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ABSTRACT 

Energy of formation of monovacancies i n  close- 

packed metals  has been ca lcu la ted .  It i s  shown t h a t  

a simple E i n s t e i n  model of t h e  s o l i d  can be used t o  

r e l a t e  the  formation energy and t h e  Debye character-  

i s t i c  temperature. The p red ic ted  r e s u l t s  from t h e  

above model agree  q u i t e  w e l l  wi th  t h e  observed values. 

It appears  t h a t  formation ene rg ies  can be estimated 

from t h e  proposed model with a n  uncer t a in ty  of not  

more than  5-16. A j u s t i f i c a t i o n  f o r  t h e  observed 

c o r r e l a t i o n  between the  format ion  energy and t h e  

absolu te  melt ing temperature i s  given. 



1. INTRQDUC T I O N  

Attempts have been made (Sosin and Brinkman 19591, 

Thompson 1960, Frenkel 1946) t o  c o r r e l a t e  t h e  energy of formation 

1 o r  motion of vacancies with o the r  c r y s t a l  p r o p e r t i e s  such as  the  

I melting temperature and the  heat of subl imation,  e t c .  However 

i these  a r e  mostly q u a l i t a t i v e  i n  na ture .  A few somewhat use fu l  

I q u a n t i t a t i v e  c o r r e l a t i o n s  have a l s o  been repor ted  (Mukherjee 1964, 

I Mukherjee 1964, Mehl e t  a l .  1961). It w i l l  be shown i n  t h i s  paper 

t t h a t  t h e  formation energy of monovacancies i n  close-packed 

metals can be ca lcu la ted  from the corresponding Debye charac- 

I t e r i s t i c  temperature of the  metals. 

I The formation energy of a vacancy r e f x e c t s  t h e  bond s t r e n g t h  

j of t h e  s o l i d .  l e t  us consider  a phenomenological model of vacancy 

I' formation where a c e n t r a l  atom is  surrounded by Z number of nea res t  

neighbors. Creation of a vacancy' by removing t h i s  c e n t r a l  atom 

w i l l  mean breaking Z nunber of bonds and t hen  replac ing  t h e  atom 

I on a f r e e  s u r f a c e  thereby r e s t o r i n g  on t h e  average 2/2 bonds. Thus 

1 i n  the  f i r s t  approximation t h e  formation energy of a .vacancy is 

equal t o  2/2 t imes the  bond s t r eng th  between a p a i r  of atoms. 

( Since the  v i b r a t i o n a l  f requencies  of t h e  atoms i n  a s o l i d  a r e  

t d i rec t ly  r e l a t e d  t o  t h e  bond s t r eng th ,  it seems l o g i c a l  t o  a t tempt  

l 
a c o r r e l a t i o n  between the  vacancy formation energy and t h e  charac- 

t e r i s t i c  frequency of the  so l id .  



2. METHOD 

Let us assume an E i n s t e i n  model of the s o l i d .  I n  t h i s  

m o d e l  there  a r e  3 N independent o s c i ~ l a t o r s ,  where N ' i s  the 

total number of atoms i n  t h e  s o l i d .  Let the  cohesive force 

f (r) between atoms A and B i n  Fig. 1 be represented by 
I 

f ( r )  = c/rn .................( I )  

I 
I w h e r e  C i s  a  cons tant ,  r i s  t h e  d i s t a n c e  of sepa ra t i en  between 
I 

t he  two atoms a t  any i n s t a n t  of t i m e ,  and n  is  an in teger ,  I n  

) f i g u r e  1, r i s  t h e  equi l ibr ium spacing between the  atoms, so 
0 

that the  pos i t ions  1 , 2,  3 e t c .  correspond t o  the minimum 
1 

p o t e n t i a l  energy po in t s .  When t h e  atoms occupy these posit ions 

) then the a t t r a c t i v e  and the r epu l s ive  fo rces  exact ly ,balance 

each other. For a small  displacement r of atom B (see Fig. 1 ) 

, f r o m  its equi l ibr ium p o s i t i o n ,  we can w r i t e  from eqn, (1 1: 

............. f ( r )  = C/(r + Ar)"  ( 2 )  
0 

I 
Expanding the r i g h t  hand s i d e  of eqn. ( 2 )  i n  a  power s e r i e s  

( Neglec t ing  higher power terms i n  eqn. (3 )  ( s ince  Ar / r  is  small) 
0 

