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2T neve t'le S (1"e :'"C ~~ as in Kellev (2).

lJet, be "::, ~'et':1nd IJ e c esj.cJ:rl l'2nodl;ct of L

'L t.. , it s? J .(~. 1 f U c: I, (x,-:.,rj €:. U or "ill 'be 112,81

tc' r1enotc: t'le saT'W flect. u, VeL t'le co'''position UV

'.'ill st,-;w1for the E!'et of J paiJ~s (x,z) such tnp.t xV:'I

and yUz fOT SOT'1e y. \'01' A C '.V8 II write -
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A contains only one point x then ~e }. write xU and Ux for
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for x in L ~ 11 r p (I n,' (,.t: ",,-1 ",'T t.'~. T;' ) '" ':1 e<r;, '" (' --;- !; O .p
.L -- JJ v" . " ,j v ~ ',. L, ,J :;. - (.. ( '. ..d.l... '.- ~ ~ -- . .J. denote
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for 8 QU8.sj.lmi.formj,1:,Y ::,or !' iff'

r -i" ~. 'J ,..,1... "~, r..,'0 " f' ('yO ..;-~ ..; ,., .t '..:> r'-i
\~, vC,\",.", ,.,F"U or 0... I2J CO...,vc"".Ln,,, dc. ,J-L 8.1

(
.

j 5'j -i'~ P i,'j 'T"Y'" r->Q +l-,c," i Ci IT ';~:c<r""h 'i'};-) \TV TT,~...>J -'" l",).J_J.~,.. ,. i".l e ..,~ I ...,' Q ,'),Ll,-.. h_("t v, C '--

1'),' ..1..' "7 T + 1 ..; 1 > ' .' ',', 'j \'C' .C' .)'"
..1':: ulon). .ue" r ,J ,)(. 0 GO.)O.LC e,,) ,LCJ.

f
-" , .. . .:\ L' (

"

') ':J
\ . ,

'0
1 ' , l

.;, " en 'C '1 e () ';~ n (">1~ C>r' 'J."~ l pl.'- C, ) l '" C.' ~ C . P ,,,, [n'~ 0 ",,.., ('
~"'" ","' ,C'~.' .'...,~ .. '" I .-0 ,> l,. ,,~ "', j.~V\I',I,'..J

cal
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SD2,ce. ';'e J.1 call "i.- ...'

I

'!-" c I (:>"C,l. ",'n (1 ,;;10 "" o.'"~''' U c-. ,." .J the r t topology

of , , ,
e OJ.-C 01 ogi CE',l

I

r, r. e ( "" "1 tH "JC j' .., . . I .
, ""' ) '<>' ,

. hen there can be no eI'1bip;ui ty "'ciVilJ. d eYlote t!,ir;

bitopolo{;ical S~)8.ce b~\' ::.

Let cu.. be a C'lCtsiunif()Y'T"ii ty i'°T I:. Denote 'oy ~ tbe

fl:,uD y of 1. mlDsets T of' Sl)CG. thb,t ;(, in T iT~plies

Ux c: . (r, -:'0 -" '"0 ':;-;e :r l. Y1 C\I . 'i + 'j c. "I P ~.n~ .

(;"-1

. .. .. c.>, \,A, - u -. ,) ~-. v'" J is a to})010 :COT
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T; (' i 0 "}, ':J'. C :','.Lor ',,'2 :,:il1 donc)te
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0 .'.' 'C;Fl ). 0,.1d'J \ J' , ,I", .,j ~ ,.J ) l.h? 0, uJ, GO l' 0, UC,J. C

spc1ce let A be a subset of "in co\, ~ '1' +0 .~~ y, ,-0.j -J.~l v.:l )..0... 0-,.

~, is {x : C f\ f'..,'" "'.( ""':" T)
.,

l' y, '" i }" . .. '- .L '-.' ,., " \,... IJ';. t'''lO

I
0"1 "

1
.
,(' + n y,'j G, 'Y'J -.,- 1 c"" ... ...

of r is {--. , --."r C I:'
O '~ c o ''''', "1' i" C"\I }"A" . Al,' i.. .1. 1. "'. ' ':, U -.., \A,

Leool. Let B be e set of all 1,0 ts y: such t~'lcj.t

C'~ fee SOD'S U irJ 'U~ . t '1- torior of A is a

SUbSi"t of B 3 is a subset of :'lSEC the interior of A

is e al to B if B is open. Let x E B. 0 J.S en a

:J
'

l',") ::\1 C'p c 1-, +',"' t ,'j" ",.- Ii iT o ':, +1"lr:n~ e i C' \T i1") t'I\ 0,11 c 11 '!-l",-j,'.. \A ',.A... vC'. C-.. \-.- "'-0" " ".'..,l, "".' . --~-" \A. '."'" ,u.c.u

VV CU. If ;,r Ii:. Vx then Vy C x C. Ux C A. l'Jence

y e 13 and so 'Ix C B ""j_c'l :i, ies B is open.

The other Dart of the theorem C81 be proved in the

SEHne vray.

Corollary. ;~ ?,ti va to ~ the set Ux is ~ ne ,tJOT-

1100d of x 2x;'J t}1() fa'::i',y of Ux .0
1
'

O 'Y' TJ ]'" ~ ' 1' c.' r, II c..c~~\ 'f' n 1,
" . ,'.',u '-' CL .,,'.,.'C ,.. ~

t"1 a nei
I

: ~ ~ , -.1.. ",' ,r> ,,' l .. "r .'.'.. .1- 0 r1
001. .ooe S:YSL.~,;'!I 0.. 'd /L.SO, J:e.'.ctLl'/8 l."., J e ;':'

xU is a nei~~borhood of x an~ f ,j' of all for LJ t \t

is a 'on.se for tll8 neir')l'bOJ<100c1 system of x.

Coro118.ry. Ii' t(.),
UJ l '3. [I ("< ( or 8ubbtlS ) for t~,e

."<11'~~'ill') l' -i' o "n l' +u £'11 -1'h:'y' .r C)Y' e,"" c }. y -r0' ] :"[' J'VE:' -1'0-! ". c'..) - ,,-..,. .I, . . ",} l).. u, '.." .L, ", c., ..'d .. ~ ..,. ..,... -- . v C-J (f'ld
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1 " r' ' 1 ' ~ .. ,-.
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e;y [I te'l cot' ''',

L o.t. C\ r 1)0 ,.C L' V. . '.' C', ;:~.!:~i :l t.

I
" -- . \lt 0 ." !, "'T,.j.'. L, '--'..J.i.. n

far ily of 1 i.nver;=:;es of ",..,-,' Pr'C' .C> ~U' rn',-'an .t 1, 1 ",/'+CL,O~:...,~ 0:. ~. 1..'-'-".1. 011e .d :;.'. .,

and rigl1t topo1op;:i.t's of
j

11 " ., .. ,
'"1''''' T'a~~""i" C T~ 'T~) I V ',r e y"
u.. co ..~. ... '.' ..l. "--'..' d,'. .L j.. at1o.

left to'lolo "'''' ,-C' "u.'='0 '\ <,., . ence we get no neN topolo os from
I

"ll

O" e m;' To t ( &): '\ 1,co ,:;
'. ".,., ,.J G , V. / ... '.' c,. c;silJ.n:i,'foTrn Sli,'.lCe EiX]cl

r. (:J. Sll(')c:et 0"" ;'1, 1-c10 1"8 of A :Ls r'\. l ;\TT . U" "1l'\ ! '.'-" €, \". r~

t,}'.e

,
C"'i_ C1 ()C<l'-"'P C)'" /. ]'('J ".L -- 'J ". .,. '.' ..L ,'i. , >-.) (" f T];' . n c '''Ui '\

11'.."~ . U <;.1, j

V. ,"",f' P,.c,l <;+i -ere.. 1--n ,;-1 a "'(1.. r u '. .,'. -. L '.' ,', ( v... \ '. J '( . '...,v' " t x is in the closure

-f' ! '.f' -" U.,.. i ,. + Y' co ')" + (' "f n -1 n t. ; T co ~ \°".", l.L.:. X .,[lvSc.,':C;\"'vU.i'l. ~'--,., ecJ.~.] u'" V'. and s ens

iff x e. .p ., '., 'l" ~ 4\ I rrn-,.n.,.p p t . >, Q Y\ ' " " ' t.:.01' e,.e'- )... v.. . 1.".e [JJ.OOL .LOr J La >..;ecoJ~ct Dc.l

is sirni18,r.

