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Quasiproximity Spaces

By

D. V. Thampuran

The study of proximity spaces ~as pioneered by

Efremovich (2,3) and S~irnov (A). A quasiproximity does

not have the full synmetry of a proximity but has a certain

kind of symmetry as can be cteducedfrom its definition 2nd

from the fact tha.tthe bitopoloGical S)8,Ce of a qFasi-

proximity is completely regular. Quasiproximities are

equivalent to the topoGenous st~lc~1res of Cs~szar (1).
f<

Quasiproximi ty spaces have properties analogous to

those of pro~iTIity spaces 8~d quasiuniform spaces. For instance,

two sets distant from one ~~other, in a ~lasiproxirnity

sp8,ce can be functionally separated lJY a b -function <?nd

a quasiproximity is generated by the family of all the

quesiproxird ties, of quasimetrics, 'Nhich are finer. ..,

Let U be a seto For a subset A of ~ ~e will write cA

for the complementof A. If A = {x} , B = 1 y} , C arc

subsets of n denote cf..by cx e,nd the :pairs (A,B), (A,C), tC,B)

by (x,y), (x,C), (C,y) respectively. If b is a binary

reI t. t' t -P ,.. d .,.., b'"' +.,. 0 ," , .......

a lon on ne power se 0.1.L: an 1\.,D G.re SU .Je'Jo) ..:....i..,~

(A,B)
e: cb anti (A, B) I b denote the SCl!'TIefact.



Let q be a binary relation on the ,ower set of b

such that for all subsets A,B,C,D of M

Q (1 ). 01, j ), (f 'M) t: cq

Q(2), if A,B intersect then (A,B) (. ~.

Q(3), A c: e, B c: D, (A,B) €. q impily (e,D) f. q

Q(4).(A U B,C) f. q implies (A,C) t. q or (B,e) f q and

(A,B U C) £ q implies(A,B) If q or (A,e) E q

Q(5).(A,B) E cq implies there is a~bset X of 1\isuch that

(A.,X) £ cq and (cX,B) E. cq.

"c.

Defini tion 1. ,Va will call q a qU8.$iproximi ty for M.

The ordered pair (E, q) is said to be a qU'EJsiproximity space.
\
\
\

\.

Asymmetric q is a proximity. If 71te: define < by

A <. B iff (A,cB) t cq then <::.is obvioll$ly a topogenous

structure as defined by Cs£.sz~r (1).

I
Definition 2. Let C), a:J be tW0 topologies for 1,1.

I
Then the ordered triple \IiI, ~ , a::J) is sand to be a

I
bitopological snace. ~ and:7 are said to be the left

and right topologies of this bitopologicaillspace.

jVhenthere is no ambigLlity we will also denote tlds

bitopological space by M.

Let 'J be the fanily of all subsetsT of Ll such that

x in T implies \cT,x) E. cq; it is obvious; 1 is a topoloCY
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for M. Let 'J be the familyof all sLJ.bsets T of Iv; such
J

that x in T implies (x, cT) E. cq; then ry is also a topoloCJr

for LT.

Definition 3. Je will say
. I

~. is the left and ~
I

the right topology and (M,q, 6J ,:J ) the bitopological space.

of q.

When (Icl, q) is considered as a bi topological space we
I

will denote it by 0'1, q, 1 , a-j).

I /
Let k,k be the Kurato~ski closure functions of ~ , C)

I I I
Take i = ckc, i = ckc. Then i, i are the interior functions

I I

of k, k. Vie will denote the bi topological space (M, a:; ) ry )
J

8.1so by (M,k ,k) .

I

and iA = { x : (x,cA) t.

TheoTem 1. Let A be a subset of 1\.:1.Then iA -= {x : (cA, x) (cq)

cq j .

Proof. Let B =- {x : (cA,x) (. cq J . Then

iA C B C A. Hence if iB = B then iA ::: B. Let x (. B.

Then (cA,x) E cq. Hence there is a subset e of M such that

(cA,e)

(cA,y)

£ cq and (cC,x) € cq. Then y £ C implies

E cq and so y t B. 'This means e C B and therefore

cB C cC which implies (cB, x) c cq. Hence iB = B.

The second part C8L be proved similarly.

,'..p, ""..



