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ABSTRACT 

This i s  a s-y of the work performed under contract 

AF 19(628)-2981 during the  period from June 1, 1963 t o  August 

31, 1968, A l l  s i gn i f i c an t  r e s u l t s  have previously been re- 

ported i n  s c i e ~ t i f i c  repor t s  and journal  publications. The 

present  r e p o r t  summarizes and compares these resul ts .  
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A Summary of Research Results: 

This i s  a report  on the research r e s u l t s  obkained during the 

period of June 1, 1963 t o  August 31, 1968 under the contract =AF 19(628)- 

2981, sponsored by the A i r  Force Cambridge Research Laboratories, Office 

of Aerospace Research, United States  Air Force, Bodford, Massachusetts. 

A l l  s ignif icant  r e su l t s  obtained so f a r  have been reported i n  the Scientific 

Reports and research papers U s t e d  i n  the preceding section. Here we sha l l  

summarize and correlate these resu l t s ,  < 

O u r  research ef for t s  can be c l a s s i f i ed  under the following f ive  

categories. 

1. The time-domain significance of posit ive-reali ty , 

2. The time-domain synthesis of distributions.  

1 3. The di str ibut ional  g e n e r a  z a t i  on of in t eg ra l  transformations. 
I 

4. The application of generalized in tegra l  transformations t o  
'r 

I time-varying networks. 

I 5. Contributions t o  the  r ea l l zab i l i t y  theory of  networks. 
I 

I We s h a l l  discuss each of these separately, 

I 
I 1. The Tima-Domain Significance of Positive-Reality. 

I 

I A necessary and su f f i c i en t  time-domain characterization of a positive- 

/ r e a l  matrix has been obtained. Report 1 presents the development for  the 
I 
I 

I 
special  case where the  posit ive-real fhnction or  matrix i s  rational. It 

I also appears i n  the Journal of the Society f o r  Industr ia l  and Applied Mathe- 

matics as paper 4. Report 2 gives the development i n  the most  general case 
I 

I &ere there m e  no res t r ic t ions  on the posit ive-real function or  matrix, 



I n  the latter case our main conclusions can be  s t a t ed  a s  followst 

Theorem: Let w(t) be an n x n matrix d is t r ibut ion  and l e t  ~ ( s )  

be i t s  Laplace transform, The necessary and suf f ic ien t  conditions f o r  

~ ( s )  t o  be positive-real a r e  the following: 

( i )  w(t) = A6 (4 (t) + g ( t )  where A i s  a real. symmetric nonnegative- 

definite constant matrix, b(l))(t)' i s  the  first derivative of  the Dirac del ta  

functional and % ( t )  = d2g/dt? where the  elements of the  matrix g con- 

tinuous functions whose supports a re  contained i n  0 < - t < CD , 

T ( i i )  For every n x 1 constant vector y, y*[w(t) + w (-t)ly i s  a non- 

negative-definite distribution, -&ere d i s  the transpose of w, and = 

complex-conjugate of yT, 

This most general r e s u l t  appears i n  the Journal of t h e  Society 

fo r  Industr ia l  and Applied Mathematics as paper 6. 

Actually, the nonnegative definiteness of condition ( t i )  is a 

ref lec t ion  of the passivity of a system whose impulse response matrix i s  

w(t) , Thus, this gives a concise and y e t  completely general link between 

, passivity and positive-reality, 

2. The Time-Domain Synthesis of D i  s t r ibut ions,  

In this area we have developed f o r  the first time a method f o r  t h e  t ime.-  

domain synthesis of a distribution. This method, which i s  based upon a F o u r i e r  

ser ies  technique, i s  described i n  Report 3. Various aspects of  it are pub- 

l ished i n  Papers 1 - 3, and 5, An outstanding feature of  t h i s  technique is 



tha t ,  if the ' l a p b c e  transform of a given' d i s t r ibut ion  is k n o k y  a 

rea l i zab le  approximating signal can be written down without any con- 

Putation; it only requi res  valrxes of the Laplace transform a t  various 

poin ts  i n  its region a f  convergence, Since ordinary local ly  integrable 

f'unctions a re  spec ia l  cases of distributions,  t h e  technique i s  s ignif i -  

cant for  the customary time-60main p t h e s i s  problem a s  well. 

