,-Jasy. 

I& have o n v  t o  see  whether condition (v) of Theorem 3 i s  inplied by con- 

&.tiors (a) and (b) of Theorem 4 and i t s  corollary, since condition (c) 

except for notation i s  already equivalent to  (vj . 
if s%- is of c ~ e  I then 

when m = n; and when m = n - 1 

o < 1/$(0) < m = ~ / p ( m ) .  

Tnus, in every case, condition (v) of Theoren 3 f o l l o ; ~ .  b!e kherefor~ 

~Cidress  owselves t o  the proof or̂  Theorem 1; and i t s  C O ~ O ~ ~ T -  

We already k ~ o v  from Stction 2 t ha t  condii5ons (i) - (iv) of T h o -  

r e n  h and its corol lary a r e  necessary and that x is  a real consthnt* 

Theye r e u i n s  tkLs p-oof or sdfia5ency for (i) - (iv) and t he  a ~ c :  a?-::- 

f i c a t i o i  of the nul-tiplicatil.e c o n s t a t  x for T . i  and RL u*b-f-'s* 

Applying (1) t o  ~ ( p )  gives 



Since .Z(p) i n  (14) i s  replaced by I / Z ( ~ )  ~chen x i s  replaced bp -it, a Y  

I condifvion on X, character iz ing F ( ~ )  as a n  RC u.b.f. w i l l  give a corms-  

i pondirig co_rldition on - x  f o r  F(?) t o  be an liL u.t; .f'. and vics  versa. 

I Thus, it ?.Till s u f f i c e  t o  e s t ab l i sh  our conditions f o r  ii posit ive,  i n  

order t o  e s t a b l i s h  both Theorem 4 and its corollary. 

A s  before,  it To-iiorqs CniLt tlne numerator and denominator of t h e  

f r ac t i on  i n  (14) have no comTon fac tors  when x # 0. If ~ ( p )  i s  repre- 

I sented as i n  (L) rd th  P and Q r e l a t i v e l y  prime, then we can take t he  

I -6i and. the  -y. as t h e  zeros of 
3 

I We now cconsidir K t o  be r e a l  variable.  Then eq. (-iO) defiries p 

I ks an z lge3 ra i c  function of having n branches. Denote these bjr -y2i Y. ) ,  
J 

(2  = 1, 2 . . , ) We s h a l l  invest igate  the  behavior of these b r ~ n c 5 e s  

( 5  .e. t h e  r o o t  locus  of (16) )as w r i e s  along the r e a l  lir,e from 0 t o  +=;. 

I First, n o t e  t lw t  argumerit of Section 2 may be repeated here for  

I 
I eq- (16: t o  shoir t h a t  for re21 H a l l  of i t s  roots a r e  real. Xo~r i n  [32, p.55, 

it &S le;n ?roved fqat -&er. the -Y.(%) a re  1-221, they 21-e s % ~ i c t , I y  ~ai?c- 
.I 

tonic f z . ~ $ ? . o ~ s  of x .  To datembine the  direction i n  ~ h i c h  the - y , ( ; ~ )  .-- - u 

we ?roceed a s  fouo.xc;. If x = 0, we see fron (16), that by pro;lerl;. 

I indexizg t h e  -Y ( x ) ,  77s - Y , ( o ~  = -1, ( j  = 1, 2,. .-, n). Let q be 
j J 

or 1, 2,  . . . , n. In the  nciChborhood of x = 0 we can represent -Y (a) 
2 _ -- - . . -- - - - 4 

--- _ _ -_ - -- - -- -- - - 
. _ _  _ ---  



j by a Maclaurin se r i e s  r 

(16), we f ind  by different iat ing implicit ly that 

From this point on, the argument depends upon the t n e  of sequmce S* 

under consideration. F i r s t ,  l e t  S* be of Type I. Then, from (18) and ( 9 )  

I f o r  each q = 1, 2, .. ., n. Hence (17) shows tha t  for small x ,  as K in- 

creases posi ti-rely from 0, - \(%) increases from the d u e  - By the I 

3. tzlicized statenent above, -y (n) w5ll be increasing ~ 4 t h  increasing 
9 

for all r e a l  K. 