Le~ma 1. Let V,Y be subsets of L. Then

.VYV ~ u {'Ix X yV : xYy} 8.nd
~ ~

}V YV = \...) {xV ~ Vy ;xYy

I
.. (, Vii '1"'f G"i"
lJet \J, lA ~ .J 1 J ) l)e a b:Lto=-JOlogic

I I
~I Q-; ]' T .l. I"i c< A y' r' p" n " c'j '"f + 1.-,,c,..I 1 J .., G,.l_,,,, ''''.l.:'- d.:l,.O'~ v",.

I
~,ry

~. \ n c '. ;e ~.'h..'.' I ( " (.., ,. ,<.'
UL'?' -'-" v',..

product of the to~ologies

rroduct of tl1e topo] ojies
+
I, Eo 0 ere Then

I
(T ¥ ---1')',.: .' b .'.L --, ., ,..', ~ l . ~ r

\LJ, </" , d-" J J.S ,:,1, '. ,,- GOJ.,O.LO,.,),LCc... Spd.C<:;.

Th8ore~ 5. Let Y be q subs~t of L, Then the p
( , '

. ( ' <.'" Y' Pd--- -.,.1, .J,), "'" ~

of Y is (
""'\.

{\,V'T . IT., -'\\ 1-\ IJ.v',,,, \AJ t'1C .:t:. -clo:~ure of'

Y is C

'

)
-1 -1

}{ F V'l . IT ~I.'j .l." . , £ v,
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I T 0 n'~. L ("t .i~ 1,' t' c
......
"<J'-clo:"':~e of ,,' t V e, ,'(~'''l)e!'

0-<' 'lJ.. c',,",rj x;,::';. ro"xv ..><.V,,:' i;<~(~r3~:;cl;s i. iff theY'8 is \,il,V.

}' "l V S ., C } L" ~.,. ( X '-. <-
t.. . . I,. 1. (,. .:='.'i ., ,'! I <;.. ;:>-(: t '" ".1. 'r. ~ f "c> '" 'IT \ "

~ ' r u,,'~ }, '.." -'- . J, " ." , ..,,) ~.

[ t { 'IT" V" . 11'''"'' } .- ,.,'','',. ..1'''''1r'>(:> +",r.> '~p~l'l + T n] 10 "("

,-.. l',,,,-,,,,,,, '. -, -, . ''-n. '-' J v' ~ -' ".,J --., ~ -' . , '" .

r.r1'8 other ')2.~~t C2.r:. te )yoved in t''le SD,"J!3 'iray,

m'- eor ',>"" 6 To t ;'p 1) 6 ~ O-,~,~;",'i f' D'~'~ l' ""'" f'r-. r ' ri1'-"'i~,L1~ e;!',.. -' ,~ './. . u Co', ~~',c.;:;.~. '.'.' - ..-,.'.\. j" l,..' . u '. -" ' ';.1
I

the fc'c"'lily of all ;::::, -e10s lT1eT'lbe!'s of \1 :Ls, a b85e for

"ll 2nd t'.- e f<.".::':iJ;V of 2.Jl
. ' i

7' - ro1 0 c:<p.'1 yo e ',,,,1-.Q -rS 0 'f ,,) I '. ,~0'- u.~ '" " '.- ' .,. ojv_, '" \,\, l S u.

I
1-.r. s p "'or "I;../c~ J .L. If',.

,. . ' , , 9Ill .~. .
.t' r , r' f' T e T 'T " ," ~", p ", '~."'" ,., 0

"", ' . .\, P 1" C> -. ~ +'. (Co>,. 'J U c. .w. u \.. 'c (~- '"'' ,u r-: .' - .. -'- "'J c." .J.. .-:> v, "- .. l

V in'lk snch t'~e,t V'IV C TJ. But VVV contc:dns t}i8
I

:Z:-clo~nFe \
\'

of 'T 8,'i.c1 t}le :rirst ?2-.t of the theore:-' follow,,;. '1.1he 'Crr'oof

of t'le second IHJ:tt is si:--:i12r.

TheorGi"l 7. Tl~e V i'~ ,I-e r 'i O '~ ().f ~ ill e V,-', .. 1" A T 8 ~" ) ~ '"l~ H\"', ~ .1 ..,'., c.. ,: '10\:::". - " \,I.C:,,'~-

"",';f' or 'C'l
" t v "\1 l

"

S a m6'~lrc.1" 0 '" ~I <:t' nG" t '~r;,
u.u.L- .. ,J V.. - ".~". -"... It\. c ~

I
'7' -i " .LPY'" y" 'f'""" -' J. (,.. ~ l 0 .. 0 - 2~

l I
inp;'ll ) DY' O f' :)1 i co< a n1P,.~1-0 n,..' 0 .,... 1'\1 '; e Y1C"':) i'rlC> f"'J)"l'l IT (

' f ' ,0 J '
... ~.., , .~ ~ ,C \A.. -- c) .. ~ ,', ..' ." lA. . J. L" '..' v-v,, 0, ., -''',i ), ..'\...L

x'-open "oer-;oers of 11 is a Das" for "U. G.'1d t':.e fe.nily of
I I I

all:;Z. - or ell "',em'beTs of 11.,is 8. base f OT 1J. .

l-.oyoo 'F' Lp+ -u'" 1) ('> q FIP"" op-'-' O T::)j '-p:l e 11 .t 'h,"J" .J U '.. c, ~,'~--' ._J. ~ \A,. ..' ,--v ;:C-inteTior

of U ts tlJe set of all (x,y) such tl-jat ,Ix>< y., C U for sorr8

',' J" 1'1 'U.. . 1':0 " t 'r-, "' l'~ p -i S ,T.,..:} I n J ,-."h t nl ", +- v'.n' I
T r- I J

' 1 + t " 0",.. --- .. n'..<:; v -'... 'c:. U. ~',vll . '. v " -'. U ""

follous from Lemma 1 ttat V is a subset of the :z-interior
of U.

C'nY'oll 8r" ~'''-\f ''''''Y'1T ,o 8 rn'hoY' ()'f Po (1'J 'Oro l"'Jn-i f'OY""'l tv "'II i S_.. ~ ,r' .w v' ,: .. ..~ \J .~ " .. - ,.~ " <.'.0. ..- _.. - -- " \ -

I
; '1 1 ' 1 f ~ i .

a . ..,J -nel:''':;1 )orhocc o{' t'-e dia'::on;:J,1 c.ne; eve,oy r:'e~1,)er 0.: \.I'. :u:;
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If a c::c <.u; I.'"c, u

I
.-4

i i. "..) ~lncl

q":
ex ~ J f()T cacl'] x. T c:' 5.;~ a si)~iJc:r :['88n1 t for clo;~ed

.~("< O f' .::'II, ;;"::01":0PJ. .:;) ... \1\. ,. ,. '<". .'"' ':-:'r:.''}. ':-? \. fol10' ~ ation. If A

is ~ ~ -nei~hborhood oi ~ there t;) rt \;--1 ',- . . "

J -11 81,F';tl 00 rf]O oct... ..
I

P nt':. V" ~",,,,,.-, +-1-1"'+- P C~-- ~; ?1'1r1 P 'j C' H -,," I nQr"r'1- .t 'n (-"'r a -i r' r, "in'i ] ""J'"
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result for
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~J .; r" '" 'j. " ,~ , ,1 ~ ., f'-ne.L.b d)OYdO,)c,,>::> '..c. X.

Definition 5. ~ bit
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., ,,,' f'>rl "r r ("': t;-1' G'i " 'c
O.~O,.:)l~,d- S)r:1C8 .J.., , ,.) / l..,

/

scnd. to 'be r8i\1J187' i

(i) A is ,,-r -('l O c.con '-:;Y'i(l" Y ~ C t. .j
..) ~'" '.'d'" ( , ., '"' ..- .. y t~ere are disjoint

I
sets X,.{ such .'. ; .: !Ii

I~ J.'" ..j

I I I
'T <:r-"J r c: J ,',y, .AS,:. ., G.,"cL

X t X and
j

( l
. .'

L " T,' l' c< vi C,", 0 t" e, ri
\ . I .,J ~, J - J '- , ..) ~ '.C Y £ cD ther-e aTe di,3joint

I
S <OJ+ c" Y '<{ S ,l ("h .L 1} 8.l. v.' N. ,~"',.~--j - . ,,,~... G.',...l; ., .)

I , I I
Y !:: <71 \ . c V ~ l' r1 P C y, -- ..;, ,: ... .1, d.,L\.<~) -'-.

It is obvious a quasiuniform STIace is refular.

