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On the  Decay of  a i ieaet ing Sc:.-.r:r f i z i ; .  

i n  Turbulencz 

P a r t  I1 Spectral.  Behavior a t  H i g h  Wave Nrfrnbers 

I n t r o d u c t i o n  

I n  p a r t  I of  t h i s  paper t he  d i r e c t  i n t e r a c t i o n  approxi-  

mation was invoked t o  ob ta in  a  determinate  s e t  of equat ions  

describing t h e  behavior of an i s o t r o p i c  s c a l a r  f i e l d  under two 

ci rcumstances .  E i t h e r  the  s c a l a r  is undergoing an isothermal  

first o r d e r  r e a c t i o n  o r  it is undergoing an isothermal  second 

order  r e a c t i o n ,  I t  is the  purpose of t h i s  p a r t  of the  paper t o  

i n v e s t i g a t e  t he  h igh  wave number r eg ions  of the  s c a l a r  spectrum 

and t o  do so we examine s t a t i o n a r y  s t a t e s  of both the  v e l o c i t y  

and s c a l a r  f i e l d s  i n  the  hope that under c e r t a i n  circumstances 

t h e  s t r u c t u r e  of t h e  high wave number reg ions  may d i f f e r  

i napprec i ab ly  f o r  s t a t i o n a r y  and f r e e l y  decaying f i e l d s .  From 

Kolmogorof f ( 2 )  and Kraichnan ( 3 )  one can expect  t h a t  a  very high 

Reynolds number would be one necessary  condi t ion  and i n  f a c t  

we w i l l  presume t h e  ex i s t ence  of an  i n e r t i a l  subrange and a 

d i s s i p a t i o n  range f o r  the  v e l o c i t y  f i e l d  and assume the  energy 

spectrum r e s u l t s  of Kraiehnan i n  t hese  high wave number ranges. 

The l o c a l n e s s  of energy s p e c t r a l  t r a n s f e r ,  which has been 

d e m o n ~ t r a t e d ' ~ ' ,  w i l l  a l s o  be appealed t o  i n  the  following.  

The a d d i t i o n  of r e a c t i o n ,  whether i t  be f i r s t  o r  second 

o r d e r ,  g j v e s  r i s e  t o  o t h e r  time s c a l e s  d i s t i n c t  from those  of 

d i f f u s i o n  and of convection,  For approximate s t a t i o n a r i t y  i n  

t he  h igh  wave number r eg ions  i t  is ev iden t  t h a t  these  s c a l e s  



w i l l  have  t o  be r e s t r i c t e d  i n  value,  To ex3mine t h i s  x c r e  

. .. c l o s e l y  s l a  t i o n , ? r i  t,y i s  zssan.:5 a n d  t ! ~ e  s:>L?sequeni q u a . :  ;<:as 

a r e  examined f o r  the  r o l e s  which r e a c t i o n  r a t e  playa. 

I n  p a r t i c u l a r  the asymptotic form of the response Eunc t ion  

w i l l  provide time sca le  information 

2. Sca lar  Response and Time Corre la t ion  Functions a t  H i g h  Wave 

Number 

I n  i t s  s t a t i o n a r y  form the d i r e c t  i n t e r a c t i o n  equation f o r  

the response func t ion  f o r  a 2nd order r eac t ion ,  which was de- 

r ived  i n  (I) appears a s  

[ a  4 K  
a t -  

For a  f i r s t  order r eac t ion  the l a s t  term on the r i g h t  hand 

s i d e  of (1.1) is nonexistant  and would be dropped from the 

last term on the l e f t  hand s ide .  

S t a t i o n a r i t y  a l s o  permits the  replacement of UCb, $) by 

and 5 ( P, $) a r e  t h e  s c a l a r  equiva lents  of the energy spectrum 



funet ior t  2nd the velocity f i e16  tine eorre!.zf.iosi I t ~ r r r " ; i c n s  

investigated by Icraichnan. 

