
._. . . _ _ _ 1- _ -2. __  _ . .. .-*,z. .%-. .- .. , . - 

Report No. 151 
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1. Il?'i' ,..$.., 4 ....'.,. " .. <#,,LC. LADE . 
. , .. . L.;$ ue corjE : or.;. i:,j;:, p<;>. : ! i i o - ~  <::f $)je sg:t :;:I ,c+:r;f.tci.jeoue LII??:';~' 

eguationr;. 

A.:;: = b $ 

trl2cl-e !i i s  a, n~!-:-sil:gula~* spa-se ].riat~i..il 3.: or.d!:r.. 2. .-;r a:jd ?7. rl c 1 : 3 ~ ~ ~ - ~ . t  

col~~y~: . ;  yf;ctg;.s. 1% 2s w e l l  t;!!;;.: -!,!;c GB::T:s~~~,~! ri:?i.mine-i;ion me.l.,hod 

0 ,or t h e  szi?*illcn of (1.1) iz not o n l y  si.mp1e to ilnglexznt on t he  ccm!,u.ler 

bu.i) ~i.l,s,> ~-Jl?eg i yz i rh  good :rscs~_;l-I;~ fc r  -';.:I.. sr:>i..ij;'~ of cz:i;pllii;at;i~nal yYiclrk 

( ~ ; r i . l ! ~ i ~ ~ , ~ ~ ,  , 1.965, pp , 2L.i;- 2 l l j )  , i : :~ j;hc ~oT:' ~TC: CW-.-- L!~.se of She C::L~.szic;.n 

~ j , n $ - ~ : a t j , f : i ~ ~ ~  , ~ ; ~ ~ ; , r : y : l Q ~  pe:? noil-zero +::leqzi)t,e :.:-e cys2,t ;~G. jJti<:, f;i-tt l;;:,cic 

~u~ ;~J i . i 4 .~~ .~~ ,~  cc p2y-t 
L t- .. * - d a ~ s  n 3 ' ~  l e a d  -Lo an;' r:ew 209.-.zero elernel!"., . We ~~?G; l id  

1 j - k ~  -kc :.:"li:;iy,,lz,e ki-~e tots.?- nx:;:>el- 5; ?.i::.ch .non-zcro e l ~ r : ~ . r : t s  crea.-ted d u r -  

t21s enki.?i. forira.:*3 ccaree of t h e  Ciauselan 3Li : r i ina t ion ,  ']?his lesds not  

an1 y . t . ~  ltr.ss :r~uzds*cf ~ I - Y O T S  ( z incc  c:$;.r,~utation: i n v o l ~ i c g  z e r o e s  ere 

~xac-i: ir: !noat c o ~ ~ j t e r e )  bc.% 51.23 s2x7es the cor~puter  , p t~s~a .ge ,  b e c m b e  

usuCI.-j t h e  8tor.ege relfaeed 5y co2.oz;.m be ing  el ini insted zit a parJ~lcl~.l-ar 

s tage  cf t h e  elj.ninztion i a  c o t  sufficient t o  s t o r e  %he a d d i t i o n a l  non-  

zero eiene:,ts crea-Led i:? t l ~  remsin:i ng columns. Rirti;c.-rncre , rnS.nimFzing 

tl.!e r;~z:~-kjzr of s u s l ~  non-2er.o islerilents ?cc:ceaucss the yc~ l l t~d-o f f  e r ro re  no% 

or;lg i t - ,  t h e  forwc.ilcl course S Q . ~  a:Lso ir! t h e  !!rick suS3~%5.t ,~~, i , ion pax.:; of b!!? 



@.i~ssj-g.n jc<.2.!r5-r;;-L.k,i.cJn , 'ails is r - q : ; ~ ~ ~ ~ l ~ n - ~ ;  to the 11s r\..:l; ,A_,>,*. r Y i!' d ? k ~ ~ ~ l ? . ? ? ~ i ~ ~ ~ . i i ~ i ~  

of perrklr-:;::-Lio?; r!;eiricc:e 2 a1.d Q ,  ,cuch .L;-s:i; V L  J 

w:.q = G, (1 .2 )  

L ;,, - .%.... $:?d if, '2  = El2 and Q ' x  - y, b-,i:l, Lr.ax (1.1) i.t fo l lo ; .?~  -i;hxt 

eJr =? 2 . . (1~3) 

xn T '  ;'?,. -., 1, c o p f ~  0: -the f o r - ~ 8  t!;gi; G cciuld I;Z:JE, >fl>:i.c:2 a r e  de- .., 

s i r a b l e  f s y  CYa~s~i:-;y! e:!.j.ixin;ztion, g iven ,  :via,., (1> block -tr.iangiilczl. 

foTrTi(~%').,' 1'2) , , ' p ~ r ? ~ . : - ~ > . - -  , , , , , ci; ~ ~ O i ? ~ ;  .I- --- . w,.-." 7 , { 2) I j l o ~ k  dia,ocn;:l 

f o r r ; l ( ~ ~ ~ ) ,  ( h )  ej',n~l-t~r 0-L, bcl-dered 't;lccl.c dia.gone.1 ~ ~ ~ ~ ~ ( s P ~ I I F ) ,  (5) dc~5k.r 

bor.dered ' t - . l ~ c k  diagt.:?~J f c r r . : ( ~ ~ z ~ ~ ) ,  (5) band t r ial?gscr fo l~ ; l  (BN'F), (7) 

bordered k e ~ 3  t r i a n g ~ l s s  f c r a ( ~ 3 ~ 2 ~ ~ ) ,  ( 6) bar!!d fornn(~";, (9) singly 

bclrdered ?'zocl ~ ~ ~ ~ I ( S B B F ) ,  and (10) dn.r?bly bordered  bsz? I " G ~ ( D S ~ F )  . T'ke 

"on-zero e l e zen t s  i n  each case l i e  o n l y  i n  t h e  ehaded areas. If 5.n each casa, 

the di~.gsn?J_ elenel3. t~ ?.re chseen as p i v o t s ,  -theri t h e  new non-zeyo elemcn-be 

ce?l o n l y  k z  created In t h ~  zh2~293 areas during t h e  e l i ~ i n s . t J i o n .  If eh2.dcd 

axuea.s c o n t e i n  no non-z,ero elern.en%s,then it is c l ea r  t'rrzt during - the  elirnfi- 

n a t i o n  prozc.ss no 303-zero el-en5 nl.s .??ill ba created. 