Dc
i

. t . r T D.L ( , <7'1 0'1 ~ 1-, . 1 ,j \. '\ 1 '0'" 1 C' .~ r, " rool v:l.on o. J.J,~v,!'" -J , J ) ,)8 a ).. 'to}.o~C,.jJ,ca.-- .)ll(>.~v.

I t -; <::' <:!i1; ," + 0 be rj1 J. {'J:' e ~' c n OD C:>--DO ; }'I+ ~".L -; c~ nr)t n 'J -- cJ ) c' 8,(1. ~ ,- U (.',- ..t u ,~-- . . .'. -'. , G<./ , , . " ." . ~. c' ;:", IJ .~ \..' ,. ...1 ., l U '.~
1 . ",I

an d v-j 0'1 ,,<:'<OH1 1 -'- -it< S ~-' d ''-r) l, p' <"'-'or f'f' ';+'-f' X "r '° 1' 8 ()
- .j - "'~' u .~ '. ~ v.- .:::; ,. eLL I" , ~'J ,~ I. '.. ~ ... .1...L.L . , ,i (.. -- )

distinct points i0ply

(.i) there is a (;"J-nei borhood of x and a
I

<;f -y, 'C).l
'

J ,tHO,. bor-

hood of y ch a~e ~isjoint and
J

(.
.. " '" , ,,"J .
l" " "J ...Y''''' "1 - '-'1.. ~. ) 'J,,,(',. ,. l S c.. n "/ .-- orhood of' x '.-- :J -:r.;c,; . ;hbor.-

Leod of' y ch are disjoint.

:-. o1.1.8siuni:;'o"'"Jrl space if) SC:licl to be '1.', or lbusr] orff iff its
.L

hi 010 081 s:-;ace h'?f: cor:ce
,

on'; T)Y'O"C

It is easily seen th~t a H~l n-{'-f'f' <" -:,o r" -; c ,,, ':,r;i
"'- .'. - " ".' '" ..." "'1 c,,,! \.'



C\
C

that 9. rer:-I)}2-r T, f~'i"1eC..L
:U~ ':' '1,0 . /; Q"'?::;j.ll!'Lif'CTn1S2'c~CC

J. S "1',17S do:::' f f :i.f fit i ~~ T. . 1,1,n CJ a
')

. . ~ ,

?c~~rT"l 1,101'" S]) ~1C:e 11.;:;

E8,uc::c10rff iJ'f t'je inte"C:;c?ct:i.on of aJ1 the nej'[1b:;1'S of Hie

, . ~ .
(11J.,is J.',J n,lJ: or','J. is ti'e ;l:i.

I
Let (:1, 9j 1 ~ ) be 1'8 :Lar. If >:1;7 C3re distinct [md

t118 <N - c1 r) "" r '" 0
'

lC' ',' ., I--";'~t,::, ]' Ii S v 'f-'" 8.'1"1 -!;I' J 0J .' L j. ,', ,; ," " ,.. ." , ,",- ." ,. . V., L L."
"'"i/_'''' l "c~'']l'' e Of '

.
v

",J '0. \0 ,. L , . '--"

cont2,ins z; ",,1so the

I
g--J' - c1 O:C<11Y' ( ' O f' X C n~'!';-"'iy ! c:; v .;.., ,C) c.", ,,'. c.. V '.' L ,.. ' .L.~ lies

the f'i - Cl C,("l',-,p O +' 'IT ('>, ) y,-"P-1'(1C Y I f.., ,', j "J" .~ ~.L ., '0". G,.J'-'- C).,) ,'. ... e "j -closure of x

i.ntersects a
I

VJ - C1 0 '" n ,c c to,.~ Q.' ) ,".. '., "),, ~ ...I eD, x e jj if the
l

G) -clo-

sure of x intnrsects ~ 4""1- cJ (J"',-"rl c:;o+ \,J ,-'0..'" "c,G H x ~ A.

Uniform Continnity

i''''f'-;n-; t-1 on '7 'C (.~t (,- -'\1 )
"

( ~" ~u '

)' 1- e ~' l ,qci1""' J' '1' 0 '('1"(1lJ".--<,.- u,~ .,J I..u~, \ ~ \11., , "r, . k! - \,1" D,U._C'.H --, -,,'.

SD2ces and f a ~lnction fro~ . to H. ':r~len f is s2,id to be

uni:forr:11y contirmolJ.s relative to 'tl 8...'1,~V iff for every V

in U the set t ( X ~r \ . ( f' ( X ) -~( ,- )
'
)' c: 'iT 1 .,' C! a V' l av. )

'
)

.-V> ,', -"'
I
" "II

. , v) . \~, ,- ?'., 1/ ;;.., r - "-' ~ jL "- "" i t:;'.c v.. IA.v ~ ~

jIe will say f is a uniform i sor:wr:phi5',1iff it is one to one

and both :f and it8 inverse aTe nnifoTrrJ.ycon tinuouf:i.

Given a functj,or~. f froi'1 L to N define the function
I I

f
' b 7 -f e -' T')

- ( f' ( ' '; f'/,,")' f' ..,... ,11 ' T -111 1:' "'1,01 .£' '", 1.,'V),'r o rT"-
, ,j -, X1;) - ". X, ,-\.,,) -0", fL,- X,:y -,-". d..L",,-,,.1 ~ l,::) ",l.-- _.it

J v On t -i- 0 c:' 'f'f' +' 1~ r,)c,',,1.-. \T "" ~'\ .1.1-,. " "C' U '" '1\ CJC', t'..'h"' t'.j c ,'~ ,._DU U,) l.,,- ,c 0.. '..(,.,-,11 , lL. V G..er,~ J.~-, l"l ~ ul, ,,', --",.,.

J

fU C V. If J :is 8 8,-Jl:11)8.3e for "D then f is uniform1y
I 0

continuous iff the invoTse under f of eaCh member of r0

J
.

S '" f:1r:)m1.-.a',~ O f "II -1'+ -j C' C.100"Y' t 'h~ t t ',rl (' (',r~' )( )c:"' 1 t .; r)Y' J nf'. (" 'd,d),~ J,. u... v .~,' '" '.' ' C,., J --'~ ',' " ',. 'J,,, r,~,. oj.

i --'! (' l] l'1'i f'r,o..r;ol IT C' O.'-, tl 'l~ll O" ",F"-"" ct " ') n Cc .; c' .,-1 « 0 '1lJ1-; ('CYI']"'-] V,,"'. c, "-''''-'"'''',; ,H, i "", ",' "",u,!., .,<,,-- ,." ,1...; \J ,.} ""-"

I I
continuous. Let "1l,V be the fa:'iilie~, of invcn,:iC?s of rV'ir,b,'rs



r, f "' t\.'.. \J\ U' , ". ..,-:>p',, t ...,.l. .: 1 \T C C'Yj'l; '\1) f~ reI ati vo to

"\.;l and 1.) ie, sri s
I I

,~I "1"TO v.. V .

;) (, tin Lf ~/ contin1Jou~s TE:l('~tivr:;

. . I I
T ~ ' '.' (~.. 1. f' C1 "J '

( "'''X'''' AI \ 1- tDe:1:!.nJ. -Clan '.' 0 LOG \.. , -J t ) 7l\, v\., , Vi.!) l)8 ',' 0

1)i to})olor:ic Sp8Cf3S -P ~..~ " ti.OD from L: to 0 i!i.II

Gay f is contim.lous iP-'" f is bot'!
G'-j' ):)

'" -, tli.,

I I

ry -'0'1 cont:Ln'lOus

;'110 :f is said to be a ,oo'DeoPlOrp':,ism ii'f' f i;:-) one to OYH::1 i,:;

continuons aD\l its inv'3Tse is continuo:.)s. TNO bitopolce;ical

spaces aTe said to be ~omeo~orp~ic iff there i~ a home0-

morphisG from one to the other.

'l1beorer,E;. A un:1,:"'o :,r continuoHs function is

contin'lG118 :c-elr:tive to .t"le l)i.to:Jol n
'.' S;:2'C e s of t'no

\'

quasiuniformities and a uniform isomoynh:Lsm is a homeomorphism.

.

Dp-P J"'1--i +' t
'

011 0 T (',-y ~ l ;::>Vj,1 1'1 " ) "" -'---""0. ',' -'--., ,"- I,. j. _J... ,J \i ,,-,"" ..J I.~ I.,. asiuniformities

for a set. vdll 88.;:.1"ll is finer than 'U or 1) is CO""Tser

than tl iff 1) is a 8Uh:fs.,Inily of Lt.