Corollary. kA ::: {x : (A:x) f. q} and
I

kA :: {x : ( x, A) ( q J .
f-

Theorem 2. (A, B)
I

E. q iff (kA,kB) £. q.

Proof. Let (A, B) [ cq. Then x E A implies

(x, B) c. cq and so x €. i/eB. Hence A C icB =, cI{B.

Similarly BeckA and so kA C. eE. Now (A, B) e cq

implies (A,C), (cC,B) E cq for some subset C of M. Then
I I

E.. eq. Also cC C ckB or kB c:. C
I

easily follows (kA,kB) t. eq.

kA c: cC and so (kA,B)
I

and so (A,kB) E cg. It now

The converse is obvious. This completes the proof.

Given a quasi!Jroximi ty q, c1efine q' by (A, B) E. /. iff

(B,A) E q. It is clear ~ is also a quasiproximity. 'l'he
I

left and right topologies of q are respectively the right

and left topologies of q. Hence we do not get any new

topologies from q~

I
Definition 4-. A bitopological spe.ce ~l:,k,k) is said

to be regular iff

(i) A =
I

X

(ii) B =
I

Y =

kA,
I I

= iX such
I

kB, x ~
I

i Y su ch

Y E cA imply tl-Jere are disjoint sets X = iX,
/

that A C. X, Y e. A and

cB imply there are c1i2joint sets Y = ;i.Y,,
that x €. Y, Bey.

A q112,siproximi ty space is obviously reGular.

v<> ~~-=--
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Theorem "5. Let 01, k, k) be a regular bi topological

space. 'rhen
set I

(i) a k-closed A is the intersection of all the k-openA -
sets containing A

I
(ii) a k-closed set B is the intersection of ~ll the

k-open sets containing B.

Proof.
I

(i) Let C be the intersection of all the k-open sets

containing A. If there is a point x in C - A
I

then there is a k-open set D containing A such

that x is in cD but this is a contradiction.

(ii) Proof is siBilar.

Corollary.A k-open set A is the union of all the
I I

k-closed sets contained in A and a k-open set B is the

union of all the k-closed sets contained in B.

I
Y E:. kx. Al s 0

I
implies kx n

I
Let (VI,k,k) be a regular space. (rhen x E ky iff

. I I

x f kB implies kx n kB = rj ~YJ.d x f. kB
kG - ,/.- ~ .

I
Theorem 4. Let (M,q,k,k) be a bitopological space.

Then kA = n {cB : (A, B) E cq}

k~>. = n t c B : ( B, A) t c q } .
and

Proof. Let C ::: n { cB : (A, B) t co } . Then

x £. C - kA implies (A, x) E- cq and so C C cx 'rhich in

1'11"""
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a contradiction. The second- part can be proved similarly.

Corollary. iA = U t B : (cl\., B) €- cq } PJ1d

I

iA = U { B : (B, cA) £ cq} .
I

Definition 5. A bitopologic8~ space (M,k,k) is said
I

to be Tiff eacl1 one-point set is both k-closed and k-closed.1

It is easily seen that a quasiproximi ty space (M, q)

is Tl iff (x,y) E. q implies x ::: y.

I
Definition 6_. A bi topological space (M, k, k) is s8.id

to be Hausdorff iff x,y are distinct points imply
/

(i) x and y have disjoint k .and k-neighborhooc1s

respectively and
I

(ii) x and y have disjoint k and k-neighborhoods

respectivelyo

It is obvious that a quasiproximi ty space is

Hausdorff iff it is T .
1

Let 'U be a quasiuniformi ty for LI. li'or U in 'U
let xU = { y : xUy} and Ux = l y : yUx} . Let

:1 be

the family of all subsets T of J:,1such that x in T irflj)1ies

Ux C. T for SOF1e U in ~\ ; then ~ is a topoloGY for L.
I

Denote by r.1 the famil y of' all subsets 'r of Y"isuch tint. I

X in 'r iP1plies xU C T for someU in 'tA ; then 'J is

also a topology for LI. For subsets A, B of Ll ':rri te (li,\:» (. q
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iff each n in :JU intersectsA ><. B; then q is a

quasiproximityfor IJ.

Defini tion 7. 'J is said to be the left topology,
I I

'J the right topology a..nd (LI, t~ , 6J , OJ ) the bitopoiogical

c<-n .t:' 6\ I,-,.!:"Bce OJ- \A . ~Je will ce.ll q the q1Jc~siproximi ty of 'll .

