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ABSTRACT 

The melting point  concentrat ion (n/N) of 
mP 

monovacancies i n  f c c  metals has been calculated from 

thermodynamic considerat ions.  A unique r e s u l t  of 

(n/NImp = 5.47~10-4 f o r  a l l  f c c  metals is obtained and 

compared wi th  t h e  bes t  experimental (extrapolated)  r e s u l t s  

of 1 .5x10-~ f o r  Pb t o  9.0~10-4 f o r  A l .  The concentration 

a t  temperature T (below t h e  melting poin t )  i s  given by 

( n / ~ ) ~  = 5 . 4 7 ~ 1 0 - ~  - E ~  (1-T/T, 1 / k ~  where Ef is the energy 

of formation, k is the Boltzmanrs constant and T, i s  

t h e  absolu te  melting temperature. The Gibbs f r e e  energy 

of vacancy formation a t  the  melting point i s  found t o  be 

( G ) %  = 7.508 kT . A method f o r  ca lcula t ing  the vibra- m 
t i o n a l  entropy S, i s  shown, ~ , / k  f o r  A l ,  Au, Ag, Cu and 

Pb is  ca lcula ted  t o  be 2,34 ,  3000, 1,84# 1.61 and 2.11 

respect ive ly .  The formation energy of vacancies can be 

ca lcula ted  from t h e  f r e e  energy of formation and the  

v i b r a t i o n a l  entropy, The formation energies thus ca l -  

cu la ted  f o r  A l ,  Au, Ag, Cu and Pb a r e  0.78, 1.20, 0.99, 

1 ,07 and 0.50 e l e c t r o n  v o l t s  respect ively.  The r a t i o  of 

t h e  vacancy volume t o  the  atomic volume a t  t h e  melting 

temperature is a l s o  c a l c u l a t e d ,  These values a re  0.47, 

0.46, 0;31, 0.33 and 0.34 f o r  Al, Au, Ag, Cu and pb 

r e spec t ive ly ,  



I. INTRODUCTION 

1-10 I n  recent  years  t h e  study of point  d e f e c t s  i n  pure metals 9 

a s  we l l  a s  i n  a l l o y s  11-13 has been a major t o p i c  of both experimental  

and t h e o r e t i c a l  research  i n  s o l i d  s t a t e  physics and i n  metallurgy, It 
2-5 has been shown , a t  l e a s t  i n  f c c  meta ls ,  monovacancies a re  predorni- . 

nant a t  high temperatures,  Equilibrium concen t ra t ion  of monovacancies 

a t  high temperatures approaching t h e  mel t ing  po in t s  of Ag, A l ,  Cu, and 
2-5 Pb has been measured . The formation energies  of such vacancies 

(henceforth vacancy w i l l  mean monovacancy ) has been determined q u i t e  

accura te ly  f o r  the  above mentioned f c c  meta ls ,  The energy of forma- 

t i o n ,  perhaps, is the  e a s i e r  of t h e  q u a n t i t i e s  t o  be determined 

experimentally.  Formation energies  obtained from r e l a t i v e l y  simple 

quenching experiments compare favorably  wi th  the r e s u l t s  obtained 

from t h e  more complicated equi l ibr ium l a t t i c e  parameter and l eng th  

9 change measurements . Moreover t h e  experimental ly  determined energy 

of formation Ef and t h e  energy o f  motion Em add up t o  the  correspond- 

ing  a c t i v a t i o n  energy of s e l f  d i f f u s i o n ,  thereby reassur ing  the  

9 experimental accuracy . Also i f  t h e  v a l u e s  of t h e  v i b r a t i o n a l  entropy 

Sv , which i n  most of t h e  previous equi l ibr ium measurements had t o  be 

assumed were 50% o f f ,  t h e  e f f e c t  on t h e  a c t i v a t i n g  energy of vacancy form- 

a t i o n  w i l l  s t i l l  be neg l ig ib le  6,14 

On the  o the r  hand t h e  v i b r a t i o n a l  entropy a s s o c i a t e d  with a 

vacancy formation can not  be determined d i r e c t l y  from the equi l ibr ium 

measurement s2-6. I n  t h e  case of quenching experiments, the  determina- 

t i o n  of v i b r a t i o n a l  entropy S, r e q u i r e s  a n  e x t r a p o l a t i o n  of 



experimental d a t a  t o  l/TQ=O (where TQ i s  t h e  absolute  quenching 

temperature) ,  and such an  ex t rapo la t ion  in t roduces  an element of 
13 

uncer ta in ty '  i n  t h e  ca lcula ted  va lues  of t h e  entropy of formation 

Attempts have a l s o  been made t o  t h e o r e t i c a l l y  c a l c u l a t e  the  vibra-  

t i o n a l  entropy of l a t t i c e  de fec t s  by s e v e r a l  au thors  
15-19  . But such 

16 
t h e o r e t i c a l  r e s u l t s ,  a s  have been pointed out by Huntington e t  aL. , 
i s  nothing more than  an order  of magnitude approximation. 