Thus we have for the right hand side o f  (1.1.) 

Following Kraichnan we may, at high wave numbers, assume 

that the main contributions of E(b)and  are for (4 4 
which, since + I 4 4 = 0 , implies g (: - Also, since 

rr A h  

time correlations decrease with wave number, we may estimate 

the time integrals in the above expression by assuming 

With these approximations the time and space integrals become 

independent and the spatial ones are immediately integrable, 

We find that (1-1) becomes 
Q 



/ . . w h e r e  u, i s  the r o o t  mean squ;lre v e l c c i t y  in ~ ; : y  ~ > i - ~ ,  - - -  . J ~ 1 i 1  
I 

r s  t h e  r o o t  siean square concent ra t ion .  h e  s o l u t ~ o r :  of  (1.2; 

w i t h  t h e  i ~ i t i a l  cond i t i on  [a, 0 4 ) c  i s  

Equat ion (1-3) s h a r e s  the  advantages and disadvantages  of i t s  

ve l . oc i ty  f i e l d  analogue d i scussed  i n  ( 3 ) .  It i s  p e r t i n e n t  he re  
x - I  t o  n o t i c e  f o u r  time sca l e s :  v i scous  decay ( K& ) ; r e a c t i v e  

- \ - I  
decay ( Z L ~  ; s p e c c t a l  t r a n s f e r  by convection (&i r l)) 

O z 

s p e c t r a l  t r a n s f e r  by r e a c t i o n  ( 2 C & )- ' . For a f i r s t  o rder  

r e a c t i o n  t h e  second of the  above becomes j u s t  (LC)-'and the  

f o u r t h  time s c a l e  drops  a l t o g e t h e r .  

Thus i n  the  wave number range & )) ~.d, 
Lb 

f i r s t  and second o r d e r  r e a c t i o n s  have s i m i l a r  response f u n c t i o n s  

and perhaps  s i m i l a r  spectra l .  t r a n s f e r  behaviors. To a f f i rm  

the  l a t t e r  cons ider  t h e  time c o r r e l a t i o n  func t ion ,  I n  the  

s t a t i o n a r y  s t a t e  t h e  equa t ion  desc r ib ing  t h i s  f u n c t i o n  becomes, 

a f t e r  some a lgebra  s i m i l a r  t o  t h a t  i n  ( 3 ) ,  

I t  does n o t  appear p o s s i b l e  t o  c o n s t r u c t  a  s o l u t i o n  a s  was 

done f o r  t h e  v e l o c i t y  f i e l d  i n  t he  i n e r t i a l  subrange, We 

merely  remark t h a t  t he  t i m e  s c a l e s  a r e  those  which occur i n  

( 1 - 3 )  and t h a t ,  i n  p a r t i c u l a r ,  t h e  wave number range 



& 2) ,(is) (1.5) i s  indeed one i n  which the spe~i:i~ 

t r a n s f e r  duc t~ reac t ion  c a n  be ignored. 1: such  a condltioc 

holds i n  t h e  convection dominated s p e c t r a l  r eg iocs  the solu-  

t ion  of (1,4) obtained by Lee '') i n  the nonreactive case is  

p e r t i n e n t ,  

~ o r r s i n ' ~ )  has estimated a r e a c t i v e  time which depends 

on the  l o c a l  spectrum value so t h a t  the equivalent  condition 

f o r  neg lec t ing  r e a c t i v e  s p e c t r a l  t ranspor t  i s  f o r  h im 

