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A Phase-Integral Approximation for
the Current Distribution along a
Log-Periodic Antenna

INTRODUCTION

In the analysis of certain types of log-
periodic (LP) antennas, considerable infor-
mation has been obtained by studying the
dispersion curve, or k- diagram, of a uni-
formly periodic prototype structure.! The
geometry of an LP structure, such as that
indicated in Fig. 1, can be generated from
a uniformly periodic geometry by a spatial

Fig. 1. Log-periodic dipole array.
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Fig. 2. Periodic prototype dipole array.

transformation of the form
ds = ralids

where d is the period along the z; axis of the
prototype.

When the scaling parameter 7 is close to
unity, the LP geometry over a distance of

several cell lengths is very nearly similar to
that of the uniformly periodic structure.
Under such circumstances, it is reasonable
to expect that the fields in adjacent cells of
an LP antenna structure will have similar
functional dependence on the spatial coordi-
nates, and that they will be related by a
complex phase constant which is nearly
equal to the complex phase shift per cell for
the prototype structure having the same
average electrical dimensions. A method of
analysis which may then be applicable is
the use of a phase-integral (WKB) approxi-
mation for the complex phase which gives
the dominant behavior of the fields along the
structure. This approximation gives the
phase as

¢ (z) = fo z130(2’)113’

where the propagation constant B,(z') is that
obtained for the uniformly periodic proto-
type whose electrical dimensions agree with
those of the LP structure at the point =3’
It is the purpose of this Communication to

establish conditions for the validity of the

phase-integral approximation applied in this
way to LP antenna problems.

THE PHASE-INTEGRAL APPROXIMATION

In order to define a propagation con-
stant, it is necessary to refer to some mea-
surable field component which is a continu-
ous function of the distance z along the
structure. Such a quantity might be the cur-
rent along a two-wire transmission line
which feeds an array of dipole elements. We
shall confine our discussion to LP structures
for which such a measurable quantity can be
found, and denote it by I(z). Let us assume
that I(3) admits a representation as a prod-
uct of a quasi-periodic function with a phase-
integral term,

Manuscript received April 2, 1965. The work
reported here was supported by the Air Force Cam-~
bridge Research Labs., Office of Aerospace Research,
under Contract AF 19(628)-4144.

! R. Mittra and K. E. Jones, “Theoretical Brillouin
(k-8) diagram for momnopole and dipole arrays and
their application to log-periodic antennas,” IEEE
Trans. on Antennas and Propagation, vol. AP-12, pp.
533-~540, September 1964.
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The quasi-periodic function y(3) is assumed
to be similar in form from one cell to the
next, if its argument is scaled appropriately
to account for the scaling of cell dimensions.
Thus, ¢(2) is required to satisfy, approxi-
mately, the relation

() lzofm+1<2<2n7’m =2 o (zr™) @

over a number of cells about the original cell
~M<m<M. Here, ¥o(z) is the function
¥(2) evaluated at the original cell, for which
297 <5 <3z, The similarity relation (2) will be
approximately satisfied then

2
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The argument for this restriction is as
follows. If we consider the current variation
along the periodic prototype structure, it can
be represented by a Fourier series,

I(s) = 22 auexp [—j(8 + 2nn/d)z]. ()
N-=—c0

The relative amplitude coefficients an/aq of
those space harmonics for which 2n#/d>8
will be largely independent of frequency, as
little error is incurred by making the quasi-
static approximation 8=0 in the three-
dimensional wave functions corresponding
to these space harmonics. 1f the cell length
d is sufficiently small so that all but the =0
space harmonics have relative amplitudes
insensitive to 8, then the functional form of
the current variation within a unit cell can
be approximated by a quasi-static function
multiplied by a phase function e=8%-. The
quasi-static function depends only on the
boundaries and not on frequency, and will
therefore be similar for all cells for which the
boundary conditions are similar. Thus, a
necessary condition that the current varia-
tions over adjacent cells of an LP structure
be similar in form, apart from differing phase
factors, is furnished by (3). This condition
is not sufficient by itself, however, as the
boundary conditions for each cell depend not
only on its length, but also on the nature of
the antenna element loading the transmis-
sion line at the cell, and thus, may not be
similar.