Let f be [) f,..lDction froY'] 8. set to g qu().si'Jnifor-m
I

( H "i ,,\'. "', ,- ' hr>' 1 D II
. , f' c'

space j" u ). 'HiOH llie 18J'1l_.y OJ 8. ~ J.nverses unoer .L 0,

1'1 "'Dl 1)0 Y>'Cj 0 P q '1 ~L C ::, b ;:. 8 r.. P aY' ~ (,,' J '" S l
' '

ll Y1 -i -f 0 ')~F1'j 'I~'T f' 0 Y' 1'" aY l rl tIl L'"
. ~""'~ ,., ,. .. v ,W ,~, v"" '., ,~ .. '.'. 'i-- (~" ~ ~ _. ~.., --' v.Y .. ~. " .,.. ,~

-iq Yh,." C 0r:-rc-;"'''' t a '1 <,-,~'i"Y!':{' OI ~-ri""! -f a ''''' -.,':, 01 1 -"'':c< "Y1-i'f'o-,";Jl'\T
--'--~ <.J._'.. ,,0,-- U'>" J.' C'.0..' LL. '. j ... '",)-. )1. '~. J. ,L..., U.Il "

contir.12'buS.

I ~- (' G\ I )
- ,. ~ , " r 1 4.

let. \..lit v. DO a QuaSlun:LIoTm s'oace ano J' n 8H)::; l~

of 1:. 'I':18re is tben a c02Tsest unifo ,I._:! Q'[
) 'PO'~ 'J C 1J('"'1 .1" 1 ' ", i.

v" \ -.,,, ~, ,.1"~, , '..'

the identity mar of If into i' ii~ unifo '\T continuous. It -J.~.~

o"h V 'j n"] S <:1~\ i c i1-' e Tr",",i l 'II ,~} f' "';l' l l' -r't n,~cIP c +i ons of mel'1bcJ',; ()f
. ",.n.. U -;:) .,." -. C~.;.- ',J ,." {L..'-' '.'-'. ,-.>" u-



\l, wi t> ~, ,>< ~;. -;;11C ',,;', °= 18 ~,1 () 'f' V a:cC' e reJ,a 'ltc:,a-

timu1 of G taDo'o 88 0 r\l

..
,U

, " 1 r ' I
' ," ,'"

l \ " " ~

" 1') 1 t ') r '" ", ) (1+,: . i, i !l (' 'i, O',].co c; J l' Yl '] l ' (\ r m c' " .."C Q

,...1,--,--,) ",'. J".' \' " . ,', c. l""""'u,.~ ,"..'" .)/(,,~,.;

a(~d n a (subset of '. '.21,en 'L ~r~ 0 l'
J ",

, ,
(; T)TSCE':CJ.ln. PDT lJ

l scalI tile re1 at:ivi z ,1 on of 'll to ]; Or' e :r.el Dtj. ve

.~"'l' '\'- ]' .rn''''~ l
' t ,- P,"yy, i' q'~(' ('J .:n )' 1 c' C

,",'" Id,L,c. u". ,,,,, ! u n (dCU. ".'1 -.J -,)..
1 (3 q'u..8.silJ.IJ.j.:form

C" ~'r> c ,.C. ( ;, C\I :
'.' p co"~.' 0.., 1. , V\. ...

S}'9.ce and ~; a SD.b~30t of = . :Let

J
Dn.(' l'Y\ l

'.!.-
l
'

O 'l ] 1 Yp'" \
1: ~ t:'-4

)' 1) :0 ,~ ' ()J
'

t( \r O' O'~; C 'olJ. \~.' , d, IJ L, -. .LJy C' L, , . I . I~ ,;" , ".J ". \ ,,) ,,\ J Cc._.
'" ~ \

, J
}:\ iO :"\(-'> t '. P Y'e] 'o+" LF': '7 r, t 'i " n c
() I.. ' \.II,., L' U . '.., ~ . . D. v, V.L C, c '- \'., ..,

- I. - ~ -
(
,- ol 01

'
b ~

"" ',r, n ,,;, . J c) n")"'"> .. ~lJ. u .L ", I ~ ,,/ c, SD. s,.ace O.L

I
01 n \Ii -M.L 'T, . J' J l>0 1.,.

J
C

'" fM ,;-1 '

1'.,, J , .J ).
I

DQ f' -i 'i t . 1 ') T "' c T "Q ",., .i 'Y';.1 "V C' ,::>+- r>11 ,,, ( 1', 'I "1 ').~,c.~.n- J.on --<-. _ll., d In ""U ~,",""'jc U"u C".,i. "'.' .J.,.J,.,
,J J J

j t J a :f2.'~ily of 'bitop010 c~(),l S}2Ces. Denote 'by:: the

'iY' o r"Jr'\+ O.p t"'p C!p+<:~ ,,', 1~I'" <i"'f ..!.t 'l1P n' ror i',;r.-!-: n-f +flP t ni .Lo r~i (C,c,
~ -- ... \, U -- u. ~ '~..,.h. " , .' .J I. ~ "..' ~ v '.- u, " . < --,- ~ .

, J' j!' '." . I ,~'

CJ ""1 d 'h'T <r-f +',0 .!) "., o '.-1"c 'c'~ () -f' ''-'h e., ('1 O ,U l' I"~ <r1 r;q'iQ1 1. c_-- .-, . .J Ui U ..L J. "~I, .' (,,1 U..J. '" ~ .., .J . ,. ,..v..,

J .- I ,~ ,~ j
( .," ~ " 1 \ 'c C "" '(1 .L l' '.:> '\ ';' "rll1 r'\ t -f -+-1-':0 c'", r, (:>
\.'''' .J , 'v " J..~" >.)(~l,.., l>0 Je t., 1~.L .J-.."". 0.. ":.1\,< ,:>lJd"VS

J
( (<T1 "'"1 \ .' J

.:i, .J. J J. /, cl E .
J J

Definition 1 '7 L .,. 'f >\, r ,') '. , r:>,- ~ C .L. C
!~ "" I )- '. ,8:J '-' .-'(~ 0::", lr1Cl,,'.. ':;vi", 1._" V,. ,

J J

j E J a faccily of Q'J.as il'Lnifon:l sp2.ces and L the carte,;le.n
<flAQSl-,.

r r '". -;-- f' +'h c c, + r' i' 1;'\11P' .L 'n r:> r> " '," c<0. c,.L I' y, . -f 0 "'Y"-1 i--\" ~II of' n )
~

J.' . OCt C <J O. v, e >...'~ \hc) ", . -- "..,Pc l>,,,... vOce:. ,:>to,) I" "ell. ". "C._,I,/ I.A. .- t..J .

J 1\

such that projection into each coordinate ace is

uniforml'IT contiY'illOUS is DEd.d to 1:)8t1~te DTOfhJ.ct 01Hlf:Jiuniformi tv" ," ,. ' ..' . ','

.. 'n(' ", C> '7' 1 1 ~ ;:J' r C
'~ 61\ \, . ~ .L, ,~, . "~'" r> t 11 ~.~ -1r y' 1, .(' 0 ,~m c.' .. 0

C l '" ",1~.- wC_,,; ,." \,,\ ) l;, ul'C,. lJ.. 0(;.:_',' , q,_.c;.,:~..,t"".L ,',.!u '..' (oC,....

That the p~o~uc't asiunifor~ity exists is obvious.

Let f denote projection into t~e j- coori~inate spRce ond



.j

1.' i" :1 PY:.!) c-T 0 [, 'tl,. 'L'c""'!1:' '/;;<,,:, ") (=' t c :c~cd; 0:"
J

~, .i
(
'
i" " r /, , 'T ,. I 'TV II - -1' 1" . "1/J 2 l; .. \.:C1' , ~"(y ,1) ~ L. L(: T. '(J. i)(: C(! (; :'<"'1 L-,oJ

1 (X V)- .. . , " 'ch

of all sutf:1 of

.J.
i,

,.'
(~ '-"'1 H q", IT .\

'" 'n l' '" c, ,',' y' G1' '.' y,,~ 1 ,;, ..t- '"'1'1
J.. ,'..,., 'i "~de, '" ; C.J C.J. ~ v.. t..l, (.c,,,.. -.c, \.)

J
the 1) 0'1.. of

r.
the T 'j (,,'c,

"7 '\
.- .. ,) v'

J
',f.\1W11 t ,'() I~r :)d "Jet 0. C! '"l1 1P .j'" () rm l' .tv ') ,1'.0,:0.. ,"' ..,..' ".". "~,I \...