%hen x - +a, the roots of equation (16) are the -Qi (including 

One root a t  CD if m = n - 1). Hence as ranges positj.veiy from 0 to  +m, I 

I 

Y .(n) decreases from t o  some 11 . In view of the order relation (91, 
J 3 i 

t h e  only way t h i s  can occur and s t i l l  maintain the monotonic character 

Tj-i) whilt Y1 decreases from t o  - m and then from +a to % *  

Replacing x by --K, the same argums$ shows that  roots of e q  (1.5)~ 

cal l  them -6 (x), r ~ c h  aye equal to  -Y (-XI, increase fron Xj to fi j) 
j j i 



(j = 1, 2, , . . , n). Figure 1 represents  tho manner i n  w h i c h  both 6 :; a d  

i 806t Locus f o r  Type I Sequence 
FIC;USS 1 

For sma31 pos i t i ve  x ,  s ince  t h e  6 and y a r e  bo th  close t o  t h e  1 
5 j j' 

I 5% i s  c l e a r  t h a t  t h e  order r e l a t i o n  ( 5 )  holds. As n increases positively 

I (5)  v i l l  continu2 t o  hold as long a s  y,, reinains non-negative. Now y, be- 

comss zeko when n = i n  (16) where no 

Thus w2en 0 < n < x the  order r e l a t i o n  ( 5 )  holds. - oJ 

I W e  r:;ust still shox that k i n  (4) i s  posi t ive .  When n = n, (h) and 

(I&) y i e l d  k = 1 - )  Since 0 < ro < 1 fa r  a sequence of me 1, 

!L'~YLs ~ ( p )  given bjr (14) is ar, i lC iznyedmce, T h i s  conpletes the 

I Froof of the su;fr"iclency of condition (a) i n  Theorem b =c? its corollary. 

I W e  n e x t  8710%~ t h a t  fo;. n > no or f o r  K < 0 , ~ ( p )  i n  (14) is  not an 

I RC L~ipSd~nc e. T h i s  i s  clear f oi. > xo as the  preceding argm3nt s 

t3.5 ( 5 )  ?-:ill be v io la ted .  I n  f a c t ,  f o r  n > x ~ ( 2 )  is 1103 evsrr posiii-rre 
Q, 

r e a l .  

>?can ni = n, t:& f oil01.i~ for  1 > n > K since yl is then negativz; 
0 I 

I 221d f OT r. > 1 5 n c e  k = (1+~)/ (1-x)  is  negative. Yhen K = 1, 

I Fo" = n - 1, % i s  inegatrve f o r  all n > no. 

I 1Tex3, s i o s e  z ( ~ )  i n  (lb) were an RC impedance fo r  any ;i = xl < 0- 

i n- A ri=,. ,, t h e  F ( ~ )  v,<th x = -q > 0 riould corr es2oad -LO l/z(?), i. e - ~ 0 d d  

be a F L  I*q&ance. TMs i s  in-possi3Xe in 1 1 ~ 7 ~  of what has just been 
- -  . " - " -.-- 7 .  

. - - - 

about (1L) for: v. > 0. ~ h m  condL$ion ( a )  of Theoren 4 m6 %"Us soro7,1~ry 



I 

3t- 
The o the r  two cases, nanely S of  Type I1 and III are  t rea ted  3.n ex- 

I # 

ac t ly  t h e  same way. We omit the  d e t a i l s  bu t  indicate  t h e  s a l i e n t  f e a t ~ r e s  . . 

I o f  t h e  argment. 
* 

For S of both Types II and 111, the  monotonic var ia t ion  GI the 6 ' s  en2 

yls as x i n c r e a e s  from 0 through poai%ive values i s  shovrn ~chernat ical ly  i r r  

I Figure 2. 