If A is' s p ~ i e t r i c  znd positive d s f i n i l e ,  t h e n  i n  (I.. 2) i t  is gea- 

e ra l ly  ad?:zn%ageoue t o  13al:r G a l s o  q ? r ~ q ~ ~ . t r : ' L ~  s3 -L-hat orily t h e  l?ori-::er.o 

el-emente en and a b m e  t h e  d i a g c r n r ~ l  of G need t o  be s t o ~ e d ,  and the d i -  

o.,qco;;l cli:::jfnts of A, 2nd 6 a r e  ss;,;? {.t!:;:..-;:$ i r :  cj<.::'_":?:~::.b pc?:2..it,i~>!1!3). 

- .  A l a r g e  n:z:;ber of epa.rs e m3tr.j.c~ s oc:ci~ril-; g i t ]  vr ; l * ias  applaca.t:i.cl13 arebs 





. . .  
31-E! ~ , ~ c a ~ f , x ' i . ~  a.nd 3 . ~ 1 ~ ? . t l ~ 3  d < : l f . l ? i i ~ ' .  113 ~ i l i :h  c~!<.~:s, p].i.Lce of (1,2), 

yc ]]eye 

Q ' "Q = G.. 

a.,jd cz.ees ( 3 ) ,  (s) ,  (2) (2:::) j.;3 I'LL, 7. 81:~ s(;::I.,~ ~f +.h2 d e s i p n h l f  forms 

fo r  G, In t h f s  pe;.-??r, 1,-e c i l r ' - ! '  u-. ~ . d . . ~  Lo ,c....- . . i , . ; i !~ ,z . ,  --;: C ~ ~ ! C : S ? * ! > F ; ~  l:li.<:ki tile d e t e r -  

rn-jna%-jor: ~f Q zilch t>:?fcs C 2.s ei-.th.=y i f i  t':: D3?,5?, EF 01% DBjIF ' (cases (.;) , 
(8) (1~;) :'?n Fig. 1 ) .  cc.ee ;.:::el? G :.;I i p  327 ?la2 ;!l.~?c?~J;r beex j.n- 

.. I vestigxLeci \ e. g, Ez:r?2=;;, 1962 23d ??ecz.z--~o:;~ 15'57) . 
If 1, is no-t q r ~ n p t r i c ,  then s e v e r ~ l  ~;!e$i>cdy aye mr~i3.dk>lp for 

t=-~.nsfom;ixlg ii by ros-col-unr~ perrriulckiizs t o  one of fo;9:le g i ~ e n  i n  Fig. 

1. A slr.rveg o h u c ! i  metha& ( 2 s  :.?~li a? g e c e ~ c ; !  c ~ x p . ~ r t , e t i c n ~ l  izethode) 

for spare mai;ri.ces ria g i v e n  i n  ( T e \ , ~ ~ r e o n ,  1 9 6 9 ) .  

111 e-ectl.on 2 ~f t h i s  gaper   re ~5.11 dzri?i-e e m s  r e s ~ 1 . t ~  f o r  matrices 

-- -7 -7 ir: 37, T;BSP a!?d E j j ~ : j ~ ,  and n;al,:e use cP -thepe ye~;:lt;,~ S2cil;ion 3 for 

. 1 1  const ruct ing ~lgori.;r.ms t o  trancI"cj~:n c?n arbi trary sy~~~. : t r i : :  posit,ia? de- 

frinite sparse ns t r i~ : .  t o  BT, DDEP o r  DBBT::F. 

2. ?~i~!,r lces i n  band form, do12b3y bordered Isa.3d form, a n d  doubly 

bordered block d i z g o n ~ l  foim. 

In t h i s  sect ion we w i l l  d e r ive  sonie useful. propoer t ies  of ri18trices 

i n  BF, DI35Di1d  EBBIF, ~:.~hich : . r i _ l l  be used i n  the next sec t ion  f o r  tra.13- 

forming st-netric spame ~aatr ices t o  one of these  f o ~ m s .  Let us assume 

t h a t  G i s  i n  band t'orn: euch. t h a t  

g i  j = Cfsr li-jj  > A  and P ( Q ~  6 0 f a r  i -  ? w i t h  i j )  = p, (2.1) 

t h  where gij  is  the  ith row and  the  j ccl lxm eleirxnt of G, h i s  cal-led 

the  bandxidth of G and  p 9s t h e  p ~ ~ b z b i 7 i t y  that a non-diagonal elevent 

within the band i s  non- zero(^(. . .) = p dsnotes t h a t  t h e  probtibi l i ty o f  

r i  ' , i ) . i h s  diagor;al el.krri, r!".,:. of f. .LPG all. ::on-:<E,*o, EIPCU in 