''':'U' r), ,-, '\1 '"'' q c:< JV S c. S,... u ,)~ok)C . S 0 ''-"" "h "1 t 0 ',~ .~'1 0 [
...:

C. ~1 c' q C ''', 0 .co ;" I ..; c< .J..>, A. l:,:' !J... '.,J'~! ,<,.L,u...'.. <: (" 'c. .J., \A ,L,) lll';;,

product of the bitonolo, n
'.,

c> "1)1c< r, r, < n"u CcO '. S .,... ""
J

'Ch(;orc~m C). .\. f1l]}c ti on f fro:') 8 qua~.,:i_u"'~iforn i.::';\aC8

..: a 8, pro"uct of r'ic1siunifo;"JI space~) is 1ll1ifo:~!:11y cont:Lnl1ous

j ff the co~']')o,)i tj..on of f "i th 81le projection into a

coordinate space is
n~

y can tir'UOJS.

Q1J_e,simetric ;:c,

Definitio~ 14. A 'J.Ction c1 .r'ron L to th e Y\m'.ne ati vo

I,"~,l ~ 'i ('< ,"' ~),' -1 ,'- l",:, , ":' c''''''G+~'~ f' .., ". 'f'f' ,p".,.. "'-11 Y " '7 'j'Y 1 ",
r~u..+0 _..~, ,),...LI.. ",0 "'J a C:.,.1(",~.L",~LJ.,...J..C cO >,\ l...,. _.u,.. c... n,.,v"J~' l"

( i )' ~(v V ) - 0 if' v - ~ ~~ J.C
1

~ ~ \, /, , ,/ -) -, J. ,'\. - ,/ Q.., )

( " ." ..:J( V'
)

' < 0

( , T \ +. ,:J ( 'iT ,'7 \
II ) [.1. ..\. 1 Z ex, J / \., ,.j , '" ) .

( ,,-..
(1 ) i ~ CJI,.,., - L -' 10c1 :::.. cu:ic'e t c space.

. .
f '. ~l" r' ('< l' 1"',,', ~ --Vqu .o,:"lUn" o. ,"..J...G.)

D(wing as b:::lse t1'18 far"ily of (::.,11 S8ts of t> c' form

{ e x \T') ~ () (y u) ,. r } 1~" 'i l' '" c;;c'i r t o ')",0 -+"1 '" O'j;::>c;i",.!" LJ
n

o y'p'; +,\7--'" / .' ". './' c: - , - ./, '--' L """"'" .. ., '" l", L L,,"',,_,Ld,.. " "d,'C.. '-',:

O f' 1 'P'IP;- "1 ,1 ("'i ac~ "'t, ,-:> "II c:>Y" f"., C. .. '-'~ v 0 ." 0.- ) '.:' --.' ,~, t.;.' C. 0" V. c". e L 10(: the to;o:L 0 e s,

etc., of"d. The product of asi~8t~ic SD3ces is define1 to

be the pro~lct of their qU2siuniform spaces.

list J be t;'le re s. Define D, quasi c'tric InfOT n as
-"' OIl0"". 1'1(V 'f) -

{

(\T_Y
J -- ,.)" ,., .'.".\ / - ,'-

a
Dei'in1tiol1 15. .l,:::

x s; y

x>y

caD t'.\e U~'lF~.1 qUr:,f;;:L 'Cfjr'Lc

for the :teals, the oUDf.:iunLCormity, etc., of ;'1t1Je rLSlJ,cJ-



QUP.s-L "-'i.fo'~'-'i tIT, F'tC., ('.~ ", .:..',., '> ,., ,C,.l.s .

I
m' 1 ,~ T . I ,;"I,. '. ., f

"I t! ') ('\ r', -.~0 '''1 ' ' . . ''''": '. ", '\ (\ '" '" (") <, c; 1 ' ",1 .. n -"1" c, ,', c.>(' ,~ Iv_,L . I. - . ~"V \" v . "C c.. ., Co..,-., ".-v,~, .

lP @
I

, .~ ~, -, ~ "' ,; ft ,,' p -('~.,""l l" ( , " ,'" i 1 l r, iT n f~ ,::<n " .) " 1': fO'n.1' ) r:.,' c, ,)
.
j 1\ l ''3;-,:J - ', - .- , , - ". ,) i- "--. - '" . '~." ,~ "".. ...' '." ..,,, '-.. 1...,.., 1

J
J' , + .L.' 1 '~6\ 1 ~( " '" " , '
L~" e 'r\1~ on' U r1 "Y'r>c::< pe "i'\VP.,' C,''- I. ", ','.~,c- °','(''-'1'. .11'1'1
'. . ,,' - <.1".) ..-°. \.','u""'., .'... \,\. S ... <' L ,,1 / .., ,-,

I .
''II "I!l ( ,', .J-}'"',, 1";) C)'~ '\ T p.L. 1 1,,,, ~ ""'.~~ r" -y.j r> 'r 'I' . ""YI,l

~ , \., lL Ii ..1.0 0... d,..} /. lJ:, c' C.". a q'H.,,,~..li:,, ,0"",0.. h c.,.,,'

T. - .. >< T '""" > " J "J. 'TrY''; - { (v ,.\ . ;:(y .'\ < I' ) fi11,
).J - ., ,..~. 0-,. 1. J -- E G " \'':'' / - ,.>. f... / " '.C\,.c, ,j' / .. . 1. ~en

I
('il rl -""'n" r] {T fr\ j J, o (i::; m) "c- lJ "..~1"' c '~~'n1v CO

'
l

"'
l'Yl' LJO """

\ -'- / ", 1 .',' 1..) \, 1..', V""', 11 , .' t, J '.." .L ..' ,".'- ,., .. ,J, ".,,,.1. ,ji . I,. L.. L.. ,:)

-if'f' ".T( ,~) '(o! ':; " 1';1' °"" ,f' ~I f' C' 0.<,,,,1 'Y' > 0 ~Y\rl.~ - ". ,. l '-' (, .' 1e .. 0 .>", 0,- IA. - 0 ~ v .,.G -1., '- C'" ~,C

(ii) d, from(L, (p) to C::,?T1), i':,: l',l1if()l~:'''11y eort:Lnuous

if'~'
f

II ( ,, ) i r' ., 1", ~ v~;., a y, 0 p 4\ i f' 1\ r ~>"" C ', r > n,1. -0 ('- !"t:;.:: .' ~- .'.. u.,~ '~.. ',-" -- '.

}'roof' .

(i) Tiv,} fC_~Y"1ily of ",:n ~;:;ts of t'~0, fo1";"

{( (x,y),(u,v» : (u,x),(y,v,. £ U}, iJ E'1t is 2-
I I

'h ...,,. -f' 1" (l'- I +' ,1 -P.,... >') ( .. ('('\ '< -{- Q T'l '\ " q,
')c-,~e -,.0- J"'. .l. "., J. 0,,1 \,.L, 1]'" / vO _L,.,.), .L",

l ')i.0",~,.,lv ,,,,J..' 1 "c- .~.l.,py, +'-:'>1~" 'r' P r.:"'1 cc,.,1-, t 1c;.:1,l.
1. L~C ',"'-'..i CO,.I,lnJ.O',..0 t, ,v_,L u.c_..'~ lu ,.J U,- >.';..:l.." '.LNG

, '.' .

(U,Xj, (;,;,'1) i11 F i":!;l~! d(l).,V) -d.(x,;,r) <. r. Hence (u,v; ~ U

irrn:lies d(u,v; - d(v,v) <. yo 2XIG so t; c V(:.'). '1'1-118rrov8E;

necessity. =>:xt let V(r) be a ]'1emoeT of ~ :rOT each r> 0.

If (u,x), (y,v) eTe in VCr) t")en d(u,v) ~ d(u,x! + d(x,y)+

d(y,v) and. so d(u,v) - d(:z,y) < 2r frov" ':'l";'C1'J t'18 uniform

continuity of d follo's.

(i~ )
-
.I.l'r on~ l

'
S q,i~il~~ t n t ~~+ O ~ f l

'

)
'

\ - ~ .' ~ - . '-'- ~_. ""-L ,. L' v - \ .

l~ere3fter, uni f'orm C0::1tinui ty C:~~a G'J8..SLmetric 'is

lJ 80'0 in the sm1se of paTt U.) of 1'heorem 10.

L Q t r- b ..., L'''''0~ "r ~~ '1 0ro' mr.>";""'~ '" -? 'Y' '~1,f." '."'n
., ~ .~ . e c" .'. ',.. d. '.,Y OJ, (; 1",,')l 'v t,. ...C,,-, .0., . . J..'.,.'..1. 't.~,

~;:'l';' J'l 'IT O r '~ll c'p-l..'C' ();~ .t ,-p f o '\~~.! 1 ((
'

.