Perhaps t h e  most meaningful of t h e  experimental ly  determined 

q u a n t i t i e s  is  t h e  mole f r a c t i o n  of vacancies  i n  equi l ibr ium a t  the  

thermodynamic melting temperatures of t h e s e  metals,  The melting 

phenomenon, one of t h e  most s tudied and y e t  l e a s t  understood physical  

processes 
21 -23 , has ( a t  l e a s t  i n t u i t i v e l y )  a  s t rong  c o r r e l a t i o n  wi th  

point  de fec t s .  It i s  seen t h a t  many of t h e  physical  parameters asso-  

c i a t e d  with l a t t i c e  d e f e c t s  can be empi r i ca l ly  r e l a t e d  t o  t h e  absolu te  
24 

melt ing temperatures.  For  example t h e  ene rg ies  of formation and 

of vacancies i n  f cc  metals  can be ca lcula ted  from t h e  melting 

temperatures.  These ca lcula ted  va lues  a g r e e  remarkably we l l  with the  
26 

b e s t  experimental r e s u l t s  . Simmons has shown a l i n e a r  r e l a t i o n s h i p  

between the  melting poin t  concent ra t ion  of vacancies and t h e  volume 
27 

change on f u s i o n ,  and Mehl e t  a l e  have semi-empirically ca lcula ted  

the energy of formation of vacancies f rorn t h e  l a t e n t  heat  of melting 

and t h e  volume change on fus ion .  Yet ano the r  empir ica l  r e l a t i o n s h i p  

between t h e  f r e e  energy of formation and t h e  melting temperatures has 
28 29 

been suggested by Gibbs . Ormont has  shown t h a t  t h e  energy of 



format ion i s  approximately one t h i r d  of t h e  energy requi red  f o r  

sub l imat ion  t o  monatomic gas  a t  t h e  m e l t i n g  po in t ,  Although t h e  

purpose of t h i s  a r t i c l e  i s  not t o  p o s t u l a t e  a theory of mel t ing ,  ' 

it i s  t h e  i n t e n t i o n  of t h i s  au tho r  t o  emphasize these  p o i n t s  so t h a t  

some f u r t h e r  r e sea rch  might be focused o n  t h i s  aspec t  of vacancy 

mechanism of f u s i o n ,  

Theore t i ca l  and exper imental  i n fo rma t ion  from var ious  i n v e s t i g a -  

t i o n s  i n d i c a t e s  t h a t  t h e  concen t r a t i on  of  d e f e c t s  a t  the  mel t ing  po in t  
I 

9 of t h e  f c c  metals  i s  q u i t e  low . I n  t h e  f i v e  above mentioned pure 

me ta l s  (Au, A g ,  Cu, A 1  and Pb) t h e  m e l t i n g  po in t  concent ra t ion  i s  of 

t h e  order  of 10-3 t o  low4 mole f r a c t i o n s  ' It can be  assumed wi th  

some conf idence t h a t  i n  o t h e r  f c c  m e t a l s ,  f o r  which no r e l i a b l e  

exper imental  d a t a  i s  a v a i l a b l e ,  t h e  mole f r a c t i o n  of vacancies  a t  t h e  
-4 

mel t ing  po in t  a l s o  l i e s  i n  the  range  of  low3 t o  10  This i s  t h e n  

t h e  only  inpu t  in format ion  used i n  t h i s  p re sen t  a r t i c l e ,  From t h i s  

t h e  exac t  vacancy concent ra t ion  a t  t h e  m e l t i n g  po in t ,  Gibbs f r e e  energy, 

en t ropy  of formation,  energy of f o r m a t i o n  and vacancy volume a r e  

c a l c u l a t e d  f o r  t h e  f i v e  f c c  meta l s .  Ca lcu la ted  values  a r e  compared 

w i t h  t h e  corresponding exper imenta l ly  determined va lues ,  

11, ESTIMATION OF VACANCY CONCENTRATION 

(a )  Concentra t ion a t  t he  M e l t i q  Po in t  

Let us consider  one mole of a c r y s t a l l i n e  s o l i d  conta in ing  N atoms 

and n  vacant s i t e s ,  For the  v i b r a t i o n a l  f r equecc i e s  of t h e  atoms we 

w i l l  t a k e  a n  E i n s t e i n  model of t h e  s o l i d  s o  t h a t  each atom i n  t he  



p e r f e c t  c r y s t a l  is  an independent o s c i l l a t o r  with a v i b r a t i o n a l  f r e -  I 