More recently,  our investigations i n  t h i s  a rea  have developed along 

a somewhat d i f fe rent  l ine .  In particular,  we have generalized the Lee- 

Kaut z-Huggins tine-domain synthesis procedure which uses an orthonormal 

s e r i e s  expansion technique,. Our generalization now allows one t o  synthesize a 

dfs t r ibut ional  signal i n  the  time-domain, whereas the Lee-Kautz-Huggins pro- 

cedure was previously r e s t r i c t e d  t o  ordinary functions. I n  order t o  accom- 

p u s h  this, we had t o  develop a method for  expanding dis t r ibut ions i n t o  . 

orthonormal ser ies ,  something that apparently had not as yet been done i n  

mathematics. This mathern3tically new resu l t  is described i n  Report 5, as  

well. as i n  a book by A. H. Zemanian entit led,  "Generalized In tegra l  Trans- 

f ormationsn and published by In te r s  c i  ence Publishers. 

3- The Distributional Generalization of I n t e g r a l  Transf orrnations. 

The major port ion of our research p ro jec t  has been devoted t o  the pro- 

blem of extending the  c lass ica l  integral  t r ans f  o r m t i  ons to  generalized 

functions. The subject of in tegra l  transformations i s  a c lass ica l  one i n  

mathematics and dates  back at l e a s t  160 years. For example, Laplace in- 

troduced his transformation i n  a paper on probability . theory i n  1807. Since 

t h a t  t i n e  the subject has expanded into a very broad p a r t  of mathematics. 

In fact ,  there a re  presently a great number of d i f fe rent  in t eg ra l  transforma- 



I t ions,  and they are  used i n  solving a variety of physical problems, 

On the other hand the subject of g e n e r a z e d  f'unctions i s  of recent 
I 

origln and dates back t o  about 1947-1948. It has been one of the  major 
I 
I 
, innovations i n  20th century mathematics and has solved many problems t h a t  

previously could not be solved by using mathematics. Integral  transforma- 

t ions have also been affected by generalized-function theory, bu t  surpris- 

ingly only a fiw of them had been generalized u n t i l  very recently. In 

fact ,  before 1964 the only transformations t h a t  had been extended t o  gen- 

eral ized functions were the following; 

Fourier transformation 

Laplace transformation 

M e U n  transformation 

Hilbert transformation, 

I n  1964 we devised a new method of +ending the Laplace and Mellln 

transformation t o  generalized functions. This work i s  described i n  Reports 

4 and 7 and i n  papers 7 and 8. Tie then turned t o  other in t eg ra l  transforma- 

t ions tha t  had not up t o  tha t  time keen so .extended, and succeeded i n  doing 

so for  the following t r ans fomt ions r  

Hankel transformation 

K transformation 

Weierstrass transformation 

Convolution transformation 

Transformations a r i s ing  from orthonormal se r i e s  . 
expansions, 



The re su l t ing  generalized in tegra l  transformations have become thereby 

m ~ c h  more powerful too ls  and can now be used t o  solve a greater variety or' 

physical  problems, The theory and applications of the generalized Hankel I 
transformation i s  given i n  sc ien t i f ic  Report 8 and Papers 13, U, 16, 20, 

21 and 25. For the  K t r a n s f o d i o n ,  see Report 9 and Papers 15 and 16. 

For the Weierstrass transformation, see Papers 1 8  and 19, For the convolution I 
transformation, see Papers 12, 17,  22 and 27, For the transformations ar is-  

ing  from orthonormal s e r i e s  expansions, sea Report 5 and Paper ll, 

These r e s u l t s  i n j e c t  modern mathematical concepts i n t o  the theory ,of 

i n t e g r a l  transformations, a subject tha t  has been domina%ed by c lass ica l  

mathematics. Moreover, the techniques we haye used may be applicable t o  

s t i l l  other i n t e c a l  transformations, Indeed, we f e e l  tha t  we have opened 

Up a new area of  applied mathematical research, For example, two outstand- 

i n g  integz-al transformations t h a t  have been very useful i n  certain boundary- 

value problems are  the  Mehler-Fock t ransformt ion  and the Kontorovich- 

Lebedev transformation. We plan t o  attack the problem of the i r  generaliza- 

t i o n  i n  the  near f'utu.re9 

4 The Application of Generalized Integral  Transformations t o  Time-vzrying 
Networks, 

The generalized Mellin and K transformations allow us t o  analyze certain 

1 
time-varying e l e c t r i c a l  networks whose voltage and current excitations are 

I generalized functions, This is acconplished v ia  the o?erational calculus 

I generated by these transf ormatf ons . 



