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~ b s t r i c t .  The problem of minimizing t h e  number of new non-zero 

elements c rea ted  during t5e  forward course (no new elements a re  created i n  

the  back s u b s t i t u t i o n )  of' t h e  Gaussian Elimination f o r  t h e  solut ion of 

sparse  equations i s  diacu-ssed. A p ivo t  choice t h a t  l e a d s  t o  t h e  mini13m. 

n=iber of new non-zero elements under a convexity assumption i s  given. Some 

other methods f o r  t h e  determination of near optimum p i v o t  choices a re  a l so  

described.  

1. Int roduct ion.  Let  us consider t h e  s o l u t i o n  of the  system of 

simv.ltaneous l i n e a r  equations. 

where A is a non-singular matrix of order n, x and b a r e  n element colwnn ': I I 

vectors .  An exce l l en t  in t roduct ion t o  the  va r ious  methods of solving (1.1) 
/ j 
I. I 

i s  gi'ven i n  [l]. For a more de ta i l ed  t r e a t ~ e n t  t h e  reader  i s  r e f e r r e d  t o  : 1 - .  

s ] The case of i l l - cond i t ioned  systems o f  the  type (1.1) i s  discussed i n  

[3]. If t h e  system (1.1) possesses any number of t h e  following proper t ies :  

A i s  rec tangular ,  rank o f  A l e s s  than n, the  r i g l i t  hanj s i d e  b does not  l i e  

i n  the  e o l m n  space ( the  range %(A)) of A; then [4] can be used, e * g o ,  if 

t h e  general ized l e a s t  square so lu t ion  of ( 1  . l )  i s  des i red .  

I n  t h i s  paper w e  w i l l  assume t h a t  A i s  .sparse and non-singular 
. . 

and s o 3 e  - s o r t  - .  . o f  rowrcolnmn scal ing h a s a l r e a d y  been done i n  (1.1). A 
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simp@ m e t ! ~ ~ d  for- scalj.!ig i s  gi.?.en i n  1 pp. 37-46]. 1 . 7 ~ ~ ~ ~  
hut 

. . . . 

c mIllica-b.3d, netJit-ds .?I::: gj .~; '~: : i  i n  [5,6,7 1. IJe w i l l  discuss tho G~~~,:~~ 
I 

I E l i m i n a t i o i l  (GE) f o r  t h e  s o l u t i o n  of (1.1) because it i s n o t  only ~ i m p l . ~  

to implement oil a c o x ~ ~ . t e r  b u t  a.lso g ives  f a i r l y  good resu l t s  for the a- 

mount' of c o ~ q u t a t i o n a l  work t h a t  is  r equ i r ed  [2, pp. 244-2461. 

I I n  genera l ,  du r ing  t h e  forward course of the Gaussian Elilnination 

n e w  non-zero e l e ~ n e n t s  a r e  c r e a t e d .  .The back subs t i t u t ion  p a r t  of the GE 

does not l e a d  t o  ally new n0!1-zer0 elements.  Our problem is  t o  minimize the 

t o t a l  number of such  non-zero elements c rea ted  during the  e n t i r e  forward 

c o u r s e  of t h e  GE. Minimizing t h e  number of non-zero elements created dur- 

ing the  forward course of GX l e a d s  n o t  only t o  l e s s  roundoff e r rors  (since 

computatio-ns i nvo lv ing  ze ro  a r e  exac t  i n  most computers) bu t  a l so  saves 

t h e  computer s t o r a g e .  Because, u sua l ly  t h e  s torage releaser", by the col.mn 

b e i n g  e l imina ted  a t  a p a r t i c u l a -  s t a g e  of t h e  GE, is  not  su f f i c i en t  t o  

s t o r e  t h e  additiona.1 non-zero elements c rea ted  i n  the renaining columns. 

Minimizing t h e  number of such  new non-zero elements decreases the round- 

off e r r o r  n o t  only i n  t h e  forward course b u t  a l s o  i n  the back substitution 

p a r t  of t he  GE, s i n c e  v~henever t h e r e  is a .  zero element, i n  'the c o l m ~ l  under 

consider  a t i o n  no  op3ra t ions  a2e perf armed on t h e  corresponding element of 

t h e  r i g h t  hand s i d e .  

2. Main R e s u l t s .  L e t  A(k)  be the! square sub-matrix obtained 

I A a f t e r  -the GE has  been perf armed on k 1 1 coh.mns, wllere k = 132, . +,na 

n 

Bk is c a l l e d  t h e  inc idence  ma t r ix  associated with A ( k ) .  If U k denotes a 

co~U.Iln vector  ~f m ones, t hen  we can define an m e k n e n t  Colulm vector 
(k) 

.! 

- . - - .  - - 
, - (i- )..- -: - .  - - ... .. . . . .. . . . . . .  ... - . . 

Cle-Wly A is '& & where m = n --'k + 1 and A(') . bet  the 

matr ix 8, be obtained by r e p l a c i n g  each non-zero element of A ( ~ )  by unity. 



