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K i n e t i c s  Of P r o t e i n  Synthesis Dgr ?ol_grribosome s 

- 
Recent ly .  csnriderahle ev idence  has been p r e s e n t e d  1 7  - 

t h a t  cy top lasmic  p r o t e i n  s y n t h e s i s  i s  mediated by a group of 

ribosomes l i n k e d  t o g e t h e r  by a s t r a n d  of messenger  RNA. Such 

a g g r e g a t e s  are r e f e r r e d  t o  as  polyribosonles anti may consist 

t y p i c a l l y  of 5-10 ribosomes p e r  messenget (K) ,RNA s t r a n d .  The pres-  

e n t  r e p o r t  i n v e s t i g a t e s  t h e  k i r i e t i c s  of p o l y r i b o s o n e  media ted  

p r o t e i n  s y n t h e s i s ,  A f a i r l y  g e n e r a l  b u t  s t i l l  t r a c t a b l e  d e t e r -  

m i n i s t i c  linear model i s  p r e s e n t e d  which al lovrs  f o r  messenger 

RNA s o u r c e s  of a r b i t r a r y  f u n c t i o n a l  form and a l s o  t a k e s  i n t o  

account  any d e t e r i o r a t i o n  of t h e  messenger RPJA which r!laTr o c c u r  

during t h e  course  of  p r o t e i n  s y n t h e s i s ,  The r ibosome (Rj c o n c e n t r a -  

t i o n  ~iill be c o r ~ s i d e r e d  c o ~ ~ s t a n t ,  
. . L , F ORT<ULr'!TI OrJ - 

The physical model of t h e  polyrihosome m e c h a n i s : ~ ~  i s  shown 

in figijre 1, A rnessenyer RNA strand p o s s i h l y  several thoil-sand 

A' u n i t s  i n  l e n g t h  i:; sho~vn occupied  by r ibosomes each of abo1..1t 

200 A' i n  diarneter .  krriirio acid r e s i d u e s  in t h e  fo rm of 

aminoacyl-S-RNA conipounds ( A S )  arc? d e l i v e r e d  t o  t h e  g:rov~ing 

p e p t i d e  cha in .  The sequencinc  of t h c  amino a c i d s  i n  the p e p t i d e  

i s  de termined by Watson-Crick b a s e  p a i r i l i g  between t h o  t r i n u c l e o -  
>. 

t i d e s  of AS and those of the messenger R N A o  I n v e s t i g a t i o n s ,  

of AS i n d i c a t e  t h a t  it r e t a i n s  a doub le  h e l i c a l  c o r i f i g i ~ r r i t i o n  in 

sol-il t iorl  w i t h  a bend near t h e  middle, A t  t3ke bend a mini-riur. of 

t h r e e  nucleot ic les  must he present LtJ. It i s  assumed t h a t  nucleo-  

t i d e s  p a i r  w i t h  t h e  messenger RNA,  e s  skior~n in f i i : u r e  1 .  An 





enzyme mediated r e a c t i o n  then t r a n s f  srs t h e  amino a c y 1  z r ~ r o ~ ~ p  

from AS t o  the growing peptid-e,  As the r ihosome t r a v e l s  from 

left, t o  r i i ;h t  it lfreadsYT t h e  inforrnati .cn on the messenger RWA 

s t r a n d  w h i l e  b u i l d i n g  up t h e  p o l y p e p t i d e ,  It i s  e v i d e n t  that 

some s o r t  of r~iechanisrrl must be a v a i l a b l e  t o  s t a r t  t h e  r i h o -  

some a t  t h e  a p p r o p r i a t e  end of M and t o  p r e v e n t  t h e  r e v e r s e  

motion of t h e  ribosome, 

After t h e  f i r s t  ribosome has proceeded a c e r t a i n  d i s t a n c e  

a l o n g  14 corresponding t o  t h e  addition of p amino acid 

r e s i d ~ ~ e s ,  a second ribosome may now becorne a t t a c h e d  t o  t h e  mes- 

s e n k e r  RNA. T h i s  p rocess  w i l l  c o n t i n u e  until t h e  f u l l  complement 

of ribosomes p e r  messenger RITA i s  realized, inhen the s y n t h e s i s  

of each p e p t i d e  c h a i n  i s  complete the p o l y p e p t i d e  and ribosome 

a r e  l i b e r a t e d  a t  t h e  r i g h t  hand end of the mess-enpr RNA, The 

remaining bound r ibosone s c o n t i n u e  t o  move along t h e  me ssenfiyer 

RNA and e v e n t u a l l y  a n o t h e r  r ibosone  i.)c?comes attached t o  t h e  left 

end of the messenger RNA aiid the  c y c l i c  p r o c e s s e s  r epea t ed  until 

a v i t a l  c o x ~ s t i t ~ l e n t  such  as AS i s  d e p l e t e d ,  It i s  rvel l  knor r~ l  

L 6 1  t h a t  messenger RNA may be s h o r t  l i v e d  whi le  t h e  s o l u b l e  

HNA(s) shows no a p p r e c i a b l e  tu rn -over  during p r o t e i n  s y n t h e s i s ,  