! 
quency gD. I f  the  coordinat ion number of the c r y s t a l  i s  Z then the  

v i b r a t i o n a l  f requencies  of t h e  Z neighbors t o  a vacancy a r e  gD i n  I 

two perpendicular d i r e c t i o n s  t o  t h e  l i n e  joining them t o  the vacant I 
s i t e  and some smaller  value qV along t h e  l i n e .  The f r e e  energy of  

I 

! 

t h e  c r y s t a l  a t  the  melting point conta in ing  n vacancies can then be 

w r i t t e n  a s  

where Ef i s  t h e  energy of formation of a vacancy and i s  independent 

of temperature, k i s  t h e  Boltzmannls constant  and T, i s  the  

absolu te  melting temperature, 

The l a s t  term on t h e  r igh t  hand s i d e  of Eq. (1 ) is  the  configura- 

t i o n a l  entropy of mixing n vacancies and N atoms. This term can 

be s impl i f ied  by applying St irling s approximation a s  fol lows 

(N+n)ln(N+n) - (N+n) - Nln N - N - n ln  n - 
(2  1 

By c o l l e c t i n g  terms and rearranging Eq(2), one g e t s  

For s impl ic i ty  l e t  us wr i te  



where  

The mole f r a c t i o n  of vacancies ex t rapola ted  t o  t h e  mel t ing tem- 

p e r a t u r e  of f c c  meta l s  has been repor ted i n  l i t e r a t u r e  i n  t h e  pas t  
1-10 

s e v e r a l  y e a r s  . From r e l i a b l e  experiments of q u i t e  d ive r se  na tures  

1 s u c h  a s  c a l o r i m e t r i c  measurement of s to red  energy r e l e a s e  , r e s i s t -  

i v i t y  measurements i n  quenched specimen 7-10 
and equi l ib r ium l eng th  

2-6 
and l a t t i c e  parameter measurements , it i s  seen  t h a t  a t  t h e  melt ing 

t e m p e r a t u r e  of t h e  f c c  metals  s tud ied ,  t h e  vacancy concent ra t ion  i s  

on  t h e  o r d e r  of 1x10-~ t o  1x10-~ .  For o ther  f c c  meta l s  which have 

no t  y e t  been s t u d i e d  experimentally,  t h e r e  is  no good reason t o  

b e l i e v e  t h a t  t h e  mel t ing  point  concentra t ion of vacancies  w i l l  be 

d r a m a t i c a l l y  d i f f e r e n t  from those  which have been s tud ied  s o  f a r .  

Al though  it i s  q u i t e  s a f e  t o  assume t h a t  the  mel t ing point  concentra- 

t i o n  i s  w i t h i n  t he  range a s  mentioned above, t h e  exac t  va lue  can not 

be  s t a t e d  w i t h  any g r e a t  accuracy. Thus i n  t h i s  paper f o r  t h e  melt ing 

p o i n t  concent  r a t i o n  of vacancies (n/N) we w i l l  make t h e  fol lowing 
mP 

s t a t e m e n t  

1~10-~  ,( (n/Nlmp & l ~ x l o - ~  ( 6 )  

It w i l l  be i n t e r e s t i n g  then t o  s ee  how t h e  f u n c t i o n  f (n/N)  i n  

Eq. (5) behaves  i n  t h e  range given i n  Eq. ( 6 ) .  This w a s  done by 

u s i n g  a n  IBM computer, The func t ion  f ( n / ~ )  w a s  c a l c u l a t e d  f o r  t h e  

v a l u e s  of (n/N) i n  t h e  range of 0.25x10-' t o  1 0 0 x 1 0 ~  wi th  s t e p  

i n c r e m e n t s  of 0 . 2 ~ ~ 1 0 - ~ .  The value of t h e  func t ion  f ( n / ~ )  

w i t h i n  t h e  range of our  present  i n t e r e s t  ( i . e .  1 x 1 0 - ~  t o  1 0 ~ 1 0 - ~ )  



was p lo t t ed  as  a  funct ion  of (n/N) a s  shown i n  Fig.1.  For c l a r i t y  

not  a l l  po in t s  a re  shown i n  the  f i g u r e .  I n  Figure 1 is  a l s o  shown a 

l eas t square  f i t  of t h e  da ta  by a s t r a i g h t  l i n e .  Within the  range 

s t a t e d  i n  Eq. ( 6 )  t h e  f i t  is  q u i t e  good, The s l o p e  of the s t r a i g h t  

l i n e  was found t o  be 7.508 and t h e  i n t e r c e p t  a t  (n/N)=0 t o  be 

4.665x10-~ (values beyond the  t h i r d  decimal place a r e  not shown). 

The root  mean square devia t ion  i n  f  (n/N) due t o  t h e  s t r a i g h t  l i n e  

approximation was found t o  be 7.568x10-~. Thus we could w r i t e  

The small  co r rec t ion  term i s  not included i n  Eq. ( 7 )  s ince  we w i l l  s e e  

i n  the  next s t e p s  t h a t  t h i s  term w i l l  drop out from our  f i n a l  equation. 

