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Abstract.  A method f o r  improving t h e  computations i n  the Davidon- 

Fle tcher-Powel l  itlethod for function minimizztion i s  suggested. It 'util- 

. izes t he  doubly reiaxed generalized inverse  of t h e  matr ix  which is  usual-  

l y  obtained f r o n  the  gradient  vectors. The me%hod cons i s t s  of simple &r- 

tu rba t ions  h t h e  s c a l a r  terms of t h e  correct ion matrix. 

1. Introduction 

The Davidon-Fletcher-Powell (DFP) nethod (2efs  . 1, 2) f o r  f i c t i o n  

minimization i's one of the most popular methods. However, it has been ob- 

served t h a t  t h e  DF? method does n o t  always procet?d smoothly. For example: 

Broyden ( ~ e f .  3) remarked t h a t  occss ional ly  negative s teps  had t o  be taken. 

McCormick ( ~ e f ,  4) observed t h a t  perLodic r e i n i t i a l i z  at ion of the  matrix 

l e a d  t o  s i g n i f i c a n t  improvement. Wolfe ( ~ e f .  5 )  has  reported cases where 

convergence t o  non-stationary points  had taken place ,  B s d  ( ~ e f .  5) had 

encountered s h i l a r  behavior which, he observed, was invar iab ly  the r e s u l t  

of t h e  m a t r i x  turning s ingular .  

In  this paper we s h a l l  make use  o f  t he  generalized inverses  t o  give a 

technique f o r  improving the DFP method. I n  Section 2 we w i l l  introduce the  

doubly relaxed W-generalized inverse,where W i s  a pos i t i ve  de f i n i t e  matrix. 
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I n  Sec t ion  3, we w i l l  de sc r ibe  a modi f ica t ion  i n  t h e  DFP method and prove 

t h a t  t h e  a s s o c i a t e d  ma t r i ce s  a r e  p o s i t i v e  d e f i n i t e .  

2. The doubly r e l axed  W-generalized i n v e r s e  

Let  B be an m x n mat r ix  of rank  r ( r  s m 5 n ) .  If X i s  a  matrix sat- 

isfying each o f  t h e  equat ions  

B x B = B, x B x = X, (BX)' = BX and (mlT = XB, (2-1)  

(where T denotes t h e  t r anspose ) ,  then X i s  unique and i s  c a l l e d  the  g e ~ e r a l -  

+ 
i z e d  i n v e r s e  o f  B, v i z . ,  X = B , (Fief. 7) .  If 

where Im is t h e  i d e n t i t y  matrix o f  o r d e r  m and E i s  a small p o s i t i v e  number, 

then B(E)+,  t h e  doubly r e l axed  g e n e r a l i z e d  i n v e r s e  of  B, i s  def ined  by 

Rut i shauser  ( ~ e f .  8) a s  

B(E)+  = a T ( ~  + E ~ - l ) - j  ( 2 . 3 )  

Let  D = Edi] be  a  non-singular  d iagonal  matrix o f  o r d e r  r wi th  q > 0 a s  i t s  

i t h  diagonal  element,  then we hayre 

Lemma 2.1. 

Proof .  S ince  D = idi], di > 0 ,  w e  have 

The fol lowing Theorem shows t h e  r e l a t i o n  between B+ a d  B(E)'. 

Theorem 2 .1  ( Rutishauser,  Ref. 8) .  



and  

We give a proof of the  above theorem since,  i n  Ref. 8 it i s  omitted. 

Proof. There ex i s t  matrices Q and S such t h a t  ( ~ e f .  9, p. 10) . 

where D is  a ndn-singular, diagonal. matrix o f  rank r. The diagonal elements 

of D a r e  g r ea t e r  than zero and a r e  the non-zero s ingu la r  ya.lues of B. In 

view of  (2.7), (2.2) and (2.61, we have 

From (2.9) it  follows t h a t  

and  from (2.3), (2.8) and Lenma 2.1, kf.e have 



t h e  l a s t  e q u a l i t y  fo l lows  from d i r e c t  s u b s t i t u t i o n  i n  (2.1) and us ing  (2.8) 

and (2.6) ' ( ~ e f .  1 0 ) .  Tnis corr.pletes t h e  proof  o f  t h e  theorem. 

Rut i shauser  ( ~ ~ f .  8) has  s h o ~ m  theo re t r l ca l iy  and al-so by one numerical 

example t h a t  t h e  doubly r e l axed  gene ra l i zed  i n v e r s e  ~ ( e ) +  l e a d s  t o  b e t t e r  

r e s u l t s  on a computer Ynan t h e  d i r e c t  computation o f  B', i f  t h e  non-singular 

p a r t  o f  B is i l l - c o n d i t i o n e d .  In o r d e r  t o  make u s e  o f  t h e  above f a c t  i n  t h e  

DFP method, we w i l l  need the  fol lowing.  

S ince  W is a p o s i t i v e  d e f i n i t e  x a t r i x ,  t h e r e  e x i s t s  a non-singiilar low- 

er  t r i a n g u l a r  m a t r i x  R, such t h a t  

R R ~  = W. 