It is obviorts a quasiuniformi ty and its quasil)roximjty

have the same bi topological space. In this sense we ca..n

say a quasiuniform s]ace is a quasiproximity space.

Definition 8. A function d from the Cartesia.i"l product

of 11 with itself to the nonnegative reals is said to be a

-= t ~-= -<> "5. f -P f 11
. I"quas.Lme LLC J. or 1" l - -.l.. or a. x, y, Z In -,

(i) d(x,y) = 0 if x = y and

(ii) d (x, y ) ~ d (x, z) .+ d ( z, y ) .
The ordered p.air OiI,d) is said to be a quc"simetric space.

Let (T1l,d) be a quasimetric space. Let au be tl1e

family of all subsets U of T-;I><. M such that

{ (x,y) : d(x,y) < r} C U for some r > O. Then 'tl is

a quasiuniformity for M.

Defini tion 9. 'U is se.id to be the quasiuniformi ty

of d. The quasiproximi ty ~ left topology, etc., of \\. are

al so said to be the quasiproximi ty, left topoloGY' etc., of d.

Let (LI, d) be a qU2.simetric space. POI' subsetfJ A, B of J.1



if D(A,B) := inf{d(x,y) : x £ A, Y £ B}, then the

quasiproximity q of d is given by (A,B) t q iff D(A,B) = o.

Definition 10. A subset B of a topological space is

said to be cOY1pactiff every open cover of B has a finite

subcover.

I
Theorem 5. Let (L'I,q,k,k)be a quasiproximity spp,ce

such that
J

(i) each k-closed set is k-compact or
I

(ii) each k-closed set is k-compact.

Then (A, B)
I

E q iff kA n kB 1= ~ . Hence q is unique.

Proof.
I

(i) Let kA n kB -= I . Then x E kA implies (x,B) ( cq.

Hence there is a C such that (x,C) E cq and
. I

E. ckC and the family(cC,B) E cq. Therefore x
I

of all such sets ckC, for x in kA, is a cover
I

of kA by k-open sets and so has a finite subcover

D ,..., D , say. Let D be the union of D ,..., D .1 n 1 n

Now (D.,B) E. cq for each j = 1,..., n and so
J

(D,B) ( cq. Hence (A,B) E- cq. The converse is

obvious.

(ii) Proof is similar to that of (i).

The q of Theorem 5 is unique in the sense that if

P is a qU8.si!)roximi ty fOT Ii sllch that p has the Sri.me

bitopological 8J)FJCeas that of q then p = q.

"'~



I
Define a quasimetric illfor the re~ls as follows:

for all real x,y

f y - x, x ~ y

l0 , x > y

I

m(x,y) =

I
Defini tion 11. ;;e will call m" the 11snal quasimetri.c

for the real sand t}1e q"Llasiproximi ty of ml the usual

quasiproximity for the re8~s. The left topology, etc.,
I

of m are called the usual left topology, etc., for the

reals.

Let I be the closed unit interval [:J,l]of the
I

reals. The usual quasimetric m restricted to I is a

quasimetric for I. He "Nillalso denote by I the bitopological

~ / f Tspace 01.m or-.

I I
Definition 12. Let (M,k,k), (N,n,n) be two

bitopological spaces and f a function from M to N. Ne will
I I

say f is continuous iff f is both k-n continuous and k-n

con tinuous.

"
Definition 13. A bitopological space (IVI,k,k) is

said to be completely regular iff

(i) it = kA and y E. cA imply there is a continuous

function f from IiIto I such that fA::: b c:ncl

f(y) =: 1 and
I

(ii) B = kB and x l cB imply there is a continuous

function g fromIJto I such that Sex) = 0 8.ncl

9

" ~"
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gB = 1.

11. completely l'eQ.llar space is obviously regular.

Thampuran (5) has proved that the product of completely

regular bi topological spaces is completely regulf3,r.

Thampuran (6,7) has proved that a bitopological

space is completely reVllar iff it is quasiuniformizable

or topogenizable. Hence VTe have the following resul t.

Theoren1 6. A bi topologicaJ- space is completely

regular iff it is the bitopological space of a quasiproximi ty.

I
Let (Llf k,k) be a Hausdorff space such "chat IiIis

I
both k-compact and k-compact. Thampur2~ (8) has proved

J
that then k = k. Renee the bitopological space reduces

to a compact Hausdorff topologicalspace and so this is

the topological space of a unique proximity.