The s t a b i l i t y  of t h e  messenger IiNA i s ,  however, enhanced when 

it i s  cornplexed w i t h  r ibosones  p]. The b iochemica l  s i g n i f i c a n c e  

of t h i s  l a b i l i t y  i s  e v i d e n t  s i n c e  i f  t h e  r e q u i r e m e n t  for a 

messenger i s  ended t h e n  t h e  p r o d u c t i o n  of new messenger RMA 

w i l l  c e a s e  and t h a t  a l r e a d y  e x i s t i n g  h e  d e s t r o y e d  w i t h i n  a 

f e w  minutes ,  



I n  t h e  fo l lowing  vwe c o n s i d e r  a model i n  which b o t h  t h e  

ribosome and AS c o n c e n t r a t i o n s  a r e  k e p t  e s s e n t i a l l y  c o n s t a n t  

d u r i n g  t h e  s y n t h e s i s ,  The e a s e  >&ere t h e  r ibosomes  and AS a r e  

v a r i a b l e s  r e s u l t s  i n  a  s e t  of n o n l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  

which i n  g e n e r a l  cannot  be s o l v e d ,  However, M i s  c o n s i d e r e d  

t o  be added a t  a r a t e ,  g ( t ) ,  w12ile it d e t e r i o r a t e s  a t  a r a t e  

chz rac te r i z r>d  5y t h e  r a t e  c o n s t a n t  kd f o r  the  f r e e  M and  a t  a 

r a t e  charac t ;er ized  loy knl f o r  t h e  bouncl No 

The r e l e v a n t  r e a c t i o n s  w i l l  now be c o n s i d e r e d ,  S y n t h e s i s  

i s  i n i t i a t e d  by t h e  binding of a r ibosone  ( R )  t o  a s t r a n d  of 

f r e e  messenger RNA. According t o  Levintlrlal ct. a l ,  i 8 J  t h i s  

a s s o c i a t i o n  may r e q u i r e  t h e  p a r t i c i p a t i o n  of  AS s o  t h a t  t h e  

i n i t i a l  r e a c t i o n  w i l l  be r e p r e s e n t e d  as 

( 1  1 

M+R+AS -7MRAS * 

Binding of ribosomes r e q u i r e s  magnesium i o n s  and t h e  complex 

i s  d i s s o c i a t e d  a t  low magnesium i o n  c o n c e n t r a t i o n s  C2 1. Growth 

of t h e  p e p t i d e  r e q u i r e s  t h a t  t h e  a p p r o p r i a t e  arninoacyl-S-RNA 

be adsorbed o n t o  t h e  MR complex a t  a p o s i t i o n  a d j a c e n t  t o  t h e  

growing p e p t i d e  s i t e  and t h a t  amino a c i d  r e s i d u e  (A) t h e n  be  

added t o  t h e  p e p t i d e  by means o f  a n o n s p e c i f i c  amino a c i d  

t r a n s f e r a s e .  It is  known t h a t  t h e  amino a c i d  i s  l i n k e d  t h r o u g h  

t h e  c a r b o x y l  g roup  t o  t h e  so l .uble  RbTA ( S )  and t h a t  t h e  f orma- 



t i o n  of the p e p t i d e  bond i s  ach ieved  by the t r a n s f e r  of the 

entire p e p t i d e  chain to the amino group of AS fl G i l b e r t  

and o t h e r s  [ 2 ]  have r e c e n t l y  p r o v i d e d  ev idence  t h a t  t h e r e  i s  

o n l y  one s t r o n g  b ind ing  site for SA per  ribosome s o  that pre -  

sumably it i s  t h i s  site a t  which peptide bond f o r m a t i o n  occurs 

and which moves a long with the ribosome. I n  view of tl-e s e  

findings t h e  growth s t e p  may be r e p r e s e n t e d  by b i n d i n g  a t  t h e  

a c t i v e  site f o l l o w e d  by a t r a n s f e r  r e a c t i o n :  

I n  e q u a t i o n  ( 2 )  the AS t o  t h e  right of t h e  d o t  represents t h e  

bound s p e c i e s ,  The above sequence of reactions i s  repeated 

d ~ l r i n e ;  growth of the p e p t i d e  s o  that i n  genera l  we have 

When t h e  f i r s t  ribosome has translated a d i s t a n c e  d a long  

M cor respond ing  to say p amino acids i n  the pep t i de  cha in ,  

another  ribosome will be added anti the reby  initiate a second 



growing pep t ide  cha in ,  This process  1~5.11 be repea ted  with a  

t h i r d  ribosome and so on. Observations i n d i c a t e  t h a t  t h e  

ribosomes a r e  separa ted  from each  o t h e r  by a gap of 100 -- 50~' 

s o  t h a t  d  and p  may he es t imated.  Allowing 3 . 5 ~ '  f o r  a nucleo- 

t i d e b a s e  i n  t he  messenger RNA t h e n  f o r  a  t r i p l e t  coding scheme 
0 

each  amino ac id  r e s idue  corresponds t o  a  d i s t a n c e  of about  1OA 

a long  t h e  messenger RNA, Assuming a n  average gap of 100AO and 

a ribosorrle wi th  a diameter  of about 2 0 0 ~ ~ ~  t h e n  on t h e  average 

d -300~ '  and p  -30 amino ac id  r e s i d u e s ,  

The r e a c t i o n s  subsequent t o  ( 5 )  may now be expressed  by 

t h e  r e l a t i o n s h i p  

I t e r a t i o n  of r e a c t i o n s  ( 1 )  - (6 )  g i v e s  r i s e  i n  g e n e r a l  t o  

polyribosome which may be represen ted  by 

which i n d i c a t e s  a polyribosome made up of q ribosomes i n  a s t a t e  

w i t h  a growing pep t ide  cha in  of il amino a c i d  r e s i d u e s  on the 

l a s t  added ribosome, i2 amino ac id  r e s idues  on t h e  a d j a c e n t  

ribosome, e t c ,  The case  ik = o corresponds  t o  t h e  absence of 

a ribosome loca t ed  at  t h e  k t h  r eg ion  of t h e  messenger RNA, 



A convenient  n o t a t i o n  i s  suggested by ( 7 )  s i n c e  the 

s t a t e  of the polyribosome i s  d e f i n e d  by t h e  o rde red  s e t  of 

s u b s c r i p t s  which may be d i s p l a y e d  as a vec tor  (il P '  iZ2 i3 . . .iq) a 