This i s  known as t h e  Choleskey decomposition o f  W (Fkf,  11, p. 229). Let A 

m x n  m a t r i x  of  rank r, t h a t  

Then t h e  unique s o l u t i o n  X o f  t h e  equa t ions  

AXA = A, XAX = X,  AX)^ = AX and ( ~ 4 ~ 1 ~  = XAW, (2.12) 

i s  c a l l e d  t h e  W-generalized i n v e r s e  of  A and i s  denote2 by A+W. This de f in i -  

+ 
t i o n  of  A was given by  Herring (Ref. 1 2 )  i n  a s l i g h t l y  rno re genera l  form. 

For  our  pusposes t h e  above d e f i n i t i o n  w i l l  s u f f i c e .  Le t  t h e  W' norm of X 3e 

def ined  by 

T I ( x I I  = t r a c e  W' X, (2.13) 
w-I 

then  Herr ing ( ~ e f .  12 )  has proved t h e  fo l lowing  theorem. 

Theorem 2.2 (Herr ing)  . If  F is  a matrix w i t h  m rows, then 

i s  the l e a s t  squa res  so lu t ion  of  t h e  matrix e q u a t i c ~ i  

having t h e  minimum w-' n o m ,  



We will a l s o  need the  f o l l o m g  theorem. 

Theorem 2.3. If A + ~  and B* a r e  t h e  s o l u t i o n s  of  (2.12) s n d  (2.1) r e -  

spec t ive ly ,  then  

Proof .  By d i r e c t  s u b s t i t u t i o n  i n  (2.1) and us ing  (2.8) and  (2.6), it i s  

easy t o  v e r i f y  t h a t  (Fkf .  10) 

; 
Also, from (2.11) and (2 .8) ,  i t  fo l lows  t h a t  

+ 
I n  view o f  ( ' i .17),  (2.18), (2 .6)  and (2.10),  it i s  easy  t o  check t h a t  RB 

s a t i s f i e s  (2.12) and t h e r e f o r e  (2.16) holds .  

+ 
We conclude t h i s  s e c t i o n  wi th  t h e  d e f i n i t i o n  o f  A ( g )  as follows. W 

A(€)+, = PB(c)+ ,. (2-19) 

which, f n  view of (2.3), (2 .11) ,  (2.10) and (2 .2) ,  imp l i e s  t h a t  

A ( € ) +  = RB~(A + a-l)-l  = R R ~ A ~ ( A  + A-I 
W 

- = A + A -  (2.20) 

where 

3.  A Modif ica t ion  i n  t h e  DFP Method. 

L e t  us cons ide r  the problem o f  f i n d i n g  t h e  n  element column vec to r  x 

t h a t  minimizes t h e  q u a d r a t i c  func t ion  

where G i s  a p o s i t i v e  d e f i n i t e  matrix, S i s  an n element CO~UTTJI v e c t o r  and c  

a cons t an t  (~ef. 13, Chap. 3 a d  Ref. 14). 



W e  will a l s o  need t h e  fo l lowing  theorem. 

Theorem 2.3. If A + ~  and B+ are t h e  s o l u t i o n s  o f  (2.12) and (2.1) re- 

spec t ive ly ,  then 

i 
= RB . 

Proof.  By d i r e c t  s u b s t i t u t i o n  i n  (2.1) and us ing  (2.8) and (2.6) ,  it i s  

easy  t o  v e r i f y  t h a t  (Ref. 10 )  

I' 

Also, from (2.11) and (2 .8) ,  it fo l lows  t h a t  

. - + 
In view o f  (2.17),  (2,18), (2 .6)  m d  (2.10), it i s  easy  t o  check t h a t  RB 

s a t i s f i e s  (2.12) and t h e r e f o r e  (2.16) holds .  
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We conclude t h i s  s ec t ion  wi th  t h e  d e f i n i t i o n  of A ( E )  a s  follows. W 

~ ( c ) +  = RB(J , W 
(2.19) 

which, fn view o f  (2.3), (2 .11) ,  (2.10) and (2.2) ,  imp l i e s  t h a t  

A ( € )  + w = m T ( ~  + c A-' 1-1 = R R ~ A ~ ( A  + , A-')-' = WAT(A + E A-')-', (2.20) 

where 

3. A Modificat ion i n  t h e  DFP Mkthod. 

L e t  u s  c o n s i d e r  t h e  problem of f i n d i n g  th.e n element column v e c t o r  x 

t h a t  minimizes t h e  q u a d r a t i c  f 'unction 

T T f(x) = % x  D c + b x +  c, 

where G i s  a p o s i t i v e  d e f i n i t e  matrix, 5 i s  an n element c o l w n  v e c t o r  and c 

a cons t an t  (Ref, 13, Chap. 3 and Ref. 14). 