I;:TT3 ?:ill mzl,; ,z ue e a U L  -O L.. - -n ;a:* c- '- :,.. -1.; -a- -,- I?,, ;.:%i.r:h 1.3 ~?:t;;.il:::d hy r;;-j.zcinZ pp.2); 

cor r?spcn<ks  Lo G, Let V b~ -:he n dj.;:is-.lsional coluicin vr.cf,;~ra'o.f 211 o n r s  

and e .  t!ie ith CO~U;LD of ?-.!-!.; iden1;S:t)- r r , a t r i x  I 0:' crdclr. n. &i-jen-!!lg, I 
n 

V = >: !:p 1,c. t  F, denot,e t h e  E X ~ C . C . L C ' ~  ~~13tjjer P J ~  the  can-zer3 ~lements of 
i z l  

G (vhic!? f.e def:ir!8:5 zcco.r.ding t,o (2.1))~ 'Then 

= TI + ( ~ i ~ - l ) > ? k  - p?Ld 

Solvi.ng f o r  X, we h a y s  

therefore ficglect'ing the terss of tkie 0 l . d~~ '  n-' in (2.2) , we have 

given bg 

p = V'GV = n + (23-1.) 1-h2, 

and 



- .i.n xdn? p'rc-i.7~ t.11j.s t heo r  enl :re jrL~ed "i.!?e f o ] - l o ; ~ i j . ~ ~  d s  f ini.t.-jon:; for 

v e c t o r s  -pyi?cse e.r5-ics C O ~ ; S ~ E ~  sf ~;:::i.;ll 2nd o:?eE. L& u ;s;:S -tiG~o 

such '3 d?r;-iensio;.:al_ colC.r,y1 - z i ; z . L ~ r g ~  7J lv -[ ,- <! (o r  eq~li~. : .a len~ly u ' -2 v = 1) 9 

t l : ~ ~  u 1322111 B ~2 522.6 t~) f i n t & ~ 1 ~ p ~ l i .  I and 'v i s  i;hs f?,<:::gth of tho inter- 

c s c t i o ~ f  ~ : ~ k y ~ : ~ n  .>):em ( ~ ~ ~ ~ 7 ~ . ~ ~  >.963) ,  Esidc?:q-i;l.g u 'v = 3 (or u /-:; - 0 )  

I'_mplii?s thzt u r-d T d e  20% ' i . n t e?ca .~?~~ ,  Tha flengtlzf oi_" u is C3pr'.;.- .... i.-t.~,~xl as 

u fu (a- u ' IT) . ~i.r c-,jg:loct -bb:s ~p,?;?:~ 1.:~ sh:l1 E=z tile t;=,:. -..,n T 1 9 n g t h ;  in th,.: 

I' 

give2 by e! B(2) = ,( B r B. Bllt t!-,2 i"' rcx of B (iu'nish i s  iden.l.ical 
1 1. 

i t s  $ th  eclc2n) i n t s ~ s e c t s  "s.':e ?i=t through t!le (i + 2 1 ) ~ ~  coiu~ns 

of Be Theref ore, the ith rcq gf B(') has i h ~  first 2 1  -?- 1 ele~1!31lt~ FOX- 

zero, i n  c o n t r a s t  'ir;th 1 + i eueb e l m t ~ s  in t h e  ith of B. S3nj&yly, 

it can be sse;l th.?zt f o ~  X + 1 < i c: n - 1, 21, elements on e-ither s"lc?e of 

the ith diagonz i  e l e n e a t  ers noz-zero and f o r  n - h < i s n, tha last 

21 + 1 + n - F elements =e non-zero. Thsref ore, B ( ~ )  in a band nst,rFx 

of  Thidth 21. Proceeding i n  the abova mailer it can Se essi'ly shojrx that 

( h )  -if B is a Sand matr5x o.f width h?*. S,hen B ('*'-.), i ( 2 . )  is  a l so  a 

ba.nd naLrix of width (h+l)k, ~ r c v f  3.a:? .t:?iat 2 ( h . ~ l )  1, + 1 s n . Tbx-e @ w e  9 

3 .  by indi lot ion on :I, 9(k) is a hcnd m3.sr71x of ban3 viiidth kh for al.1 k iqitth 

2kX + 1 S n r k 5 EL. This cix?letss ",he p ~ ~ i l f  of TI~aoren 2 .l . 
2 1  . - 

I n  3ydt3~  [;a Tflfr?:2 '352 ~f ifj;f.131'.?m 2 , 77;i,371 (2 ( p < 1, , 775 1~:J.l ::zez 



Tk~eopo:i 2.2.  If "17-  I,J;L.: ith ,.le::cln?:,;; c.1 i; r,i-iA v g-:i;e $~::nti.~ by ;:; syi-j 
-1. 

vl and it is knoxn .t'..::+:, eit,h;?:. u.. or  iv. 0.: both :~:c 6::-u:t3. to s5w felt 
I 2. ' 

a t o t 2 1  ~f F-v d:T:;t\-lr:t ~ J G . Z ' ; J ' ~ : ~  of I, i C)  == 2 iv.; ji 0 )  ;- p r c r  
& 

5~) t .h  ;Lee ZE;" car1 S s  s2fel.v j.g.:l3:1e:j ~:1,1 fop t l l ~  ,p,3(;13-i?7j-ng d:ilS ~ j - ~ ~ t ,  

li.;1~'?133 Of j'.,?(u v $ 43) = ~ ( u ,  7' C) ?(v 7! C)= 2nd ?(u.v, = 2 )  = 2 i I 9 :L A 

Thsyef'o-e 3 ( u  ' 7 ~ )  = ~ ( 2  I-li vi) = .,.> p", z ~ . d  s.ln-3 ili + si . g,vi, " ~ 2  - - - 
P(:; ' -% 7 = 3) = P ; c  1 1 ~ 7 . 7 ~  = 3) = (l-pZ)YI i ( f i i ch  :im;?l-je J (2 ' 6 )  