I I
Let (I',~,q,k,k), (N,p,n,n) be t'70 quasiproximity

spaces and f a function from L~ to N. Then f is continuolJ,s

iff (A, x) £, q implies (fA,f(x») E P and (y,B) t. q implies

(f(y),fB) E }1.

Definition 14. Let (M,q), (N,p) be two quasiproxinity

spa,cos and f a functi0l1 from L; to N. Tben f is said to be

a ~ -function ,relative to q,p) iff (,A,B) £, q ir.1plies

\fA,fB) c. p.
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A ~. -function is obviously continuous.Also f
\ ~ ~
6 -function iff lX,Y) E cp implies (f X,f Y)

I I
Let q and p be the inverses of q and p; t~en f is a

S -function relative to q,p iff f is a ~ -function
I (

relative to q, p.

is a E. cq.

Let (1.1,'\l ), OT, '0 ) be quasiuniform spaces, q,p

the quasiproximities of i,l a.nd f"'U and f a fupction from

M to 14. ~ehen f is uniformly continuous implies f is a

~ -function.

L:,

/

Theorem 7. IJet (M,q,k,k) be a quasiproximity sp;;.c:e \
\

\

\'such -that

I
(i) each k-closed set is k-compact or

I
(ii) each k-closed set is k-cornpact.

I I
Let f be a continuous function from U1,q,k,k) to (N,p,n,n).

Then f is a S -function.

Proof. Let (A,B) E q. Then there is a point x in

kA n kB. Since f is continuous this means f(x) is in

n I
both nIA and nfB CLl1d so (fA,fB) E p.

~Lemma 1. Let (M,q) be a quasiproximityspace. For

each t in a dense subset D of the positive reals let

set) be a subset of 11 such that

(i) (s(t), cS(u) ( cq if t < 11 and

(ii) u t set) : t ED} = M.

For x in 1\;take f(x) - inf it : x ( S(t)}. rrhen
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t x : f(x) < u} C S(u) anct {x : f(x) > u} C cS(u)

for every real u.

Proof. Let x be such that f(x) < u. Then x £ Set)

for some t < u and so x E S(u). This proves the first

relation. Next, let y be such that fey) »- u. If y E. Seu)

then f(y) ~ u which is a contradiction and the second

relation follows.

Lemma 2. Let OI, q) be a quasiproximi ty- space. }I'or

each t in a oense subset D of the positive reals let

set) be a subset of IJ such that

(i) (Set), cS(u) E. cq if t < u alld

(ii) u { S( t) : t Eo. D} = M.

Then the function f from 11to the reals R defined by

f (x) = inf {t : x £. S ( t)} is a
I

to q, ill.

~ -function relative

Proof. Let A,B be subsets of the nonnegative reals

such t"l1at (A, B) € crr/. Then there are u, v in D such that
-1

s in A and t in B imply s <:. u < v < t. Then f A C S(u)
-1

and f B C c S( v ) .

Theorem 8. Let (i,;,q) be a qU8siproximityspace,

(I,nh the usual quasiproximity s~)ace for the closed

unit interval [O,lJ cmcl A,B subsets of 1'1such th8.t

(A, B) £ cg. 'I'here is then a S -function f from r: to I

811Ch t hat fA == 0 an d f B ::: 1.

- , ,
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Proof. Let D be the set of a~l nu.Jjjbers of the form

a2-b where a and bare posi ti ve integers.. 'fake S( t) := 1:1

for t in D and t >' 1, take 8(1) = cB mn" take S(O) such

that (A,cS(O)) E cq and (S(O),B) t. cq.. For. t in D and
-n

0 < t <. 1 take t in the form t = <.2m -+ 1) 2 and

choose, inductiveJ.y on n, Set) to be a seD such that
-n " -n

(S(2m2 ), cS(t» t cq and (S(t),cS«2m .it- 2)2 ») E. cq.

Such choice is possible since q is a q1Jasfprox;imity.

Take f(x) = inf 1 t : x . E S(t)} .
>.t

Definition 15. Let p,q be two bin~~ relations on

the power set of E. Then p is said to be finer than q or

q is said to be coarser than :p iff q CW..

\
\
\
\'

Let s be the intersection of a famtiIy of quasi-

proximities for M. Then s satisfies all tte] conditions

of a quasiproximity except Q(4). Let u he the union of

all the quasiproximities coarser than s. Then u satisfies

all the conditions of a quasiproximity roreept Q(5).