L e t  t h e  ith approximation t o  t h e  v e c t o r  which minimizes (3.1) be denoted 

by xi. Then i n  (3.1). t h e  g r a d i e n t  o f  f ( x )  a t  xi is given by 

which imp l i e s  t h a t  

If we l e t  

then  (3.3) can be m t t e n  as 

Let 

Pearson ( ~ e f .  14) gives  t h e  fo l lowing  a lgor i thm f o r  t h e  minimization o f  (3.1). 

Algorithm 3.1. Let  P b e  a p o s i t i v e  d e f i n i t e  matrix. Given xo and Ho = P. 

Solve f o ~  q, t h e  equat ion 

Yi Hi = Si (3.7)  

and determine xi, from the  r e l a t i a n  

f (xjn ) = min f(xi  + tiHigi) 
@a 

Compute gi+, and u s i n g  xi+l, update  Yi and.Si and (3 -7 )  as follows 



It is proved i n  Ref. 14, t h a t  t h e  above algorithm terminates f o r  

i n, i f  t he  so lu t ion  of  (3.7) is taken as 

A A 

a d  W = P o r  G - ~  and W = P o r  G", In  case W = G-I and W = P, we ge t  the 

Davidon-Fletcher-Powell method. 

We a r e  now i n  a posit ion t o  describe a modification t o  t h e  DFP method. 

To t h i s  end, l e t  

In view of ( 3 . 9 ) ,  (3.11)~ (3.8) ax3  (3.7), we have 

Let 

then from (3.12), it follows t h a t  

- 9 
Ci = Ci - cia 

Also, i n  view of  Theorem 2.2, (3.13) implies t h a t  

are t h e  l e a s t  squares solut ions  o f  t h e  t w o  equations i n  (3.13) with t he  mini- 

mum W' and *'norms respectively.  We w i l l  need t h e  following theorem. 



T Theorem 3.1. If i n  (3.15), (Yi+l) and ( Y ~ + ~  Itii a r e  replaced by 

'i+l 
(E) +W and Y (E)+$ respectively and 

i+l 

then 

where 

T h T 
= yiWi + c and CY = yiW yi + E 

Proof. From (2.20), (2.21)~ (3.8) and (3.16)~ we have 

where . *. 

give  

and using (3.18), we ge t  

T where Ai = Y WY. + E Ii . Now, i n  view of ( 3 .  a), equat ions  (3.19) and (3.20) i 1 



Now, from the  hypothesis of theorem,(3. lf;) and (3.211, it follows t h a t  

* A. 

Replacing W by W i n  (3.21), we ge t  t h e  value of C given by (3.17). This 

completes t he  proof of the  theorem. 

The following coro l la ry  t o  t he  above theorem gives the  desired re- 

s i r e d  r e su l t .  
A 

Corol lary3.1 .  If, i n  Theorem 3.1, W = G-I m d  W = %, then 

.. T T 'Proof: Since, i n  view of (3.5'). Vyi = G - ' ~ T  = si, and $ = H y?; equa- 
1 i l. 

t ion  (3.22) follows from (3.17)) (3.18)~ (3.14) and (3.11). 
* 

It i s  easy t o  see  t h a t  (3.16) is  s a t i s f i e d  if k = G-I and B = Hi,because in 

T T T 
of (3.5 & (3.7), we have y. G-'Y; = siGSi and yiHiYi = s. GSi . Therefore, 

1 1 

i n  t h i s  case (3.16) implies t h a t  si&; = 0, j < i, whlch i s  known t o  be s a t i s -  

f i e d  (Ref. 13, Chap. 3 ) .  
A 

The choice of f o r  W i n  Corollary 3.1 is j u s t i f i e d  provided t h a t  Hi 

given .by (3.22) i s  pos i t ive  de f in i t e .  It i s  easy t o  s ee  t h a t  f o r  c = 0, 

equation (3.22) is  the  usual updating formula f o r  the  DFP method and Hi i s  

known t o  be pos i t i ve  de f i n i t e  (R&. 13, Chap. 3 ) .  For IZ > 0,  we have 

Theorem 3.3. I f  H, = P, then t h e  Hi given by (3.22) a r e  pos i t ive  def i -  

n i t e  f o r  a l l  i. 

Proof. Since  Ho = P i s  pos i t ive  de f in i t e ,  we w i l l  show t h a t  whenever 

Hi is pos i t i ve  de f i n i t e  H is a lso  pos i t i ve  de f i n i t e ;  then by induction the 
i+l 

theorem is proved. Let be posi3.ve def in i t e ,  then 



By the  Cauchy-Schwartz inequal i ty  f o r  m a rb i t r a ry  n dimensional r o w  vector 

T 
u with u u f 0, we have 

which implies that 

But, from (3.22) a d  (3 -23 )  it follows t h a t  

Since s > 0 and i n  view of ( 3 . 5 )  a d  the  f a c t  t h a t  G is  posi t ive  def ini te  

T T 
= s Gs. > Oj therefore =.sT + E > 0, and thas  we have proved tha t  i f  

=isi i 1 1 i 

Hi i s  pos i t ive  def in i te ,  then H is also posi t ive  def in i te  asld t h i s  corn- 
i4-1 

ple tes  t he  proof o f  the tneorem. 
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