Bitopolegical Epaces snd Complete Regularit

The main object of this peper is to prrove that a

£ it is honsgomorphic
to a subsrace of a »nroduct of ouasimetric spaces. hile proving
this ﬁ&in result it has also bzen proved that a qlﬂg;”e+ric

space is completely resular and the product of completely

regular bitonological spaces 1is completely reguler,

1t is not difficult to deduce from the main result that
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Kelly (1) has nroved seversl results on bitopological

spaces., But our terminolocy is different and in our ternminology,
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bitopological spaces can be expressed in the

seme way 28 Tor topolozicel s»aces.

‘e have a2lso proved that a subspace of 2 remlar
bitopological snace is regular and that the product of regular

bitonolozical speces is regular.

For topological snaces we follow the terminology of

Kelley (2).

a set and T, 7T tso topologies
/
for M, The ordered triole (11,J,Y ) is said to be a bitopological

the left topology, (1L,J) is the left

\.“}f

[
7

spade. Ye will say J

/ bl -
s the right topology and (M,7 ) is the

Lte

topological svnace,

A

right topological srace of the bitopological space (4, 7,3 ).



- e 1 e = N

ihen there is no risk of confusion we will denot
B2y PR B kT H— WU W VT A me T " P A = T
this bitopological space by ii. Take cA = lI— A for A C N,

L

Definition 2, A function & on the cartesi=an product

of ¥ wvith itself to the nonnegative reals is szid to bs a
guasimetric for the set ¥ iff 4 is such that for all points
Xy ¥ % O1 i

(i) dlx,y) = 04if x =y and

(ii) da(x,y; € d(x,z) + d(z,y).

We will say (ii,d) is a quasimetric space.

Let J be the fanily of 21l subgets T of i such that
x g T implies {3-‘: d(y,x)(r} < T for some r > 0., Then
7 is a topology for I,

/
Denote by J the farily of 211 subsets T of ¥ such

that x ¢ T implies {y: alx,7) < rj < T for some r > 0., Then

- T
b

/
7 is also = tonology for k.

(%

Definition 3. 7e will call J the left topology, 7
) o : ) . el
the right topolozy and (U, d, °J, 5/ ) the bitopological spece
of the auvesimetric 4.

/
Je will usually denote the bitopological space (i, 4, J , 7 )

by (li,d) and also call it a guasimetric space.

For the reels, define a quasimetric m as follos:

m(x,y) = y =—x for all re=l x,y.

Definition 4. e will call m the usual quasimetric for

the reals and the bitopological space of m the usual bitopological



2 oo )
Space I0or Tne reals

/ /
Definition 5., Let (1, 7, ), (,B ,%L ) be two

i,

bitopologicael svaces.and £ a function from I to N. e will sav
/

£ is continuous iff it is J-3 continuous.and ”j‘— mn
continuous and f is a homeomorvhism iff it is one to one, it is
continuous and its inverse is continuous. The two snaces are
said to be homeomorphic iff there exists a homeomorphism from

one spacs to the other.
Definition 6. Let J be an index set and let (M , ¢ , "U |

J € J be a fanily of bitopological snaces. Denote by I, 9,7

the product respectively of the sets E_.:j, the topnologies “j
/ J
and the tonologies "TJ’J . Then the bitopological space (i, °J , 7 )

'_l-
n
v}

¢
id to be the product of the bitonoloziecal spaces (i, 4, %D ),
' J

/
Definition 7. Let (i, ¥, T ) be a bitopological space
=T A T - / .

and let ¥ be a subset of I, Let ¥, B dbe the relativizations
4 £ Jj ! T ma / . ) L

respectively of y 9] to N. Then (N, %, , 0w ) is said to be a

. /
subspace of (M, 97, °J ).

T - /
Definition 8. Let L, %, 7 ), &, W, ?R, two
bitopological spaces and f a function from I to N. be will say

f

[N
mn

en open map iff

-

(i) B €% implies the image 3, of B under f,is in BV and
- = ’ ’ - » , ’
(ii) B & 9 implies fB € W

! .
Let (M, “j » 7] ) be a bitopnological space and F a

"

family of functions f such that f maps I into a bitopclogical



s ; ; i
space N _. Denote by (¥, M, M ) the product of the bditopolorical

spaces N_ , £ € P, Define the function e from M to U by

e(x) = f(x), i.e. the £ -1" coordinate of e(x) is £(:).

