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ABSTRACT 

Enzyme a m p l i f i e r  s y s t e m s  h a v e  been  i m p l i c a t e d  i n  

I Such d i v e r s e  p h y s i o l o g i c a l  phenomena a s  v i s i o n  and.  

blood c o a g u l a t i o n .  The p r e s e n t  r e p o r t  c o n s i d e r s  s u c h  

s y s t e m s  f r o m  a g e n e r a l  p o i n t  of  v iew a n d  i n t r o d u c e s  

t h e  c o n c e p t  o f  s t e a d y  s t a t e  g a i n  o f  t h e  enzyme 

a m p l i f i e r .  E x p r e s s i o n s  f o r  t h e  l a t t e r  a r e  o b t a i n e d  

a n d  s e v e r a l  o f  t h e  main  f a c t o r s  i n f l u e n c i n g  g a i n  are 
I 

d i s c u s s e d .  
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I I n  r e c e n t  y e a r s  i t  h a s  b e e n  s u g g e s t e d  t h a t  c e r t a i n  i m p o r t a n t  

I b i o l o g i c a l  p r o c e s s e s  i n v o l v e  a  s e q u e n c e  of enzyme-proenzyme r e a c -  

t i o n s  w h i c h  e x h i b i t  a  n e t  c h e m i c a l  g a i n .  Thus ,  MacFar lane  h a s  

( P r o p o s e d  t h a t  b l o o d  c l o t t i n g  c o n s t i t u t e s  such  a n  enzyme s e q u e n c e .  ' 

1 In this i n s t a n c e  g u r f a c e  a c t i v a t i o n  of c o m p a r a t i v e l y  f e w  m o l e c u l e s  

( of Rakeman f a c t o r  s e r v e s  t o  f u r t h e r  a c t i v a t e  a s e r i e s  af some s i x  

1 a d d i t i o n a l  f a c t o r s  w h i c h  c u l m i n a t e s  i n  t h e  c o n v e r s i o n  o f  m i l l i o n s  

i of m o l e c u l e s  of f i b r i n g e n  t o  f i b r i n .  Wald ( * I  haas a l s o  c o n s i d e r e d  

t h e  p o s s i b i l i t y  t h a t  v i s i o n  may i n v o l v e  enzyme a m p l i f i c a t i o n  s i n c e  

I t h e  o p t i c a l  a c t i v a t i o n  o f  a  s i n g l e  m o l e c u l e  of  r h o d o p s i n  c a n  t r i g g e r  

f a r e s p o n s e  i n v o l v i n g  a l a r g e  number o f  m o l e c u l e s .  Rhodopsin  i s  

( P o s t u l a t e d  t o  be  a proenzyme which i s  a c t i v a t e d  as a consequence  

1 of t h e  a b s o r p t i o n  o f  a p h o t o n  by 1 1 - c i s - r e t i n a l d e h y d e  r e s u l t i n g  

1 i n  t h e  u n m a s k i n g  of t h e  a c t i v e  s i t e .  Once formed t h e  enzyme can i n  

I t u r n  a c t i v a t e  a l a r g e  number o f  m o l e c u l e s  o f  t h e  n e x t  proenzyme i n  

t h e  s e r i e s  a n d  s o  on down t h e  c h a i n  w i t h  each s t e p  p r o v i d i n g  a  g a i n  

1 i n  the number  o f  p a r t i c i p a t i n g  enzyme m o l e c u l e s .  

B o t h  p o s i t i v e  and n e g a t i v e  f eedback  p robqb ly  p l a y  a  r o l e  i n  

t h e  regulation o f  enzyme a m p l i f i e r s ' ' ) .  I n  t h e  c a s e  of b l o o d  

c l o t t i n g  p o s i t i v e  f e e d b a c k  i s  p r o v i d e d  by th rombin  which seems t o  

I a c c e l e r a t e  t h e  r e a c t i o n s  a s s o c i a t e d  w i t h  t h e  c o n v e r s i o n  of f a c t o r s  

I V a n d  V I I I .  Qn t h e  o t h e r  hand f i b r i n  seems t o  a c c e l e r a t e  t h e  d i s -  

a p p e a r a n c e  o f  t h e  o t h e r  c l o t t i n g  f a c t o r s .  
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I n  r e c e n t  y e a r s  it h a s  b e e n  s u g g e s t e d  t h a t  c e r t a i n  i m p o r t a n t  

b i o l o g i c a l  p r o c e s s e s  i n v o l v e  a s e q u e n c e  o f  enzyme-proenzyme r e a c -  

t i o n s  w h i c h  e x h i b i t  a  n e t  c h e m i c a l  g a i n .  Thus ,  MacFar lane  h a s  

P r o p o s e d  t h a t  b l o o d  c l o t t i n g  c o n s t i t u t e s  s u c h  an  enzyme s e q u e n c e .  