Sorol lzyy 2.2 If in TBn3,-ar! 2 -2, ?(u, $ i?; = (I) .= p, f ' ~ : ~  -. 

sg lg  v-2 valiles of i; ail3 for 7 :  il a32 5., (il # i u i l =  1, 

~ ( v .  d C) = p, Ti2=  1) P(U? 0 )  = P, t i i ~ ~ !  
l1 -2 

P ( ~  -'. I.~ 1~ O) = i-(l-p2)v-2(i-p)s 9 

and 

~ ( u  'v) = v p2 4 zP (1-p) . 
Proof: Since P(u. v. + 0 )  = P(ui2vi2 f 0 )  = p, 0' ?(ui v, = 0 )  ;- 

=I l1 1 I1 

?(%,vi, = 0 )  = 1-p, theref  ora, similar t o  the proof o2Theore;n 2.2, i t  

can be eas i ly  shmTn thzt E(u 'v)=(~-2)~"+~~=~~~+2~(i-~) ,and P ( ~  '{c -0) = 

(l-p2) V-2 (l-~)~, froin which (2.8) d i r e c % l g  f o l l o r ~ s .  

We cxfi now make use 3f Therosm 2 , l  to prwire 
/.- \ ..; \, ,I -; c, Theorem 2 . 3 .  If the ith r o ~ i  =-id the  jth calm o:.ciii~?nt of L A.r, 

denoted by b!:), and P(bij 0,  5 -  s 1 .  i f j) = p;rnd.bbi = 1, t i ~ c n  

f o r l < i < ; j < n  



(2) \:q2 = i -+ % A - 2 ,  9,. _. .= 2 9  for  2. 5 I. r 3 s -t- 1, 
,I A- Ll 

= 2 f o r  1. I i I 1: -;- 1 a1-d 1, -1- 1 < j 5 i + 1, 

or? ), + '1 < i -c: n-7.. and i + A < 5 S i + 2 hip 

(d) vid = n - j + 1 - 1, B s = 2 f o ~ n - X < i <  j sn. 

Proof. I n  vie17 of 'i'h?a27ec~ 2.1 azd kha f c?c-t -that, 1 < < n, 14i, is  

(") = e-?ilent the% Pl(?) = 0, f o r  Ii-jl > 2 X. For \'i-jl r: 2 1, we hwe bij 
i ; l  

( 2 )  e l  B it F- = ( 2 ~ ; ) '  3'~ Bej. T h c ~  bij & 0 ,  if ti,i: ith the Ph c t y l ~ s  
'" 3 -C 

of B have a non-.zero i n t e r s e c t i o n ,  If 1 1 < 3 I h -!- 'I., then i n  v i ~ v  

of  Corol la ry  2.2, and the f a c t s  that bii_. = 1, P(bij f O) = p, bi = 1, 

~ ( b  $ 0 )  = p ,  for  only i + 7, - 2 elci~e?Lc ?(bti # 0 )  = ?(bts #o) = p j  
j i 

\r? '7 it f o l l a \ ~ ~  :;hit ~ ( b ( 2 )  5 01 == 7 [(a@.:) * ( ~ e  .) + o ] = 1 -(l--p2) . -[-.-p)z, 
i~ - J 

where v = i + X, ~33d (2 .lo) f o l l o > ~ s  3J-n- L ' L  v i j  = i + l - 2 = ~ - 2 a r l d  

pi 3 = 2 (case ( a ) ) .  The proof f o r  the other t h e e  cases f'o7,lo;~~s exact ly  

t h e  s ~ m e  routizle s:gu~l?ents a12d i s  omiJi'.,ed. It shoifid be rrobed that i l l  

case (c) ,  coz~responding t o  t h e  d i s g ~ ~ i a i  elenent o f  one colunn the re  is  

a zero in the other  col-~u::n, t h w e f o r e  TE us3 Theorem 2.2 fn3taa.d of 

Corol lary  2.2. Th i s  accounts f o r  tile f a c t  t h n t  gii = 0 in case ( c ) .  

Corollary 2.3. I n  Theoren 2.3, i f  ei t i ier  S i j  =2,or 9ij = but v i j  22 2rld 

p z @, then 2 p. 
2 15 

Proof. 



*.- 
the l a s t  i : .  ;? .!-,:rut> fiqce 3 2. ikL . 

3 

( : 3  j 
!C.L 

.- '7 wi th in  t , h ~  b.,inl, p .  . ;: p ,  ~ 2 :  :*.?;; b j i ~ b e  f o r  xilj.a:l v, . -- 3~16 si = 9; 
:i J P 12 

(' :; Bg < p. Bib F -  . ;= 0 allcl v .  = 1 and. in .ti-ia casa of Q.L~.I:;.I elssnnxts q, . 
A-J J- .J A j 

f o r  only ti- j \ - 2 k ;  an3 if 5.2 E, tile oute:rnost e!-em-.n.'i.s in %he hn : i  are 

lion-zero z 1 . .  = I fay Iq-t/ = t h 3 3  POI: 1 -  = , b (9 = 
J 1;1 

( ~ 2 ~ )  r 32 . = bi+h,i ->i 3. , = si13e ji-j = 27, i + h = -J - 1. J J 

la ~ i e x  of tha  abo~re ~ s s u l t s  a13 Coroll-my 2.3, we h2ve, 

C ~ . ~ o l l a r y  2 .b, If i.? B, th: o u t ~ r r i ~ s t  e1eazn-l;~ i n  the bmci aTe 

non-zero and. p t~ 'ths prolsab-ii i ty of t he  n x 1 4 i s g o n a l  eleaanks w i t l x i ~  KIR 

band h i - ~ g  3.33-sera, then p!2' s p, (:i- j \ :: 2 ~ .  
~j 

1J;z r.Sill ncv give n thheol-sLx f o r  3, ~ ~ h i c h  i s  defined a s  . the eqe: ;22d 

v:~lue of t h e  s.:m o:? ?Ale fin.tersa;:ti;o:!s 1 02 the it$. col ran  of 13 '~15th 211 