Subs t i tu t ing  from Eq. ( 7 )  i n  Eq. (1) 

I? = nEf - T, PZ In( ?[ dg) + 7.508kn + 1+.665~10-~k8 (8 3 
The term k l n (  ?I D/dV) i n  Eq. (8)  i s  t h e  v i b r a t i o n a l  entropy of 

formation and can be replaced by t h e  symbol Sv as is  done i n  the  past  

l i t e r a t u r e 1 8 .  Thus 

S u b s t i t u t i n g  from Eq. ( 9 )  i n  Eq. (8 )  

F o r  t h e  condi t ion of equi l ibr ium we minimize Eq. (10) by s e t t i n g  

( 3 F/ 3 n ) T  = 0 and by transposing we g e t  



The concentrat ion of vacancies a t  any temperature T which i n  

our case i s  t h e  melting temperature i s  g e n e r a l l y  w r i t t e n  as  9,18 

By rearranging Eq, (12) we can w r i t e  

By rearranging Eq. (11) and s u b s t i t u t i n g  i n  Eq. (13 

The r e s u l t  obtained i n  ~ q ,  (14.) i s  ve ry  f a s c i n a t i n g  and has g r e a t  

implicat ion.  It t e l l s  us that t h e  vacancy concentrat ion a t  the  melt- 

ing temperature of the f c c  metals is independent of the metal and i s  

given by 

The r e s u l t  of Eq, ( 1 5 )  might l ead  t o  a new approach t o  the theory of 

melting. I n  Table I, the  concent ra t ion  of vacancies  obtained from 

Eq. (15 ) i s  compared with the  bes t  experimental  r e s u l t s .  

( b )  Concentration a t  temperatures below t h e  mel t ing  point .  

The concentrat ion a t  any o the r  tempera ture  T can  be w r i t t e n  as  

A t  l e a s t  one of t h e  unknowns i n  Eq. (16) can be el iminated by using 

t h e  formula i n  Eq.(ll). The unknown t o  be e l iminated  i s  the  



v i b r a t i o n a l  entropy Sv. Since t h i s  q u a n t i t y  i s  more d i f f i c u l t  t o  

de te rmine  experimentally2-6 it i s  advantageous t o  f i n d  an  expression 

f o r  S ,  i n  terms of Ef. It has been pointed out e a r l i e r  i n  t h i s  paper 

t h a t  Ef is  the  e a s i e r  of the vacancy parameters t o  determine experi- 

m e n t a l l y .  Thus combining Eq. (11) and Eq .  {16), we can w r i t e  f o r  

v a c a n c y  concentrat ion at  any temperature T, below t h e  melting point 

It has been shown e l s e ~ h e r e * ~  t h a t  t h e  energy of formation i n  

f c c  metals can be corre la ted  wi th  t h e  abso lu te  melt ing temperatures, 

I n  Fi.g.2 t h e  p lo t  of t h e  r a t i o  of t h e  mel t ing  temperature t o  the 

a t o m i c  volume vs. t h e  energy of formation is  shown. The cor re la t ion  

i s  seen  t o  be f a i r l y  good. I n  t h e  absence of experimental  informa- 

t i o n  about t h e  energy of formation, t h e  empir ical  r e l a t i o n  obtained 

f r o m  Figure 2 can be used with some confidence,  The r e l a t i o n s h i p  

o b t a i n e d  from Fig. 2 is  

0 
w h e r e  E is  i n  eV, T i s  the mel t ing  temperature i n  K and. d i s  t h e  f m 
i n t e r a t o m i c  d is tance  i n  Angstrom u n i t s  , Combining Eq. (17) and 

Eq . (18), one can then determine t h e  concent ra t ion  of vacancies a t  

a n y  temperature from the  knowledge of t h e  melting temperature and 

t h e  in tera tomic  d is tance .  

111. CALCULATION OF THE VIBRATIONAL ENTROPY 

It was pointed out e a r l i e r  t h a t  i t  i s  d i f f i c u l t  t o  determine 

a q u a n t i t a t i v e  value of t h e  v i b r a t i o n a l  entropy from experiment s . 