In t h i s  i n s t a n c e  s u r f a c e  a c t i v a t i o n  o f  c o m p a r a t i v e l y  few m o l e c u l e s  

O f  Hageman f a c t o r  s e r v e s  t o  f u r t h e r  a c t i v a t e  a s e r i e s  of some s i x  

a d d i t i o n a l  f a c t o r s  w h i c h  c u l m i n a t e s  i n  t h e  c o n v e r s i o n  o f  m i l l i o n s  

of m o l e c u l e s  of  f i b r i n g e n  t o  f i b r i n .  Wald ( 2 )  has a l s o  c o n s i d e r e d  

t h e  P o s s i b i l i t y  t h a t  v i s i o n  may i n v o l v e  enzyme a m p l i f i c a t i o n  s i n c e  

the  o p t i c a l  a c t i v a t i o n  of  a s i n g l e  m o l e c u l e  of r h o d o p s i n  can t r i g g e r  

a r e s p o n s e  i n v o l v i n g  a l a r g e  number o f  m o l e c u l e s .  Rhodopsin i s  

P o s t u l a t e d  t o  be a  p roenzyme w h i c h  i s  a c t i v a t e d  a s  a consequence  

of t h e  a b s o r p t i o n  o f  a p h o t o n  b y  1 1 - c i s - r e t i n a l d e h y d e  r e s u l t i n g  

i n  t h e  u n m a s k i n g  o f  t h e  a c t i v e  s i t e .  Once formed t h e  eneyme c a n  i n  

t u r n  a c t i v a t e  a l a r g e  number o f  a o l e c u l e s  o f  t h e  n e x t  Proenzyme i n  

t h e  s e r i e s  a n d  s o  on down t h e  c h a i n  w i t h  e a c h  s t e p  p r o v i d i n g  a  gain 

i n  t h e  number  o f  p a ~ t i c i p a t i n g  enzyme m o l e c u l e s .  

B o t h  p o s i t i v e  a n d  n e g a t i v e  f e e d b a c k  p robqb ly  p l a y  a ro le  in  

t h e  regulation of  enzyme a m p l i f i e r s ( ' ) .  I n  khe c a s e  of blood  

c l o t t i n g  p o s i t i v e  f e e d b a c k  i s  p r o v i d e d  by thrombin which seems 

a c c e l e r a t e  t h e  r e a c t i o n s  a s s o c i a t e d  w i t h  t h e  Convers ion of 

V and VIII. On t h e  o t h e r  hand f i b r i n  seems t o  a c c e l e r a t e  the dis-  

a p p e a r a n c e  of t h e  o t h e r  c l o t t i n g  f a c t o r s .  



I n  o r d e r  t o  f a c i l i t a t e  t h e  s t u d y  of such  enzyme a m p l i f i e r s  

i t  i s  h e l p f u l  t o  h a v e  a v a i l a b l e  a  m a t h e m a t i c a l  mode l  of  t h e  sys tem.  

I C o n s e q u e n t l y  i n  what  f o l l o w s  s u c h  a  model  w i l l  b e  d e v e l o p e d  f o r  

1 Yio i s  c o n v e r t e d  by a n  enzyme of t h e  p r e v i o u s  s t a g e  t o  t h e  a c t i v e  

1 f o r m  o f  c p n c e n t r a t i a n  y  a t  a  r a t e  d e t e r m i n e d  by  t h e  c o n s t a n t  i a  

! 

k i .  The r a t e  a t  w h i c h  t h e  a c t i v a t e d  form i s  d e s t r o y e d  i s  d e t e r -  

mined by t h e  c o n s t a n t  Ki  (we assume none a r e  e q u a l )  w h i l e  t h e  

c o n c e n t r a t i o n  of  t h e  i n a c t i v a t e d  form i s  d e s i g n a t e d  by y i .  T h i s  

r 

p r o c e s s  i s  c o p s i d e r e d  t o  b e  t e r m i n a t e d  a t  t h e  Nth s t a g e :  The 

an a m p l i f i e r  n e g l e c t i n g  any  f e e d b a c k  e f f e c t s .  I n  p a r t i c u l a r  we 

c o n s i d e r  a c a s c a d e d  s e q u e n c e  o f  r e a c t i o n s  f o r  w h i c h ,  a t  t h e  i t h  

s t a g e ,  a  p roenzyme o f  c o n c e n t r a t i o n  y  a t  i n i t i a l  c o n c e n t r a t i o n  
i 

s e q u e n a e  may now b e  r e p r e s e n t e d  a s  f o l l o w s :  

I 
1 If we a ~ s u m e  t h a t  t h e  f i r s t  f a c t o r ,  y l ,  i s  a c t i v a t e d  o v e r  
I 

( some t i m e  i n t e r v a l  A t = &  a f t e r  which t h e  s t i m u l u s  i s  t e r m i n a t e d  

t h e n  t h e  d i f f e r e n t i a l  e q u a t i o n s ,  d e s c r i b i n g  t h e  sy s t em a r e  as f o l l o w s :  i i  I 

I 



In t h e  a b o v e  U ( t )  i s  t h e  u n i t  s t e p  f u n c t i o n  a n d  hence  