Tileorc~n 2 .h. If B i s  a bvld nsbri,: and ri;, i s  define-3 b y  (2.11), then 

5 s.. I = p  [[( 5 1' - - . A  + 2) + i(2)i?.-2?4-2) * 2(X-1j] , I < i c + 1) ( 2  .12) 
2 



- w. - C o r e ~ . ~ ~ r y  2.?$ 9 s  let u = Be?.: a?il ;ti- = t,h:r: ( 2  ' 7 )  (2 .7 )  it 
J- 

. to a. xnolths~ wsPul q ua:ltk.tgr iq y which i s  given by 
I' !,L j 

Til.sren 2.5. If yUj 
is t h e  epee ted value of the s.a?i of .th3 

.th 
1engt;hs of in tsrasc-tIonr3 .2f the j col-~2m trith t?lc fb"8 t !I, r!olmns of 

an:! '4 " 2 I: ;j 1; 21, 

9*  



?, + 1 5 2 h  211d 2~ "1 <: j s 3xt c.2 2~ -I- 1 < p,< ,f g b e +  1. (2.19) 

Proof. L e t  1 r IJ; 4 j I ii +- ls then 

T i y i s  pro~742;3 ( 2  '15) . In simfl.ay xamler (2 ,I&)- (2.19) can be p?,3!;(23. 

In csa:3 3 is of dou?.>ly bords~:..ed b-3.;?ci forn (case 10, i-n Fig. I) and 

a 5s .I;he ~.-?tfl"c 07 ",he border, ths.n 7.~3 hnve 

Theorem 2 - 6 ,  If B is DBEF a2.i for i # 5 ,  

- h - P, for either i or ,j or both i%l [ll-c~+l,?.ll, 

and a. is dsfinscl according k:, (2."11), then 
1 



A F-7 
Til+>o-em 2 "7 If 8 is cop DB9J')F s:~cli- .that ~ ( b .  . $ '3) = 2 5~2,% fox' 

1 2  2 
i f j and i or 2 oi9bo-th i n  [n-c~l- ,nl ,  and a > 2 ,  t h e n  

( 1 
P(bij + 0 )  z 6, f o r  dil I. s 1, j :i n. 

(23 ( 3 )  P ~ o o f .  Fm a11 1. s i, j s n 36.3 ha;rg, b., = S ~ B  e, = ( ~ z  ) '  + Be.. 
2. J ,J i J 

S h a e  for t h e  i ; ~ t  elsmeilts of both Chs ith an6 t h p  jt'l c o X ~ - t ~ j ~ s  of B, 

?(bti 1: 3) = ?(btj  # 0) z {(in f ;a t ,  the ineqnzl i . ty  :101.93 f o r  o,ilg the 

3. Pgrl:lilt,t,inz maYrj,ices t o  3F9 CB8F and D3BDF. 

I n  the  preced3~1g section, we gave saxe ~esu l ' t s  fcc m9trices i n  SF, 

3B8? ar!d DB:YJ?. In th iy  s2e t ion ,  wa w i l l  s h m  hoc~ .Lhe~:ij results scanbe 

o l e  of tks:;a forms.  L e t  3 53 the nztri:: o5tri- el Pran  A bj yaplcaci-ig 

each non-zero e l e m a n b f  A by one, In TLW+T 32 ( l . 4 ) ,  a:ld ,the dafin-:..tf,ons 



E(+./ S<') : i )  ; 
1 

(3 02)  

Proof, Since Q h-,s only or:u X O Q - ' L ~ T O  element 5-i eac1.1 I~O-Z and c o l u m ,  

Soro l l a ry  3.1. If in Th~,orem 3 .I, I3 is a band na t r iz ,  then 

Proof. From C~~ollary 2.3> ~ ( b ( a )  0) 2 p(e>:cept for  th.5 o u t n ; n o s t  
iJ I 

element in %he band,) therefo-e9 $(e l  st2)7) = E r e '  B(')~J' 2 j,,(2(2~) = 
- 3 J 

o(1) < < ocn),  slnce x .='< n. 

I n  laa:clng -3 of the :37>o~e Carr~?-Za~y, 1, can be es-b:.aAtef! 'sy ~ 3 - h g  

(2 .I1), ?qller'.3 3 = 7 '2 6. 1% sYlail?--d 1x3 note9 .th.l=: i f i  \ ~ ~ F ? G T  :if (2 .3)  a ~ d  

/ bhe f a c t  tbZt 8 .;= :, ?;) 4;;le ..r.31~9 of" ~3 .3>tained 5s g - ? ; l ~ ? ~ E l ~ ~ ~  921 



f o l l m i n g  Tnaore;:?. Let  I' denote ?;be se i  of indice:; c i  tliose ioolrs and 

colurras cf S r ~ h ~ c l ~  a f t e r  per%'~~ta-Llc?n according t o  (3.1), becone tJie l a s t  

a roxs and c o l ~ r ~ j s  of B, tilt,.?l s.c hsve 

~ ' e ~  = e . ,  then 
t 3 

1 
:' and $lax E r e !  S ~ ( V  - ei),=hp2n i $ r .  

