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In recent  y e a r s ,  a cuns idc rab l e  i n t e r e s t  h a s  developed 

i n  t h e  problems of f l o w  and h e a t  t r a n s f e r  i n  cg.nnu:i, b s t h  

concentric. and eccen t r i c .  In 3 d d i . t i ~ z 1  t o  i t s  i n l ~ e r e n t  u s e f u l -  

ncss as a f1ol.a g;eometry, f l o w  i n  a n  annulus h a s  proved u s e f u l  

z s  a ~nclde l  fo.r l o n g f t u C i n a 1  fl?o~.~r i n  a tuxbe b u n d l e  ( S ) ,  The 

i n t e r e s t  i n  the e c c e n t r i c  a n n u l u s  a r i s e s  bccn~lu.se of' $\be prob- 

lem of t u b e  misalignment whicl- ,  f ' r l l~qeaently csceurs i n  a c l o s c ~ - ~ ~  

pc?c?;ed tube rLa r  h e a t  c::zl?iclng~r, A cons1Cerabl.e arnounl of  w0~1. i  

~ E S  been. doze o;: -sb? problem r~f  t u r b u l e n t  f l o w  i~ an  ec :een t r ic  

annul~1.s  (,4.), bu.t ,to t h e  aerlllor "a I:no~j?-~dgc r,ra r e s u l t s  have 

been repor ted  fox: t h e  l a m i n a r  fj-07;; f r i c t i i o  fffactors i n  a n  

eccentric ax:nulus, The p resen t  i n v z s l i g a t i o n  a t t e m p t s  t o  fill 

t h i s  gap i n  o u r  knowledge of a n n u l u s  f l o w s .  

I n  a r ecen t  paper (l), t h e  s en io r  a u t h o r  eons ieered  t h e  

probXem of s l u g  f l o ~ > i  h e a t  t r a n s f e r  i n  en e c c e n t r i c  a n n u l u s .  

The governing equa t ion  for b a t h  s l u g  f l o ~ v  h e a t  t r a n s f e r  and 

f u l l y  deveSaped laminar f l o w  i n  a n  eccen t r i c  annulus i s  

P o i s s o n "  equa t ion  w i t h  a c o n s t a n t  non homogeneous term. Thus 

t h e  go,verning eqezat ion for t h e  present investigation i s  t h e  

same a s  t i la .& employed ixl re ference  (11 w i t h  c i i f ferent  boundary  

conc?lltions. Th.e b a s i c  nrati~eniaticaaZ tccl?niqae applicable t o  

b o t h  p rob lems  is . t he  b ipo l ; s  t ra r? , s for rna t ion  v ~ l l i e h  maps t h e  con- 

c e n t r i c  ennufers cross section i.11 t h e  p l ~ y s i c a l  plane into a 

rcetang1.e in tile comple;: p l ane ,  

An a n a l y s i s  of t i l e  l a m i n a r  f i o tv  problem by Reyda (2 )  was 

rec :en t ly  calltea t o  t h e  a u t h o r  % s z t - t e n t i ~ n ~  I - leyda8s  main i n t e r e s t  



was i n  e s t a b l i s h i n g  the l o c u s  of maximum v e l o c i t y  f o r  f u l l y  

developed laminar  f l ow i n  an e c c e n t r i c  annulus. The assump- 

t i o n  was t hen  made t h a t  t h e  f o c u s  of maximum v e l o c i t y  would be 

the same f o r  hoth  laminar and t u r b u l e n t  f low,  an assumption 

w h i c h  has  been r e c e n t l y  v e r i f l e d  over a l i m i t e d  range of r a d i u s  

r a t i o s  by Wolffe and Clump ( 3 ) "  The express ion  fox the  shear  

s t r e s s  w a s  n e t  ob ta ined  by Heyda and no numerical r e s u l t s  were 

p re sen ted ,  

I n  the  p r e s e n t  a n a l y s i s ,  a s o l u t i o n  i s  obtained f o r  t h e  

f u l l y  developed laminar Plow v e l o c i t y  d i s t r i b u t i o n  i n  an 

e c c e n t r i c  annulus ,  From , tk%s  s o l u t i o n ,  express ions  a r e  obta ined 

f o r  the  v a r i a t i o n  of l o c a l  shear  s t r e s s  around t h e  inner and 

o u t e r  su r f aces  of t h e  annulus,  F r i c t i o n  f a c t o r s  a r e  def ined 

f o r  each s u r f a c e  a s  we l l  a s  a t o t a l  f r i c t i o n  f a c t o r  based  on 

t h e  t o t a l  shear  a t  b o t h  s u r f a c e s ,  Numerical r e s u l t s  a r e  

p re sen ted  cover ing  a range of e c c e n t r i c i t i e s  and r a d i u s  r a t i o s ,  