[ U ( t )  - U ( t - a ) ]  i s  a u n i t  p u l s e  o f  d u r a t i o n  a .  It i s  p o s s i b l e  t o  

p r o v i d e  a g e n e r a l  s o l u t i o n  t o  ( 2 )  i f  t h e  l i n e a r  c a s e  i s  c o n s i d e r e d  

f o r  w h i c h  t h e  c o n c e n t r a t i o n  of  proenzyme y i  r e m a i n s  c o n s t a n t  a t  t h e  

i n i t i a l  v a l u e  yiO. T h i s  w i l l  b e  a p p r o x i m a t e l y  s o  i f  t h e  amount of 

a c t i v a t e  p roenzyme i s  s m a l l  i n  c o m p a r i s o n  t o  t h a t  i n i t i a l l y  p r e s e n t  

O r  i i  t h e  p r e c u r s o r  i s  r e p l a c e d  a t  a p p r o x i m a t e l y  t h e  same r a t e  as 

it is c o n v e r t e d .  The b u i l d - u p  i n  t h e  a c t i v e  form i s  g i v e n  by t h e  

s o l u t i o n s  t o  e q u a t i o n s ( 2 ) :  

/ and f o r  t h e  p t h  s t a g e  



1 w h e r e ,  

I 1% i s  i n f o r m a t i v e  t o  c o n s i d e r  t h e  a b o v e  s o l u t i o n  a s  t h e  

I p r o d u c t  of' two f a c t o r s  o n e  o f  w h i c h  , ~ ( t  ) , a l o n e  d e p e n d s  on t i m e  

/ w h i l e  t h e  o t h e r  f a c t o r ,  R ,  d e p e n d s  o n l y  on t h e  i n i t i a l  c o n c e n t r a -  

( t i o n s  a n d  on t h e  r a t i o  o f  t h e  r a t e  c o n s t a n t s .  F o r  t l a  t h e  f a c t o r ,  

F ( t )  i n c r e a s e s  f r o m  a n  i n i t i a l  v a l u e  of  z e r o  t o  a s t e a d y  s t a t e  v a l u e  

Of u n i t y .  We n o t e  t h a t  t h e  t i m e  r e q u i r e d  t o  r e a c h  t h e  s t e a d y  s t a t e ,  

t s ,  is d e t e r m i n e d  b y  t h e  smallest  d e c a y  c o n s t a n t  Km and i s  g i v e n  
-1 t h e  c o n d i t i o n  t s > K ,  . When t h e  s y s t e m  i s  a t  s t e a d y  s t a t e  we may 

I 
d e f i n e  t h e  g a i n  G o f  t h e  enzyme a m p l i f i e r  a s  

I It i s  e v i d e n t  t h a t  if t h e  t i m e  i n t e r v a l ,  a ,  o v e r  which Y is 
10 

a c t i v a t e d  i s  not s u f f i c i e n t  f o r  t h e  1 * e a l i z a t i o n  of t h e  s t e a d y  q t a t e s  

t hen  t h e  g a i n  o f  t h e  enzyme amplifier w i l l  b e  l e s s  t h a n  t h a t  I 

b y  ( 5 ) .  The  e f f e c t  o f  p r o g r e s s i v e l y  s h o r t e r  t i m e  i n t e r v a l s ,  

a, On F(t) i s  shown i n  f i g u r e  1 i n  t h e  i n s t a n c e  o f  a  t h r e e  s t a g e  

p r o c e s s .  Though the c h o i c e  of  p o n s t a n t s  i s  a r b i t r a r y  t h e  curves  

i make c l e a r  t h e  n a t u r e  o f  t h i s  dependency .  

A s e c o n d  p o i n t  w o r t h y  o f  n o t e  w i t h  r e f e r e n c e  to e q u a t i o n  5 

i s  t h a t  t h e  g a i n  i n v o l v e s  t h e  p r o d u c t s  of  s e v e r a l  s i n g l e  s t a g e  terms* 
I 
1 

I m e a n s  t h a t  s m a l l  s h i f t s  i n  t h e  r a t e  c o n s t a n t s  o r  t h e  
1 

I 

c o n d i t i o n s  c a n  c o l l e c t i v e l y  p r o d u c e  s i g n i f i c a n t  o v e r a l l  e f f e c t s *  
1 

I 

a d e c r e a s e  o f  o n l y  2$ i n  ki and y 1 0  t o g e t h e r  w i t h  a  correspond-  

ing i n c r e a s e  i n  K r e s u l t s  i n  an  e i g h t  s t a g e  p r o c e s s ,  such as b lood  
i 1 c o a e u l € i % i o n ,  i n  a n  o v e r a l l  d e c r e a s e  i n  g a i n  of n e a r l y  f o r t y  p @ r c e n t 0  

T h i s  s o r t  o f  e f f e c t  h a s  b e a r i n g  on n e g a t i v e  and positive f e e d b s c k  

1 w h i c h  e f f e o t s  s e v e r a l  s t a g e s  s i m u l t a n e o u s l y *  
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CAPTION 

Figures (a), (b), ( c )  

The effect of varying time of a c t i v a t i o n  of 

stage I of biochemical amplifier on the form and mag- 

n i t u d e  of the output response, stage 3. The t i m e  o f  

activation decreases from 30 u n i t s  i n  ( a )  to 1 5  u n i t s  

i n  (b) while ( c )  corresponds to 3 units. 
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