I n  most of t h e  previous  i n v e s t i g a t i o n s  2-6 t h e  v a l u e s  of Sv were 

assumed 
9320 . There has been some a t t e m p t s  i n  t h e  p a s t  t o  theore-  

t i c a l l y  c a l c u l a t e  t h i s  quan t i t y  15 ,17 ,18 ,41  . However it i s  conceded 

t h a t  t h e s e  t h e o r e t i c a l  va lues  a r e  o n l y  t h e  o r d e r  o f  magnitude approxi-  

m a t i o n ~ ~ ~ ~ ~ ' .  I n  t h i s  p re sen t  pape r  we w i l l  t r y  t o  c a l c u l a t e  S, from 

t h e  r e s u l t s  ob ta ined  i n  sec .  I1 and by f u r t h e r  a p p l i c a t i o n  of some 

thermodynamic r e l a t i o n s .  The Gibbs f r e e  energy of  fo rmat ion  of a  

vacancy a t  t h e  mel t ing po in t  can be w r i t t e n  a s  

where H and Sv a r e  t h e  en tha lpy  and en t ropy  of f o r m a t i o n  of a vacancy 

r e s p e c t i v e l y  and T, i s  t h e  a b s o l u t e  me l t i ng  t empera tu re .  A t  o rd inary  

pressure  t h e  en tha lpy  H is i d e n t i f i e d  w i t h  t h e  f o r m a t i o n  energy Ef. 

Thus from Eq. 111) and Eq. (19)  t h e  Gibbs 

a vacancy a t  t h e  mel t ing p o i n t  i s  

f r e e  energy  

From t h e  w e l l  known thermodynamic r e l a t i o n  

Applying t h e  c h a i n  r u l e  we can w r i t e  

of format ion of 

where V i s  t h e  molar volume, P is t h e  p r e s s u r e  and T i s  t h e  temperature,  



Since t h e  pressure change dur ing  melting i s  n e g l i g i b l e  we can 

remove the subsc r ip t  P i n  t h e  f i r s t  p a r t i a l  i n  Eq. (221, From 

E q .  (20)  we can wr i t e  f o r  one mole of the  s o l i d  

where R i s  the  gas  constant.  Although we have assumed t h a t  the 

pressure change during melting i s  n e g l i g i b l e  the  melt ing temperature 

i t s e l f  i s  a  funct ion  of pressure.  By applying chain  r u l e  we can 

w r i t e  from Eq. (23) 

Subs t i tu t ing  from Eq. (24) i n  Eq, ( 2 2  w e  ge t  

But from t h e  wel l  known ClapeyronTs equation we have 

where Avf i s  the volume change on f u s i o n  and A Hf is  t h e  l a t e n t  heat 

of fus ion  a t  t h e  melting point ,  We a l s o  have 

and 

where 0( and $, a re  t h e  c o e f f i c i e n t  of  thermal expansion and isothermal 



c o m p r e s s i b i l i t y  r e s p e c t i v e l y .  S u b s t i t u t i n g  from Equat ions  (261, 

(27) and (28)  i n  Eq. (25)  we g e t  

Thus t h e  v i b r a t i o n a l  entropy S, i s  ob ta ined  by combining Equations 

( 2 9 )  and (21)  and is given by 

From t h e  ~ r i n e i s e n ' s  r e l a t i o n s h i p  we have 

4' 

where V and 2 a r e  t h e  molar volume and t h e  c o m p r e s s i b i l i t y  respect-  

i v e l y  a t  t h e  a b s o l u t e  zero tempera ture ,  Cv i s  t h e  molar s p e c i f i c  heat  

a t  cons tan t  volume and is t h e  ~ r i i n e i s e n ' s  c o n s t a n t .  S u b s t i t u t i n g  

from Eq. (31) i n  Eq. (301, we can w r i t e  

The advantage of s u b s t i t u t i o n  from Eq. (31) is t h a t  t h e  cons tan t  

f i s  f a i r l y  temperature i n s e n s i t i v e  and a l s o  i f  t h e  h i g h  temperature 

va lues  of Cv and IT a r e  s u b s t i t u t e d  i n  Eq , (32 )  t h e n  t h e  express ion  f o r  

the  v i b r a t i o n a l  entropy becomes t e m p e r a t u r e  c o r r e c t e d ,  Moreover, 

t h e  volume change on f u s i o n  i s  u s u a l l y  r e p o r t e d  i n  l i t e r a t u r e  a s  t h e  

change i n  volume on mel t ing d i v i d e d  by t h e  volume of t h e  s o l i d  a t  t h e  

me l t i ng  p o i n t ,  For t h e  mel t ing p o i n t  v a l u e  of Cv we can w r i t e  3 R ,  

where R i s  t h e  g a s  cons t an t ,  By t h e  l a t t e r  approximation t h e  e r r o r  



i n  Sv could not  exceed more t h a n  1-2%. Thus we w r i t e  

where R is the  gas  constant ,  Tm is  t h e  abso lu te  melt ing temperature 

i n  O K ,  'f i s  t h e  GrCneisenTs cons tan t ,  b v f  i s  t h e  volume change on 
mP 

f u s i o n ,  V, i s  t h e  volume of t h e  s o l i d  a t  t h e  melt ing p o i n t  and 

A Hf i s  the  l a t e n t  heat of f u s i o n  at t h e  melt ing temperature.  