T L 1 

Proof. From ( 2.11) , ( 3.1) slid t h e  f ac t s  t h a t  W = V, ei = Qe j, 

. . 
But fs801n (2.23) and  the  fac t  t h a t  X < < il, we have 

7 7 , 2n-p i ( 2 1  - l ) p  + l , v ~ ~ i c i i  proves ( 3 .L) . 
On the other  hand, f o r  i $2 T, E [ei s2 ( V  - ei)] 'ill be maximum f o r  

2A + 1 I; i s n - o - 21, and from (2 .22)  5 %  follows t h a t  

w hp2n? ~ rh i ch  proves (3.5) 

From the  above theorem i t  follows t h a t  

where i C I' and j $I?, and D = + ( - 1) 2 4, s ince  0 < p 2 1. 
)i P 

It can be sho'cun t h a t  (3.6) a l s o  holds f o r  DBBCF, if we assume t h a t  the  

diagonal blocks a re  of average s i z e  1. Kovever, i n  t h i s  case 6 2 3. 

Therefore, we can generally mike use o f  s 2 t o  de t emine  the  roxs and 

c o l u ~ n s  of S which belong t o  r. If such rows and co-lums are  rcn~cved 

from S ,  tllell see riead t o  d e t e ~ ~ ~ i r i s  %?iet ,h~~* the  ;.enmining i ~ l t ~ i x  can b e  



trar,sformed t o  the REF o r  EF. To t l i i s  c:,d T . T ~  brill  f i ~ c d  tha  I"ol.lor5.rlg. 

Proof; In the  proof of Tl-ieorkn 2 .I ::e have seer, t h z t  the  band~aiclth 

of B 
(k-tl)  ' i s  ). more t l ~ ~ l i  t h z t  for B(~) 5.2 F = 1. Tiler?fore i t  ,Pollo~;s t1i:y.t 

( k )  
B = V'V fo r  k; 2 -:. In csse 0 < p 4 1, then I r c n  Corollary 2.3 j t 

I\ 

(k) ( k) fol1os:s t h a t  f o r  near ly  a l l  el-r!ienLs b .  of  P(kij # 0 )  a p. 
1 j 

6-1 Tinsrefore ~ ( e '  B(~)v) = o(n) ,  s ince 1 2 p 2 r-. 
i 2 

Theorem 3.4.  If i n  (3 .1) ,  B i s  i n  EDF with ~ ( 7 3 . .  # 0) = p for i, j 
13 

i n  any oC t h e  diagorial bloclts and zero o.thsrt:ise, and is i s  the  s ize  o f  t h ~  

1 l a r g e s t  diagonal  blocl:, then 

Mar ~ ( e  ! s('~'T~) < m a  
i, 1; 

C 3 . 8 )  

Proof: Since only the  colurIms beloi?zir,g t o  the  szne diagonal blocks 

can have a non-zerc i n t e r s ec t i on  and t he  Ecolean powers of B increase the 

p robab i l i ty (of  being nox zero)cf  those ~ l e x s n t s  that E a  j.n the  diagonal 

b locks ,  therefore  a t  most m e l e r n e ~ t s  can be non-zero i n  any row o r  columi, 

and (3.8) fol-lows. This corp le tes  the  proof of t h e  theorem. 

If wo know t h a t  S can be parmuted t o  the  form of a band rmtrix,  the2 

we need t h e  folloTrling r e s u l t s  fo r  order ing the rows z.nd co1ur;ms of S 

( v i z . ,  t o  determine Q) . 
From the  proof of Theorem 3.2, we have 

r 
E [e i~" (v-e . ) ]  1 = E ie.B2(V-ei)! _I = crj, where Q e j = e i ' (3 .9 )  

J 

and from (2.12) it follows t h a t  

ct - cri = p (2hp -~p+2) ( j - i ) ,  1 r i < j i i + 1 
j 

and r?in (aj - ai )- p(2hp-zp+2), 1. 6 1 < ,j 5 k + 1 
1, j 

- 



. , Le t  V be kkle vsc to r  obl;,ined f ~ o x  V b y  i-e-,ilacifig ixs ].as% n - u elcrricnt o 
C1 

p-. o ~'i1211 y xv'ilich was defined in T;~eoreri~ 2.5, can. ho o z q ~ ~ c s s e d  ss  
u j '  

If 1,re l e i  wl,, = "ndQej = e; t!~":' ~ Y C I X  (3.10) and (3.1) it folloxo t h a t  u A. 

We ere nov f inal ly  i n  a pos i t i on  t o  d e s c r i t e  an algorithm f o r  f i l id ing  

a permutation ;nat r ix  Q ccrresponc'.ing t o  a given sparse sginlstrlc posj.t,j.ve 

d e f i n i t e  r:z.t,ris A such t h s t  the  m+,rir, G dar"ined according :to (1.4.) i s  i n  

GSBF, DE%CI, o r  RF. 

Algor i th~r  3 .l. 

I. Constlluct S,  %he inc5.dence r:iat;rix corresponding t o  A and conpute s2, Fron 
I 

s", cans t ruc t  t he  corrospi id ing iricidence l r n t r i r  st2). ?;f f o r  3.11 i, 
\ 
\ ' 

e' s(')v= c ( n ) ,  then go t o  s t ep  6 ( I n  -iie:i O? Theoren! 3.1 and G o r o l l ~ r y  3.1, 
i 

B can be e i t h e r  DEEDF, o r  DBBF b u t  no t  i n  BI or BD?'). 