As a s l i g h t  e x t e n s i o n  o f  t h i s  n o t a t i o n  we may designate an AS 

adsorbed t o  t h e  b i n d i n g  s i t e  o f  a ribosome ( i . e . ,  (il, i2.. .iq) .AS) 

by means of t h e  n o t a t i o n  (il si2.0 . i q / l )  , 

It i s  e v i d e n t  that i f  rre assume random growth of  t h e  pep- 

t i d e s  a v e r y  largo number of  intermediary states can o c c u r o  I n  

o r d e r  t o  s i m p l i f y  the a l g e b r a i c  manipulat ior ls  arising i n  t h e  

a n a l y s i s  wi thou t  however c h a n ~ i n g  the e s s e n t i a l  c h a r a c t e r  of 

t h e  problem we s h a l l  assume that a d d i t i o n  o f  t h e  amino a c i d  

r e s i d u e s  occu.rs i n  sequence s t a r t i n f :  w i t h  t h e  r ibosome farthest. 

t o  t h e  r i g h t .  Under t h i s  s e q u e n t i a l  addition assumption a 

t y p i c a l  sequence o f  polyribosome s t a t e s  would be 

Thus w i t h  t h e  present model  we assume i n  e f f e c t  that t he mes- 

senger  RNA is divided into q reg ions .  A s  t h e  ribosome asso- 

c i a t e d  l - ~ i t h  any p a r t i c u l a r  r e g i o n  of moves a long  the 



r e g i o n  p amino a c i d  residues are a d d e d  to the growing pep t ide  

c h a i n  s o  t h a t  p q p e p t i d e  r e s i d u e s  a r e  added in all, Even- 

t u a l l y  a ri'r:osorLie and i t s  a s s o c i a t e d  p r o t e i n  w i l l  a r r i v e  a t  

t h e  end of t h e  messenger KNA s t rand  where they r ~ i l l  be 

r e l e a s e d ,  Vhil-e the d e t a i l s  of the r e l ease  remain t o  he 

e l u c i d a t e d ,  it i s  evident t h a t  a f t e r  t h e  last amino a c i d  h a s  

been added t h e  bond between the p r o t e i n  and AS must  b e  s eve redo  

The f r e e  p r o t e i n  AN i s  now f r e e  t o  assurae its final t e r t i a r y  

s t r u c t u r e ,  PN. It i s  e v i d e n t  fror:, t h e  work on the r e c o n s t i t u t i o n  

of d e n a t u r e d  p r o t e i n s  that t o  a large ex t en t  the t e r t i a r y  s t r u c t u r e  

f o l l o v ~ s  spontaneously from t h e  amino acid sequence,  In some cases 

it i s  known t h a t  the physiologically a c t i v e  form of t h e  p r o t e i n  

r e q u i r e s  t h e  a s s o c i a t i o n  of several subunits, For t h e  p r e s e n t  

purposes  however t h e  t e rmina l  reactions w i l l  he represented by 

We shall also i n t r o d u c e  a compact notation in o r d e r  t o  express 

t h e  v a r i o u s  r e a c t i o n s ,  Thus the reactions 
PC 

R + AS + ( 0 , 3 , 0 )  --+ ( 1 , 3 , 0 )  

r l l r i l l  he written as 

and similarly f o r  o t h e r  r e a c t i o n s ,  



2 .  THE fiUiTIIET~LATICAL HODEL 1I.J THE SPSCIAL CASE: p = 2 ,  q = 3 

In t h i s  s e c t i o n ,  we s e t  up t h e  mathematical model f o r  the poly- 

ribosome process and solve  it under certain condit ions.  I n  general ,  

we can handle t he  case i n  which t h e r e  are  q ribosomes each o f  which . 

occupies a space  on t he  messenger B!iA corresponding t o  the  designa- 

t i o n  of p amino acids. However, this general case, v ~ h i l e  uncompli- 

ca ted  in p r i n c i p l e ,  leads t o  some t e d i o u s  algebra of l i t t l e  interest 

in itself, and accordingly we re lega te  it t o  an appendix. Ins tead,  

we consider  here the special case of a p p t i d e  with six amino ac id  

residues and f o r  which p = 2 ,  q = 3 wt~ich,  although s i m p l i f i e d ,  suf-  

f i c e s  to exhibit all t h e  characteristics of our model from the mathe- 

matical  po in t  o f  v iew and is sufficiently simple to al low f o r  a de- 

t a i l e d  treatment.  At t h e  end of t h e  section, we supply the corre-  

sponding results for the general case,  

( a )  The React ion  Equations 

- The r e a c t i o n  equat ions a r e  as f o l l o w s :  



'T' 



I n  t h e  terminology of con t ro l  theory ,  t h i s  set of  equat ions is 

open-loop u n t i l  the  compound ( 2 , & , 0 )  i s  reached a t  which point  t h e r e  

i s  a feedback of (2,4,0)  from t h e  l a s t  of the chain r e a c t i o n s  t o  

close t h e  loop,  

( b )  The System of D i f f e r e n t i a l  Equations 

P now a l s o  denote t h e  con- L e t  (i,, ip, , (i,', iZ, / A 6 j  6 
cen t ra t ion  of each of these species  as a funct ion  of time, while r 

and u denote t h e  corresponding concentrat ions of R and AS respect ive-  

3y. When kinetic analysis i s  app l i ed  t o  t h e  system of r e a c t i o n  equa- 

tions, we get the  fol lowing system of ordinary d i f f e r e n t i a l  equations 

connecting t h e s e  concent ra t ions .  