The Ana lys i s  

The geometry considered i n  the p r e s e n t  a n a l y s i s  is shown 

in Figure  I, The equa t ion  of motion f o r  f u l l y  developed 

laminar  f low may be w r i t t e n  a s  

where the  p r e s s u r e  g r a d i e n t  is  c o n s t a n t  because of the  assump- 

t i o n  of f u l l y  developed flow, The v i s c o s i t y  z ~ i . 1 1  be assumed 

cons t an t .  The boundary c o n d i t i o n s  a r e  the  non s l i p  cond i t i ons  



expressed by u = O  a t  the inner and outer  surfaces,  

Because of the asymmetry of t h e  geometry, cy l indr i ca l  

coordinates  cannot be used, and bipolar  coordinates ( 6 )  must 

be used, Equation (1) is transformed t o  the bipolar  coordi- 

n a t e  system and a so lu t ion  obtained i n  t h i s  system, The de- 

tails of the  transformation and s o l u t i o n  technique a re  s i m i l a r  

t o  those employed i n  reference (1) and i n  a paper by El-Saden 

(7) i n  which  t h e  problem of heat conduction i n  an e c c e n t r i c a l l y  

hollow cyl inder  was solved. The b ipolar  coordinates ( ?( , 5 ) 

a r e  defined by t h e  transformation 

where C i s  a constant  and = \j- .. Equat ing  r e a l  and 

imaginary p a r t s  of Bquation (2) g ives  r e l a t i o n s  between the 

phys ica l  and b ipolar  coordinates i n  t h e  form 



Equation ( 3 e )  shovvs t h a t  lines of constant 17 represent 

circles in the physical plane with center at ( G c d h q ,  0 1 
t 

and radius ~ \ ~ h  The inner and outer surfaces of the 

annulus a r e  thus represented by lines of constant which 

will be designated as d and ($ respectively. With this 

notation, it may be shown from geometrical considerations that 

the constants C , & , and ($ are given by the expressions 

where 

Transforming Bquation (I) into bipolar coordinates gives 

where 



-5- 

i s  t h e  d imensionless  ve loc i ty .  The genera l  s o l u t i o n  t o  

Equat ion ( 5 a )  i s  given i n  r e f e rence  (7). Applying the  bound- 

a r y  cond i t i ons  M( T = & ) = o - - p r ( ~ = ~ \  g i v e s t h e  
p a r t i c u l . a r  s o l u t i o n  i n  t h e  form 

For a given geometry, and ($ , definecl by Equations ( 4 d )  

and (4e)  would be s p e c i f i e d ,  T h e s e  va lues  then  determine oC 
\ 

and @ , given  by Equations (4b) and (4c) r e spec t ive ly .  With 

d. and Q determined,  the  cons t an t s  appear ing i n  Equation 

( 6 a ) ,  def ined  by Equations (6b)-(6e)  a r e  then f i x e d ,  

Local  Wall Shear  S t r e s s  

The l o c a l  w a l l  s t r e s s  may be determined by e v a l u a t i n g  the  

v e l o c i t y  g r a d i e n t  a t  the wall. Thus 



where r i s  the r a d i a l  coordinate  measured from t h e  center  of 

t h e  su r face  on which T W k \ \  i s  being calcula ted ,  The a lge-  

b ra ic  s i g n  i s  chosen t o  make TWL,\ a p o s i t i v e  quant i ty .  

%) )O o n t h e i n n e r w a l l a n d  ) 40 on Since 9 ~ ~ & \ \  
w A \ \  

the outer  wal l ,  choosing the p l u s  s i g n  f o r  t h e  inner  w a l l  and 

the minus s i g n  f o r  the outer  w a l l  ' c v i l l  give p o s i t i v e  values 

f o r  Tub\\ i n  both cases. 

The v e l o c i t y  gradient  i n  the r -d i rec t ion  mus t  be expressed 

i n  terms of the ( 3 , ?( 1 b i p o l a r  coordinates.  This transforrna- 

t i o n  involves a s t ra ight forward  app l i ca t ion  of the chain r u l e  

of p a r t i a l  d i f f e r e n t i a t i o n .  Tlie d e t a i l s  a r e  presented i n  t h e  

Appendix and the f i n a l  r e s u l t s  nay be w r i t t e n  a s  

where 8 and 5 a re  r e l a t e d  along t h e  w a l l s  by  t h e  expressions 



The average values of t h e  w a l l  shear  s t r e s s e s  are  given 

where t h e  i n t e g r a t i o n  i s  performed o n l y  over the  range 0 5 8 L T T  

because o f  symmetry about t h e  x-axis. From Equations ( 8 a ) -  

(lob), values of T, IT, and 7; / T ~  may be ca lcula ted  which 

g i v e  t h e  v a r i a t i o n  of l o c a l  shear  s t r e s s  around the walls i n  

dimensionless form. 