8-n (k) II 2. C o ~ q u t e  f~ = V'SY, ?. 226 5 '  , pfilere 2 - * ~f s(')v = X I. i 

o(n) ,  then  go to s t ep  L(B is ir ,  band form-this follo:.~s from Theoroms 3.3 

and 3.4 and t h e  f a c t  t h a t  m < < n,  s ince  A i s  sparse. It should be noted 

t h a t  1 2 >@x(o .' s V-1) , since 2A + 1 is the m,:inun nufizbar of non-zero 
1 1  

elements i n  an.j7 row of B; also i n   vie^ of (2.3), the value of  X given by 

X B-n i s  general ly  an ~mdere s t i nz t e )  . 
3. Coxpute s(") and denote i t s  ith row and jth column element by 

("I Then s (7 )  # 0, f o r  a l l  oolumms(ro~~s)of S w3lich holong t o  the  srtmo 
' i j  . i~ 

diagonal blokli: as the  ith colucm(row). S t a r t i ng  with t he  P i r s t  colun~i,  

assign each C O ~ U K K ~ ( T O W ) ~ ~  S t o  a p a r t i c u l a r  diagorlal block. This detcrilllnos 
C 

Q such t h a t  Q S Q i s  i n  B~~(~arary 1962, Tewarson 1967) . Stop 

4. Deternine 2A values of 1 f o r  which 



i;l-;~n '!'lp an6 'i)_ be long t n  diPfsrenL se ts .  !'!ithin each s e t  2rrs,ogc the 
.!c 

A 

vtzlus s BE s i n  the  o rde r  of ascending vall les o f  a? . L e t  TI,, q,, . . . , 
- - - 

, qA and TII ,  &, . . . , ij b s  t h a  r c s ~ 1 S i n g  ar rz igmnsnts  f<:~,* t h e  7/'s i n  t he  A 

first and t h e  s c c o ~ d  s e t  respec t ive l -y ,  t h c ! ~  e e ;il' Ib' "" are  the  

f irst  h colu:xns and e- . . , e :  , e -  m e  t h e  l a s t  $. columns OF Q. 'TL ' rl, 111 

( ~ e r ~ . % r k s :  Note t h a t  h ~ ~ 3 s  e s t i ~ ! s t e d  I n  s t e p  2 of  this algori thm. IQrther- 

more, f ~ o m  (3.9) and (3.10) it fo l lows  t h a t  f o r  t h e  3 ' s  i n  each sek, t he  

v a l u e s  of  CY s a r e  g c n ~ r a l l y  d i s t i n c t .  Ties can be t;-:*cl!ren 'by us ing  
Tl 

e '  EX.). Conet ruc t  a n  n dir;Lensional column vac to r  9 :,!;lch h a s  u n i t y  i n  *' 

ri 
p o s i 5 i o n s  7 ) , ,  '&, . . . , 'If. a.nd zeroes else-b~here. A 

h 

5. Co:,pute y = !.fax e'  s2 2, i # L Y ~  , tllen e T  i~ t h e  n e x t  coluzm 
7- 

I i 

o f  Q. (This  f o l l o w s  frcu ( 3.12), (2.15') and (2.16).  It  can e a s i l y  be 

shown t h a t  i f  I- h a s  more than one v d u e ,  t h e 2  t h e  c ~ r r ~ s p o n d i n g  colu~tms 

o f  B a r e  very c l o s e  toge the r .  We cm u s e  e '  s"(v-eT) t o  break the  t i e s  
7 

i n  t h e  beginning i f  any.). Nake t.he .ith e l m e n t  o f  2 a one. Simi1zd.y 

t h e  a d d i t i o n a l  columns of  Q frorrr t h e  r i g h t  hand s i d e  aye a l s o  determined 

CL - .- 
by u s i n g  n, which has  u n i t y  i n  p o s i t i o n s  '& , q2, . . . , nh. Repest  t h e  

c u r r e n t  s t e p  o f  t h e  a l g o r i t h n  u n t i l  a l l  colunns o f  S hzve been ~: ;haustdd,  

v i z . ,  R + 5 = IT, and Q h a s  been determined.  Stop.  

6. Conpute = e S% (v-e j ) ,  j = 1, 2, . . . , n. Bc+t,ermine t h o  s e t  
j j 

r, s u c h  t h a t  i f  g c r and k $ r t h e n  i s  s i g n i f i c a n t l y  g r e a t e r  t han  
P 

& (For exsnq le ,  where O m b ,  this f o l l o v s  f r o m ( 3 * 6 ) ) .  Let k ' P 

PI, p2, . . ., p, c I?. Then e , e a r e  t he  last c o l u ~ ~  of &. 
PI 3 e ~ a 3  P 0 

Mow d e l e t ?  t h e  rows and colu~rins of S 1ik;ich belong t o  I' arid we have a m a t r i x  

o f  order 11-0, which i s  e i t h e r  in 33' o r  BDF. Go Lo s top  2 w i t h  n rc:~l.:*.:t.ccd 



by n-a t o  determine the  first 11-0 colul;~?s of Q. This caiiqletcs A1go~ith;ir. 

3.1. 

We s h a l l  now lwke a few pert i .nont  remarks about  the above a1gorj.th.m. 