Definition 9. The function e defined above is called the

evaluation map of ¥ into N, The family F of functions is said
to distinguish points iff for each psir of distincet points

X, ¥ of I there is £ in F guch that £(x) fé £(y). The family F
is s2id to distinguish points and closed sets iff
(i) a subset B of I is closed in T and x g c¢B imply there

T

ig & dn such that f(x) ig not in the eclosure of 3

b

in the left topology of . and

oo sl e T : A
(ii) a subset B' of I is closed in °J znd y ¢ ¢B’ imply

e

there is z in P such thet z(y) is not in the closurs

/
of gB in the right topology of

Tmbedding Lemma. Let F be a family of continuous functions
f such that f maps the bitopological space I into the bitopological
space Hf + Denote by I the product of the bitopological spaces
Nf ¢ £ & T, Then
(1)

(ii) e is an open map of K onto eli if P distinguishes points

W

the evalustion map e is a continuous function from i to N

end closed sets

(iii) e is one to one iff F distinguishes points

i
]

Proof. The last pert is obvious. The first part follows

.

ju

IS

since e followed by projection Pf into the f -th coordinate

space is continuous since Ffe(x)::f{x). The second part can be

proved a Tollovs., Let B be a set open in the left topology of

M and let x be a point of B. There is then a member f of F such



that £(x) is not in the closure C of feB in the left torology

of N_.. HNow the set of all y &€ N guch that ¥ g C is onen in the

left topolozy of N and i1ts intersection with el ig a cubset of
eB. Hence eB is a neighborhood of each of its vpoints =2nd so is

open in the left topology of . Similarly e maps sets open in the

right topology of i into sets open in the right tovolosy of U
o H > £ C " [Ty | L

e

Therefore e is an ovnen map if distinzuishes points and closed

sets.

Let 1 denote the closed unit interval [Q,TQ of the reals,

Then the ususl guasimetric m for the reals is else a cuaginmetric

=

for 1 and so (I,m) is a quasimetric space,

Definition 19, A bitopological snace (li, fj, ﬁj ) is

said to be completely rersular iff
continuous

(i) B & f] and ¥ € B imply there is %ﬂfunction f from M to I
such that #fB=4, fix) =1 and
/

A
z

y, /
fis) 8" 8.5 ., y € B dimply there is a continuous function f

/
from M to I such that f(y)=0 and feB = 1

/
Theorem 1, Let (1, %, °J ) be a completely regular
space, Then Ii is homeomorphic to a subspace of a product of

quasinetric s»aces.

Proof. Let B € TJ and x € B, There is then a continuous

function fq “ from ¥ to I mapping ¢B into O and x into 1, And
/ £ TET g : " . :
Be 7 , vy e B imply there is a continuous function fY B!
.

' I T
from I 40 1 mapping y into O and ¢B into 1. Finally let (if,d)

i Y

. . - > { i
be the quasimetric space where d(x,y) =0 for &1l x,y in Ii and



/
let £ he the identity marping from (U, T, 1 ) to i,d)
defined by f(x)==x. Let ¥ be the fanily of functions consistine

n Lwy

of f, 2ll functions of the form f. and all functions of the

n =)
D X
3
‘F - o m T B N v o | 5 - - ’ 3 . '
form £f _, . Then P distinguiches noints and points and closed

b
oo

)‘ \ - 3 -
sets. Hence (¥, <}, 9 ).is homeomorphic to a subsnace of a

product of guasimetric svaces and this completes the proof,

Let x be a point and A a suhset of M, ie will write
D(x,A)=inf {d(x,y) ¢ y € A} and D(A,x) =inf {d(y,x) : y ¢ A} .

