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ABSTRACT -..- 

I T l l i s  paper desc:?ibcs the  evo lu t ion  of mo~nents of  t h e  c ~ n c e n t ~ z i - i o n  of 
I 
I r. each of  t?te s p e c i e s  i n  a -tj;y-.o species, very  r a p i d ,  j:sothemc?l, i r r e v e r s i b l e ,  
I 
I second order, chemical r e a c t i o n  i n  a homogeneous turbulence  i n  terms of an 

a.ssumed .i.nj.ti.al d i s t r i b u t i o n  of t h e  concentra.t lon f i .elds.  The f i e l d s  decay i n  

tw r ;  stages. In  .tl.le s t a g e  domhated  bq. chernicaii k i n e t i c s  , exac t  s t o c h a s t i c  

sola-i-i'ons aFe der ived  for1 a class of  i n i t i a l  d i s t r i b u t i o n s .  These so lu t ionv  

e x h i b i t  asymptot ic  conr:sn?~>n-ti.on fie1I.d~ having an ex"crema1y high r e l a t i v e  

i n t e n s i t y  and slce~rness: assc:ci.a-ted with t h e  s p a t i a l  segwga-l-ion of  t he  spec i e s .  

In t h e  second o r  d i f fu s ion  co i \ t ro i l ed  s t a g e  exact solutio:.is are obta ined  i n  

terms of  t h e  tu rbu len r  mixling of a n o n r e a c t i ~ . ~ g  s p e c i e s  when t h e  molecular  

9 d i f f u s i v i t i e s  of each spec i e s  a r e  equal ,  An approximate s o l u t i o n  i s  proposed 

when they  are unequal.. 111 both cases t h e  t ime scale of  decay i n  the second s t a g e  .. 

is e n t i r e l y  c h a ~ a c t e r i z e d  by t u r b u l e n t  mixing parameters .  I t  i s  shor.rn t h a t  i n  

I i r ~ a l  pe r iod  turbulence the  r e a c t a n t s  decay with an effective di f fus ivr i ty  of .the 

same o r d e r  as t h e  s m a l l e r  of t h e  -ttro d i f f u s i v i t i e s .  



1. INTRODUCTION - 
The r a t e  of  a homogeneous reac t ion  depends on t h e  r a t e  of encounter behieen 

r e a c t a n t  molecules. Nlcn t h e  r e a c t a n t s  are no-t distribu-ted homogeneously t h e  
L 

encounter r a t e  and hence t h e  react ion may be s i g n i f i c a n t l y  a l t e r e d .  One extreme 

h 

s i t u a t i o n  which has  been ca re fu l ly  anal-yzed using s i n g u l a r  per turbat ion tech- 

L niques is  t h a t  of  t h e  d i f fus ion of  one substance i n t o  a semi- inf in i te  medium 

containing a second substance with which it r e a c t s  according t o  a second-order 

equation. The d i s t i n c t i o n  between the  honogeneous k i n e t i c  r a t e  and t h a t  obtained 

i n  t h e  two spec ies  d i f fus ion  example j u s t  r e f e r r e d  t o  i s  most pronounced i n  t h e  

case of a very r a p i d  seact ion,  when t h e  r e a c t i v e  t i m e  s c a l e  is orders of magnitude 

s h o r t e r  than t h e  time s c a l e  of d i f fus ion.  The l a t t e r  time s c a l e  is c l e a r l y  t h e  

determining one when t h e  two species  a r e  i n i t i a l l y  segregated as i n  t h e  above 

example. Furthermore, the re  is ample experimental evidence2 ' suggesting t h a t  

B 
f o r  very fast reac t ions  i n  turbulence the  asymptotic r eac t ion  r a t e  is of  t h e  

- .I same order as t h e  r a t e  of turbulent  mixing, and not of  t h e  k i n e t i c  r a t e  f o r  

4 
homogeneous react ions .  Again, f o r  very rapid  reac t ions ,  t h e r e  is a theory i n  

t h e  case of two r e a c t a n t s  with equal d i f f u s i v i t i e s  which estimates the  evolution 

of mean concentrat ions i n  a turbulent  pipe flow r e a c t o r  i n  terms of t h e  mixing char- 

a c t e r i s t i c s  o f  t h e  same reac to r  and these  predic t ions  a r e  i n  general  agreement 

with measurem~nts. I n  t h e  case of s t o c h a s t i c a l l y  d i s t r i b u t e d  reac tan t s  which 

I a r e  approximately homogeneous i n  t h e  l a r g e ,  such a s  one may encounter in  t u r b u l e n t l y  