I Root Locus f o r  Type II and I11 Sequence 

I For small pos i t i ve  X ,  65 a?d y i  w i l l  be close t o  Xi and hence t he  6's 

l and yls. w i l l  be  in .  the  order  r e l a t i on  f o r  an RL-impedance i s  

I whers y, may be  co. Since both the 6's and approach t h e  1's ~rllcn x-+ QJ, 

I we s e e  from Figure 2 t h a t  (19) will hcld,up t o  and including t ha t  value of v 

I for which first SI = 0 o r  y, = CCI . Only the  l a t t e r  poseibi . l i ty CPA' occcr 

I * 
when S i s  of  m e  If, s ince  S~ > > 0 f o r  all x > 0. As yn = rn when x -1, - 

I the  adn i s s ib l e  r a g e  f o r  n. i s  then 0 < v < 1, - 
n 

For 9 od me 111, 0 < r < - Min [-TI h /! t)i, 11 , 
j=l j i = ~  

# 

xhere t h e  first  quat,ity i n  the  bracket represents t h e  value of w 5:hich ~ ~ i - e l d s  
I 

I = 0. That k > 0 follows as  before. In  t h i s  way we a r r i ve  a t  conditions (b) 

I and ( c )  i n  t h e  co ro l l a ry  of Theorem 4. 

This completes t he  proof of Theorem L and i ts corollary.  



Pr:,of o f  Theorem L and 2. -- 
We apply t h e  t r s m f o m a t i o n  (2 )  t o  f ( s ) .  Ynis gives an F(P) as in ( 8 j  

where 
t 

I M 
n (1w-i) 

K U C - .  
i =l I . f  no  -1 j 

N i 
n ( l+pj)  

j=1 

I (=re n' means t h a t  t h e  fac tor  corresponding t o  wi = -1 i s  omitted.) 

1 .  The sequence S* formed by' sui tably  i ndexkg  the  1 ' s  and x's is  seen t o  

I be the  map, term by term, of the  sequence S t  = (s,, S,) ~ r e v i o u s l ~  cle- 

f b e d ,  under tb transformation qi = (ai - l)/(ui + 1). lj ' (pj  - I)/ 
( B ~  + 1)- Furthermore, t h e  th ree  types of sequences S go in to  the simi- 

I * lar'ly n e e r e d  types of sequences S . (TI& correspondence, in fact ,  
1 

was t h e  b a s i s  of our c l a s s i f i c a t i on  of s). It may thus be verified. t F a t  

condit ions (i) - (iv) of Theorem I imply t h a t  the corresponding condi- 

t i o n s  ( i )  - (i~) of Theorem 3 hold for t h e  function ~ ( p )  just  obtained. 

I In view of the b i l i n e a r i t y  of the  transformation (2), the converse is 

dls0 t rue .  We may therefore gpply Theorems 3 ,  b ,  and the  corollary t o  

I Theorem il, t o  ob+,air, t he  required necessary and suff ic ient  conditions 

which c must satisfy. 

h%- res t r id t .o -ur  discussion t o  the application of ~ h e o r e h  h to  "(PI, 

and the re  t o  the  case when S is  of Qpe I. The application of Theorem 3 

and the d.iscussion of tile remaining cases i n  Theorem 4 are treated in ex- 

actly t h e  same way. 



3y Theorem L(aIJ f o r  an RC u.b.f., when no su = -1, Ire n x t  have 
i 

Thus, 0 < c - < l/fP(-1) if sgn f*( l)  = +l, and l/f*(-1) < c < 0 if sgn - 
f ( 1 )  = -1. This statement is equivalent t o  condition (a) given i n  

T'heorem 2, r.rhn no 0 = -1. i 

If an ui = -1, then again by Theol-em L(a), Ire get  

r M I .  N - 1  

if sW L-2 -- gl i, l + ~ ~ ) / - r  (I+@ .)I = +i; a l l  sign in t h e  inequality s e  ye- 
3 = l  J 

versed if %he qual t i ty  i n  t h e  bracket is negative. This statexent j.s 

equivalent t o  (a) of Thsorem h when an u = -1. 
i 

This conpletes our discussion of  heo or& 1 and 2. 
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