/
Theorem 2 Let (1i,d, o , 9
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} is the closure of A in

. o , .
(i, %3 ) and {x:B(x,A)::C} is the closure of A in (i, °J ).

and % a subset of I, Then {X;C(A,x}:'

Proof., Let B be the closure of A in (ii, f]} and let

1

C = {x:D(4,x)=0} ., Then x € C and r > 0 imply there is y & A

s

such that d(y,x) € r and so every neighborhood of x in \:,“j )

intersects A. Hence x € B vhich implies € ¢ B, Next x € B

implies every neighborhood of x in (I, % ) intersects 4 and

[

so for each r > 0 there is y € A such that d(y,x) < r. Therefore

a !

D(A,x)=0 or x € C. Hence B < C, Then B=C.

The second part of the theorem can be proved in th=

sanme 7aye.

: /
i 3 - - S
Lemma, Let (i, 9J ) bs a topological spnace, (R, &, R )

the usual bitonological space for the realg and f a function

from ¥ to R, Then f is ‘j-ﬁ? continuous (lower semi-continuous)

iff x € i and r > O imply there is a neighhorhood A of x such



that f{x) —f(y) < r for all v ¢ A, Also f is c'j-—

continuous (upper semi-continuous) iff x g i, r > 0 irply
T

there is a neighborhecod B of x such that f{y) — f(x) £ r for

heorem 3, Let (ii,d, sj y cj ) be a gquasimetric space

"\
]

the uwesnal bitoroloszical space for the reals

4
.

(
Let f{x) = D(4,x) and g(x) = D(x,A) vhere x ¢ ¥ and A C M,

Then £ and —g are continuous functicns from i to R.

Proof., Let x, y, 2 be points of li. de know
d(z,x) < d(z,y) + d(y,x). Teking infima for z in A we get
D(A,x) £ D(A,y) + a(y,x). If y is in the neighborhood
{_V: dlv,x) < r} for r > 0 of x then D(A,x) -'“*D(n,‘}; =
and so f is ‘U-@U continuous. In the same way we can- prove

/ /
f is also - @L continuous.

P'r" ceeding similarly we can prove g is
_and ‘j @ continuous., lience —g is Gj-@_ and

“‘J - R continuous,

Lemma., Let f, g be continuous functions from a
bitopologicel space M to R and k > 0, Then f + g and kf are

also continuous.,

Theorem 4. A quasimetric space is completely

m

regular.

/
Proof. Let (M, 4, "‘J ' ‘:} ) be a quasimetric space,

A 2 closed subset of (Ii, °J ) and x a point of cA. Let

D(A,x) = k., Then k is positive. Define e by elu,v)= min{kx r.l(u,‘h}



for all u,v in ¥, Then e ig a cunasinetric for M whose left
and right topologies are the game a2s those of d. Take

~ b . o & e ; i : Nt e B -
E(A,u) = inf {_e(v,u; : v e A} . Define f(u) = E(A,u)/ k.

Then T is a continuous funetion from i to I such that fA = 0

and f(x) = 1.

Next let B be a closed subset of (i, fj’) and let
y be in cB. Let n = D(y,3}. Then n is positive. Let
plu,v) = min { n, d(u,v}} « This will make » a guasimetri
for 1 whose left and right topologies coincide with those

gf* d, Let PG, B = dind { o(u,v) ¢ v ¢ B} . Take

)
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glu) = 1'"*1’@1,5)//n. Then & is a co function from

-

M to I such that g(y) = 0 and g(B) = 1.

Theorem 5. The product of completely regulear

bitorolosgical sneces is completely reguler,

Proof, Let J be an index set and (i, 9., Jq ) a
family of completely regular spaces. Denote the product space
by (izy %) ,‘ﬂl ). Let A be a clogsed subset of (i, ¢ ) and x
2 point of cA. Then cA is a neisghborhood of x in (M, 9J )
and so there is a finite numbher of open sets S, ¢ "’ji s ¥ ey

-1 -1 :
3 S .""’ v & : + -:'.' “ e :}:’ -1. A W }-:_ re I_'; »
E}k £ ajk uch that x ¢ Pl __;i m ﬁ K Jl{ (G e rher j

[}

denotes projection into the j - th coordinate spzce. Denote

by x. the projection of x into the j - th coordinate space.