Values of S ca lcula ted  from t h e  Eq. ( 3 3  ) a r e  shown i n  Table I1 
v  

and a r e  compared wi th  other  t h e o r e t i c a l  and experimental  values.  It 

can be seen from Table I1 t h a t  t h e  agreement between t h e  experiment- 

a l  value and the  ca lcu la ted  value i s  very  good f o r  A l ,  and t h e  agree- 

ment between t h e  assumed values f o r  Ag and Cu is f a i r  but it is q u i t e  

poor f o r  Au and Pb. However.the c a l c u l a t e d  va lues  a r e  w i t h i n  the  

range t h e o r e t i c a l l y  expected 17,30 . 

I V .  CALCULATION OF THE ENERGY OF FORMATION 

Both t h e  v i b r a t i o n a l  entropy and t h e  formation energy a re  inde- 

pendent of temperature.  The above assumption has  been made by a l l  

previous i n v e s t i g a t o r s  and is v a l i d  f o r  a l l  p r a c t i c a l  purposes. Thus 

we can r e a d i l y  c a l c u l a t e  the energy of formation from the  r e s u l t s  

obtained i n  sec t ions  I1 and 111. Noting once aga in  t h e  energy of 

formation is  equal t o  t h e  enthalpy of formation f o r  small  pressures ,  

we can wr i te  f  rorn Eq. (19) 

But t h e  Gibbs f r e e  energy of fo rmat ion  is given  e x p l i c i t l y  i n  terms 



of t h e  m e l t i n g  temperature  i n  Eq. ( 2 0 ) .  Thus 

Values of 3, can be s u b s t i t u t e d  i n  Eq.(35) from Eq. (33). Values of 

Ef t h u s  c a l c u l a t e d  a r e  shown i n  Table I11 and a r e  compared wi th  t h e  

b e s t  exper imenta l  r e s u l t s .  The agreement between t h e  exper imental  

and t h e  c a l c u l a t e d  v a l u e s  i s  very  good f o r  A l ,  Ag,  Cu and Pb. For  

Au t h e  agreement is no t  s o  good. This i s  because of t h e  f a c t  t h a t  

t h e  c a l c u l a t e d  en t ropy  f o r  Au from Eq.  (33 ) i s  a t  l e a s t  50% higher  

t h a n  t h e  e s t ima ted  va lue  i n  t h e  experimental  work. Even wi th  such 

a d isagreement  f o r  t h e  entropy va lue ,  t h e  c a l c u l a t e d  va lue  of t h e  

f orrnat i o n  e nergy is  on ly  about 16% higher  than t h e  corresponding 

exper imenta l  va lue  ( t ak ing  i n t o  account t h e  sys temat ic  e r r o r  a s  

shown i n  Table 111.). 

V.  CALCULATION OF THE VACANCY VOLW 

The vacancy volume i s  an  important  parameter i n  t he  s tudy  of 

d e f e c t  p r o p e r t i e s  of s o l i d s ,  Unfortunately very l i t t l e  work has  been 

done i n  t h i s  l i n e .  There has been some t h e o r e t i c a l  work 
40-42 for  Cu 

1,4,10,39 in the 
and some exper imenta l  va lues  f o r  Au have been c i t e d  

p a s t  l i t e r a t u r e .  However it i s  g e n e r a l l y  specu la ted  t h a t  t h e  vacancy 

volume i n  noble  meta l s  i s  roughly 50% of t h e  atomic va lue .  Here we 

w i l l  make a n  a t t emp t  t o  c a l c u l a t e  t h i s  q u a n t i t y  from t h e  r e s u l t s  of 

t h e  p rev ious  s e c t i o n s  by t h e  a p p l i c a t i o n  of some thermodynamic 

r e l a t i o n s ,  

From t h e  Maxwell's equat ions  we can w r i t e  



where H i s  t h e  enthalpy, P i s  t h e  p ressu re ,  S i s  t h e  entropy and V 

i s  t h e  volume. From Eq. (19) 

But the Gibbs f r e e  energy (G) i s  e x p l i c i t l y  de r ived  i n  Eq. (20) .  
Tm 

Thus 

Subs t i tu t ing  from Eq, (26) i n  Eq,  ( 3 8 )  and comparing w i t h  Eq. ( 3 6 )  

we wr i t e  

where V' i s  t h e  increase  of volume of one mole of t h e  s o l i d  due t o  

the  equi l ibr ium number of vacancies a t  t h e  mel t ing  p o i n t ,  A Vf is 

the  volume change on fusion,  T, i s  t h e  absolu te  mel t ing  temperature 

and A Hf i s  t h e  l a t e n t  heat of f u s i o n  a t  the  mel t ing  p o i n t .  Dividing 

both s i d e s  of Eq. (39) by the  molar volume of the  s o l i d  v:' a t  t h e  

melting temperature 

The quant i ty  on the l e f t  hand s i d e  of Eq.  (4.0) is t h e  r a t i o  of t h e  
mP 

vacancy volume t o  the  atomic volume, and once a g a i n  ( A V ~ / V  ) 
S 

i s  t h e  quant i ty  which is  read i ly  a v a i l a b l e  i n  t h e  l i t e r a t u r e ,  Sv 

i n  Eq. (40) can be replaced by t h e  r e s u l t  obtained i n  Eq, ( 3 3 ) .  