Defini tion 16. Let A be a subset 81f"VI. Then a

fini te family A , .. ., A of nonempty sub<i;;ets, of A, whose1 n

union ~s A is said to be a partition of L

The next Theorem is easy to prove..

Theorem 9. Let s be the intersection of a fa~i1y F

of quasiproximi ties for 1\1and u the unioo of 811 the
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quasiproximi ties coarser than s. DefiY1e .;;binary relation
N ~~

qC 2'~2- as follows: (A,B) E. qiffAl,,,...,A and:.J.. a

Bl'...' Bb are partitions of A and B ir.rplly (Aj' Br) f. s
for some j and some r where 1 ~ j :s a md 1 ::; r ::::;b.

Then q is a quasiproximity coarser thell 1>.and q := U;

hence q is the finest quasiproximity coamer th&~ each

member of F.

Defini tion 17. The quasiproximi ty '1;;of Theorem 9

is said to be generated by F.

I
Let 1'.1be a set and (R, m) the usual qiUasimetric

/
space for the reels. Denote by u the qna&:trroximi ty of m.

Let f be a function from M to R and for x~r;-in M wri te

d(x,y) -
I
mef(x), fey»). Then d is a ~1ai~etric for M

and if p is the quasiproximity of d then "'~, B) E. p iff

(fA, fB) E. u.

Theorem 10. Let (VI,q) be a quasipDximi ty space.

There is t"I-Jena fa;'lily of quasimetrics, 2m T;~,whose

quasiproximities generate q.

Proof. Let CA,B) t cq. By Theora, 8 there is a

~ -function f from l.ito R such that (f~;fJ3) E cu.
I

Define the quasimetric d for 1.:by d (x, y) =- mC fex), fCy )

and 1 et p be the quasiproxini ty of d. T13~ (A, B) ( cpo

Also P is finer th~~ q since (X,Y) t: q'liplies

(fX, fT) E u and so (i, Y) E p.
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For each pair A,B of subsets of ~ such that

(A, B) f.. cq there is a quasiproximi ty p .if'orM wi th the

properties (A,B) E cp and q C p. Let jj"be the family

of all such p for 1\1C'Jldg the qU8.siproxb5.:ty generated by P.

Let (X, Y) E q; then X ,..., X and Y ,.,u, Y are partitionsl a 1 b

of X and Y implythereare j, r, 1 ~ j ~ a, 1 .~ r =s b

such that (X.,Y ) E q C P for every p in P -a.ndso
J r

(X,Y) . £ g. Hence g is finer than q. Als0 (A,B) € cq

implies (A, B) i cp for some p in P 8.lldro (A, B) (. cg;

therefore q is finer tha.YJ.g and the proof is complete.

Let (M,q) be a quasiproximi ty spaC'£.Let G be the

family of all the quasiproximi ties of qua-rd.metricsfor M

such that each member of G is finer th&'1cr.It is obvious

that q is generated by G. Thampuran (9) h1.Sproved that if

a quasimetric d is a & -function then tie quasiproximi ty

P of d is finer than q; hence G will conmin all such

quasiproximi ties. G is some7!hat simila:riIT the gage of a

quasiuniformi ty.

It has thus been 8ho\"11 that q"lIB.si¥roximi ties have

properties similar to t'-1oseof proximi ties and quasiuni-

formities.

References

I /" - - . ",'r'l

1. A. Csaszar, _~'oundatlonsof general t;r;~ology,Nev YorK, (10e 1/.



16

2. V. A. Efrernovic h, Infini tesimal Space~;, Dokl. Ji..kad. Nauk S5SB

76(1951) 341 - 343 (Russian).

f--- 3. V. A. Efremovich, Geometry of proximi~y, I, Mat. Sb. 31 (73)

(1952) 189 - 200 (illlssian)

4. Yu. M. Smirnov, On proximity spaces, :;1at. Sb..31 (73) (1952)

543 - 574 (Russian).

5. D. V. ThampUr811, Bi topological spaces and complete regularity

( to appear)

6. , Bi topological spaces and qu 8'£I.uniformi ties

( to appear).

7. , Syntopogenous structures a..:ndcomplete regularity

( to appear).

8. , Bi topological spaces and cOill}Rctness ( to appear).

9. , Products of quasiproximi ties « to appear).