.,'l
L 2] .
There are then functions £, ,..., fk such thet fi is continuous
:L 4 %

from 1, %o I, f,(ﬁi—-S.} = 0, fi(xi) = 1, etec. Define the



g(z) = nin {’L

function

s, )
¥ mappin

space 1is

is

spaces

Theorem 1

iff it ig homeom

spaces.

{i)

(i1)

resnlar

not nece

Lemma.

homeomorphic

then T4

Then g ig a continuous

fraom I = 0 and

a(x)= 1.

It can similarly he proved that B is closed in
s+ ¥ € ¢B imply there is a continuous function on

g ¥y into O and B into 1.

L subspsce of a completely regular bitopological

conpletely regular,

Hence we get the result: if a bitopological space I
to a subspace of a product of quasimetric

is completely resular. Combining this with

we thus have

Theorem 6. A bitopolozical space is compietely regular

orphic to a subspace of a product of guasis

/
on 11, Let (¥, 3 ' %) ) be a bitopological

Definitio
t g2id to be regular iff

is

A ig a closed subset of (¥, <J ), x € chA imply there

Y :"w“l ¢

/ : , /
are disjoint open sets X, %, such that X ¢ °J , o £ 7
o

N
3

/
7 ), v ¢ ¢B inply there
/ /
e d

is a closed subset of (I,

/ )
are disjoint open sets Y,Y such that Y e °J , ¥
/

¥ oY, B Y

5 T . A -~ + | \7
It is obvious from the definition that a completel;

bitopological swace is regular. But the converse 18

gsgarily true.

¥



Theorem 7. The product of regular bitovological

Nnono et el ay
spaces is resualar.

Proof. Let J he an index set, Let (M., tj P i 8
P
i regular e J Iy,
j gd be a fanily c:f'f bitopological spaces and (U, 1 , < )
\ ‘ -

their product. Suppose A ig a closed subset of (i, "J ) and

X & ch., Then cA is 2 neighborhood of x in (¥, 9 ) and so

_.\i 3 i
-1 e i Kk
x £ P, 5, P o5 . cA where P, is the projection
k k i e
from M to li,. Denote by x. the projection of x into the j -th

/ !

P- &8 9 ;s B.8 ¥ gich that M =5 ¢ 0 . x. £ 1 ; stes
i 1 i i i ik 1. :

et T D rsection of the inverse projections of

sevey T and T the union of the inverse projections of

/ /
Peoswwwy B ; Thel Ty T are Gisjoint; T € I » T € 7] 4

]

de can prove similarly that B is a closed subset o:
/
(M, °J J, y € ¢cB imply there are disjoint sets Y, Y such
7 / / '
that Y ¢ 9 , Y& 9 , x €Y and B <& Y. This completes the

proof,

It

=N

s easy to prove that a subspace of a regular
bitopological space is also regular.

; /
Definition 12. A bitonological space (i, ‘U g &

L

is said to be normal iff A, B are disjoint sets closed

/
respectively in (3, ] ) and (i, 9 ) imply there ar



disjoint sets C & ‘j s D &8 7§ such that A &< D and B & ¢,

Definition 13. A bitopological space (M, %J , I )
is ssid to be completely normal iff A, B are disjoint sets
closed resvectively in (I, °J ) and (11,7 ) imply there is
a continuous function £ from K to I such that fA = 0 and

8 =

1t is obvious that complete normality implies

normality.

-

The following results were proved by Kelly (1) but

using a different terminology: A normal bitopological sy

o]
it ]
0
6]

is completely normal and a cguasimetric svace is normal. But
these results are not difficult to prove using the view-point

of this paper.

1t is clear that normelity is not hereditary and
that the product of normal bitopologiczl spaces need not be

normal,

A topologicel spaee (I, ¥J ) can be considered to be
the bitopological space (I, J , ‘UI) and then the preceding
definitions and results apply to regular, normal, completely
regular =znd completely normal topolozical spaces. The results

of this paper are thus generalizstions oi the curresponding

results 1ur TOpOLOgical spaces,

If (1, %) ) is a2 tonological snace then there is a
/ _ i
topology 9] such that (i, %4 , 9 )} is normal and completely
{
regular; it is only necessary to take ®J as the topology



having as base the family of all closed subsets of (i, °J ).
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