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A (-- Til. Composi tion of J\mctions \\'illbe denoted by

juxtaposi tion; thus cJ<: represent c (kA) 1'01' A. C j\lo

If A consists of a sinE:Ie poirtt x '.ve riill ',yrite x for A.

Definition 1. Let 1,,1)-1e a topological space. Then

j\lis said to be regular iff A. is a closed subset and x a

point not ii' A imply x and A have disjoint !le:Lghborhoods.

Definition 2. A set-valued set-function n from the

power set, of ~t to itself is said to be a neighborhood

function for iI iff fm' all subset2ii, B of !.

1. nc:i=p'/ I

2. A .::=: nA and,

7 1 \ C . . ':' ..;.r t, ,-- 'Q.). 11:- HI) ..L..- -'. '--- 2.).

T"le 0 " 0 ,::01" ':>.:1 , ) "-; 1' ( T.. Yi ). -i s' 8 "-;r1 -"0
1-e ,.) 1I eJ '-' h 1'''1'' hoo (1 S "',,,,,..:o

.1 !, ,','- ~U .l ,~",. ;';,~, -'- ,. ij,.\.,_c l" U u. -, ..4:'),- U".. ,L .l--c>,;,~.

In a neighborhood space (M,n), a subset A of ~ is said to

be a nei~hbo1'hood of a point x iff x € cl1cA.

L .J..

(
"°,

) b . 1 1
- 1 d -,. b +e~ M,n e a nelg~)Ornoo space cna A a SU.seu

of M. It is easy to show that x is in nA iff every neighbor-

hood of x intersects A.

-
) f" . t . ., T '

C
" ,- '\

(L
~ b t . 1" , J

J e..lnl lon ~). .ue-c hi,ll/, ,P} e 'NO nelC,JOOrnooa

spaces sno f a function from M to L. )'lewill say f i~,

continuous at a point x of Miff B is a neighborhocd of

f(x) implies the inverse of B, under f, is a neighbor-

hood o~ xi f is said to be continuous i,:f.f f is contimlO~1s
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at each point D.

It ir.;easy to sho'" that f is continuous iff

fn c:: p f .

Let R 11e the reals. Define a neighborhood function.

r :for the real S 3.S follo 'is. 11, v ',Tilldenote real numbers.

ru

( ( 1/ 3 (X) '\\ ., I

) (1/4, d) )

\ (1/(r0+2), '0l (- 0) , 0] l I U ~ 0
-~ U

.

{"""u . '1 c- ~ 1
.I.,. ,~ <:..r-f

Lf 1/2 < u

1~ if 1/3 < u ,::S1/2

l/(m-l)] if l/(m+l)< l ' ,,/' _I / 10' y. -'~ A
.~ .;;:: "', ,!l ~ l!i - J' '1' j . ,

2. 'p "- ""'- l'.P t, ,.--"" (- IV'> n 1 f J ( V , r, j1. "" '--- \ v..J 'U..J \ / ' , vv i

fOl~ some 0 <v

3. rA -. U 1 1~11 .r e< L
1

( ) -v>n
I ~- . _L C. ", ,-".. v'- .; T (<) 1 /m )

' C fe,_.,- \.~ ,.. - J-

f 1 n ~

,or SO:De ill = ,<.::.,),...

It l,g obvious that a set A is a neighborhood of a

point 11 iff'

1. I'n C i'.. f' .
( " _A ~ .:1or U lD \j, V'-I) anl.L

2. (- 00 ,1/:-,1) C A for U in (- (X),0] ., for some ill 1,2,3,...

. " t C

"

k ' 1- t l '
1 S'

( + '\ , '.LeElrOa..ue l'il, -) ,)e a °lJo~oglca s:r;'Gcce, , v) ::. 1"

for t -:> 1 8.nd for t, 11:= :1./ m, m:::1 , 2, 3, ... 1 e t 8 ( t) be 811

open set such that k;S(t) C 8(u) when t < u. Defi110 a

functi.on f fl~O:ll ].1 to the neighborhood sprce (n,r) by

f(x) = inf {t : x £ set)} for 2J,1 x in IiI. Them f i8

continuous.
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Proof. Let y E. IvI. F'irst consider e cas e "There

f ( r ) ',,' ( -1/ (
.. l '. '1 /''' J ',,' ,- '7 L1 T -<- ~ '~ , "J :'L;::, In ,''-,'.]'-\-../, ,L/:,( , ,)) - ,)"" -l, 8 enul,,(jl1

to Sl10'-' that t'ne inverse under f of (Jj(m '~-2)~ l/(m-l)]

is a neighbor}'ocd of y. IJe-G A = {x : fex) :::s l/(m --l)} .
mh ,~ v '<.< -j ~ ,\ .' -? f i i " ., ( 1 I / r --1 \ '\ <,i'H~ A - S( 1 / ( - 1 )1. eu A ]-~, .,lL J;. lJ... X -s -~1 i:) -I \1..l ".); d " so - .. In --I .
It is cleaT that y is in A and so A is a neighl)orboocl of

y. Next take B = t x : f'(x»1/(m+2)} .1'hen x in

cS(1/(m+2)) implies f(x) > 1/(m+2), since f(x)~1/(m+2)

would mean x £ S(l/(m+2), and 80 cS(l/(m +2») (- B.