Here t h e  no ta t ion  {* e .  i nd ica t e s  t h a t  the preceding two 

equations are i t e r a t e d  f o r  t h e  next t w o  pa i r s  o f  s p e c i e s  (1, 3 ,  61, 

(c ) The Transform S o l u t i o n  

A s  already i n d i c a t e d ,  the system of d i f f e r e n t i a l  equat ions  devel- 

oped i n  t h e  preceding paragraph i s  non-linear if r and u vary 

w i t h  t ime,  and no exact s o l u t i o n  f o r  them i s  apparent .  Ve shall lin- 

e a r i z e  them by making the assumption t h a t  r and u a re  each con- 

stant. Physical ly,  this will be j u s t i f i e d  if t h e  r e s e r v o i r  of free 

ribosome and aminoacid i s  la rge  compared t o  the c o n c e n t r a t i o n  of t he  

o ther  spec ies  s o  that the dep le t ion  o f  these  substances during the re- 

ac t ion  process  is neg l ig ib le .  

Wheri r and u are constant,  we have a non-homogeneous system 

of l i n e a r  d i f f e r e n t i a l  equation with cons tan t  coe f f i c i en t s .  These 

wi l l  be handled by the Laplace t ransform technique under the assump- 

t i o n  tha t ,  i n i t i a l l y ,  all spec ies  have zero  concentra t ion  except free 

messenger RNA, ( o , o , o ) .  L e t  i t s  initial value be m, . We use s 

f o r  the transform var iable  and denote the transforms of g(t ) , (i7 ,i2,i,), 

respectively. Then, a f t e r  some simplification, t h e  f i r s t  few equa- 

tions i n  the transformed se t  read as f o l l o v ~ a :  



The pairs  of  equations A and B and the equa t ion  C occur again b u t  

with d i f f e r e n t  species;  and we can abrev ia te  t h e  remainder o f  t h e  s e t  

of equations in easily understandable form as : 
f 

A { [ ~ , ~ , O J ,  11,3,0/13, [o,3,01) 



We s h a l l  now s e t  up simple recurs ion  r e l a t i o n s h i p s  between t r ans -  

forms of ad jacent  spec ies .  This will enable us t o  determine [ l , b , o / l l  

i n  terms of [o,o,o]  and [2,4,0/1] i n  terms of [2,4,6]. Then equations 

(11) will determine [2 ,4,6]  i n  terns o f  [o,o,o]. T i l i s  r e s u l t ,  used i n  

t h e  next t o  t h e  l a s t  equation above will yield T6; and tiLen 7 i s  given by 
6 

the l a s t  equat ion.  

Equation p a i r s  A and B a r e  of t h e  form 

(s  + k,u + k ) S - k-lY = aZ 
d 

where X ,  Y and Z a r e  concentrat ions of c e r t a i n  consecutive spec ies  and 

a = koru o r  k r e spec t ive ly  i n  cases  A o r  B .  Solving t h i s  p a i r  o f  equa- 

%ions f o r  X and Y i n  terms of %, we f i n d  

where we have used the  ab rev ia t ions  

f ( , s )  = ( S  + k - 7 + k + kd) (S + k l u  + k ) - klk-,u d 

T h e  s ingle  equations l i k e  C a r e ,  of  course, immediately conver t ib le  t o  

a simple recurs ion  r e l a t i o n  of  t h i s  kind.  



We s t a r t  by writing down t h e  recurs ion  r e l a t i o n  f o r  [1,4,0/11 and 

i n  succession the  recursion r e l a t i o n s  f o r  the s p e c i e s  appearing i n  t h e  

r igh t  members of t h e s e  r e l a t i o n s  using equat ions (12). With the  nota- 

t i o n  m(s) = s + koru + k we g e t  
d' 

, ,  = k k , u  [1 ,310/ l l  / f ( s )  

[1,3,0/11 = kok,ru2 [0,3,01 / f ( s )  

Elirninat ing  in termedia te  species  from these  equations we obta in  

S imi la r ly ,  w r i t i n g  down t h e  recurs ion  r e l a t i o n  f o r  [2,4,6] and 

working backwards we g e t  t h e  fol lowing sequence o f  equat ions 



El imina t ing ,  we find 

I n  t h e  p a i r  of equat ions (11 ) , use t h e  second equat ion t o  elimin- 

a t e  [2,4,0] i n  the f i r s t ,  and t h e n  replac ing  [1,4,0/11 by i t s  value 

from eq. ( 1 3 )  and [ 2  ,l+,o/l] from i t s  value i n  eq. (14), so lve  f o r  