I we get 

I Since t h e  equi l ibr ium separa t ion  between the  two atoms does 

I change appreciably due t o  t h e  smal l  displacement A rj we can, 



i n  t h e  first approximation, assume t h a t  t h e  r epu l s ive  i n t e r a c t i o n  

force  is s t i l l  equal  and opposite of c/rn. Thus t h e  n e t  inward 
0 

r e s t o r i n g  f o r c e  fR ( A r) i s  

Let Wk be t h e  work required t o  remove atom B from s i t e  2 

9 ,  t o  i n f i n i t y ,  then 

- ~ y ( r ) d r  = C/(n-1)r 
n- 1 ....... wk r o ( 6 )  

0 

Combining eqns. ( 5  ) and ( 6 )  

Assuming simple harmonic motion of the  o s c i l l a t i n g  atoms, 

the r e s t o r i n g  fo rce  f ( Ar) can be w r i t t e n  as 
R 

................. fR (  A r )  = -K Ar, ( 8 )  

where K is a constant .  Comparing eqns. ( 7 )  and ( 8 )  

The c l a s s i c a l  v i b r a t i o n  frequency 9 of a p a r t i c l e  whose 

I mass is m, i s  given by 

/ Combining eqns. ( 9 )  and (10)  

I If a c e n t r a l  atom has Z neares t  neighbors ,  t h e n  c r e a t i o n  



of a vacancy r e q u i r e s  t h a t  Z bonds a r e  broken and then the  atom 

is  replaced on a f r e e  su r face  thereby r e s t o r i n g  2/2 bonds. Thus 

i f  Ef i s  t h e  energy of formation of a vacancy, then 

Combining eqns. (11) and (12 3 ,  

1 / 3  We now rep lace  ro by ( v )  , where v i s  t h e  average atomic 

volume. I n  eqn, (13 we w i l l  q r i t e  Z = 12 ( f o r  Close-packed 

metals 1, and a l s o  i n  t h e  f irst  approximation we w r i t e  

where dD i s  t h e  Debye c h a r a c t e r i s t i c  frequency of the so l id .  

Thus f o r  t h e  Debye c h a r a c t e r i s t i c  temperature QD, we have 

where h and k a r e  t h e  Plank's constant  and t h e  BoltzmannTs constant 

respe c t i v e l y  . 
The type  of cohesive f o r c e  assumed i n  eqn. ( I )  i s  not new, 

This type of i n t e r a c t i o n  was f i r s t  assumed by ~ r r n e i s e n  (1908) 

and l a t e r  app l i ed  by Lennard- Jones and Devonshere (19391, Fbrth 

(1944) and many o the r s .  Although t h e r e  i s  some doubt about the 

value of t h e  exponent i n  eqn. (1 1, an average value of n = 5 can 

be taken from F I M ~ ~ S  (1944) r e s u l t s .  

Thus by w r i t i n g  n = 5 and s u b s t i t u t i n g  t h e  proper values of 

the  cons tan t s  and t h e  conversion f a c t o r  i n  eqn. (141, we have 

where Ef i s  i n  ~ a l / ~ r a m - a t o m ,  M i s  t h e  atomic weight i n  gram and 

V is  t h e  molar volume i n  cm3 / gram-atom. 



3. RESULTS AND DISCUSSION 

Calculated va lues  of t h e  f a c t o r  (Ef/MV 2/3 )" along with 

the  observed QD and E va lues  a r e  shown i n  t a b l e  1. The QD 
f 

va lues  chosen a r e  t h e  experimental  v a l u e s  a t  t h e  l i q u i d  He 

temperature.  These low temperature values a re  chosen f o r  two 

reasons.  F i r s t  of a l l  OD i s  temperature dependent t o  some 

e x t e n t  and most of t h e  s t andard  t a b l e s  of Debye temperature of 

s o l i d s  do not spec i fy  the  temperature of measurement. Secondly 

a t  low enough temperature only t h e  sound waves of very long 

wave-lengths a r e  exc i t ed  and thus  t h e  e f f e c t  of the  atomic 

s t r u c t u r e  is unimportant and Debye T~ formula f o r  t h e  s p e c i f i c  

heat becomes exac t ,  

I n  f i g .  1, QD versus (Ef/MV 2/3)8 values from t a b l e  1 a r e  

shown. The r e s u l t  is  a l i n e a r  p l o t  and can be represented by 

C ~ n s i d e r i n g  t h e  oversimplif ied model of t h e  s o l i d  assumed 

i n  t h i s  work and t h e  uncer t a in ty  i n  t h e  value of t h e  exponent n, 

the agreement between eqns. (15) and (16)  i s  remarkable. Thus if 

the Debye temperature of the  metal  i s  known then  Ef can be 

es t imated  from eqn. (16)  with an uncer ta in ty  of not more than 5-10%. 