1 r )' =: { ( '{ 'IT ).., '''''.' ' '''''h'' ,) ~ tn.) .' 1" .'.,' . , ..., ,I
.

(
"

,

r '. V ) /' .y. }. j\Af, ". ,



.I <

.
~~ (\~' (, i '" '(, 8X1''1 r > r) i;c, :~ ::'\,1"b0 f' <> f n:r ~,.~, e8 !~tfor,'Y1:L

~ fer

Def'init-J.on 1(,.
, . c' . ! 1,1 1. '

;" (,"',"C:;I" ]'1 l ' "-""11 ',v t r1,:.,T)j"O'''~
. ,- "'~,.~_. '" '. L,.~ ",j .~?,"" f '-"0 '....

8ubbRse t~p fp~iJy of 811 ~ets of v (q , r ) 9 for q

in (', 8:nrl r > :; 9 i:::~ saj.d to 08 t'ne C118,SlLl'YJifonnity erCc1tF:d

b~T,:.

It foll () s :[:1"'0": orem In that the ouasillnifo tv"

generp.t I);,' Q is the co est one SUCYI teach :'1em1)or of

;~ if) 1,lnifoTT:11y continucHJs. POi" a q in.>;,t}le f'(~,mj.l;T of 1.

'='e +c' O 'r' -'-np .f' o v.m VI" y>" 'fr-y> ~ > ,0 .' C' '" 1,':"0 ,F' Y' +1:
,::), .n) ," If. C, c. .:" ; \. (1' ~ / .' u.,], ".L ;,~ C;, 'J: ''.-,:", J 0", v', e

l'),~; l-'

u '). f' O l"m'j t, f'" ,"PYif'''' <\.l. -i c ';"p ''-'Y'('.,"(; t ",,'j'r' -~r<l' tv C11 "~,
1,l"j",..J.! 0.. \'jO ,1 ~ ._.0,) (;.~ COG.~.J'-.. ", OJ",l".! ..", Cd.

th?t t~e identity n-!"<, J into (11,q) is 11nifoJ':'d'lT continuous

\

\

\
,>

for 8e.c:' q i':,) ~,;. e also b'lve the foIlo'ing }::,esul to LGt l' be

the ocluct of ;: th :Ltself a3 times as there are

members of Q. Assign to the q-th coordinate srace the

ouasiuniformity of q to P e procluctqu "shmi,forn:i ty0

Define the function f frOlD 1, toP bv f~x) = x for each x. q

in /~ c,wl. each q in Q. the projection of P into the q-th

cooTdin2.te S'D8Ce is the identit~' maT) of ;', into U'~j q). By

virtue. ot'Theorem 9, h' e unifor:ni ty generated by Q i:3 the

coarsest "Thien Y'181\:es f unLC'ornly continlJ.c)lls. ;<O'.'if is one

to on8 sma. so j,t is a uniforJY: isomorp'd;c;T'1 of 11 onto c'c

8ubspace of a product of 0uasimetric spaces.

Lemm? 2. Let
{

"iT . ~ - n l ?
}

1-r> 0:0 C' > ",'1 " r>
'I . IL - ) , -,j .-, . . 0 !)". Ct, u C l.'",e! H.,e
n "

of sub~3ets of L ::= 11;><'" i';')Ch t1, <.::t V := L , 8'1C::-Y'VIf can t(':ins
() '.' n

l~ 8.nd V V V C if for every n.,'he:r8 i~~ tV1en a
n+l YJ.+1 n+l 11 .



i. .

0uast~ctric d f0~ :"".'\
..) '.' '

". ,r-'

{
('[ '.r)

".t...' \,,- "",1. '
lj

-YJ
(l(y vj /'"

}
.C\ .., ,I ... -

C if n - 1 f (1 r (;.'~; 1, :LW c<1

,}o. :'Tt,,"'r:.Y' n.

d. pToof of t1)i s r)l:> fou.nd h, Lel10y (~:;.

71.-;ecren 11. I~V2"':'" ci1.18.~iunifor;,,;it:T for L. j s :;cncT,-:ted

by t~c fc,;vlily of.ll q11i.~"sL"et::[,Lc.s, [0:(' ;1, --';'1101, 2erE.' u':d:fc:rinly

contiYJ.'1.0'lS.

r.(' ('\f' T r.. ~ fl' I, Cl '" .11 <:)P.~ "11 -i 0'"()'w 'i .!...'! f' n r' ~', i 1 n + .")-~O'-'-" _J...~ l " ~ ()..c~...~,.,--, ,., ,I,.. .' jo" L ..sJ. .,.",- ..

be the fanily of 811 crtJ.';;...i'11etrics t for' , ,--I'doh ere l111i'f'orml.;y

con-l:innC':n~. It follo"'s ~::)'GY:1T11so~'em If) t'1S-t t"le (-:ll.P8iunifo:;~]"j- ty

i
,
'1' el 1Ql~~,. t ,,,,,l 1-\" (: -i co '''' C)P-''C:O'''"''' J

,
-1""","j J')I'+ np "'''t .p,~O"" IP"T0 ~)

',) , ..','.. " )', u. 'j. . 'c -',' Co. " . ','.'. J . . c,... \"" .J,j. U "'o' ...),; .. ,'. " 1. . . ,"C

that i,I t' £ 'll t ""'T 'r."r:'-"'" i s' {' i'''1 C <:::;,,,,C, +,'0,,,t ,r(" ,,\,',
~ . - ~ ~.~,~... "j, -." .", c v, v -.~ \, c~ , .. '

c u.

..f r'D t'...p r.~",',.~;{',,-c-i.l.u C'~'Dro;:; t"~r1 1-"..' '", -fin""" .t'l~"y, .,VU,.,en""'J ."c~ O.;,CcuJ"o't"l O". '~'.','.' ,.~L.,o-'~ t,.. U'i " l~1 - ':..L JUC-,,~ .." . ...' " " -

Theo:re7 12. Let be 8. ql),,'siunifoT,-' spece and Q the

fa.nl'ily of 8,11 (1ups:~r1f:?tric~3 ul'liforn;ly contir.:.uous on L. T~len

the quas:LnnLc-':'orT"lspace. is uniforlJly iSOI'lOr:9hic to a 81'tSp::.:tQo

OT +1-'0 "~.'''o rl-'l ct of' .t'hc "'1 a",,,~,,,p+r-i,, 0')"':'0 00:' (' (I') 'f")1~ (, i' } ,
_. v.H,'.c .1.,-, '-~. ... '," ,.>.J.,.," C'- ~ v 'J'.c'.'" ,:J ,.,', J. ..'-,- :. -, 'co

Defini tioD 17. /... bi torclocic8J. s')ece is ~Hoid to be

ql..J.8.Si-:"81J.sdo::"ff j_ff it :'3ai::is:"'ies F..t 1';:::st one of tce t."o

1 . t . .!> ,'.., ~ " . l' . ". ,<,. , . I' , /'.
canCel ':LOnS, .~or a 1"8.1l::;UOTl:= s~)acl';, S;.,ecl~.leC1. J.n Jei.ll'tl.'G:UJJi ,::.

.t. Cp_18siln:ifol'''l srace is s'l::i_cl 1:.0 '88 a112.si-~:.auscln"{'f iff i tc;

b:Lto]ological sp;:1,ce i.3 (!lJ2.si-J"'lSQOr:f':f 0

'l'heoY'em 13. L2t (,!, 0) 'be a al] f3,sL'C?tric s 'c.C:. 'o!.'

X -iy,,-'.,
I

(le"'\o'te 1)-:/ ~: t"c:' .LntC:l'sectj.c)Yj 0(' C; c 1 () ;3'1 T r, ,; 0 of' ',' 'j.":.

tr" ' , ~- '1~:ll ;"i t.},,,, ''''0",(''1 r-.o'; ,~C' Of {i j~,o"', :)ni'
J ,'-" .L, " ...~. . ~ ,0 \; L, , ',- . \.J'. .~ '. '.' , ., . . '.. L, .. .. " ,

:C' (" )

., '1

',:. :.

I
f' ,'. . "" I I ,, (

/ I
1.. , \ (1)

Y. 0'" Y .,1, '" '"'l () " 0
'r 'I' IT in 1.. ') r..'" n "r '.TJ' - (I 'r V ) . 'I.nr:n

, . J,. .. -'-'" ". ('..'., .. c" .' -" '..1.",' '0' . t" - \ "".'