[2,4,6]. The result i s  

where 

Finally, from t h e  las t  t w o  transform equations of the o r i g i n a l  

s e t ,  we  have 

I n  the appendix, we car ry  out this same line of reasoning f o r  

-the general case of q ribosomes. Ilere pq = R ,  the t o t a l  number of 

aminoacids i n  t h e  p ro te in  chain,  The r e s u l t  is 



( d )  The Time Domain Solu t ion  

Equation (15)  must be inver t ed  t o  obtain tlie s o l u t i o n  f o r  t h e  

protein concentrat ion i n  the  t ime donlain. Before proceeding t o  carry; 
I ' . j  

out t h i s  invers ion ,  tve note  t h a t  thhe feedback system f o r  which eq. 
I 

b5 i s  t h e  system function, is ser i~i-s tsble  i n  t h e  sense t h a t  t h e  zeros I '  

of t h e  denominator of 'P as ide  from s = o,  a r e  a l l  i n  t he  l e f t  ha l f -  6' 
plane. This  f o l l o v ~ s  first f o r  bo th  zeros of f ( s )  (v,rEiich a r e  i n  f a c t  

negative r e a l ) ,  s ince  f ( s )  i s  of  t h e  form f ( s )  = s2 + ( a + b ) s  + ab-I( 
qi"ll*," *,,- "9IEWR 

*y*s.e,j$l a, b ,  K a l l  > o, where f ( o )  = ab-K may e a s i l y  be shown t o  be 
O. el.. ,*zw.. 

$ ,*- 

posi t ive  f o r  kd > o. next ,  by applying t h e  Nyquist c r i t e r i o n ,  a sir i i -  

i l a r  conclusion i s  obtained f o r  h ( s )  . For,  wr i t ing  

5 5 6 
where h,  ( s )  = (s+kf+kd) (s+koru+kd) [ f ( s ) ]  and c  = r k  k k u , we f o 7  

e a s i l y  c a l c u l a t e  t h a t  c/h(o) = 1 when kd = o and t h e r e f o r e  

c/h(o) < 1 when kd > o. Since t h e  zeros of hl  ( s )  a r e  a l l  negat ive 

rea l ,  (c/h, ( i w ) /  i s  a monotonic decreasing funct ion  f o r  o 4 -. w < co, 
which approaches zero  as w -+a . Thus t h e  point + 1 can never be en- 

c i r c l e d  by t h e  map of c/h, ( s )  along t h e  Nyquist contour. 

We now re tu rn  t o  thhe considerat ion o f  the inver se  of eq. ( 1 5 ) .  

The s i t u a t i o n  we s h a l l  consider here i s  t h e  case  where t h e  i n i t i a l  

concentration o f  messenger RNA is  zerq i . e .  rn = o. We s h a l l  discuss 
0 

the synthes is  o f  p r o t e i n  a s soc ia ted  with a bui ldup i n  messenger RNA , 

concentration. An example of the  present  model i s  provided by enzyme 

induct ion where i n i t i a l l y  the  messenger RIGA assoc ia ted  with the i n -  

duced enzyme i s  absent  and subsequent bui ldup i n  the  messenger oc- 

curs with t h e  a d d i t i o n  of inducer .  



If m, = o then,  as is well k n o ~ m ,  the general time-domain solu- 

tion f o r  P6(t) may be written out i n  the fo rm of a convolution i n t e -  

gral i n  terms of t h e  impulse response, i . e .  the solution when G(s)E 1 

o r  g(t) = 6 ( t )  where d ( t )  i s  t h e  Dirac d e l t a  f u n c t i o n .  If po(t) is 

t h e  impulse response we have, in general ,  

The form for P (t) may be  determined easily by i n v e r t i n g  eq. (15.), 
0 

t a k i n g  G ( s )  5 1, mo = o. Let - 4 and - 5 be the z e r o s  of f(s), and 
* - 

= b l ,  - r2,-0, - Fla the zeros o f  h :ic), and supposa,  for simplicity, 

t h a t  t h e s e  are  611 d i s t i n c t  and different from t h e  bemaining three  
-dx 

zeros  of the denominator of Y which we also assume' t o  -be dTs t inc t .  6' 
Then we may w r i t e  

Here t h e  coefficients Ai, Bi, Ci, Di9 may be c a l c u l a t e d  by ex- 

panding 7 w i t h  G ( s ) E . ~ ,  mo = o ,  into partial f r a c t i o n s  and i n v e r t i n g  
6 

a l t e rna t i ve ly  means r e s i d u e s ) .  t he  react ion 

constants  are not  y e t  known nunierically,  t h i s  procedure will y i e l d  

literal expressions f o r  the coefficients, We do not carry out  t h i s  

development e x p l i c i t l y  except f o r  A which represents  t h e  s teady-state  
0 

tern of  t h e  impulse response. S ince  A. is t h e  r e s i d u e  o f  FO(s) at 

s = o ,  we f i n d  from eq. (15) t h a t  



where 

(19 f j o )  = (k - 1 +k+kd) (k,u+kd) ' k T k  -1 u , 

.. 
Equation (16) is now s p e c i a l i z e d  for two cases  wliich are con- 

s ide red  t o  be of prime l i l te res t  f o r  the theory :  g ( t )  a s t e p  func t ion ,  

and g ( t )  a  ramp pulse.  