1 I ( e ailed t h e  row c OWIL .rector ) as 

and also  t h e  n element r0ir y e ~ t ~ r  C(k) ( ca l l ed  t h e  c o ~ u m  vector) as  

T w h e r e  t h e  t ranspose  of Uk i s  denoted by U k .  Note t h a t  r ( k )  ( the i t h  
i 

, e l e m e n t  of r ( k ) )  g ives  t h e  t o t 2 1  number of non-zero elements i n  the i t h  

r o w  of A ( ~ )  ; a l s o  c !k) ( t h e  jth element o f  c (k) ) gives t h e  t o t a l  number 
J 

(k+l)  . . of non-zero elements  i n  t h e  jth column of A ( ~ ) .  I n  order t o  ge t  h 
I 

f r o n  A ( ~ ) ,  a s u i t a b l e  p i v o t ,  say a (k)  i s  chosen i n  A(k) and a f t e r  trans- 
~4 ' 

(k)  i f p t o  z e r o  by el-eeentary row operations, the p f o r n i n g  all a.iq , t h  

r o w  and t h e  qth column a r e  dropped. The p ivo t  pos i t ion  (p,q) i s  saved, 

w h i c h  makes it unnecessary t o  move t h e  p i v o t  t o  the top l e f t  hand cornell 

I b e f o r e  per f  orn ing  t h e  GE. The fo l lowing  theoren i s  useTul- i n  riininizing 

I t h e  number of a d d i t i o n a l  n A - z e r o  elements created when A(k)  is trans- ,. z 

formed t o  A 

Tneoz-em 2 .l. The t o t a l  number of net: non-zero elements t h a t  are 

c r e a t e d  i n  t h e  kth s t e p  of t h e  GE if a(k )  i s  chosen as  a pivot is  equal t o  
Pcl 

t h e  corresponding e"1er;Ient g(k) of t h e  mat r ix  G ' ~ ) ,  where 
P4 

1 Proof: The t o t a l  number of elements of A(k), both ze;#o and 

I 
. . :  ' - . _. -. . - .  -. . _ _ .  _. .. - _ -  _ .  _ - .  

non-zero, f o r  which , (k)  # o and a(!) + c i s  equal  t o  r 
(k)c(k) .  If 

i¶ P 3 P 9 W 

5 s  the t o t a l  num'Der of non-zero elements amoligst the above, then 



gives  t h e  n~mber of new non-zero  element,^ creat,sd wilen a(') i s  chose~i as 
PY 

a p ivo t .  I f  pij denotes tile ith row jth collmn olenc.zt of 3. the:? kJ 

and the re fore  

(k) (k) (k) m m 
g = r  c 

1 P9 , p  9 i=l j= l  pj  IJ i q  
- c c B . B . , P  

I BY using (2.1) and (2.2) i n  the  zbove equaiion., we can wr i t e  it i n  the  
I 

matr ix  form 
i 

I n  view of t h e  above theorem, it i s  evident  t h a t  i n  order t o  

minimize t he  number o f  new non-zero elements created a t  the  kth s tage  of 

t h e  GE, we must ciioose f o r  t h e  pivot  

g(k) = min g(k)  f o r  a l l  i, j with a (k )  f O .  
P9 i, j ij i j 

E If ws make , t h e  t a c i t  assumption t h a t  the  gr os/r.l;ll of new non-zeyo elements 

is contrex, then f o r  each k i f  we choose the pivot  according t o  (2.4) .viz., 

l o c a l  minimum, then wlf: w i l l  ge t  the  global  min.imvm f o r  the  en-tire course 

I of the GE. It is our e q e r i e n c e  t h a t  the pi,Got choice ( 2 ; ~ )  leads t o  

subs t an t i a l  decrease i n  t h e  rider of new nozl-zero elemen-bs. 
_. . _. - - . _ :_ _._-. - ' - - -  - - _ -  

I n  the  beginning, when k i s  s m a l l ,  it usuz l ly  happens t h a t  

'k) = 0 .  For example, if there  are  's ingletons i n  co1wnr.s or  roiis 
$9 
~ i z . ,  T ( ~ )  = 0 and/or c ( ~ )  = 0 .  It also  happens if  f o r  a l l  s with 

P 9 



(k) + i, a!k) 0 .+!l~enever 0 .  In t h i s  ca.3 : ::::: .:; 5 ; , Faj 2 to a. 
PS IS i.q 

h.r;ijc 2, -' c: ::;::-i+,j.:..::<?. i . ~ t i c ? ~  s . 2 ~  t i o n  y i t h  co]-rnn ; ... .: e?it22- :.> . i . ' : . )  

' -.. 7 
1 *.A 

C! 
- 2 

ir.piies thz;t, i.1-$3 choice of a ( k )  f o r  t h e  pix~c,.l a t  k t h  : , r l f i .  GC kill P9 

olwnn p a i r  ( ~ ~ 9 )  F:e choose t h e  p a i r  vhich has t ' r~e  l e a s t  nmte r  of 

o the r  such p a i r s  i n  tile row aild t h e  ~ o l - ~ n l l  associated with it. This i n  

e f fec t  ' saves '  t h e  o ther  pivot1s of ze ro  growth for  subsequent stages of 

t h e  GE. 