(1,,,T C ) .'
l c, ., 0

'
) r:c;l' 1-' .':u c'~ r.','{' c, r" ) r () ~ ,,'0 -'-v"; "

,

c' ',' ". r' n

\: ." v. ,t.,...>-,lC>, ..,' ,--'c c.' ...J.' .; t.. t." .> ,"'.
i'r 1 I, -



J. j

" n

11DC' .\ J. "1. r" :',~ t,,'" to ,'-" f\'" ,/ ', - ..'. J, ';' ',;,:: 0 "1 C' t "1.

ITl'-of. If j' ::: "
I

C,vi I' C. X. c,o ;( t ,; J. C' C:

'\ I::: 'T and so x
I I

c: "
" . en c e ;,1 i'S,

/
" ", . I

'1. i, e s )~ :: y., C'n c e

I, I
x r- 2

I I . I
', ] 'j r, (.~ y S

'n (1 '1 ~,y. (J ,i' ll ' .~ .1 ij-' L1l + "n;1 '~,n ;1' .J iT -fl" "'1'"1 .",~.j 01'1
, ... '." .\. h. , ',~'~ ~ " .. ,.; c" ., v c... '," . r " "', u".. "... .,"-'

it fol10"~; t',~t d(x,y) or cl(y,v./ > C).

I

I,p t " t. X , V £. y. 'I'1:1en ,..i('Ll , 'Z ) ::: r) ::: cl ( X ,u) em,1

1(v,:v):=. () == d(y,v). 'Ience c1\"',V) = d(x,y). '.Che~'\r:':fore
I I

e C: ,y) i s i J.cE:.1 th d(u,v) for eve
. I

iJ, lYJ. X and c~vcry

. /.,..,., " , '" . , .
v In y. L~ lalla 8 t~a~ (~,e) lS a quasl sdcr'ff quS'si-

'.

metyic space end that the n ~ is a~ isometry.

e ():c er!) ], A. A c~,Si-;:'~C''ll,sdoY' [;.8i unifo:rFl sr' :3"Ce
".

( ', q 'l .. 1 <, )) Y11 '1"() ,,'p11 'T .; r, r, "n 0 '\~"()1, i (> +0 .,; ,,'iL, v ) ,.," ... ". '" "--,\ J.v',,, ,.\. J.y ..-v ~ Ch "". 8.C8 of e -pror1uct

of qU[c.si-rlel),[~J ori'i' asi~etric spaces.

Proof. IJet :" be the fc;Tily of 8Jl uni£'oY'm1y contimlO1'.8

C)' u ~qim e +~~ LC q Oni ~ T~ en'l, {,h,_"l v_- c. ' .-. ~,. . !A is ~el1eY'ated by Q and it i2 the

coarsest c,ui.siuniforJ"i'b ,T '-'hie}}]nakes t1:18 identitv TIWD), of
.',' '.. .

"'I -' Y1 +0 +- 1-)'" ,. '" Sl' noe~. -~ -j C ~ ') .. ,., e ( n ) 1', 11 ~ .c'

)\', -L." v (;,..1:. ql;C~. L.!~ 'J.L~-.'. 0j-,Q,',,' .L, ']'-.,..1.'. y continuous

for ea,ch CI Q. LJ0,'7 n'" ", .'" ''''" .; ~ ""'1 8 "'Y'r.t:' .p-, "''1 ( " ~ \ t '! )

G J c .1. ;-) cj., ! ,'" ',I U' OJ-'. ,/ -'. q .L J. U.it J.d, ',j ) , ,

"r, c" ',', ~1',..," y>.pi' r<"') .'~ 'C,' . -,'" ~ c;
(

.-x ') ., '\ C' Oi'~I , c'
a q..tc.,,;l-.u::,,-,.,oo.O..,.L..v,'.),(,s.Lletrlc >:)::()c.~.. , C / c,.l1lt .~o I.).. .c,j

.' .' . q"

the coarse c,;t
" . r>

8,Sl1.111:L I ty :Jdng 8c(ch of t e m 8 J
(1

unl:~'ormly contj,nuous. Let r be the DTOduct of e (),!l(l.;-~J.l.'.nl-

fOTi"1 SD8.C e T "'i th i t8 f' as many times 2S there are q in Q

an~ let f be the m of 1.: into 1) de-f':~n bv f ( x ) ::: f ( ~~).
" (:

"11 -'; C'
\h. .,.,.1 coaT c; C :3t " "r ,) i:P o,ord ;::11.Cb i;'.-l'; L ::. i:c'

111~'i P('")'''11'T C "'i+' '1° ]'"' '.I,.! f' 'c, 1'1. + 0 0',06 "'l
'

li C f> :
, L_'<, )",~'- ,j - \j - 'J J. n, ")1,, '." " o. .. l., 0 LeV C "c,.. "/' , is



Lt.

:'1lSV-o:L.- . .,. 1) or}D, ':'L '; C,"j ,Cto :f 1. s 8.. -~~j. -f'('" ['I i f) 0 ..~0 "(' J. ;)'~.

Let I Jenote e cJcc',.. i: ";~ +, .1.' '" [\,1]
n

"lj11 so rle1'lOte by I 1] (;'.\ bito 010 " ;'~i2,ce for -L s

i11tervol.

De:f:Lnition . j~ hi to')olcgic ",r.r, ( 6"1 "1',

c\.." '., ",.., . ,) , J /

:LS ;:,;
, ,
GO ne con et~;l? r [:iT i :Cf

(
" , .{. "Cl) :'. ..L,) rl -" I (. '0:,.J 1 j '.- x is ~Ln c", 1y ~1,1eTe is ;J

contir:uouf,; c tion f from; to I sucb. that

fA :: D and f(x) = 1 8X;(1.

(ii) j3 is
j

~- C 'l( ) ('r-'(~ r~""i(" 'IT l'C! -i n C i::
J J'" ,. .' ,-- <'.. ..) ,j .,' .~. " --,

, ,

y th8re :ls (.~

continuous nc'tlcn ;': fI'm'} L to I such th,}t

r' ( H \ - n .".".1 r,.r) - "1
CJ ,YI - ;) C . ..', ". ,) - ..L .

"

It is obvious t~Rt eonp1ete I'o icT i t Y imp], i e s

regula:ri ty.

Definition 19. "" bi to'col egie
i

~ c c:, { N <;-i ,
r~.;1... \ f .j~..J "

is said to be q1J2i:-iu.Y,jJOY'liliz2bJ.e i t'18Te is 8. q1l8Sj.111-

f Y(\-i + v '" If", Y' i} C l' ("'>1.,. or,,~ "', v.. ..0." ,. '-' '. ~, . c,+.;, u 'J
I

, Cj eU',,;'re;::q)ec;t i.vely t':e

1 eft ,::.1"",<1.ri t topel Q"-' 0 '(' 'Ii'- ,-> . ~ v,.

Th,3J1Jj)1J, T' PJl (8) l;rOVeri th2.t 8. to') 01 0 r' teal ;,! 8 C c:

is COiG ete1y rC811ar iff it is ho~e hie to a sub:-;) co

of 8 l'fJroduct of oni3,foir:etric 81:1<3.Ce8. T's:ece ',',e I:n,vP the ""EmIt:

Theoren 15. A. 'bito='o1ocYic81 fFiFicr' is qi;2'siunif'ol i ..~uhI e

.
ff

" .
1..: J,"'C J..2 C C t 01 Y c'r;

~, ~,
,,,', .

It'i') y. ('>r~ 1 6 I ) .J. rT C;'j 1- .) +-'" 1 N'~ "
_JiO,. ..;"1 JE-, l \~,;,.J. ' JC o. "(;f-o.,,O;,~,.L'r

:,. ;o,Ce .



There is then a quasiul~d'ccrd 1;\7 \l. fo::.' II such that c:J is
I

the left tOl)ology of '1..\ ,:md the right topology ~ of ~

has the family of all 10'1 1 ' t .
bJ -c_08ed se s as ase.

Proof. If c:j is indiscrete the resul t is obvious;

so consider the case where it is not indiscrete. Let A be

a nonempty open proper subset of IS. Define a quasimetric

(1. for IE by:

Let Q be the far:lily of all such quasimctrics for L, a

member of Q aeing obtained in this ma..lmer from each nonen<~;ty

open proJJer subset of ti. Let 1..\ be the quasiuniformi ty

\
\
\
\'

generated by Q.

