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ABSTRACT 

An improved i t e r a t i v e  scheme, which o p t u z e s  both 

poles and. residues, i s  developed fof approldmating a function 

by a swn of  exponentials, In the  pole optimization, the damped 

Least squares Taylor method keeps pole increments small, while 

pole c o n s t r a n t s  a r e  employed t o  insure s tab i l i ty .  A more d i -  

r e c t  matrix inversion technique simplifies the residue opti- 

m i  za t i  on. 



In  a recent paper by Chatterjee and ~ahrnyL~1, an i t e r a t i v e  

scheme was presented f o r  $profimating a desired impulse response f (t ) by 
n 
m 

a f i n i t e  sum of exponentials of the form a exp (-qi t )  where ai  and 
i=l i 

q. are  r e a l  and gi > 0. The performance iGdex used was the  mean square 
3. 

error, and it was m i n i m i  zed by optimizing both t h e  poles ( ) and the 4i 

residues (a. ) . A t  the r i s k  of oversinrplification, t h i s  i t e r a t i v e  pro- 
3. 

cedure may be described as follows, First, the  l e a s t  squares Taylor 

t r  

1 is  u t i l i zed  t o  obtain optimum pole locations with residues 

fixed a pr ior i .  Second, the optimum residues a r e  obtained by using the  

well-known Kautz orthonormal setC31. Once an i n i t i a l  pole is chosen judi- 

ciously, the i t e r a t i v e  cycle continues u n t i l  the preassigned number of 

poles and i t e r a t ions  a re  achieved. 

f 
Since this i t e r a t i v e  .technique optimizes both the poles 

and t he  residues it yields  a lower performance index than tha t  obtained 

by the  Kauta method C31. However, inherent i n  th i s  approach i s  the  lack  

of  control over pole increments; hence, f o r  large numbers of poles m- 



s tab le  solutions (q. S 0) may energe, and assumptions f o r  the l e a s t  
1 

squares Taylor method may be violated. Moreover, z rigorous proof 

for.ths convergence of the  i t e r a t i v e  technique has not been given. 

The purpose of this correspondence w i l l  be t o  (I) amend the  pole op- 

t tirnization s o  as t o  preclude intemperate pole increments and unstable 

solutions, (2) reformulate the residue optimization so t h a t  optimal. 

i residues a e  obtained without making use of the  rather involved Kauta 

i 

i orthonormal set, and ( 3 )  verify the convergence of this technique* 

PR0BS;EM FORMULATION 

r For camparision purposes, the nomemlature o f  Chatterjee and 

i 
I ~ahY[''  w i l l  be nsed i n  this paper. It i s  ies i red  t o  employ an i t e r -  

ative process t o  approximate f (t) on L 0 by the exponential function 
f 

1 where and m denote the respective i t e r a t i o n s  on the residues and 

I poles. !The error functional t o  be minimi zed i s  



POLE DPTIl4IZATION - : 

1 '  
i 
i 

! I 
' I  I 

; '  i 

I <  I '  I I 
I i 

(k+l)  = 4i(k) + - A 4  (k) I 
i * 

qi I 
(k) 

I 
and the Aqi a re  small, a l inea r  approfirmtian may be used so t h a t  I 

I 

n. i 1 =k,k(t) i N . (L)  gk,k+l(t) = g ( t )  + 
k, k I i =l 

I f 

1 using the damped l e a s t  squares Taylor methodr4] t o  minimize J C ~ I  as  

well as the pole increments, the error c r i te r ion  

will be used, +here i s  a posit ive constant. This insures tha t  

the l inear  approdmation i n  Eq, (L)  remains va l id  during the  i t e r -  

(k) To mininize E ~ 5 t h  respect t o  Aq , the equations 
j .! 

I must be satibfied. Rewriting Eq. (6) gives 
i, 



(k) 
where I 6enotes thz  mn id-enti ty matrix and A is az i - ~ d  s:m- 
. - - N 

metric matrix 15th elemants 

(k) (k) 
A q  and b are the  column vectors described by 
N N 

and 

~g. (7) then y i e lds  the  solut ion 

Ifow l e t  us inspec t  the  hq(k) given in  Eq. (11). Considsr the  r a t e  
N 

\ 

(k) 
of change of E as q(k) migrates i n  the direct ion o f  Pq , i-e., 

N Iv 

if f (t) i s  Laplace transformable. 