(k) 3. P r a c t i c a l  cons ider  a t i o n s  . The c o ~ p u t a t i o n  of G given 

b y  (2.3) is  n o t  d i f f i c u l t .  To save t h e  working storage, each element 

of B ca.n be r ep re sen ted  by one b i t ,  i n s t ead  of a f u l l  word i n  the corn- 
k 

p u t e r  because a l l  t h e  elenlents of B a r e  e i t h e r  zero or one. The compu- 
k 

t a t i o n  i-tself can  be s i m p l i f i e d  by p r  o g  m i n g  techniques and noting tha t  
h T B~~ is  obtained from B k  by changing each of i t s  u n i t  elements t o  zero and 

v ice-versa .  Computing G ( ~ )  a t  each s tage  k of the GE and then selecting 

t h e  p ivo t  l ezd ing  t o  t h e  minimum growth, involves a l o t  of work but, as 

we  pointed ou t  i n  t h e  p rev ious  sec t ion ,  gives excel lent  resu l t s .  In  any 

method f o r  minimizing t h e  number of non-zero elements created during the 

GE, ve would l i k e  t o  g e t  t h e  maimurn amount of information prior t o  pivclt- 
l 

i n g  with minimum e f f o r t  and working' s torage.  The choice of a method de- 

pends on sever a l  f a c t o r s  e .g . , p r o g r m i n g  e f fo r t ,  compile time ( e s ~ a c i a l l ~  

for one s h o t  u s e ) ,  s t o r a g e  a v a i l a b l e  f o r  t h s  compiled progrun, solution 

i s  given i n  [8 1. 
(k) 

If We do n o t  want t o  compute G a t  each stage k 'md are v i l l i n g  



to f o r  sornewha'i. l e s s  of a decreese i n  t he  7 II,:j:-,-.,., ,, ,.- . n  e le-  
. . --.. - _  / - . . 

. (1)' >TF? can proceed 2s f o l l o r - ~ .  CO~;!P:~,+,~ c ~!2. p:-i ;I';:'. , :  9 ; c 2  

of GE u n t i l  a l l  w a i l a b l e  p i v o t s  wi th  g(i) = 0 have teen ut:iiirli. In 
I P9 

I s p a s e  mat r ices  t h e r e  a r e  u s u a l l y  s e ~ ~ e r z l  such elenlents e.g., due t o  1Sj.n- 

I . (a> g l e t o n s  1 and ' conta ined  c o l - U ~ S  ' . L e t  A be the  matrix l e f t  all 
I", \ 

[ a v a i l a b l ~  p i v o t s  w i t h  g ' l '  = 0 have been used, then a s  i n  [ B ] ,  we con- 
P9 

P u t e  the  row vec to r  

s e l e c t  t h e  colunns of A( ') i n  t h e  order of the  ascending values of 

the elements of t h e  v e c t o r  D('). I n  each colunn, the pivot  chosen is the 

one whose corresponding element  i n  t h e  row count vector r") is mininun. 

The probzb i l i t y  upda t ing  g iven  i n  [ 9 ]  is  used f o r  updating the row count 

v e c t o r  a f t e r  t he  e l i m i n a t i o n  on t h e  chosen column. This avoids the eva1.- 

: (k) u a t i o n  of:! r f o r  each  k from t h e  corresponding Bk. We notice t h a t  i n  

t h e  procesg of t r a n s f  orieing A(') t o  A") no addi t ional  non-zero elements 

( a> were created.  Therefore,  we do no t  need t o  cocstruct  B afresh from A , a 
but  obtain it e a s i l y  from .B, by d e l e t i n g  the  appropriate rows and c o l ~ n s .  

An a l t e r n a t i v e  method t o  t r e a t  t he  yoblem discussed i n  t h i s  

P a p e r  is t o  first transform A t o  as much upper t r iangular  form as  possible 

means of row-column permutat ions and then -Ehoose the pivots on O r  near 

t h e  leading d i a g ~ n a l .  Th i s  method i s  given i n  [lC]. The tolerance on the 
- .  ... . - - . . - - -  , . - - . - .  . . .  _ _ -. 

. -  - . . . 
. P i v o t  s i z e  i s  d i scussed  i n  [8]. 

4. Concluding Remarks. When using the  nethods suggested i n  t h i s  

and other papers  given i n  t h e  r e f e rence , i t  ~ h o u l d  be real ized tha t  the stl'uc- 

ture  of A, in genera l ,  t h e  of the chosen method* This is 



especsalu tzue if t h e  noa--er1o e ln f i en t s  of A a re  not randonly distr-jbutc!d. 
. . - .  . - 

1- x7-je%; of t h e  ubo-~~e i.ent.io:led f a c t s  the choice of a nethod is not caey 

Perhaps is i s  b3s.t l e f t  t o  tile use r  p r o e d e d  he i s  made alrare of as  many 

a s  poss ib l e  2n6 of course t h e i r  p i t f a l l s .  
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