The two  condi t ions  a r e  l i k e l y  t o  be a t  variance o n l y  f o r  

low Schmidt number flows i n  the i n e r t i a l - d i f f u s i v e  range. I n  

such cases  the e s s e n t i a l  loca lness  of cascading affirmed by 

Kolmogoroff and Kraichnan would seem t o  make the l a t t e r  a  

more reasonable measure, The p red ic t ion  by the Direct I n t e r -  

ac t ion  hypothesis of dependence of a regime of negligable 

r e z c t i v e  t ransporz on mean square p r o p e r t i e s  r a t h e r  than 

l o c a l  s p e c t r a l  content  i s  analogous t o  the r e t e n t i o n  of mean 

square v e l o c i t y  i n  the Direc t  I n t e r a c t i o n  p red ic t ion  of the 

turbulence spectrum i n  the i n e r t i a l  subrange. K r a  ichnan ( 6 )  

has concluded t h a t  the l a t t e r  i s  a  f e a t u r e  of h i s  approxima- 

t i o n  which is not  r e a l i s t i c  and he has proposed a  modification 

t o  c o r r e c t  t h i s  defec t .  



3 
J o Spec t z z l  ;;.r;lc L'j-oz -. --- 

1'; i s  confr?:?ienf t o  r e r f z i t e  t h e  s c a l ~ r  spcctr l~lq C: . ; . :Z~~.S; - , -  

f u n c t i o n  i n  a form i n  x h i c ' n  tile t ime v a r i a b l e s  a r e  s i i : ? t ~ f t a n ? ~ u s ,  

The consequences  of doing s o  i n  t h e  s t a t i o n a r y  case  i s  t h e  

equat ion: :  

and 

are  t i m e  s c a l e s  dominated by t h e  s h o r t e s t  of those  p r e s e n t e d  

a f t e r  (1.3) and p o s s i b l y  t h e  v o r t i c i t y  decay time (?ka)- '  a 

The p r o p e r t y  c h a r a c t e r i z i n g  t h e  r e a c t i o n  independent  

te rms on t h e  r i g h t  hand s5,:'e of (1,6) i s  t h a t  t h e i r  t o t a l  

c o n t r i b u t i o n  over  a l l  wave numbers i s  ze ro .  That  i s ,  t h e y  



have t h e  c l a s s i c a l  convective t r ~ n s f  e r  Eurictioll p r o p r ;  , ~ C < I  

hava no d i r e c t  c u ~ i ~ r i b u t l o n  -La xLe Cecay of t o t a l  sr-is: 

content ,  The same is  not t r u e  of the r eac t ive  term rrhict: i s  

always p o s i t i v e  s ince  each term i n  i t  i s  pos i t ive ,  

Thus i n  terms of the Direct  I n t e r a c t i o n  hypothesis 

second order  r eac t ions  w i l l  produce a pos i t ive  cont r ibut ion  t o  

the s p e c t r a l  t%nergys"rowth a t  a l l  wave numbers, The curious 

quadra t i c  occurrence of reac t ion  r a t e  which i s  evident i n  (1,6), 

and indeed i n  the o r i g i n a l  Direc t  In te rac t ion  equations,  

impl ies  t h a t  t t i s  p o s i t i v e  s p e c t r a l  contr ibut ion by second 

order  r e a c t i o n  i s  independent of the  sign of C and thus f o r  a 

negat ive r e a c t i o n  r a t e  ( increas ing  sca lar  content)  the 

f l u c t u a t i n g  f i e l d  a l s o  feeds  the spectrum. 

It does no t  necessa r i ly  f o l ~ o w  t h a t  the predic t ions  of 

the Di rec t  I n t e r a c t i o n  hypothesis a r e  unphysieal, I n  f a c t  

i f  one s t u d i e s  exac t  so lu t ions(7)  t o  the nonlinear problem of 

second order r e a c t i o n  w i t h  no convective or d i f fus ive  terms 

and w i t h  an i n i t i a l  s t a t i s t i c a l  s c a l a r  f i e l d  descr ip t ion  which 