- I s t i r r ed .chemica1  r e a c t o r s ,  the  f3.uctuations represent  inhomogeneities on a small  

s c a l e  which may a l s o  have a profound inf luence  on reac t ion  r a t e .  I t  i s  t o  t h e  

explora t ion of such a phenomena t h a t  t h i s  paper is addressed. Spec i f i ca l ly ,  w e  

I s  should pose t h e  fol lowing problem. Given an i n i t i a l  s t a t i s t i c a l  descr ip t ion of 

I t h e  d i s t r i b u t i o n  of each species  i n  a f u l l y  described tu rbu len t  f l u i d  and assuming 

I t h a t  t h e  l o c a l  instantaneous r a t e  of r e a c t i o n  obeys t h e  normal laws of homogeneous 



chemical Ic ine t ics ,  de t ex -x i~e  t h e  p r o b a b i l i t y  I.ai+rs desc r ib ing  t h e  d i s t r i b u t i o n  of  

each s p e c i e s  a t  subsequent t imes.  I n  f a c t ,  however, we address  ourse lves  t o  a  

much s impler  ques t jon .  Determine t h e  p r o b a b i l i t y  laws desc r ib ing  t h e  d i s - t r i bu t ion  
? 

of each of -the above s p e c i e s  i-n terms o f  t h e  p r o b a b i l i t y  laws desc r ib ing  t h e  

" evolu-tion of a s i n g l e  spec i e s  i n  a -t.u-rbulent f l u i d  from an a r b i t r a r y ,  s t a t i s t i c a l l y  

pxsescribed, i n i t i a l  s t a t e  ( t h e  t u r b u l e n t  mixing problem). For p r a c t i c a l  reasons 

t h e s e  p r o 3 a 3 i l i t y  l a w s  a r e  most ~ l s e f u l l y  p r e s w t e d  i n  terms o f  t h e  evo lu t ion  of 

Zow oL~d.er moments o f  t h e  concent ra t icn  frleld.  

I n  o rde r  t o  i . so l a t e  flie r o l e  of small s c a l e  5 luc- tua t ions  from o t h e r  e f f e c t s  

we sha l l .  assume s t a t i s t i c a l  homogeneity of t h e  randon concent ra t ion  f i e l d s  of  t h e  

two s p e c i e s ,  a second o r d e r  i r r e v e r s i b l e  i so thermal  r e a c t i o n  and an extremely r a p i d  

r e a c t i o n  rate a s  compared t o  any d i f f u s i v e  o r  convect ive t ime s c a l e  i n  t he  

turbulence .  That is, t h e  r e a c t i o n  is ' i n s t an t aneous ' .  We w i l l  a l s o  assume t h a t  

.?: t h e  turbulence  i t s e l f  i s  homogeneous and we w i l l  i gno re  any dynamic o r  chemical 
I 

r o l e  t h a t  t h e  product  o r  products  might p lay .  
CI 

A reac:tiorl of the type, A -1- n B -> prodilc-t, obeys the, folJ.r?wj.s!g equa.ti.orls 



i , 8 i ~~c?p~.~c : : : i~n  L.:; n f u . (:< , t  ) is a n  i:;c> t ~ o p i c   st;^ t ionaxy .t~.lr],.dlen.l: 
11 41' 1 

.iic.l.cc.il:g i'i<:J.c.l, I' and I' a rc  ~aindorn conceri-!:ration fields, C i.s the 
13 11 

1; i l.,l:i: j-c. re.--c: ::.i.oll . p ; l . t ~  assu:ned constant, and TI and D a m  the  d . i f f i l ~ j . v l t i ~ ~  
*~ A U 

r ~ f '  :;ix:ci.c:.; A and 13 rcspcci- ively.  Decay equatioris foor single poin t  nomcnts 

Tlie c:iis-l-ence of t r i ip le  concentra t ion moments .i.n equat ions  (2.4 ) -to ( 2 . 7 )  

demonstra.tes the ullclosed n a t u r e  of t h e  1r.omel1.t Fo rmda t io~ l  and t h e  n e c e s s i t y  

:; ldi1;o - ,,.. of ~ii.i.xing i n  t h e  absence o f  reaci-Lo11 t h a t  the ro le  of  -the turbulence  

;.:j I,urbic*S i n  -t'>e gradient ~ C ? I ~ E , S  of (2 .5 )  (2 .6)  and ( 2 . 7 )  and t h a t  if: .Leo 3.cads 

t:o it very c1i.ff.icul.t s-:i:chas-t.,j.c r?on-linczri.try f r p  ti1:ich c l o s u r e  ::pprox.i!nati~3?f 

tr?(:hn.i quC:l; are pcqui-yat!. 
* 

I_  

In this paper3 we  wish t o  point  ou-t t h a t  i n  t h e  case of ve ry  r ap id  reac t ioxs  
.I 

t h e  randam f i e l d s  decay i n  two d i s t i n c t  s t ages .  There i s  an i n i t i a l  s t age  which 

is e n t i r e l y  dominated by the  r eac t ion  and f o r  which exact  s t o c h a s t i c  so lu t ions  

a r e  poss ib le  i f  t h e  appropr ia te  i n i t i a l  s t a t i s t i c a l  desc r ip t ions  a r e  provided. 