Inner  and Outer Wall F r i c t i o n  Factors  

A f r i c t i o n  f a c t o r  may be defined r e l a t i v e  t o  both t h e  

inne r  w a l l  and outer  w a l l  average shear s t r e s s e s  by t h e  r e l a t i o n s  ' 

- 
f,= 1; 

y.ck 
X 

where i s  the mean ve loc i ty  def ined a s  

The d i f f e r e n t i a l  element of area a = A x  A y may be 

shown (1) t o  be r e l a t e d  t o  the ( 5 , ) coordinates  through 



t h e  express ion 

Equation (12) may t h e n  be r e w r i t t e n  a s  

w h e r e  

The overall f o r c e  balance equation f o r  the annulus may 

be wri"ceen as 

- 
f, "I, - ae 
- = )= -(P;-T;), 2 + t, T, 

Combining Equations ( l l a ) ,  (llb), (14a), (15b), (15c) and 

introducing t h e  Reynolds number defined as 



Total Friction 'Factor 

In reference (8), t h e  average f r i c t i o n  factor f o r  t h e  

concent r ic  annulus  i s  defined a s  

This same definition will be used f o r  the average friction 

factor f o r  t h e  e c c e n t r i c  annulus,  The p ressu re  g r a d i e n t  may 

be r e l a t e d  t o  and b y  an overall force balance 

Combining Equations (18) and (19b) gives 



where 

Using the  values of S ,Re and F Re calculated from 

Equations (17a) and (17b) i n  Equation (20a) determines the 

average f r i c t i o n  factor-Reynolds number product. 

PJumerical Resul t s  

Numerical r e s u l t s  f o r  a range of rad ius  r a t i o s  and 

e c c e n t r i c i t i e s  i s  shown i n  Figures  2 through 8. The d i s t r i -  

but ion of l o c a l  shear s t r e s s  on t h e  inner and o ~ t e r  surfaces 

i s  shown i n  Figures  2 through 5. The data a r e  presented with 

the r a t i o  of l o c a l  t o  average wa l l  s t r e s s  p l o t t e d  agains t  

angular  p o s i t i o n  w i t h  e c c e n t r i c i t y  a s  parameter. A s  one would 

expect ,  the  wall. s t r e s s  i s  l a r g e s t  i n  the region of smallest  

s e p a r a t i o n  between the s u r f a c e s ,  corresponding t o  e z  0 

It is i n t e r e s t i n g  t o  no te  t h a t  t h e  l o c a l  wal l  s t r e s s  may vary 

by a s  much a s  a  f a c t o r  of 20 over the range of e c c e n t r i c i t i e s  

and rad ius  r a t i o s  considered. 

The f r i c t i o n  f a c t o r s  f o r  the  inner  and outer  su r faces ,  

def ined  by Equations (17a) and ( l a b )  a re  shown i n  Figures 6 

and 7 f o r  two rad ius  r a t i o s .  The f r i c t i o n  f a c t o r  f o r  the outer  

w a l l  i s  l e s s  than the correspondsng q u a n t i t y  f o r  the inner 

w a l l ,  the  d i f f e rence  between the  two q u a n t i t i e s  decreasing 

w i t h  increas ing  e c c e n t r i c i t y .  Also the d i f fe rence  between 

inner  and outer  w a l l  f r i c t i o n  f a c t o r s  appears t o  decrease a s  



t h e  r a t i o  of i n n e r  tube diameter t o  ou te r  t u b e  diameter 

i nc reases .  This t r end  appears t o  be  va l id  f o r  a l l  va lues  of 

e c c e n t r i c i t y .  

The f i n a l  d a t a  t o  be p re sen ted ,  shown i n  F i g u r e  8 ,  g ive  

the v a r i a t i o n  of t o t a l  f r i c t i o n  f a c t o r ,  def ined by Equation 

(l8), wi th  e c c e n t r i c i t y  f o r  f i x e d  r a d i u s  r a t i o ,  TWO va lues  

of r a d i u s  r a t i o ,  namely and 8-  5 /  6 , a r e  

shown, A s  seen  i n  Figure  8 ,  t h e  t o t a l  f r i c t i o n  f a c t o r  is  

on ly  s l i g h t l y  s e n s i t i v e  t o  r a d i u s  r a t i o  over the range covered 

but  changes s i g n i f i c a n t l y  w i t h  e c c e n t r i c i t y ,  There is  a 

change by a  f a c t o r  of approximately 2 over the range of eccen- 

t r i c i t y  from 0.1 t o  0.9. 