i s  mul t iva r i a t e  Gaussian one f i n d s  t h a t  those terms which 

con t r ibu te  t o  the growth of the s c a l a r  spectrum, and which 

are  a l s o  independent of the mean f i e l d ,  a re  a l l  dependent on 

even powers of the  r eac t ion  r a t e ,  Likewise other  approxima- 

t ions,such a s  the cumulant d iscard  variety,which produce a 

closed s e t  of equations e x h i b i t  the same behavior under 

Gaussian assumption f o r  the i n i t i a l  f i e l d .  However i n  such 

cases  the mean f i e l d - f l u c t u a t i n g  f i e l d  i n t e r a c t i o n  i s  much 

more complicated i n  the ensuing equations than the d i r e c t  

i n t e r a c t i o n  p r e d i c t s  and it  w i l l  be a  pe r t inen t  matter to  



i n v e s t i g a  tr tile a p p l i c a b i l i t y  of t h e  d i r e c z  interac-2i-c.::. 

1iypotl.leais ts, t!~is n o ~ ~ c o n s e r v a  t i v e  f  ieic;, I11 i;he f sll:. i r ~ g  

we f i n d  t h a t  h i g h  wave number, s t a t i o n a r y  s p e c t r a l  p r e d i c -  

t i o n  based on t h i s  h y p o t h e s i s  a r e  p l a u s i b l e  and i n  q u a l i t a -  

t i v e  agreement  w i t h  o t h e r  e x i s t i n g  p r e d i c t i o n s ,  Numerical 

i n t e g r a t i o n  t h e n  w i l l  p robab ly  be t h e  only  f e a s i b l e  t e s t  of 

t h e  soundness of i t s  a p p l i c a t i o n  t o  n o n l i n e a r  r e a c t i o n ,  

S c a l a r  S p e c t r a l  Shape 

E q u a t i o n  (1.6) d e s c r i b e s  t h e  s c a l a r  s p e c t r a l  f u n c t i o n  be- 

h a v i o r  i n  a  s t a t i o n a r y ,  l o c a l l y  i s o t r o p i c  t u r b u l e n c e  provided 

t h a t  t h e  n e c e s s a r y  i n p u t  t o  e s t a b l i s h  s t a t i o n a r i t y  i s  excluded 

from t h e  h igh  wave number regime under i n v e s t i g a t i o n ,  I n  

r e a l i t y  we a s k  a t  l e a s t  t h a t  t h e  t i m e  s c a l e s  a s s o c i a t e d  w i t h  

decay of t h e  mean c o n c e n t r a t i o n  and w i t h  decay of t h e  low 

wave number r e g i o n  be ve ry  l o n g  compared t o  t h a t  of eddy decay 

i n  t h e  h i g h  wave number r e g i o n ,  Thus t o  t h e  w e l l  e s t a b l i s h e d  

r e q u i r e m e n t  f o r  an  i n e r t i a l  subrange i n  t h e  f l u i d  and an  

e q u i v a l e n t  c o n v e c t i v e  subrange f o r  t h e  s c a l a r  we must add t h e  

r e s t r i c t i o n  t h a t  t h e  r e a c t i o n  r a t e  be s u f f i c i e n t l y  low t h a t  

t h e  mean c o n c e n t r a t i o n  i s  e s s e n t i a l l y  c o n s t a n t  over  t h e  l i f e -  

t ime of a  high wave number eddy. 

For  example a n e c e s s a r y  c o n d i t i o n  would be 

f o r  a l l  i n  t h e  i n e r t i a l  subrange.  



l l ~ u s ,  i n  view of the  r e s u l t :  (1.5) t h a t  r eac tSvc  sr,.l;:r 

t r a n s p o r t  becomes n e g l i g i b l e  f o r  h i g h  enouch 1: and of t k -  

s t a t i s n a r i t y  r equ i rement  on r e a c t i o n  r a t e  mentioned above, i t  

w i l l  be assumed, e x c e p t  i n  t h e  f o l l o w i n g  pa ragraph ,  t h a t  

g t a t i o n a r i t y  e x i s t s  and t h a t  ( ) ) z % '  o r  i t s  l o c a l  
~ h '  

e q u i v a l e n t  &))L (u!))? m e  consequence of t h e s e  assump- 
E 

Lions i s  t h a t  f i r s t  and second o r d e r  r e a c t i o n s  have t h e  same 

s p e c t r a l  s h a p e s  and d i f f e r  o n l y  i n  t h e  e f f e c t i v e  r e a c t i o n  r a t e ,  