From t h e  foregoing a c o r r e l a t i o n  between Ef and the  absolute 

melting temperature Tm can be obtained imrnediat e l y  . Lindemann 

(1910) has  shown a r e l a t i o n  between Q p  and T a s  follows: 
m 



where t h e  value of C, l i e s  i n  t h e  range of 130-160. If we 

w r i t e  C2 f o r  t h e  numerical  constant  i n  eqn. ( 1 6 ) ,  t h e n  combin- 

i n g  e q n s . ( l 6 )  and (171, 

I n  t a b l e  2, c a l c u l a t e d  values of Ef from eqn. (18)  a r e  

compared w i t h  t h e  b e s t  experimental  values. Again t h e  agreement 

seems t o  be q u i t e  good. I n  using e q n . ( l b ) ,  C1 must be ca lcula-  

t e d  i n d i v i d u a l l y  f o r  each metal  from eqn, (17). 

The formation energy Ef f o r  N i ,  reported i n  t h i s  paper 

i s  not  a d i r e c t l y  measured value. Simmons and B a l l u f f i  (1963) 

have shown t h a t  f o r  f c c  metals Ef = 0.55Q, where Q i s  the ac t iva -  

t i o n  energy of se l f -d i f fus ion .  The b e s t  experimental  value of 

Q f o r  N i  i s  66.8 kcal/mole (Hoffman e t  a1.19561, and t h i s  value 

i s  used t o  c a l c u l a t e  Ef f o r  N i  toge ther  with a n  est imated va lue  

by t h e  p r e s e n t  au thor  elsewhere (Mukherjee 1964). 

Thus it seems poss ib le  t o  est imate the formation energy of 

monovacancies i n  close-packed metals with a f a i r  amount of 

c e r t a i n t y  f m m  e i t h e r  t h e  Debye temperature o r  the melt ing tempera- 

t u r e  of t h e  s o l i d .  The d iscuss ion  i n  t h i s  paper is r e s t r i c t e d  t o  

close-packed metals b ecause not enough experimental values of 

Ef a r e  a v a i l a b l e  f o r  open metals t o  t e s t  any proposed model. It 

is a l s o  i n t e r e s t i n g  t o  note t h a t  eqn. (16) o f f e r s  another method 

of c a l c u l a t i n g  Debye temperature of close-packed metals if t h e  

monovacancy f ormatian energy is known. 
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Table  7. Debye temperature QD, monovacancy formation energy E ~ ,  

and ( E ~ /  ' 3  I* f o r  some close-packed metals. 

# Only chosen values a r e  shown, f o r  reference see tab le  2. 

a . Corak e t  a i .  (1955).  

b. Keesom and Pearlman (1955). 

c . Giauque and Medas ( 1941 ) . 
d - Leighton (19&8),  

e - Keesom and Pearlman (1954). 

f - Eisens te in  (1954) .  

e; 0 smith (1955).  

h -  Rayne (1956).  



Table 2. Cor re la t ion  between the  monovacancy formation energy and 

t h e  absolu te  melt ing temperature of some close-packed 

metals .  

* Please  s e  t h e  discussion.  

a .  Simmons and Balluffi (1962) . h. Bradshaw and Pearson (1957) 

b. Bradshaw and Pearson (1957). i. DeSorbo and Turnbull I19591 . 
I 

c.  Simmons and B a l l u f f i  (1960). j. Bradshaw and Pearson (1956) 

d. Doyama and Koehler (1962). k. Bacchella e t  a l .  (1959). 

I e. Simmons and Ba l lu f f i  (1963). 1. Gertsriken and Novikow (1960) 

f. A i r o l d i  e t  a l .  (1959). m, Feder and Nowick (1958)0 

I g. Simmons and . B a l l u f f i  (1960). n. Beevers . (1963 



FIGURE CAPTIONS 

@ Fig. 1. Model of a l i n e a r  cha in  of v i b r a t i n g  atoms. P o s i t i o n s  

1 , 2 , 3  e t c .  a r e  t h e  e q u i l i b r i u m  p o s i t i o n s  and r, i s  

t h e  mean e q u i l i b r i u m  d i s t a n c e  between any two atoms. 
5 
1 

Fig. 2. Debye c h a r a c t e r i s t i c  t empera ture  QD versus  (E~/MV z2/3 1 $ 

? f o r  close-packed rneeals. Ef i s  i n  ~ a l / ~ r a m - a t o m  and 
i 
! 

1 M and V a r e  t h e  mass and volume r e s p e c t i v e l y  of a 

gram-atom. 