(k 1 
By inspecting i t s  pr inc ipa l  minor9 it can be shown tha t  A i s  

N 

(k) a pos i t ive  de f in i t e  matrix; thus A + h2 I i s  posi t ive  def in i te  also,  
N N 



(k) hZlere i s . a  pos i t i ve  scalarCs 3 . Since [ A + 121 i s  positive 
,-., N 

I 
def in i t e ,  

h' 
- I i s  a l so ,  s o  it f o ~ o w s  from ~ q .  (12) tha t  

E decreases i n  t h e  d i r ec t i on  gq (k) 
defined i n  Eq. (ll); the dohnhill 

N 

(k) behavior of  E i s  assured. Since A i s  pos i t i ve  de f in i t e  i t  i s  an 
N 

even simpler mat.ter t o  show t h a t  t h e  l e a s t  squares Taylor method 

(A = 0)[11 a l so  converges prqvided the  Aq. (k) are  smll. Note that  
3, 

t h e  minimization of t h e  e r ro r  c r i t e r i o n  E given i n  Fq. ( 5 )  indeed guar- 

antees t he  minimization o f  t he  e r ro r  funct ional  J[g] given i n  Eq. (2). 

To i n su re  t h e  s t a b i l i t y  of We approfirnation, the c o n s t r a i n t s ~ ~  

w e  iixposed on the  minimization procedure, For a s table  RC real- 

.! 
i zation 

a i n  m y  be s e t  equal t o  zero and 
%ax 

some convenient pos- 

i t i v e  number s o  that  t h e  po les  a r e  confined t o  the negative r e a l  

axis of t h e  complex p l m e ,  Such cons t ra in t s  a r e  only used as  a 

check a t  t h e  end of each i t e r a t i on ,  That is, if a pole  i s  f0un.d 

t o  T'fLola.te one of i t s  bounds it is s e t  equal t o  the  ex t rme  value 



I 
allowed and frozen there f o r  a fixed number of i terat ions.  

RESIDUE OPTDIIZATION: 

The pole optimization yields  

Let 

be t h e  best l e a s t  squares approximation t o  f ( t )  e L [o,~D) from ainong 
2 

(k.1) 
the l inea r  combinations of h. = exp (qi t), which a r e  l i nea r ly  

1 

independent. It is  ~ e l l - l m o w n [ ~ ~  tha t  the optimal residues CY 
(k.1) 

i 

are  obtained by solving the normal equations: 

Rewriting Eq, (16) gives 

where H 
(k+U 

is  an nxn r e a l  symmetric Gram matrix with elements 
N 



(k+l)  
a r e  the co~umn vectors  described by 

and 

d(k+l) = J f ( t )  exp (-q 
j o j 

(k+l)t) d t ,  

if f (t) i s  Laplace transformable . 
Since H (k+l)  is  a pos i t ive  d e f i n i t e  matrix, Eq, .(17) 

N 

yields 

fithou& the  r e s u l t i n g  cr 
(k+l)  

i s  same as that obtained from the Kautz 
N 

orthonormal s e t ,  Eq, (21) uses  a more d i r e c t  computation. 
.! 

Thus, t h e  (k+l) t h  cycle of the  i t e r a t i o n  i s  completed and 

performance index i s  evaluated from, 
b 

w 
P r 12 



1f t h e  p e r f o r v a c e  i n d e x  exceeds t h e  s p e c i f i e d  t01er ; l '~L~ err;or for 
.. . 

me p T a a ~ ~ i  geed ~ ~ a m b e r  of i t e r a t i o n s ,  di stWt poles  we succ -s;ively 

add.ed t o  improve t h e  approximation, 

A f low c h a r t  of t h e  a lgor i thm f o r  computing t h e  optimum 

approximating f u n c t i o n  i s  given i n  fig. 1. It incorporates  a l l  

the refinements  p resen ted  here. A subsequent paper will cover 

t h i s  material.  i n  more d e t a i l  and discuss  a method of optimizing 

the  p o l e s  and r e s i d u e s  simultaneously; var ious  numerical r e s u l t s  

will al& be given, 
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Q = Pole 

cr . = Residue 

M = Maximum number of i t e r a t i o n s  t o  be performed 

W = Maximum number of poles t o  be  t r i e d  

MF = Multiplying f ac to r  

6 = Tolerable e r ro r  

e = D i t t o  

PI  = Performance index 

I = Pole  count 

K = I t e r a t i o n  count 

a A& = Pole  increment 
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