Case (i) g ( t )  = au(t) where u ( t )  i s  the  unit step function. Here 

eq, (16) gives 

Carrying t h r o u g h  tlie i n t  egrut;i~i-i, we obta in  

? 
Here t h e A i  a n d D .  are a s  in eq .  (17). T h e B .  m q T b e  found 

1 1 

from the Bi by means of the  recurs ion  forinulas 



S i m i l a r  for ln~i las  r e l a t e  C : and C vrit-h r ep lac ing  PI . 
3, i 2 

F i n a l l y ,  E may be expressed i i i  tcniis of the coefficients of  e q .  (17: 

o r  may be found d i r e c t l y  by means of the relation 
. 

steady s o l u t i o n  ev iden t  from 
4- 

(20) , any d i s cus s ion  of t he  t rarisie~it behavior requi re  a more com- 

p l e t e  and accurate specification .'of' the cons tan ts  than i s  preser l t ly  

ava i l ab le .  It is conjectured t h a t  all except t h e  f i r s t  few exponen- 

tial terms w i l l  be negligible thus  leading t~ an essentially moiiotonic 

increas ing  behavior of the o u t p u t .  For very snlall values o f  t i m e ,  the 

i n i t i a l  value theorem leads to t k e  representation 

Case ii 

g(t) = a t  o < t < O ( ,  PI - a > o  1 

In this case ,  eci. (16 ) becomes 

t 
Let po(t) = f P (z) d T  so t h a t  po(t) is give11 e x p l i c i t l y  by eq. (2C ) . 

0 Q 

Thexi, us ing i n t e g r a t i o n  by p a r t s ,  vie have for o < t < &,  



S'il;.,ilarly, f o r  t 2 , 

The i n t e g r a l s  i n  the right ~ienber s  of these equations may be evalu- 

a t e d  u.sing e q o  j 2 0 )  , a d  .L;lriv.s ;re a l r i v e  a t  t l lc  r e p r . c s e i l t ~ . t i ~ n ~  

Here we have w r i t t e n  /,, = koru + km, @ = k ru + kd. The new 
2 0 

t ?  ? 1 f t  f 
C coe f i i c i en t s  F,  Bi , , B ? c t f 8  can be expressed i n  terms of 

the  previous ones but  we  do no t  carry t h i s  out  here.  



IY! c l o s i n g  t h i s  d i s cus s ion  of ca ses  (i) :?lid (ii) we reinark that 

f o r  t he  case of q ribosomes considered i n  the  appendix, t h e  form of 

tlie s t eady  s t a t e  s o l u t i o n  i s  t h e  sane a s  tha-t ob ta ined  above, How- 

ever, t h e  cons tan ts  A, and E which figure i n  t h e  s o l u t i o n s  a r e  now de- 

f i n e d  as fol lows:  
(a 

k (k ru) (k k l u )  2 
f 0 

where f ( 0 )  i s  given by ec;, (19) and 

q [ q + l p  - 3 

ru) (k k,u) 
7 

( ~ p - 2  ( q- I ) r,i Cf(s),---- - 2 i [ s+koru-bkcl) 2 h(s) s = o  

where 



SlMIYlARY ATdD DISCUSSION 

A d e t a i l e d  model of p r o t e i n  s y n t h e s i s  by polyribosomes h a s  

been developed and t h e  r e s u l t i n g  e q u a t i o n s  so lved  on t h e  assumpt ion  

t h a t  t h e  k i n e t i c s  of t h e  system depends l i n e a r l y  on messenger RNA 

concent ra t io l? ,  S p e c i f i c a l l y ,  t h e  assumption i s  made t h a t  s u c h  com- 

ponents  as t h e  amino a c i d - a d a p t e r  RNA and ribosome c o n c e n t r a t e s  a r e  

corls tant .  However, t h e  messenger RNA i n p u t  i s  t a k e n  t o  be time 

dependent and t h e  a n a l y s i s  i s  g i v e n  f o r  b o t h  s t e p  and ramp i n p u t s ,  

It i s  i n t e r e s t i n g  t o  compare t h e  ahove r e s u l t s  w i t h  t h e  

a v a i l a b l e  e:cperirnental d a t a ,  Pardee and P r e s t i g e  have rnade some 

very  c a r e f u l  s t u d i e s  of t h e  k i n e t i c s  of enzyme i n d u c t i o ~ ~  i n  

E ,  c o l i  [lo]. These worlcers have shown t h a t  w i t h  each  induced enzyme 
0 

i n v e s t i g a t e d  a  l a g  of about  3 minutes  occurred.,  at 37 C between t h e  

a d d i t i o n  of i n d u c e r  and t h e  appearance of t h e  enzyme, It was a l s o  

shown t h a t  t h e  lag i s  n o t  a s s o c i a t e d  w i t h  p e n e t r a t i o n  of t h e  i n d u c e r  

bu t  r a t h e r  w i t h  t h e  s y n t h e s i s  of messenger RNA,  It i s  s i g n i f i c a n t  

t h a t  once s t a r t e d  the i n i t i a l  h ~ x i l d ~ ~ p  i n  enzyme c o n c e n t r a t i o n  con- 

s is ts  of a n o n l i n e a r  p o r t i o n  f o l lov~ed  by a l i n e a r  i n c r e a s e  i n  

c o n c e n t r a t i o n  vs, t ime ,  t h e  g e n e r a l  form of t h e  enzyme b u i l d u p  is  

shown i n  f i g u r e  2 ,  I n  te rms o f  t h e  p r e s e n t  a n a l y s i s  t h e  n o n l i n e a r  

phase cor responds  t o  c a s e  (ii) above when t h e  c o n c e n t r a t i o n  of 

messenger BNA is i n c r e a s i n g  over  t h e  i n t e r v a l  /? &b 5 d , where 

i s  t h e  t ime  of t h e  i n d u c t i o n  p e r i o d ,  The s o l u t i o n  i n  t h i s  case  is 
P 