These s o l u t i o n s  a r e  v a l i d  f o r  ti-rnes much s h o r t e r  than t h e  t i m e  s ca les  of turbulent: 



I convect ion and d i f f u s i o n ,  s a y  
T 

, and if C is l a r g e  enough they  will 
I - 
I hold  for -times vc-ry much g r e a t e r  t han  t h e  time s c a l e  C -I . This i s  t h e  
I 
I 

-1 
 condition,^ <<TT, we imply by t h e  term very  r ap id  r e a c t i o n .  Asymptotic behavior  

I r 

I of t h e  i n i t i a l  stage of a very  r a p i d  r e a c t i o n  is used -to provide  e x p l i c i t  i n i t i a l  
* 

I s t o c h a s t i c  in format ion  f o r  t h e  second o r  f i n a l  s-tage of  decay. I n  t h i s  f i n a l  
I 

I s t a g e  w e  e x h i b i t  exace s t o c h a s t i c  s o l u t i o n s  f o r  each o f  t h e  s p e c i e s  concent ra t ions  

I 

I 
i n  t h e  case  o f  equa l  d i f f u s i v i t i e s ,  DA = DB. F i n a l l y ,  approximate s o l u t i o n s  a r e  

I ob ta ined  i n  cases  where DA # DB, t h e  approximation being determined by an 
I 
I assumption 5ased  on s prope r ty  of  t h e  exac t  s o l u t i o n r  of  t h e  aqua1 d i f f u s i v i t y  

I case .  The s o l u t i o n s  i n  t h e  second s t a g e  are t o  be i n t e r p r e t e d  i n  t h e  sense  

I mentioned i n  t h e  in t roduc t ion .  That i s ,  i f  t h e  p r o b a b i l i t y  laws of t h e  non-react ing 

I t u r b u l e n t  mixing problem a r e  known t h e  s o l u t i o n s  f o r  t h e  r e a c t i n g  spec i e s  can be 

cons t ruc ted .  . 
3 .  INITIAL STAGE OF THE REACTION 

For a very  r a p i d  r e a c t i o n  of  t h e  k ind  we have descr ibed  t h e  k i n e t i c  equat ions  

v a l i d  i n  t h e  i n i t i a l  per iod  up t o  a t i m e  much g r e a t e r  t han  f2-l are 



I . .  
1 ;: ~ . i . , : ~  2 .  ~.~.~l , l  c.:o:l~e?~.'ix~i.l: ~.CI~I:.; are prc:: cr.i.l.~ed s.!:oc!~~i.s-t.icaLl. <.n terrr;s of 

I - .. . 
I - 
I 

, . t i,r~v!,l;il~,il,-:..ty c!(:nsity e:,:ac.i- expr6:ssious fox3 c o ~ ~ c e n - t r a t  ion r:lor!len.t-s can 

rj!;t>r.,e p(i '  (01, r (011 is  the jo in t  prebal>ili-ty densi"iy o f  t h e  inTtial di-st-r.i- 
dl 13 

i 0 -  I' ( 0 )  and i tB(0)  
A 

O f  s p e c i a l  i n t e r e s t  f o r  our purposes a r e  t h e  follotring asymptotic r e s n l t s  

which fol low d i r e c t l y  from ( 3 . 5 ) .  These are, of course,  not t h e  values a t t a i n e d  

asymptot ica l ly  by t h e  system described .by (2 .11,  ( 2 . 2 )  and (2.3) b u t  they  are 

-1 approached i n  a time T such t h a t  C T where T i s  t h e  time scale of ' T' T 

t u rbu len t  mixing of t h e  system. 

r.rt.!c.'e r i a  I ~ < I V C  uscr! tile fact th2. t ,  from ( 3  . 3 )  , 

r l 
iie al.:;(s n o t e  t h e  following resul1:s for  second momen-ts . \ 



G 

u s e f u l  t o  have c o r r e l a t i o n  and cross cor re l -a t ion  inforrilation t o  use a s  

j.ni ,ut j.n f:,rii;f-l.l: j-ort. fo r  t:hc d i  f f ~ ~ r ;  i o n  con.trol.letl f ina l .  stage of .tho .turbulcrl.tly 