I n  t h e  e v e n t  t h a t  t h e  r a t e  of r e a c t i o n  dominates both 

t h e  t o t a l  decay  r a t e  and s p e c t r a l  t r a n s p o r t  i n  t h e  high wave 

, number r e g i o n  p reeeed ing  v i s c o u s  d i s s i p a t i o n ,  and i f  one could 

a r r a n g e  a  s t a t i o n a r y  s i t u a t i o n  f o r  t h e  s c a l a r  f i e l d  under  such 

c i r c u m s t a n c e s ,  t h e  a p p r o p r i a t e ,  i f  r a t h e r  academic, form of 

spect rum f u n c t i o n  e q u a t i o n  would be from (1.6) 

S i n c e  d imensional  a n a l y s i s  shows a s p e c t r a l  

f u n c t i o n  which behaves a s  k"'. 

U n f o r t u n a t e l y  t h e r e  a p p e a r s  t o  be no simple way t o  a n a l y s e  

(1.6) f o r  t h e  more i n t e r e s t i n g  s i t u a t i o n  i n  which r e a c t i v e  an6 

c o n v e c t i v e  s p e c t r a l  t r a n s p o r t  a r e  comparable but  w i t h  t h e  r e -  

s t r i c t i o n s  mentioned e a r l i e r ,  which e f f e c t i v e l y  remove the  

r e a c t i v e  t r a n s p o r t ,  some p r o g r e s s  i s  p o s s i b l e  under t h e  broad 

assumption of l o c a l n e s s  of t r a n s p o r t .  T h i s  l o c a l n e s s  has 
( 3  a l r e a d y  been examined f o r  t h e  v e l o c i t y  f i e l d  and i n  view of 



t h e  c l o s e  s i m i l a r i t y  between t h e  d i r e c t  i n t e r a c t i o n  eci ; r  ; l on 

of s c a l a r  t r a n s p o r t  and those  of t u r b u l e n c e  i t  appe:irs t o  be 

a n a t u r a l  assumpt ion  here, We a sk  w h a t  Binds  of s p e c t r a  does  

t h e  d i r e c t  i n t e r a c t i o n  h y p o t h e s i s  p r e d i c t  g i v e n  such extended 

r a n g e s  of  wave number t h a t  l o c a l  s p e c t r a z  p r o p e r t i e s  dominate 

t h e  l o c a l  s p e c t r a l  behavior .  

I n e r t i a l  h n g e  - 
ii; t h e  i n e r t i a l  subrange Kraichnan h a s  ob ta ined  from t h e  

J. -3< 
d i r e c t  i n t e r a c t i o n  approximat ion  t h e  form 5 (4) = A (6 u') ' /: 
where A i s  a numer ica l  f a c t o r  and € i s  the  r a t e  of ene rgy  decay, 

A s  p r e v i o u s l y  ment ioned,  l a t e r  work has  a p p a r e n t l y  convinced 

him t h a t  t h i s  c o n c l u s i o n  i s  on ly  q u a l i t a t i v e l y  c o r r e c t  b u t  f o r  

c o n s i s t e n c y  t h e  above r e s u l t  w i l l  be r e t a i n e d  he re  w i t h  t h e  

e x p e c t a t i o n  a l s o  t h a t  o n l y  q n a l i t a  t i v e  agreement w i t h  r e a l i t y  

can be e x p e c t e d  s i n c e  t h e  same k i n d s  of complex t r i a d  i n t e r -  

a c t i o n s  de te rmine  t h e  s c a l a r  spectrum a s  de te rmine  t h e  energy  