N"o'" ~T c C C:( l I r m. 1 \\ S 'i', C C> "IT s: c.' f1 / f "-1' 1 )' '\ 1'70 1' 1d mA'-"'">' 'Ii ,j '- :,., .'-/ \,.,.. ,- .I) ._L co J ~ ,) \,- \1'.- T... " "J,.. ,. ;, ~ <-1.'-1.

f (y ) ~ 1/ ( m+ 1 ). Neal so kn ON S(1/ ( ill,+ 2 )) c::. k S (1/ (In + 2 ) )

,--. ,..,( 1 / l "°' + ., ',\ F ,... , +, -f> 1 '1 "r", .
\ ;::; .r... ,.," J../). llen",e It, LO_-,-O"k; ;-l I:. cS(1/(m+1»

C ('l~ S(l/( '" + ?\ \ ,-- C "
(1/(1 11 +2 \\ C 1) r111co refo r e P "LS~1'. . "~, ,..)) ,--.J "-I). lJ. .l.~L.,. ,'" ,- .0.

] c !:> ",".,..1~' .1r ' 'r r ,...,d c< f. (, I~ -; ::> p'N}' b "]' 00
'

a .' ,,0 <" nCl,.,[ OOy :h)Oo. 0". J 8,,, ~ ,.)0 ,,">- t ~ -,-8 c'" n,~l6"1 010, O.

of y. This proves the continuity of f at y..

If fCy) $ 0 then S(l/m) - tx: f(x)~'1/m} :Ls 8.

neighbo~hood of y for each m = 1,2, If fCy) is in

(1/3, 1/2J then {x : f(x) >1/4.} is a neighborhood of y

and if f(y) > 1/2 then {x: f( x) > 1/3} is a neighborhood

of y. Hence f is continuous.

l"h C O Y'p.TI' A
. to -,---,nlO cri c81 ('<Y'~ CP. C

"T 1: ) l
.

S r lO>0'1Jl "' r ~ f f
-~v~~--.!. .!,,,,-(:)-,-,,- ..)jj(...J 1;],,,, '-'b"C' "!".-

. ., 1 b t. ' . + .t:' ,. t ' I' 11-i a C.Losee S11. se J emu x a pOln v, O.L n, no In.\. lmp y

there is a continuous function f from lE,k) to lR,r)

such that f'(x) ~ 0 and f is 1 on A.

.Proof. Let the space be regular. rrake set) = J/I for

t>l and S(1) = cA. Since (11,k) is regular we C8.n define

by induction open neighborhoods Set) of x such that

.~.
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kS(t) c S(u) if t<1J for all t,u := 11m, ill ::: 1,2,3,....

Ta1\:G, f( y):::: i:nf t t : y £ S(t)} , for cll y in M.

The converse is obvious..

I:nstecd of taJdng all. the reals R,it is clearly

equi val ant to take Ii 1, 1/2, 1/3, ..., 0 i.l...YJ.dde fir; e

r as follo7is. Let 11 denote a memlJer of IT and A 8. subset

of N.

( {1 .1. 1 l' 'f' 'll - 1,2j - ---

rn -= {l/(m+l), 11m, 1/(m-l)} if u:::: 11m, m:::Jj;2, 1/3,...

0 if u :::. (]

rA -
C){ru:u E A} if there is a positive

integer illsuch that v in A implies v ::: 0

or 11m < v and.

rA ::; {o}U {ru : u £ i} if inf {11 : 11 E A } = 0

We can also consider tlle set of all posi ti ve integers

1,2,3,... tog,:;ther with a..Yl entity 'Nhich is not a positive

integer and define r in the obvious way.

ReferEmces

1. J'. L. Kelley, General Topology, Princeton (1968).

2. D. V. Tham:puran, Regularity structures (to appe8.r) .
3. A.. Heil, Sur Jes espacas a structure uniforms et sur la

t 1 (7' 0 t. 1'. r-" n t, > " ' ..J..,'; r:: ::;1 I'.,~' <' I 1 C .~,'7)opo °01~ g~neI~10, nct. b01. e~ lnd., ~/.J.. ,a_10 \~/~ .

-
,..~._-Iff~ .....

I~~-",,~.N ". .