. , j i  , 111 t.1;~i.s c s s c  ~11c .;:ill r t ? q u i r e  -jo.i.n.l: probability d e n s i t i e s  

P[r,(x,m) r U ( x 3 0 ) ;  i' fxl,O) 0 and use o f  formulas  soah as 
11 

-- I-@' X 3-03 Y' 
r r f  ( r , - )  = I dx / ( ~ - ~ ) d ?  I - dyt  1. ( y t - x ' )  P ( x , y ;  x l , y r  )dxf  (3.13) 

A. B -03 
-a -a -a 

In -the circums.tance -that P (x  ,y;xl ,y ) e x h i b i t s  s t a t i s t i c a l  independence 

o f  'all f o u r  v a r i a h i c s  then C-he above equa.t?ons reduce t o  

T h i ~ t  is, 110 co r rc l . s t i ons  are induced a t  non-coinc idznt  p o i n t s  by the r e a c t i o n  

' . 
irhc31.e there were none in: t i ~ l l y .  

On the  o t h e r  liand under tEic same assumption of  initial s t a t i s t i c a l  

l ~ ~ ~ g c  Fc1.a t i.ve inpe!ls it-y of coiltentpa-tion f l u c  t:uation:; even if t h e  init.i;l.l 



7 

:; tor:li,,:; t i c  :;I-~~ L,-: d i d  not .  In s i t ua t ions  where r .m .s . f l - u c  tua  t i o n s  arc OF the  

:;<i,r;,> or',lt2p a:; Lhe mean or J.arger j:t ha:; been sho:.~n t h a t  the  non-negativcness 

oi' c < , l l c e n t p ~ b i o n  CIS a  arido om varia1il.e plays a c r u c i a l  rlole i n  the dynarnics 
- 

of ricc,s;r ancl ccinno t- 1,e disregarded, f o r  example, by approxima t i n g  conecn- 

5 - trL1t iori as nor.~r;~l.ly d i s  i r i b u  ted . Pr~rthcr~more , p r o b a b i l i t y  dens i - ty  func i~ ion  . 

rr,c>a:;ur~ci;;cnts fez. a r a p i d  sitr:ond o rde r  in t he  brake o f  a sphere  have 

produc(:d ~ u ~ ~ v c s  wit3 qua l j . t a t ive  resemblance t o  a log-normal d i s t r i b u t i o n .  
6 

Thcrv:for~ i n  orc'ier t o  make -the s imples t  r e l e v a n t  computations on The 

czsymp-tot.ic s t a t e  of -the i n i t i a l  pe r iod  we w i l l  assume that each species . 

concct~t - ra t ion  is i n i t i a l l y  log-norxal ly  d is t r ibu- ted  and s t a t i s t i c a l l y  

independent o f  t h e  concen-tra.i-ion of' the second species at the sam-e po in t  

and of a311 concen-tra-Lions a? non-coincident p o i n t s  in space. Ful~theu~riiorc 

all. conccntra-t-ions arc assurnecl t o  be 2clentical ly d i s t r ibu ted ,  t h a t  is, .if 

C 

~ ( r  (O), rB(0); ( 0  0 is  the i n i t i a l  j o i n t  d i s t r i b u ~ i o n  hmc-tion 
11 

" -  - 
r fop t:~e c o n c e n ~ r ~ x k i o n  f i e l d s  t h e n  ~ ( x  ,y ; x' , y l  ) = F ~ ( ~ ) F ~ ( Y  )Fl(p1 )Fl(~' ) 

dF, fi 

L J- - .L . erhcz.e -- --- Z 

dx exp {- -? ( l o g  - 1 )  1 ,  O . <  x < a, o > 0. ' f ius 
xufirr 20 

- 1 2 -  
r ( 0 )  = exp E D  -I- - a 1 

2 .  

and 

"2 2 r (0 )  = ' ( 0 )  exp {a 1 

where a and 11 are the usual  parameters of the l o g  normal d i s t r i b K t i o n  and 
C 

y in,.licntes a fJ.uctuation i n  concen t ra t ion  about the mean. For example 
- 

= r -I' Since the clistribu-Lions of species A and B a re  ident i i : ; i l  tI?e Ya A A *  

h b c l .  h or I3 h'ls been &ropped except  i n  the case o f  c r o s s  ~r.omen.ts. 