\ given  by ( 22 ; If t h e  t r a n s i e n t  t e r n s  a r e  such t h a t  t h e  



e x p o n e n t i a l s  damp out  w i t h i n  a  minute o r  s o  a t  some t ime fo l lowing  

t h e  i nduc t ion  per iod  t hen  subsequent s t e a d y  s t a t e  i n c r e a s e  w i l l  be 

a q u a d r a t i c  polynomial of t he  form 

When t h e  rness'enger RNA concen t ra t ion  reaches  t h e  s t e a d y  value  

due t o  t h e  balance between syn thes i s  and degrada t ion  then t h e  so lu-  

t i o n  corresponding t o  case  (i) above a p p l i e s  and we have a l i n e a r  

dependency g iven  by 

P6 ( t )  =Aoat+Ea 

Unfor tuna te ly ,  i t  is  ev iden t  from i 18 ) and ; 2 1  1 t h a t  no simple 

r e l a t i o n s h i p  i s  apparent  between A and E and the  h a s i e  k i n e t i c  

c o n s t a n t s ,  IIowever, it i s  i n t e r e s t i n g  t o  no te  t h a t  o the r  t h i n g s  

b e i n g  equa l  t h e  s l o p e  of t h e  l i n e a r  p o r t i o n  i s  p ropor t i ona l  t o  t h e  

r a t e  of messenger RNA production:  

It i s  i n t e r e s t i n g  t o  note  t h a t  experimental s t u d i e s  j101 i n d i c a t e  a  

dependency of t h e  r o l e  of enzyme s y n t h e s i s  on inducer  concen t r a t i on  

and hence preswaably on t h e  r a t e  of messenger RNA s y n t h e s i s .  The 

r e p o r t e d  dependency on inducer  was, however, not  l i n e a r ,  The exac t  

s i g n i f i c a n c e  of t h e  l a t t e r  i s  no t  c l e a r  s i n c e  t h e  r e l a t i o n s h i p  between 

Lnducer  and RNA s y n t h e s i s  i s  not e s t a b l i s h e d ,  





Appendix 

I n  this sec t ion ,  we consider t h e  general  case of  q ribosomes, 

each having a llcoveragefl of p amino ac ids  on the  messenger KlsJA. Use 

t d l l  be made of t h e  not ions arld no ta t ions  developed i n  Sect ion  

f o r  the  s p e c i a l  case p = 2,  q = 3 .  Our species  a r e  now designated by 

q vectors ,  i , i . . . , i ) where each i may have tlie value zero ,  
(2 k 

and otherwise ( n  - 1) p + 1 - < in 5 n 
P 

n = 1 2 , q ) .  The com- 

plex forried a f t e r  absorpt ion of an AS molecule w i l l  be denoted by 

(i, , i . . . , i 11) . The proteins  i n  i n i t i a l  and na t ive  form a re  rep- 
2 cl 

resented by AN and PpJ respect ive ly .  1 \ 1 1  o ther  nota t ion  i s  t h e  same 

a s  given above. 

( a )  The Reaction Equations 

A s  a l ready pointed out i n  Sect ion 2 , t he re  are e s s e n t i a l l y  

t h r e e  b a s i c  r eac t ions  involved i n  the process, Two of them, t h e  ab- 

sorp t ion  and t h e  polymerization o f  an amino ac id  rnolecule by each 

ribosome i n  t u r n ,  a r e  repeated over arid over u n t i l  there  i s  space 

ava i l ab le  on the  messenger R!iA f o r  t h e  addi t ion of  a new ribosome; 

the  l a t t e r  process c o n s t i t u t e s  t h e  t l i i r d  bas ic  reac t ion .  I n  the f o l -  

lowing abbreviated s e t  of reac t ions ,  t h e  missing equations can be sup- 

p l i e d  by fol lowing along with this b a s i c  sequence of  operat ions.  

%e have 



( b  ) The System of D i f f e r e n t i a l  ~ y u a t i o n s  

S e t t i n g  up t h e  r eac t ion  k i n e t i c s  corresponclilzg t o  the  reac t ion  

equations, arid using a nota t ion  corresponding t o  t h a t  of Sect ion 

we ar r ive  a t  t h e  fol lowing system of d i f f e r e n t i a l  equa t ions :  





( c ) The Transform Solut ion  

kJe employ the no ta t ion  of Section 2 f o r  La-place transforms, A s  

i n  t h a t  sec t ion ,  we assume r and u t o  be constant and a l l  i n i t i a l  

conditions t o  be zero except that f o r  t h e  f r e e  messenger RNA which i s  

taken t o  be mo . . . 

Taking tine Laplace trar~.sforiu. i n  each of the d i f f e r e n t i a l  equa-. 

t i o n s  of t h e  system above and col lec t ing  l i k e  terms, we f i n d  t h a t  t h e  

s e t  of transform equat ions may be character ized as fol lows,  Aside 

from t h e  first equation, t h e  eauations c ~ r r e s p o n d i l ~ g  t o  ( 2 3 ) ,  and t h e  

l a s t  th ree  equat ions,  the  system i s  made up by r e p e t i t i o n  of c e r t a i n  

p a i r s  of equations and c e r t a i n  s ing le  eauations,  The s ingle  equa- 

' t i o n s  a re  of t h e  form 



where m = 1 , 2 , .  .. ,q-1, and f o r  m = 1 t h e  spec ies  appearing i n  t h e  

r i g h t  member of t h i s  equation i s  t o  be i n t e r p r e t e d  as [p,o,o, .  ..,o/ll. 