The bitopologica..l space of Theorem 13 has

property too. If A,B are disjoint 1-.closed and

pYlother
I

c-:J -closed
I

1- 0 pensubsets of M then the"e are disjoint :J -open and
I

sets X, X' such that A C. X and B C X. Such a space may be

call ed nOrInal.

Definition 20. A qnasiuniform space (IJ, Ll ) is said

to be quasimetrizable iff there is a qU8.simetric d for :.

such th'at t\ is the quasiuniformi ty of d.

I t then fol10':"8 from Theoren 11 that a q'J.fiGiuniforn

space is quasimetriz.able iff its quasiuniformi ty has F\.

COUllt2.bl e base. If ,..e c all a qupsi'1'Jetric d ~'.;ith tLe I,:ro:'J'rt:'

that d (x, y) = 0 iff x = ;l a Hausdorff ouasirn,etric then ., e

0 if' x E M, Y E. cA

d(x,y) =
{o

if x,y E A.

1 if x e:.c1\, y £ A



metris~(1

r' VP: t. 'c, Te~)1)lt: 8. Ol';::';~"- 'wiFU:"'i( Sl)c:.ce :i.;J :u'.f1~)do lee

,~ i

.f'

i ti. ':c~ ' ;' ': ",'j C"':f' rn' d s a countable base.

De itj,cn 21. >: J~

~3."';t J.,:. If> ':; r1 to be:; a r;

.;'t} 'I' () O~ : ("' ) e l, -j-~1 .::,1' ('. i"l \. - .'. .. u".. '" J .., J .. ..- ,)

, ~
E3.1'e UD.lI (' cantinllOi};::; .

of 11 c~nd "ll i S 1)1 e cnuu,

CrJ psi.setTies :('01' 8 E~et .

r; is 8.1 f:O s8,le: to r;8Ee:'~ate

. ,~
\j. OJ: C1U28 '"' ie,s for c~

ere ts 2. i-3sj'Jni:{on:il ty

e fa ily of 811 nuaSl stYlCS eb

ie ,'ill e.1 E)() ;) C' is tl~e g e

iformit:{ 0::" G. A f8.11;i1y (; of

'en e:cctte s a qJ18.s:Lun:L:fOT':i:Lty

e p;8i:'e of ;:; qua.siluJ.j.for-'li ty.

TJe t Q [) e c~ f 2.''''j,l Y 0 :f

be the r~e gen e: c'ted

fJr:'l V ( Cl, yo) :i o:r ;' i!'l (~

oucosiuni ity of '}

ojsime ics for jl ana lot G

'':. e fe.In:Lly of Isetf; of the

l' positive is ~ subbas for T,

so a auasimetric 8 is in G or is

,,-~ " J:' 1~"0 l 'Ir . ' t ' A- "C' . ,p.C' t ',,~ co .",+ 'T f n C" .r.> !j" 1 ., C" + ' 'IT'"
'-< ' i..LL 0_" :-,1 can. l.l.:Ll0...,u l...' ,L,', >')"" L' "\,l'~' ,0), l.Or ',.(').C'l .fJOoJ. ,Jl, '.,

s, cont;::;jns SOJ:r:; finite

. n
l1J '-to

+orC'on t'~ o ~ n~ C'c+~ 17 ( n r) ~ OI~

(1.' '- - u'~ V '.4 '... '" ,.)" v." , 'i'''' -'- ,.

in terms of its cage.

cDve:C'y DJ'o]Jerty of a qUctsiunifoyc]j, ty ceYl be: C'XlJTOSsed

8 '-il1 write

n' ;1'; C' .1- (v I '\ - l' 1"1 J:' {0' r... n" . -r e r, }b-U""'C) t, \ "'-, .\.; -- .,d c', \ "\.,.Y, . j <:. ".L.

0' d . .j. r .i.r', - ,'.~.f' r 7 T V Y --,. ,- t' ;, }1:.'-- l S v \.h, .;,./ - .1 ; u.. t b \. ,1 ~ ". / ~ ,y ... ".

and

I
~\f, C>J r t>", 1

'7 Lc t / ,," ' C'1 ';4' ", '" '0 1 ~ C',i' 1 ''f' ",'e ''1
.. .., '- \. ", .. ',' \., I..,,\... , '.1 ~ J ) U '., c~ qL. o. ,.) -, .1. 1 J.., l, ~ ' ,

Siace end G triG 8 of ''l.,t . The?'

(
.'L\, + r~p .r r, Tn'i 1 v O f' r 1 J c", +c' IT( '

. ' l~ \ f () r r.." i n (.:. " ¥) d r. / ".,., ,~ "~",j c,... '... "',J . u' _.) ..., -- (") ..,. ... C~JJ, ..

Tiositive i.s ft.

~1 j,) 'G'w ~ -(\ 1 0 (~l ] -r P () f' 'C; (~1) t'~ (,' () t ,,' 0
".' 1,n 'j,.. +1~,,", (~(,) + () fJ ~'''''''' ... '. ' (c u., ,. ,). J .\. ..1. .> ...,:> .J C'- >",. v....

"j !
(; for v\

aLL x sucll ,)t i~-)t \,f\,x) ::' to:,:, 82C1'1 g in G.;
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~-1 ,..1 0 :'3"J ~ ".,. 5." t': e s .,. Df L 5'oi n t n ;:

such that g-~ist ~x, ) = ,) for ead) g i.n Cr

( ~'il) +1''''.!.~._, V ''--- <:it l ~- -L-'-'..J - ..,: LV'.~ or of A is the set of 1 -po ts,

'"'1' C f--l ~- '1 n .t
.
VT( r' y"

;::;,.A... Lot..e1- ,: '. ,.. /
c-,-, r 801'8 SF in G 1-1n'1 SC);"'!.E:

'oofd-tive 1;
I

~ - l'ntQri o ~ C'~ ~ ...L
'0 t he 0P t ( '~..1 , - ,. ..!. I.. " °, ,., u.,' '-'

~ll y ~11 C11 +':':'1-; X
-\r(r~"! )

'

C I\ 'f' C\T " (-'1'1," iT 1i l ( ' JC1yrl
"_H' ., '-" ' U"O J" '- u, .L " -, ,,, ,., -' '-.J .o.. :r c. L ."

. , 0
fWf:10 pO Sl T,lVO r

(iv) a function f om L l~O 8, oue)3i1,'.
n , <

1:
0

T "'Y'1'~ 0' .
'':' C (.' i . I

.1. ,," .!. "LJ .. ,.~ \ , J I

i:::.; lJ.uiformly cC:1l1tin'!lOl,l:3 iLf 1'OT e meTr:o.~r q

of tbe EX '" ,,'C' .7/ ') r"", '-0::1 }. -,-. c<i ' i 17 P c,~ ,-, c. V c..uQ ',' ...C.,- ~,O U... 0J. . -' 'co e :i.~)

[': in G Rl1cl r :rn;::.i tive femc}" th<:t g(,x,y) <.. r ir:n'l:L(:;s

r<1-r ( y' f' ( v'\) / c<
!.: ' - .'.../, .C ,f); ,>

( v') i f' (', '11' ') -j c< ;:>\ . -- _. \ '. " '.'" . - '.' ".
J )

cL"n fOY"l ;::;)SJ.;e '.1'. l. c:
J ."

t'l.>::;" ,~ P of 'U. £'OT e
:1

j j.Y) em (18X set J then

the .uc, of 0 :')-;"o(1'o(;t: asiuniformity is generatod

bv.j
~ .
.1 rn-: (0, fD- "'1 e ics of e f 0 Y'n' (j<.x. v) - 1:(. ( x . .'T )

.'. . " '-. l' '1""OJ '-., ,j

for j in J ani g, in G
. , J l

{,

). tis sho ITD' in J)l~e(;ed "l~ s thc:t rf1C:1nyof Ftc

properties of uniform spac~s Ire tl-;eir em oss for qi12si-.

uniforn: S}J2ces. POI' i:nST,2ItCe t1-'e result, t a quasj..-

i'leu sd or1'£' au" s i fon'L S cW 8 ii', 1E'11fo y iso~orphic to a

subspace of a product o~ 8.S i-Ii ,J)lGd OY'ff ::1..1.2,8 i T:le ic f; i-:CC):::;~

ta;-ces t'ne p18cG of tlH: f:. PI' t1,lC:Ol"i)T'1 :for (ia~u::1dorff u;-:lCo,:';;

spaces.

0 t') eY' an ()J 0 ((O'U, '?1~tL6S of asiuntform S~[C S
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such as campl eteness, c actness, characterization by coverin83~

nets, etc., are deal t 'nith in ~~epa.:.rate pa,pers.
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