I n  particular,  the Mellin transformation i s  useful  when the network 

under consideration is described by Ehler-Cauchy d i f f e r e n t i a l  equations, 

These have the formt 

where the a's are  constants, One c b s s  of networks that are  of t h i s  type 

m e  the finite.RLC networks wherein the r e s i s t o r s  remain fixed with time and 

the inductors and capacitors vary l lnear ly  with time. Part icular  examples 

o f  such networks and the i r  analysis v i a  the  gneralized MelUn transformation 

are given i n  the book, "Generalized In teg ra l  Trans'formationa .* 

On the other hand, the K transformation can be used t o  analyze network6 .. 

t ha t  a re  characterized by d i f fe rent ia l  equations of the  form: 

a, s i  y( t )  + a,, s n 9 y ( t )  +...+ aoy(t)  = f ( t )  t > O  
C1 

where the a's are constants and S i n  the d i f f e r e n t i a l  operatort v 

Here, i s  ary fixed complex number? There a r e  a nuniber of networks of this 

type, Such, for instance, are the LC networks wherein the inductors vary pro- 

portionally t o  tapeand the capacitors vary proportionally t o  t?p". For a 

dlscussion of th is ,  as well  a s  of other networks t h a t  can be analyzed by t h e  

generalized K transformation, see Report 9. 

5. Contributions t o  the r e a x z a b i l i t y  theory of networks. 

O u r  work i n  t h i s  area is concerned with the foundations of network theom 

and i n  particular,  with the re la t ions  between the fhdamentdl physical p r 0 p e r + 5 ~  



of networks (such as l i n e a r i t y ,  causality and ~ a s s i v i t ~ )  and the properties 

of the systems functions f o r  networks (such as analyt ic i ty  and positive- 

r e a l i t y ) .  

In Papers 9 and 1 0  we pointed out that  there  are  in f in i t e  networks 

t h a t  a r e  perfectly-well defined i n  the  time domain, but do not possess system 

functions i n  the  f'requency domAn i n  e i ther  the c l a s s i ca l  sense or i n  L. 

Schwartzls d i s t r ibu t iona l  sense. However, oje showed that ,  i f  one generalizes 

the  Fourier o r  Laplace transform by means of  t he  Gelfand-Shilov approach t o  

generalized fur~ctions,  then the aforementioned i n f i n i t e  networks do possess 

system functions i n  the frequency dorcain, !This opens up frequency-domain 

analysis  t o  a variety of  i n f i n i t e  networks t h a t  could not  previously be so 

analyzed . 
AS arz ill1.1stration of t h i s  we showed in,Papers  23 and 24 how the causal- , 

.Sty of ( f i n i t e  or i n f i n i t e )  networks, whether passive or active, could be 

r e l a t e d  t o  the generalize& frequency-domain descriptions of the network. In 

par t i cu la r ,  we achieved a frequency-domain c r i t e r i o n .  f o r  the causality of 

every p a s s i ~ e  o r  act ive network tha t  possesses. a convolution representation 

in t he  time-domain. This is  a new r e s u l t  and' of very xide applicability. 

f ina l ly ,  i n  Paper 26 we propose six new s e t s  of axioms f o r  passitre and 

ac t ive  systems, a s  well as single-valued and rnultivalued systems. These axionis 

are  the  weakest ones t h a t  one can imposa and s t i l l  have a frequency-domain des- 

c r i p t i o n  f o r  the  system. They allow for the greatest  generality obtained so far  

i n  network r e a l i z a b i l i t g  theory. Moreover, every s e t  of  axioms f o r  such systems 
I 

t h a t  have previously appeared i n  the l i t e r a t u r e  can be re la ted  t o  one of the 

sets of &oms proposed i n  Paper 26. 
I 
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