Iludcr the, al,ove ci-pcun.is fsailccs Eolicjwj.r~g asynipto t i c  rcla i. tcl;i:::? i?:i 

c;uk Ix? clevclol,r?cl u s j a g  ( 3 . 6 ) ,  (3 .71 ,  ( 3 . 8 ) ,  (3.51) and ( 3 . : L 0 )  



(3 (7 whc?re N C]----- ]0,3.) is .';he p r o b a b i l i t y  that- Y 5 -- when Y is nom~al ly  
J5- JZ- 

clis.tribubt?il with z e r o  mean and has a var i ance  o f  u n i t y .  

EquziLion (3.14) is o f  s p e c i a l  i n t e r e s t  s i n c e  it i n d i c a t e s  t h a t  indeed 

the asy~npf:otic re1.a-t-ixrc i ~ ~ t e n s i t y  can b e  as l a r g e  as one p l e a s e s  simply 

ijy choosing a fop t h e  inil:  i.31 d i s t r i b u t i o n  Large enocgli . F u r t h e r ~ o r e ,  i- t  

is easy t o  show fn3;n (3.14) t h a t  t h e r e  is a lower bound on t h e  r e l a t i v e  

i n t e n s i t y  OF fluc-tua i-ion under t h e  c i rc t~ms t a n c e s  developed here. I.!am..ly, 
- - - 

--2 
y2(a)  I' ( N )  2 n - 1, t h e  lower hound b? ing  obta ined in t h e  l i m i t  o -+ 0. 

In a  sirni.lar manner, l a r g e  p o s i t i v e  enurnhers a r e  a l s o  p red ic ted  as  lower 

bounds fox. t h e  asymptot ic  sketmesn and l tu r tos i s  o f  t h e  concen t ra t ion  f i e l d s .  

Thc gcnezlal p i c t u r e  which emerges o f  t h e  asymptotic  s t a t e  o f  t h e  i n i t i a l  

period is one i n  which -the f l u c t ~ x a . t i o h s  ape high1.y in-tense compared t o  

thc Incan and the probabi l j - ty  d i s t r i b u t i o n  o:E t h e  concentra-t-.ioil f i e l d  cannot 

1:e cor,s.i.clcred even a p p ~ ~ o x i m ~ i t c l y  normal. These a r e  cf course  t h e  

chnracl-cx.istics orle expccts  fyom a s - t a t e  i n  which t h e  ttro s p e c i e s  a r e  

sesrega-teil s p a t i a l l y .  I n  t h e  limit of an irTstantaneous r e a c t i o n  (or  no 

rnol.cculs1~ d i f f u s i o n )  segrtegat.ion 2s .the pl lysical  s i . tua. t ion r i h ~ c h  arises , 



4. THE DIFFUSION CONTROLLED STAGE OF THE REACTION - 
The asymptot ic  cond i t i ons  der ived  i n  t h e  previous  s e c t i o n  a r e  no t  t r u e  

asymptot ic  states f o r  t h e  system descr ibed  by (2.1) (2 .2)  and (2.3).  A s  s p a t i a l  

s eg rega t ion  of t h e  two s p e c i e s  is obta ined  through t h e  r e a c t i o n ,  molecular 

d i f f u s i o n  of each s p e c i e s  i n t o  t h e  o t h e r  through i n t e r f a c e  s u r f a c e s  becomes more 

s i g n i f i c a n t ,  enhanced as always by the  l i n e  and s u r f a c e  s t r e t ch ing  c h a r a c t e r i s t i c  

of turbulen-I: motions. The t r u e  zsymptot ic  s t a t e  of t h e  i r r e v e r s i b l e  r e a c t i o n s  

considered h e r e  w i l l  be t h e  t c t a l  d e p l e t i o n  of one o r  both of t h e  r e a c t i n g  

spec i e s ,  t h e  later cond i t i on  occurr ing  when t h e  i n i t i a l  p ropor t ions  a r e  s t o i c h i o -  

met r ic .  For  vepy r a p i d  r e a c t i o n s  it i s  necessary t o  s o l v e  t h e  f u l l  s e t  o f  

equat ions  

a r ~  - + u.vrA = D v2rA - a t  - A C r ~ r ~  (2.1) 

where t h e  i n i t i a l  cond i t i ons  t o  be  used are j u s t  t h e  asymptot ic  condi t ions  of  t h e  

k i n e t i c a l l y  dr iven  f irst  s t a g e  de r ived  i n  s e c t i o n  3 .  I n  s p a t i a l  terms t h e  

d e r i v a t i o n  o f  s e c t i o n  3 can be  cons idered  t h e  o u t e r  s o l u t i o n  of a  s i n g u l a r  

p e r t u r b a t i o n  problem, The inner  s o l u t i o n  accounts  f o r  t h e  r o l e  of molecular 

d i f f u s i v i t y  i n  b r ing ing  r e a c t i v e  molecules  t o g e t h e r  ac ros s  t h e  i n t e r f a c e s .  