Le t  cp be  the  undirected graph d i i c h  corresponds t o  S such t h a t  it has n 

nodss and the re  is  an edge be tmen  i t s  j,til and j~ nodes i f  and only if 

= s = 1, ( ~ u s a c k e r  and Saaty, 196s). Tiicn t h s  pcxriutation of the 'ij ji 

r+oTis and the  colu!~ns of S (according t o  ( 3 . l ) ) i s  equivzlt.nt t o  the r e -  

arrangement of t he  nodes of cq t o  ge t  an undirected graph g which corresponds 

t o  B (ma.l;rix B i s  i n  BF, DBBF or BBDF). I n  view of t t s v e  def in i t ions  of  

' s2 9 and f , it i s  e-lident t h a t  the  equstion ei = o(n) i n  t he  f i r s t  s t ep  

of Algorithm 3.1 impl ies  t h a t  the re  i s  a pa th  of length  two o r  l e s s  be- 

tween most of the nodes of q ( o r  $) . f i r t he rno re ,  i n  s t ep  6, t.~@ determine 

and de l e t e  some nodes and the associa ted edges of cp, such t h a t  the  r e -  

m i n i n g  graph does no t  have olost of i ts  nodes connected by pa ths  of l eng th  

two o r  l e s s  ( t h e  associated matrix can be perixuted t o  EF or  BDF). I n  s t ep  

3, we make use of t h e  connectivi ty matr ix  s(") t o  de t e r~ i i ne  the  nodes be- 

longing t o  each conaected subgraph of y ( t h e  diagonal bl-ocks of B) .  The 

determination of Q i n  s t eps  4 and 5 general ly  does not l ead  t o  a matr ix  

which has bandwidth c lose  t o  t he  one estimated i n  s tep  2,  mainly due t o  

A ,. 
t h e  non-uniquenessof the  q u a n t i t i e s  av and y however t h e  rows and 

7 ' 
columns which w i l lm in i l~ l i z e  the bandwidt,h a r e  i n  general f a i r l y  c lose  

together  i n  Q'S Q a t  t he  conclusioli of these s teps .  Therefore, a few 

add i t i ona l  interchanges of rows and colurnns might a t  times be des i rable .  

The above Algori.t;h?n i s  based on t h e  assumption t h a t  t he r e  e x i s t s  a 

Q such t h a t  Q ' S Q = 3; where B i s  e i t h e r  i n  BF, DBBF, or BBBDF and the  

p robab i l i t y  of i t s  elements (wi thin  the sb.zded a r ea s  i n  cases  e, 1 0  o r  

6-1. 5 i n  Fig. 1) being non-zero is p 2 , and n, a, )L a r e  of same order  
2 



of r~:1g;fn.itut5.e, but, much less than  n. The c lose r  p is t g  uni the more 

e f f i c i e n t  the . a , l go r i t l ~ r~  r ~ i l l  be. For a r b i t r a r y  sylionetr:ic n?.xtr:ix S with 

non-zeros on the  diagonzl, the  e f f i c iancy  of i;fij.s Ugorithni w i l l  have 

t o  be decided on t he  ba s i s  o f  a large ll~?;iSsr of coniputatior~al ex- 

perin!s~lts. I n  a.ny case, .the a 1 g o r i t . h ~ ~  should c e r t a i Q ;  do b e t t e r  than the  

present  Kethods in l i t e r z t u r c  t h a t  t h ~  anthor Is f , ?n l i I i s r ,  d u e  t o  the 

folloxing reasons. F i r s t ,  the ror-rs and colums or^ S ~~lp,,ich would keep us 

from minimizing X o r  m a r e  put  i r r  t h e  set, r; and seconi?, a t  each s tage  

of the  algori thm we have used maare in forxa t ion  f r o x  the  rows and co lums  

of both S and ths desired forin B %ban other  m~i'ilods seer!: t o  u t i l i z e .  

We conslude t h i s  paper with a b r i e f  desc r ip t ion  af t he  met'nods 

f o r  mstsix ba~ldwidth minixi e a t  ion pffe sently avai lable  i n  l i t e r a t u r e .  

If h.e l e t  IT. = i - j ,  j I i and zerc otherwis6, t he r e  a i s  the l e f t  
1 i j  

most non-zero element of A i n  the  ith row, then Uyua  mc! Utku (1968) 

1 
give an i t s r z t i v s  program f o r  f inding t h e  quanti ty 5 = min -- C ni. Q n i = l  

Their method is based on interchanging two succesaiae r o w s  of A i f  band- 

width i s  decreased o r  a row with l a r g e  nun5er of zeroes goes away from 

t h e  cen t r a l  r o x *  The above problesz can a l s o  be .expressed a s  a Linear 

Prograrming problem (~ewarson,  1967). The r e l a t e d  problem of f inding 
- 
5 = nlin m x  rr Is discussed by Uway and Martin (1969, Cuth i l l  and 

~ i i  
McKee (1969) and Rosen (1968). AJ..tray and Martin (1955) have constructed 

a program which by means of an educated search of poss ible  perrrtutations 

determines Q. Rosenls (1963) -program i s  an i tera . t ive  scileroe which is 

based on interchanging a p a i r  of diagonal  elements of A, such t h z t  e i t h e r  

max n. i s  decreased or i n  c e r t a i n  cases  remains t h e  same. Cu th i l l  and 
i i 

McKee (1969) base t h e i r  scheme on renuxhering t he  diagonal e lenen t s  of 

A by looking a t  a few permutations suggested by t he  struc2;ure of cp ( t h e  

associa ted graph). 



The Algo~itllnl given i n  t h i s  paper should be especia l ly  use fu l  

where many probleins with similar p a t t e r n  of non-zero alenerlts but  

d i f f e r i n g  values have t o  be solved. It wi7.1 perhxps 1:s ads7antageous 

t o  use  powers of  S g rea te r  than tuo  i n  s t ep s  4 and 5 of t h e  algorait1m 
A A 

f o r  g r ea t e r  exyected seperat ion bet-man t h e  or s and y s. We hope that 
j T 

the  p r o b a b i l i s t i c  approach used i n  t h i s  papel. will i n  the i k tu r e  lead 

t o  add i t i ona l  algorithms. 

December 15, 1969 
Sta.ta Universi ty o f  New York, Stony Erook, New York 
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