spect rum,  

The s c a l a r  t r a n s p o r t  power f u n c t i o n  ) can be 

d e f i n e d  by 

3 ( 4 )  r e p r e s e n t s  t h e  mean s c a l a r  q u a n t i t y  i n p u t  t o  a l l  modes 

of wave number h i g h e r  than  k from a l l  modes lower than k and 

i t  e v i d e n t l y  has, by t h e  assumpt ion  of l o c a l n e s s ,  t h e  d imens iona l  

form 



where t h e  dominant c o n t r i b u t i o n  t o  6 would  normal ly  be  

e o n v e e t i v e .  ~ h u s  Q -c ( k 'R) - '  , 

Equa t ion  (1.5) becomes 

which s u g g e s t s ,  i f  v ( 4 )  is  determined e s s e n t i a l  by l o c a l  

s p e c t r a l  v a l u e s ,  t h a t  

where 4 i s  a c o n s t a n t  of o r d e r  un i ty .  Consequently,  it 

f o l l o w s  

The non-power-law r e s u l t  (2.2) would seem t o  i n v a l i d a t e  

t h e  above argument. Indeed i t  i s  e v i d e n t  t h a t  (2,2) can n o t  

s a t i s f y  (2.1) s i n c e  on i n t e g r a t i o n  over wave number t r i a d s  

r e a c t i o n  r a t e  and  d i f f u s i v i t y  w i l l  appear  i n  t h e  denominator ,  

However an  expansion of t h e  e x p o n e n t i a l  i n  a  power s e r i e s  re- 

v e a l s  t h a t  af l e a s t  t h e  f i r s t  few terms do s a t i s f y  t h e  o r i g i n a l  

i n t e g r a l  e q u a t i o n  (2.1). For k s u f f i c i e n t l y  smal l  t h a t  t h e  

i n d e x  of t h e  e x p o n e n t i a l  i s  e s s e n t i a l l y  z e r o  t h e  r e s u l t  is t h a t  

of p u r e  mixing a l r e a d y  d e s c r i b e d  by ~ e e ' ~ ) .  Thus i t  a p p e a r s  



t h a t  (2.2) i s  a v a l i d  s o l u t i o n  i n  t h e  s p e c t r a l  r e g i o n  fj:-rm ;;-s::2.+ 

misiilg t o  t h a t  i n  w t ~ l e h  t h e  inclex of t h e  e x p o n e n t i a l  i s  so~c;.;!ssi. 

l e s s  t h a n  u n i t y ,  provided s u c h  a  r e g i o n  i s  e x t e n s i v e  enough, 
(5 > 

I n  t h e  i n e r t i a l - d i f f u s i v e - r e a c t i v e  range ,  C o r r s i n  by 

a d a p t i n g  and g e n e r a l i z i n g  O n s a g e r v s  s p e c t r a l  t r a n s p o r t  a n a l y s i s ,  

has  o b t a i n e d  t h e  f o l l o w i n g  r e s u l t  f o r  f i r s t  o r d e r  i so the rmal  

r e a c t i o n s  which should be compared t o  (2.2) above 

where C, i s  a f i r s t  o r d e r  r e a c t i o n  r a t e .  

The s i m i l a r i t y  a s  f a r  a s  depenCence on k ,  6, K and r e a c t i o n  

r a t e  a r e  concerned 9s s t r i k i n g  and if  one can  i n t e r p r e t  (2.2) 

and (2.3) a s  a t  l e a s t  p r e d i c t i n g  t h e  s p e c t r a l  t r e n d  n e a r  t h e  

wave numbers where r e a c t i o n  o r  d i f f u s i o n  become s i g n i f i e a n k  

such t r e n d s  a r e  q u a l i t a t i v e l y  s i m i l a r .  The appearance of r , m , s ,  

v e l o c i t y  i n  (2-2)  d e r i v e s  from i t s  appearance i n  t h e  i n e r t i a l  

subrange spect rum p r e d i c t e d  by t h e  d i r e c t  i n t e r a c t i o n  hypo thes i s ,  

a  f e a t u r e  w h i c h  i s  p robab ly  n o t  c o r r e c t  i n  t h e  v e l o c i t y  spectrum 
( 6 )  

and t h e r e f o r e  u n l i k e l y  t o  be a  r e a l  e f f e c t  f o r  t h e  s c a l a r  spectrum. 