Since the variation of boundary condi-
tions will also lead to a variation in 8o, we
can further examine the validity of the
phase-integral formula in terms of the vari-
ability of 8. Define the Fourier transform of
the current I(z) as given by (1)

A0 = foml(z) exp [~jrz]ds

= f :lﬁ(Z)
exp [—j %)\z—{- fozg(z')dz'ﬂ iz (5)

In view of the approximate scaling relation
(2) which is presumed to hold over a number
of cells about the original cell, the transform
AQ\) can be approximated by

ARy~ f.z:%(Z) i T exp ‘:—- 7 % sz

Mam—e)

+ f axmﬁ(z’)ds' %] dz. (6)

To evaluate (6), we may use the principle
of stationary phase. The sFa'tionary phase
point is defined by the condition

4

d s

3)«”2 + f ﬁ(z’)dz’% =0 Y]
d 0
which leads to the stationary phase point 2,
given by
A+ B8() = 0. ®)

Expanding the phase term in the integra.nd
of (6) in powers of (8—3), and'neglectmg
powers higher than the second gives

A(\) =exp [—j fozxﬁ(z’)dz’]

SRZC >

Mmoo
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-exp L-—j—%— (,rmz - Z)\)2] dz (9)
where

8
dz

g = :
22

If g’ is small enough, the exponential.of
the residual phase function for m=0 remains
essentially constant over the interval
207 <5 <7, and the integral takes the average
of ¥, over the original cell, multiplied by the
cell length. If 8’ is not small, then the Yalue
of the integral will depend on the functional
form of g as well as on its average value.
Thus the phase-integral formula is useful
when

!
E.. << .2_7r .

(10)
2 @

In this case the phase-integral approxima-
tion is obtained by using the phase constant
of the n=0 space harmonic for the periodic
prototype structure. The coefficient ao of
this space harmonic also represents the aver-
age value of the wave function .(apart from
the exponential of the phase), just as does
the integral of (9).

CONCLUSION

We have established, as conditions for
the applicability of the phase-integral ap-
proximation for the dependence of the cur-
rent along an LP antenna, that the phase
constant must satisfy the restrictions (3) and
(10). Physically, these restrictions corre-
spond to requiring that the length of cells be
kept electrically short, so that only one space
harmonic is primarily responsible for the
radiation? and to restricting the fractional
change per cell in the phase constant to a
small amount. Fortunately these restrictions
are satisfied by the majority of practical LP
antennas, which might be analyzed.by ex-
ploiting their similarities to their uniformly
periodic prototypes.

RicHARD B. KIEBURTZ

Dept. of Electrical Sciences
State University of New York
Stony Brook, N. Y.

* This condition was first suggested to this author
in adiscussion by R. Mittra.



APPENDIX

PARAMETERS OF THE L.P. GEOMETRY

The basic description of the L,P., geometry can be recast in terms

of a set of parameters which all pass to finite, non-zero limits as the

L.P. geometry is replaced by its uniformly periodic prototype. Some con-

ventional parameters for planar L,P., antennas include the scaling factor
T which gives the transformation of linear dimensions from one cell to
the next, and the apex angle 2a which describes the envelope of the
structure., When this set of parameters is used, the location of the
center of any cell is described by its distance z, from the apex.
However, as the L.P, geometry is mapped into that of a periodic struc-
ture, the apex angle 2a tends to zero while the distance zZ, from the
apex to a cell of fixed linear dimension becomes infinite,

It is therefore convenient to utilize a new set of parameters,
Choosing the location of a particular cell of the L.P. structure as
the origin of the z-axis, we represent the electrical breadth of the
antenna element occupying that cell by a parameter x = koxo. This
parameter is then used as the unit of distance, normalized to free-
space wavelength, The breadth of the antenna element occupying a
cell which is m cells displaced from the origin is then given by kt™,
The distance parallel to the z-axis from the original cell can be
given in terms of the breadth k by defining a length-to-breadth

‘factor §. By comparing the old with the new parameters, it is seen

that a connection is furnished by the relation




Now as the L,P. geometry is mapped continuously into the
periodic geometry, the similarity relation between cells becomes
a congruence relation and 1*1l, the electrical breadth of the struc-
ture becomes uniform so that k1™ = koxo for all m, and the factor
§ becomes the ratio of cell length to cell width, § = a/x,. We
then have the uniformly periodic prototype whose dimensions are
equivalent to those of the L.,P., structure at the point where its
breadth is given by k., Note that the parameters of the original
cell are preserved under the transformation, with the sole exception
of T.

Having established the close correspondence of the L.P., and

L

uniformly periodic geometries, we should note that the phase-integral
approximation for the field variation along the L.P., structure cénnot
be made to yield an exact result, even if the propagation constant
for the prototype is known exactly at all frequencies. The environ-
ment of a cell of an L,P, structure never consists of identical cells,
as it does for a periodic structure. Thus insofar as the complex
phase shift between cells of the L,P. structure depends explicitly
on mutual coupling between cells, as reflected in the mathematical
description by dependence on t, it cannot be predictea exactly on

the basis of information obtained from the prototype structure.
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Equation (2) should read:
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