Thus there are a l toge the r  q-1 of these  s i n g l e  equat ions.  The pa i r s  

o f  equatiorls a r e  of two types,  both of which nay be enconlpassed i n  

the  s i n g l e  form 
f 

Here a = k ruvrhe~i  X = [l, p + 1, 2p + l , o . o , m p  + 1, o , . . , , o l  
0 

Y = C1, p -t- 1, 2p + l , . , . , m p + l ,  ~ , . ~ , , o / l l  , = Lo, p + 1 , 2 p + 1 , w . o ,  

where m . =  o,  l,.. .,q-1 . 
And a = k f o r  a l l  cases other  than those  s p e c i f i e d  up t o  this point .  
- - 
\,]hen a  = k ,  tf ienX = [il,  i ..., i ],Y = [ i l ,  i2, . . . , i /  11 and Z is 

2 ' 4 cl 

the  species  i m ~ e d i a t e l y  preceding X. i n  the process. If we denote by 

A and B t h e  two pa i r s  of equations when a = koru and a = k respect -  

i v e l y ,  and by C tlie s ing le  equat ion,  tL;iler! it rriay be v e r i f i e d  that 

the sys tea  of transform equations can be wr i t t en  out symbolically in 

the following fashion:  

( S  + koru + %) o o  o  = G ( s )  + in0 , 

A? Pi, B..., 9 C ,  A, E, E y e o e y  C )  ii) l3) E 1 . * 0 2 0 b . 1  - - - 
p-1 t imes 2p-1 t imes 3p-1 t imes 



The s i n g l e  equat ions i n  t h i s  s e t  can immediately be i n t e r p r e t e d  

as simple recurs ion  r e l a t i o n s  bet~,veen t r a n s f  orr~is o f  consecutive spe- 

c i e s .  Recursion r e l a t i o n s  o f  s i n ~ i l a r  simple form are obtained by so lv-  

i n g  t h e  equation pairs A and B fo r  X and Y i n  terms of Z. We f i n d  

where f(s), as i n  Sec t ion  2 , i s  given by 

It w i l l  t u r n  out t h a t  i n  our subsequent development we r e q u i r e  only the  

second of t h e s e  r e l a t i o n s ,  i . e .  the  one between P and Z .  

We now sketch  the  remainder of the argument leaving t h e  v e r i f i c a -  

t i o n  of d e t a i l s  t o  tlie reader .  It i s  evident  from the s e t  o f  t rans-  

f o r m  equations t h a t  a knowledge o f  [P ,  2p, .  . . ,qp] w i l l  determine &J 
and t hen  PN . Now [ p, Zp, . . . ,qp] occurs i n  the feedback equation, 



1 .  

I I 
which i s  t h e  f irst  of t h e  equation p a i r  ( 2 4 , .  We can use t h e  second , 

equation i n  ( 2 4 )  t o  e l iminxte [p,  2p , , . , , (q-1)p ,o l  from the  feedback 

equation and this y i e l d s  , 

Eut [p,2p, . . . , qp] a l s o  appears i n  the  equation which i s  second from 

the  las t  i n  t h e  system o f  equations,  where t h e  r i g h t  member involves  

[p - l r2p , .  . . ,qp/ l l .  By using our recurs ion  r e l a t i o n s ,  we can succes- 

s i v e l y  e l i n i n a t e  [p-1,2p,. . . ,qp/l l j  ~p-1,2p-1,3p,,o. ,qp/l]  e t c .  un- 

t i l  we work our way down t o  ~ p , 2 p , o . o , ( q - l ) p , o / l ] .  

The r e s u l t  i s  

This formula can be used t o  el iminate  [p,2p,, . . ( q - l ) p , o / l l  i n  

equat ion (25 ) . 
Ide a l s o  requ i re  [p-1, 2p, 3p, .  . , , (q-l/&), 0/11 i n  eq. ( 25! and 

this can be obtained once again by using t h e  recursion r e l a t i o n s  i 

s t a r t i n g  from [p-1, 2p, 3p , ,  . , , (q- l )p,o/ l ] .  Useful i n  t h i s  process 
i 

i s  t h e  r e l a t i o n  (used f o r  i = p, n = q-2 t o  s t a r t )  1 

I 
which i s  easily proved by induction. The transform C l ,  pl,. . . ,np+l,dl] I ' 

can b e  expressed i n  terms of [ 0 , ~ + 1 , 2 p + l ,  ..., np+l,o] by using 



Y = ak,uZ:/f(s) w i th  a = k ru. Next, the single equation C expresses 
0 , 

10, ~ + l ,  2-p+1, . . . , n p + l ,  o ]  i n  terms of [p,  o , 2p+l, . . .np+l ,  o, ... ,0111 and 
1 

we can Lkseri use f o r m u l a  (27)  t o  contir,v.e the e1ininat;ioii. The end 

r e s u l t  i s  

I .  

Finally, we use (26;  iil:d ( 2 8 )  i l l  (25) slid solve for Cp,2p, ,. . ,qp] t o  ! .  I 

obtain i. 
1'. , 

where 

- 
It follows Lmlediat ely that 

w i t h  [p ,2p, .  . . ,qpl as in ( 2 9 )  
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