Appendix 

Der iva t ion  of Wall Shear  S t r e s s  Expression 

The express ion  f o r  the  focal. wa l l  shea r  s t r e s s  i s  

where f i s  the  r a d i a l  coordinate  measured from the  center  

of the  c i r c l e  on which ?a%\\ i s  being calculated.  The 

v e l o c i t y  g r a d i e n t  a t  t h e  w a l l  can be evaluated from the chain 

rule a s  

where 

J u  
Il-L Expressing 3X)"h and 

- 
( 3 , ?) ) coordina tes  g ives  

in terms of the 

S ince  U.= 0 a t  t h e  wall and s i n c e  the wall s u r f  aces corres-  



pond t o  l i n e s  o f ?  = cons tant ,  we have h, = O a t  the 
3 %  , 

\ 
w a l l .  Wi th  t h i s  s i m p l i f i c a t i o n ,  Bquation (A-3)  becomes 

From Equation (3c) ,  we may w r i t e  

Combining Equations ( A - 4 ) ,  ( A - 5 ) ,  ( A - 6 )  gives 

A r e l a t i o n  between < and 0 along the wal l  sur faces  i s  

requi red  and may be obtained by considering t h e  geometry 

shown i n  Pigure 1. If 3 is  the x-coordinate of the center  

of t h e  c i r c l e  involved, we may w r i t e  

S u b s t i t u t i n g  for x and y from Equations (3a) and ( 3 b )  i n t o  

Equation (A-8)  and using the  r e l a t i o n s  S 2 S ,= C ~ 0 t h  $ 

and S = S = C c o t h  f o r  the inner  and outer  c i r c l e s  

r e s p e c t i v e l y  g ives  



Using the  p l u s  s ign  f o r  t h e  i n n e r  wal l  and the  minus 

s ign f o r  the  outer w a l l  i n  Bquation (A-1) g jves  

where B and 3 a long  the  walls are r e l a t e d  through 

Equations (A-9) and (A-10). The average shear  on each wal l  

5 s  given by 

where t h e  i n t e g r a t i o n  i s  perf  otmed over the  range O 5 9 L T T  

because of  symmetry about the  x-axis. From Equations (A-11)- 

(A-141, va lues  of t h e  r a t i o  of local t o  average shea r  s t ress  



on each w a l l ,  namely T, I?;, and T ~ / T ~  , may be ca lcu-  

l a t e d ,  
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Notat ion 

An, B,, E,  D - cons tants  defined by Equations ( 6 )  

c  - cons tant  def ined by Equation (4a) 

e - e c c e n t r i c i t y  = (r2-r1) 

fl, f2, f - f r i c t i o n  f a c t o r s  defined by Equations (11)  and (18) 

I - i n t e g r a l  defined b y  Equation (14b) 

P - pressure  

r r - inner  and ou te r  r a d i i  r e s p e c t i v e l y  
1? 2 

Re - Reynolds number defined by Equation (16)  

u - v e l o c i t y  - 
u - average v e l o c i t y  

v - dimensionless v e l o c i t y  def ined by  Equation (5b) 

x, y, z - space coordinates  def ined i n  Figure I. 

a,  fl - cons tan t s  def ined by  Equations ( 4 6 )  and ( 4 c )  

rl y - r ad ius  r a t i o  f - 
"2 

q, 5 - b i p o l a r  coordinates  def ined by Equations (3c) and (3d)  

e  
cq - e c c e n t r i c i t y  r a t i o  = 

r2-r1 

TI, T2 - i n n e r  and ou te r  wall l o c a l  shea r  s t r e s s e s  

- 
71, F2 - i n n e r  and ou te r  w a l l  average s h e a r  s t r e s s e s  

- v i s c o s i t y  



Figure  Captions 

F igu re  1 

F igu re  2 

F igure  3 

Figure  4 

Figure  5 

F igu re  6 

Figure  7 

F i g u r e  8 

B c c e n t r i c  annulus gcorne t r y  

Loca l  shear  s t r e s s  on i nne r  wal l  f o r  y = 5/6 

Loca l  shear  s t r e s s  on ou te r  wal l  f o r  y = 5/6 

1 Local  shear  s t r e s s  on inner wa l l  f o r  y = 

Local  shea r  s t r e s s  on ou te r  w a l l  f o r  y = 

I n n e r  and ou te r  w z l l  f r i c t i o n  f a c t o r s  f o r  y = 5 /6  

I Inner and ou te r  w a l l  f r i c t i o n  f a c t o r s  f o r  y = s 

T o t a l  f r i c t i o n  f a c t o r  f o r  y = 516 and y = % 