mP 
Values of ( v ? / v ~  ) calculated from t h e  fo rego ing  t rea tment  a re  

shown i n  Table I V  and compared with t h e  a v a i l a b l e  t h e o r e t i c a l  o r  

experimental values wherever poss ib le .  The only  experimental  

value a v a i l a b l e  i s  f o r  Au, and t h e  agreement between t h i s  va lue  and 

t h e  c  a l cu la ted  value from Eq. (40)  is remarkable. 

VI, SUMMARY AND DISCUSSION 

A )  The concentrat ion of vacancies  a t  the  me l t ing  point  of a t  

l e a s t  f i v e  f c c  metals ( A l ,  Au, A g ,  Cu, and Pb) i s  found t o  be 

5.47x10-~ i r r e s p e c t i v e  of t h e  element. G e n e r a l i z a t i o n  of  t h i s  r e s u l t  

t o  include a l l  f c c  metals might n o t  be e n t i r e l y  u n j u s t i f i a b l e .  From 

Eq.(12) t h e  melting point  concent ra t ion  of vacancies  w i l l  depend on 

th ree  q u a n t i t i e s  v i z .  Sv, Ef and T . Experimental r e s u l t s  and theo- 
m 

r e t i c a l  es t imat ions  a s  wel l  as p resen t  c a l c u l a t i o n  i n d i c a t e  t h a t  

values of Sv l i e  wi th in  the  range of 1 t o  3 ent ropy u n i t s .  Present 

ca lcu la t ion  includes wide ranges of format ion  ene rgy (1.2 eV f o r  

Au t o  0.50 eV f o r  f b )  and melt ing temperature ( 1 3 5 6 ' ~  f o r  Cu t o  

6 0 0 ' ~  f o r  ~ b ) .  

B) A method f o r  c a l c u l a t i x  the v i b r a t i o n a l  en t ropy i s  shown 

i n  sec t ion  111. The ca lcu la ted  v a l u e s  of S,/K a r e  w i t h i n  t h e  expected 

range. It would seem from t h i s  work t h a t  f o r  Au t h e  previous inves t -  

i g a t o r s 4  have g r e a t l y  underestimated t h e  v i b r a t i o n a l  entropy.  

C) Except f o r  Au, the  experimental  v a l u e s  of  Ef a r e  i n  good 

agreement w i t h  t h e  calculated va lues  as shown i n  Table 111. Ef 

calcula ted  f o r  Au i n  t h i s  work is 1.2 eV compared w i t h  O,94 eV t o  

0.98 eV reported e a r l i e r  1,4,10,35 The b e s t  value 



f o r  t h e  s e l f  d i f f u s i o n  a c t i v a t i o n  e n e r g y  Q i s  (1.81+0,02) f o r  Au. 

But f o r  d i f f u s i o n  by t h e  vacancy mechanism Q=(Ef+E ) where  Em i s  
m 

t h e  energy of mot ion  of a vacancy. Thus from t h e  p r e s e n t  work, the 

u p p e r l i m i t  o f  Em i s  0.63 eV f o r  Au. From quenching work of  Bradshaw 

3 5 1 and Pearson Em = 0.68 eV f o r  Au, and DeSorbo e s t i m a t e d  

Em = (0 .6  t o  0.7)  elr from h i s  c a l o r i m e t r i c  work. However from Bauer le  
1 0  and Koehler 's a n n e a l i n g  exper iments  Em = 0.82 eV. 

D) The b e s t  agreement f o r  bo th  Sv/k and Ef be tween  c a l c u l a t e d  

and exper imenta l  v a l u e s  was found f o r  A1 a n d  t h e  p o o r e s t  f o r  Au. I n  
31- 2 

Fig .  3 ,  t h e  b e s t  quenching and t h e  e q u i l i b r i u m  measurement r e s u l t s  

a r e  compared w i t h  t h e  p r e s e n t  work. F i g u r e  4. shows s u c h  a  compari- 
10 1 

s o n  f o r  Au. I n  t h e  l a t t e r  c a s e  b e s t  quenching , c a l o r i m e t r i c  and 
4 

e q u i l i b r i u m  v a l u e s  a r e  shown a long  w i t h  t h e  p r e s e n t  r e s u l t .  For  

b o t h  Au and A l ,  t h e  e q u i l i b r i u m  measurements  a p p e a r  t o  o v e r e s t i m a t e  

t h e  vacancy c o n c e n t r a t i o n  a s  compared w i t h  t h e  p r e s e n t  r e s u l t s  a s  

w e l l  a s  quenching and c a l o r i m e t r i c  measurements ,  

E )  A method is  shown f o r  t h e  c a l c u l a t i o n  o f  t h e  vacancy volume, 