The de termina t ion  o f  t h e  e v o l u t i o n  of concent ra t ion  f i e l d s  from t h e  

segrega ted  s t a t e  c l e a r l y  r e q u i r e s  t h a t  t h e  v e l o c i t y  f i e l d  u be f u l l y  descr ibed  -. 
s t a t i s t i c a l l y .  Even then  any a t t empt  at  a  moment formula t ion  encounters  t h e  

7 
no to r ious  d i - f f i c u l t i e s  of t h e  t u ~ b u l e n c e  mixing problem as w e l l  as t h e  n o n l i n e a r i  

a s s o c i a t e d  wi th  t h e  r e a c t i o n .  It w i l l  b e  .shown i n  t h e  fo l lowing  p a ~ a g r a p h s  t h a t  

when t h e  d i f f u s i v i t i e s  of t h e  two s p e c i e s  are equal  t h e  s o l u t i o n  o f  t h e  problem 



posed by (2.1)  (2.2) and (2.3) can be determined e n t i r e l y  i n  terms of  s o l u t i o n s  

t o  t h e  t u r b u l e n t  mixing problem. S p e c i f i c a l l y ,  l e t  PCx,tI be t h e  p r o b a b i l i t y  

dens i ty  o f  X(,%, t ) where ~ ( 2 ,  t ) s a t i s f i e s  

and both g ( g , t )  and x o  have an a r b i t r a r y  s p e c i f i c  s t o c h a s t i c  d e s c r i p t i o n .  

Then t h e  p o b a b i l i t - 1  d e n s i t i e s  P I I 'A , t l ,  PCI' ,t] f o r  t h e  r e a c t a n t  concent ra t ions  
13 

Cescribed by (2.1)  (2 .2)  and (2.3)  can be determined from P h , t l  provided t h a t  

- DA - DB = D. 

( A )  The Case of equa l  d i f f u s i v i t i e s  

When DA = DB = D it i s  ev iden t  t h a t  I' -P s a t i s f i e s  equat ion (4.1) A B 

with X = rA -rB. Hence a  knowledge o f  ~ @ , t l  from (4.1) and t h e  i n i t i a l  

condi t ions  X(x,o) = I' (x,o)-  I' (x ,o )  is equ iva l en t  t o  a knowledge of PET -I' ,tl. 
A -. B e  A B 

Furthermore, a s  h a s  been poin ted  ou t  e lsewhere,  s i n c e  I? k 0 I' 20 and A B 

I' r -+ o f o r  a  very  r a p i d  r e a c t i o n .  A B 

except  at  t h e  r e a c t i o n  sur faces  t h e  th i cknesses  of which approach molecular 

dimensions as t h e  r e a c t i o n  r a t e  becomes i n f k t e .  

and 

Thus PCr t l  = P[X,tl + k ( t ) 6 ( ~ )  f o r  X>O 
A ,  A 

p[rg,t2 = PLX,tl + k ( t ) 6 ( ~ )  f o r  X<O 
B 

where k ( t ~ = ~ ~ ~ [ x , t l d ~  - 03 
A 



Some consequences of (4 .2 )  and ( 4 . 3 )  can be l i s t e d  a s  follows: 

where X satisfies (4.1) and X ( ~ , O )  = rA(2,o)  - rB(z ,o )  

I n  p a r t i c u l a r  if P[x,o] is symmetric, as fop example when r A ( ~ , o )  and 

I' (x,o) are i d e n t i c a l l y  d i s t r i b u t e d ,  then E - 
- 

7 - - 2 > 0  We note  t h a t  t h e  elementary requirements rA >, 0, rA r~ 

a r e  s a t i s f i e d  by these  solut ions  and t h a t  they include t h e  p a r t i c u l a r  so lu t ion  

proposed by Toor who assumed a normal d i s t r i b u t i o n  f o r  rA - rB. 

e ( B )  The Case of Unequal D i f f u s i v i t i e s  

Consider t h e  functions x A ( i , t ) ,  X ( x , t )  defined a s  solut ions  of t h e  B - 

and 

Now FA(:,t) = xA(5,t) - ~ ~ ( x , t )  - ?here L ( x , t )  i s  a representat ion A a- 

f o r  t h e  loss of species  A due t o  i t s  reac t ion  with B i n  the  element of f l u i d  

t h a t  is at  pos i t ion  - x a t  time t. Similar ly  w e  can define an analogous quan- 

t i t y  L ( x , t )  by t h e  re la t ionsh ip  B - 

Furthermope when D A = DB it is easy t o  show by comparing (2.1.) 