A t  v e r y  s m a l l  Schmidt numbers i t  i s  p o s s i b l e  t h a t  t h e r e  

could  e x i s t  a  subrange i n  which 0 i s  dominated by t h e  time 

s c a l e  (K 4') ' I  and a  d imens iona l  argument a s  be fo re  would 

l e a d  t o  



Xe-  e x h i b l  t s  ;, c i . r : s i r : ~ r ; ~ l ; l e  l e s s  steep slope t h a n  f u r  pLrrc ~ 2 : ~  = 

ing i n  the i n e r t i a l  subrange b u t  such a sxttration is p.r-esnc?::,i; 

only obtainable ,  i f  a t  a l l ,  with l i q u i d  metals a t  very h i g h  

Reynolds numbers, 

Viscous Ran= 

For turbul ,eu~@e of serf f 5 c i e n t l y  h i g h  Reynolds number 
( .? ) Icra ichnau h a s  demonstrated t h a t  t h e  ve loc i ty  spectrum f une- 

t i o n  ~ ( q )  i n  the wave number region where v i s c o t ~ s  decay  is 

a d i r e c t  e f f e c t ,  b a s  the form 

where d i s  some numerical f a c t o r  and Ar i s  t h e  wave 

number marking t h e  beginning of the v i s c o s i t y  dominated region 

of t h e  spectrum. 

The pe r t inen t  sca lar  spectrum funct ion  equa t i on ,  f rom 

(1-5) i a  

J 

which, i n  view of t h e  exponential n a t u r e  of E ( k )  , imme- 

d i a t e l y  suggests t h e  following form f o r  ED ( k )  ; 

For t h e  ease of Schmidt number of order 1, since reac t ion  



r a t e  e f f e c t s  have a l r e a d y  been d i s c a r d e i  1. s p e c t r a l  t .- ; ; C e r  

i t  is  c o n s i s t e n t  t o  l i m i t  i t s  va lue  on t h e  ~ c f t  hand SL t o  

be strch t h a t  d i s s i p a t i o n  dominates t h e r e .  Except f o r  t h e  

p o s s i b i l i t y  of r a p i d  r e a c t i o n ,  h igh  mean and very small  f l u c t u a -  

t i o n s  a t  h i g h  Reynolds numbers such a l i m i t a t i o n  appears  t o  be 

v a l i d .  

Then we have 

Following Kraichnan we no te  t h a t  (2 .4 )  and (2.6) r e s t r i c t  

c o n t r i b u t i n g  t r i a d s  t o  t h o s e  t h a t  form very  f l a t  t r i a n g l e s  

with ir and i n  p a r t i c u l a r  t h e  exponen t i a l  d rop  o f f  f o r  a>) Ra 

pa ( 4 )  ~ p ( f ,  ) f o r  almost  a l l  & Thus i t  fo l lows  

f o r  which t h e  asympto t i c  s o l u t i o n  e x i s t s  

For  Schmidt numbers d i f f e r e n t  from u n i t y  t h e  s o l u t i o n  of 

(2.5) a p p e a r s  t o  be v a s t l y  compl ica ted .  One s u s p e c t s  t h a t  f o r  

and f o r  & )) equa t ion  (2.7) may be 

a s y m p t o t i c a l l y  v a l i d .  k K  is t h e  wave number a t  which scalar  
(8) 

d i f f u a i v i t y  becomes e f f e c t i v e  in  removing s c a l a r  c o n t e n t  