There a r e  n o t  enough e x p e r i m e n t a l  v a l u e s  o f  t h i s  q u a n t i t y  a v a i l a b l e  
4 

t o  t e s t  t h e  r e s u l t s .  The o n l y  e x p e r i m e n t a l  v a l u e  r e p o r t e d  is  f o r  

Au and t h e  agreement i s  remarkable b u t  t h i s  c o u l d  be  p u r e l y  f o r t u i -  

t i o u s .  The r a t i o  of t h e  vacancy volume t o  t h e  a t o m i c  volume ca lcu-  

l a t e d  i n  t h i s  paper  co r responds  t o  t h e  m e l t i n g  p o i n t  and t h u s  cou ld  

be somewhat d i f f e r e n t  from t h e  c o r r e s p o n d i n g  low t e m p e r a t u r e  v a l u e ,  

However it i s  d i f f i c u l t  t o  s a y  w h e t h e r  t h e  c a l c u l a t e d  v a l u e s  a r e  

lower  o r  h i g h e r  t h a n  t h e  cor respond ing  l o w  t e m p e r a t u r e  v a l u e s .  



This  i s  because a t  high temperature the  atoms v ib ra te  i n  a r e l a t i v e l y  

weaker f o r c e  f i e l d ,  thus  the  re laxat ion  w i l l  be smaller  and the 

vacancy volume l a r g e r .  On the  o ther  hand the atomic volume a l so  

i n c r e a s e s  a t  high temperature due t o  t h e  average thermal expansion 

of t h e  l a t t i c e .  Hence t h e  r a t i o  (vacancy volume t o  the  atomic 

volume) might not change appreciably. 

No attempt has been made i n  t h i s  paper t o  c a l c u l a t e  the  mono- 

vacancy motion energy, primarily because the  present approach can 

not  y i e l d  t h i s  quan t i ty .  However a s l i g h t l y  d i f f e r e n t  approach is 

i n  s i g h t  and t h i s  w i l l  be presented as a separdte a r t i c l e  i n  t h e  

n e a r  f u t u r e  . 
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Table I. Melting poin t  concent ra t ion  (n/N) of vacancies i n  some 
mP 

f c c  metals, 

Experimental 



Table 11. Entropy of format ion of vacancies i n  some fcc metals. 



Table 111. Formation energy of vacanc ie s  i n  some f c c  metals .  

Ef (eV) 
Experimental 

Reference Ef (eV) 
Calcu la ted  

P re sen t  work ) 



Table I V .  The r a t i o  of t h e  vacancy volume t o  t h e  at.omic volume 

i n  some f cc me ta l s .  



FIGURE CAPTIONS 

F i g .  1 . Configurational entropy f u n c t i o n  f (n/N) versus  the atomic 

f r a c t i o n  of vacant l a t t i c e  s i t e s  ( n / ~ )  w i t h i n  t h e  range 

1 0 - ~ 6 ( n / ~ ) <  The s o l i d  l i n e  i s  t h e  l eas t square  

f i t  of t h e  d a t a  (not  a l l  p o i n t s  a r e  shown) . 

F i g .  2. Formation energy of monovacancies i n  f c c  metals  versus  

the  r a t i o  of the  absolu te  mel t ing  temperature and i n t e r -  

atomic distance-cube. The va lues  of t h e  in tera tomic  

d is tance  d a r e  t h e  room temperature values.  

F ig ,  3 .  Atomic f r a c t i o n  of vacant l a t t i c e  s i t e s  In/N) versus  

r ec ip roca l  absolute  temperature i n  aluminum. The 

present  work ( so l id  l i n e )  i s  compared w i t h  Simmons and 
2 

B a l l u f f i t s  equi l ibr ium measurement and DeSorbo and 
3 

Turnbul l t s  quenching r e s u l t s .  The s l o p e  of t h e  s o l i d  

l i n e  i s  0.78eVa 

Fig. 4,  Atomic f r a c t i o n  of vacant  l a t t i c e  s i t e s  ( n / ~ )  versus 

r ec ip roca l  absolute temperature i n  gold.  The present  

work ( s o l i d  l i n e )  is  compared w i t h  equi l ibr ium da ta  
4 

of Simmons and B a l l u f f i  , quenching d a t a  of Bauerle 
10 1 

and Koehler and c a l o r i m e t r i c  r e s u l t s  of DeSorbo . 
Slope of the s o l i d  l i n e  i s  1.2eV. 
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