(2.2) and (4.4)  (4.5) t h a t  

if i t  is t r u e  at t = O .  - 
Consequently, when DA = DB 

LACx,t) - = LB(z, t )  (4 .8)  

When DA f DB (4.8)  no longer holds al though from t h e  laws of  mass conservat io~l  

The l o c a l  l ack  of equa l i ty  of t h e  l o s s  term f o r  species  A and B i s  

caused by t h e  i n t e r a c t i o n  between t h e  r e a c t i v e  decay and t h e  non similar d i f fu -  

s i v e  ' l o s s  of ,each species .  In  t h e  context  of s i n g l e  species  r eac t ions  it has been 

shown t h a t  an accura te  approximation can be obtained which ignores t h e  i n t e r a c t i o n  
rn 

between decay and d i f fus ion .  The d i r e c t  e f f e c t  of r e a c t i o n  and of d i f fus ion  can - 
- be taken i n t o  account by replac ing (4.9)  by (4.8)  even when DA = DB. It i s  

t h i s  approximation which we propose now as a means of  so lv ing (2 .1)  and (2.2). 

The d e t a i l s  fo l low c l o s e l y  t h e  method es tab l i shed  f o r  t h e  equal d i f f u s i v i t y  

case. 

Let Y = XA - X~ 
whe--e X ( x , t )  and X ( x , t )  a r e  t h e  s o l u t i o n s  of (4.4) and (4.5) A - B - 

r e spec t ive ly  and t h e i r  so lu t ions  a r e  assumed known from these  pure mixing 

* equations: Therefore, f o r  sxample , P[Y ,t 1 can be considered known. 
* - 

Now on applying the  approximation (4.8)  - 
x A - x  B = r A - r B ,  

which is  i d e n t i c a l l y  t r u e  i n  t h e  average, we obta in  

Y = FA-- r~ (4.10) 

By arguments q u i t e  analogous t o  those  used i n  t h e  previous sec t ion  w e  obta in  



I 
where 

where ~(x,t) - = X ( x , t )  - x B ( ~ , t )  
A - 

and XA(x,t), - XB(x,t) - s a t i s f y  (4.4) and (4.5) r e spec t ive ly .  

When D, = DB, P[Y,~] is  symmetric f o r  a l l  time if it i s  i n i t i a l l y  s o  and we 

reproduce t h e  r e s u l t s  of s e c t i o n  4 ( A ) .  We a l s o  no te  t h a t  t h e  i n e q u a l i t i e s  as- 

soc ia ted  wi th  first and second moments of  non negative random funct ions  a r e  

preserved f o r  a l l  t ime by t h i s  s o l u t i o n .  

To ob ta in  concrete a n a l y t i c a l  r e s u l t s  f o r  t h e  two species  r eac t ion  it 

i s  necessary t o  have ava i l ab le  a pure mixing s i t u a t i o n  f o r  which a n a l y t i c a l  r e -  

s u l t s  a r e  known. For tunate ly  i n  t h e  f i n a l  period of turbulence pure mixing re-  

s u l t s  a r e  ob ta inab le  and it is p r e c i s e l y  i n  t h a t  regime t h a t  t h e  a c t u a l  value 

of  t h e  d i f f u s i v i t y  is most s i g n i f i c a n t .  F i n a l  per iod  turbulence i s ,  by de f i -  

n i t i o n ,  t h a t  s t a t e  o f  mixing i n  which t h e  r o l e  of  tu rbu len t  convection on t h e  

s c a l a r  spectrum is l e s s  important f o r  most wave numbers than t h e  r o l e  of mole- 

c u l a r  d i f fus ion .  

Consider a  turbulence i n  which t h e  d i s t r i b u t i o n  of  X t h e  concen- A 9  

t r a t i o n  o f  spec ies  A i n  pure mixing, is accura te ly  described by t h e  fol lowing 

normal d i s t r i b u t i o n  



- 
where t h e  mean ~ ( t )  and the  mean square f l u c t u a t i o n s  yA2(t)  a r e  determined 

by t h e  t u ~ b u l e n t  f i e l d ,  the  i n i t i a l  s t a t i s t i c a l  s t a t e  and DA. Since XA is 

a non negative random var iab le  t h i s  is no t  a poss ib le  d i s t r i b u t i o n  i n  p r i n c i p l e  

bu t  it is a reasonable approxirn3tion i f  t h e  concentrat ion of A exh ib i t s  a  

l a r g e  mean and a low l e v e l  of f l u c t c a t i o n s .  For  t h e  p'urpose o f  inves t iga t ing  

t h e  @ d a t i v e  r o l e s  o f  d i f f u s i v i t i e s  it is analytFcal ly  simple and typ ica l  of 

what one expects  i n  t h e  f i n a l  period of  a  non reac t ing  s c a l a r  f i e l d .  