The g e n e r a l  f ~ r m  of (2.5) sugges t s  t h a t  even i f  ;! .:(:tion 

r a t e  i s  e f f e c t i v e  a s  a  l o s s  mechanism a t  h i g h  wave n i z m k ~ ~ r ,  

t h a t  is if CZ, ) ~ K R ~  , an exponent ia l  type of asymptoric 

s o l u t i o n  i s  i n e v i t a b l e  i f  h a s  the  exponent ia l ly  decay- 

ing  asymptote p r e d i c t e d  by d i r e c t  i n t e r a c t i o n ,  Thus the  ex i s t ence  

of mean square  d e r i v a t i v e s  of a l l  o rders  of the  s c a l a r  f i e l d  

appears  t o  be  guaranteed by t h i s  hypothesis  no mat te r  what t h e  

p a r t i c u l a r  combination of parameters i s  i n  a  given flow. 

Conclusion: 

The s c a l a r  f i e l d  behavior a t  high Reynolds numbers which 

has been examined, admi t ted ly  non-rigorously,  i n  the  fo re -  

going i n d i c a t e s  a  gene ra l  q u a l i t a t i v e  agreement of the conse- 

quences of d i r e c t  i n t e r a c t i o n  w i t h  f e a t u r e s  known or p red i c t ed  

by o t h e r  proeeedures.  For the  reasons  developed i n  t he  pre-  

v ious  s e c t i o n s  t h e  r o l e  of r e a c t i o n s ,  f i r s t  o r  second order ,  

is n o t  a s  s i g n i f i c a n t  a t  t he  high wave number regimes t o  which 

we a r e  n e c e s s a r i l y  r e s t r i c t e d  here  a s  i t  must be f o r  the  

s c a l a r  energy conta in ing  region and a more d i sc r imina t ing  

i n v e s t i g a t i o n  of t he  d i f f e r e n c e s  between no r eac t ion ,  f i r s t  

o rde r  r e a c t i o n  and second order  r eac t ion  must depend on 

numerical  c a l c u l a t i o n s  i n  t h a t  region.  S imi l a r ly  i t  i s  i n  t h i s  

r eg ion  of t h e  spectrum t h a t  the  a c c e p t a b i l i t y  of the d i r e c t  

i n t e r a c t i o n  hypothes i s  i t s e l f  must be t e s t ed .  For example t h e  

guaran tees  of e n e r g e t i c  cons i s tency  provided by KraichnanTs 

model equa t ion  f o r  the  v e l o c i t y  f i e l d  and f o r  the s c a l a r  mix- 

i ng  problem have n o t  been extended t o  the  nonl inear  r e a c t i v e  

case.  I n  view of t he  complicated s c a l a r  ??energytT decay an,j 



growth processes  which reac t ion  has  been shown t o  produce 

reg ions  of negat ive  s p e c t r a l  energy may be the consequence f o r  

c e r t a i n  choices  of turbulence l e v e l ,  mean concentration and 

i n i t i a l  s p e c t r a l  "energyiT d i s t r i b u t i o n .  P a r t  I11 of t h i s  paper 

w i l l  be  concerned with the dynamics of decay i n  the low wave 

number regimes a s  obtained by numerical in t eg ra t ion  of the . 

s c a l a r  d i r e c t  i n t e r a c t i o n  equation. 

Note Added i n  Proof 

I t  i s  poss ib le  t o  prove r e a l i z a b i l i t y  of the r eac t ing  

s c a l a r  f i e l d  by a  model system very s imi lar  t o  the one devised 

by ~ra ichnan( ' )  f o r  shear  and thermally dr iven turbulence. 

Although the  model allows volume-integrated exchange of 

r e a c t a n t  among ind iv idua l  systems the average such exchange 

among the systems vanishes. I n  t h i s  sense it is  analogous 

t o  energy and ent ropy i n  the above mentioned paper, 
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