L e t  t h e  concentrat ion of species  B i n  pure mixing be likewise re-  

then P C Y , ~ ]  = P [ x ~ - x ~  ,tl = (2n(11A2(t )fuB2 (t )}-1/2ex~ 

- - -  - - 
a-1 

and consequently yA2 = $2 - 2 T - 2 r~ 2n ('"A + vB2) 

- - 
where i n  a l l  t h e  above 11 and pB2 refer t o  t h e  variance of concentrations A 

of A and B i n  t h e  pure mixing' mode. In f i n a l  period turbulent  mixing it has 

been shown t h a t  

and 

-J/ L 

'"A = C1[2~*tI 
as t*, where C1 is a  constant  

- - 
- 3 / 2  - 3 / 2  -3/2) 

uA2 + vB2 = C1(2t) (DA +DB , when we have assumed ap- 



- - 
proximate e q u a l i t i e s  of  t h e  cons t an t s  i n  t h e  express ion  f o r  yA2 and lig 2 

- a-l Hence -3/2 - 3 / 2  
y A 2 ( t )  = I;; C1(2t) C D ~  + D~ -3/2 

t and an e f f e c t i v e  d i f f u s i v i t y  D can be def ined  a s  

To w i t h i n  an  o rde r  o f  magnitude D=D where 
Dmin 

i s  t h e  sma l l e r  min 

of DA and DB. 

It seems reasonable  t o  g e n e r a l i z e  t h i s  r s s u l t  t o  t u rbu len t  s i t u a t i o n s  

l e s s  c r u c i a l l y  dependent on t h e  va lues  of  DA and DB t o  p r e d i c t  t h a t  when t h e  

two d i f f u s i v i t i e s  a r e  widely d i f f e r e n t  very  fast s t o i c h i o m e t r i c  r e a c t i o n s  i n  

t h e  d i f f u s i o n  c o n t r o l l e d  l i m i t ,  decay a t  a r a t e  determined by t h e  sma l l e r  o f  
(r 

z t h e  two d i f f u s i v i t i e s .  Such a g e n e r a l i z a t i o n ,  if it holds  up under experimental  

-. examinat ion,  would make a v a i l a b l e  t o  d i f f u s i o n  c o n t r o l l e d  t w o  spec i e s  r e a c t i o n s  

t h e  information accumulated i n  t h e  l i t e r a t u r e  on one spec i e s  t u r b u l e n t  mixing. 

CONCLUSIONS 

The s t a t i s t i c a l  d e s c r i p t i o n  of  t h e  r e a c t i n g  f i e l d s  a t  t h e  conclusion 

o f  t h e  r e a c t i o n  dominated first s t a g e  a r e  e a s i l y  computed i n  terms o f  t h e  i n i -  

t i a l  d e s c r i p t i o n  o f  t h e  d i s t r i b u t i o n  of r e a c t a n t s .  For t h e  second, o r  d i f f u s i o n  

4 

c o n t r o l l e d  s t a g e  it h a s  been demonstrated f o r  ins tan taneous  r e a c t i o n s  i n  turbu-  
.r' 
= . l ence  t h a t  when D A =D B t h e  mean square  concent ra t ions  of spec i e s  A and B 

decay a t  a time s c a l e  e n t i r e l y  determined by t h e  t ime s c a l e  of t u rbu len t  mixing 

o f  a s i n g l e  s p e c i e s  whose i n i t i a l  s t a t i s t i c a l  d i s t r i b u t i o n  i s  t h e  same a s  

rA-TB. When t h e  two s p e c i e s  have nonequal molecular  d i f f u s i v i t i e s  a s o l u t i o n  



for  the mean square in t ens i t i e s  has been proposed which again re la tes  the t i m e  

scale of decay of each species t o  time scales en t i re ly  associated with turbulent 

mixing of a single species. 

For k ine t ic  reaction r a t e s  which are not very rapid,  no exact solu- - 
z t ion  appears t o  be possible. Closure approximation schemes w i l l  be necessary 

similar t o  those employed i n  the study of turbulence dynamics9 except tha t  one 

must c lear ly  be prepared t o  confront strongly non-Gaussian and highly skewed 

concentration probabili ty density functions. 
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