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The following tine-domain c l - ~ a r a c t e r i z a t i o n  of a n y  positive-real 

I matrix is e s t a b l i s h e d :  L e t  w( t )  be an n . n matrix c i i s t r i b u t i o n  
Z 

and let - W(S ) be i t s  Laplace  t r ans form.  Necessary a d .  s u f f i c i e l l t  

i 1) 
1. + w(t) = n c ~ ( t )  + .-. (t) 

0 

1 Here, A is a real symmetric nonnegative-definite c o n s t a n t  matrix 

and ,wo (t ) i s  a r e a l  m a t r i x  d i s t r i b u t i o n  o f  zero o r d e r ,  whose support 

is conta ined  in O : : ~ L . ~ .  

2 .  Let 

I every n*. 1 c o n s t a n t  v e c t o r  y t h e  q u a n t i t y  p,yh(t) X is a non- 
a , .  & 

I negative-def inite d i s t r i b u t i o n .  



1. We cont inue i n  t h i s  r epor t  t h e  d iscuss ion  of time-donlain 

I 
c h a r a c t e r i z a t i o n  of pos i t ive - rea l  mat r ices  ~ ( s )  t h a t  was presented 

) i n  a previous  r e p o r t  [l] . The present  development i s  considerably 

1 briei 'er  and y e t  more genera l  s i n c e  t h e  assumption of r a t i o n a l i t y  

I f o r  )?(s) i s  no longer  imposed. Indeed, a  complete time-domain 

i chamcte r i za t  ion  of any a r b i t r a r y  p o s i t  ive- rea l  matrix,  whether ra- 

t i o n a l  o r  n o t ,  i s  obtained and t h e  conclusions of our previous r e -  

I 
Por t  [l] a r e  incluced a s  a  s p e c i a l  case.  

I 
I Our development i s  based upon a  time-domain representa t ion  f o r  

t t h e  t.mit impulse response matr ix  f o r  a  sin;le-valued l i n e a r  time- 

i n v a r i a n t  continuous,  causal ,  and pass ive  n-port ,  which was pre- 

s e n t e d  i n  a previous paper [Z]. An a n a l y s i s  f o r  one-ports t h a t  

o v e r l a p s  t h e  present  work ( i , e . ,  it achieves t h e  necess i ty  of con- 

1 d i t i o n  1 of t h e  forthcoming theorem f o r  t h e  case where n=1) has 

been g i v e n  by Konig and Meixner p,q . 
1 
li We s h a l l  continue t o  use t h e  n o t a t i o n s  t h a t  were employed i n  

[l] Moreover, we e s p e c i a l l y  c a l l  t h e  r e a d e r ' s  a t t e n t i o n  t o  Sec. I1 

i of E l 2  wherein a summary i s  given of c e r t a i n  fundamental concepts 

1 and theorems  t h a t  w i l l  be used i n  t h e  subsequent discussion.  This 

summary w i l l  not be repeated he re .  No o the r  ma te r i a l  i n  rl] o the r  

t h a n  S e c ,  I1 i s  needed f o r  an understanding of t h i s  r epor t .  

I Another  concept t h a t  we s h a l l  make use o f  here i s  t h a t  of t h e  

i o r d e r  of  a  d i s t r i b u t i o n .  The order  of a  matr ix  d i s t r i b u t i o n  i s  t h a t  

l e a s t  nonnegat ive i n t e g e r  r f o r  which t h e  (r + 2 ) t  -- h - o r d e r  

1 p r i m i t i v e s  of t h e  elements i n  t h e  ma t r ix  a r e  a l l  continuous funct ions .  r- 



I Q 6' (t  i s  of zero  order whereas A 8") ( t  ) is  of  f i r s t  order .  
N rL, 

I The t h i r d  term on t h e  right-hand side of ( 3 )  i s  a symbolic expression 

I f o r  t h a t  mat r ix  d i s t r i b u t i o n  which ass igns  t o  each funct ion  in D 

I t h e  number 

I (See t 2 ;  theorem 4) 1. Since the elements of 

1 . are  a l l  l o c a l l y  in teg rab le  funct ions  of t , ( 5 )  i s  a zero-order mat r ix  

1 a r e  cont inuous funct ions  everywhere and t h e  second term i n  ( 4 )  def ines  

( the second d i s t r i b u t i o n a l  de r iva t ive  of ( 6  ) . Theref o r e ,  ( 6  i s  

also a zero-order mat r ix  d i s t r i b u t i o n .  
I 

The f o u r t h  term on the  right-hand s i d e  of ( 3 )  i s  a symbolic 

1 e x p r e s s i o n  t h a t  a s s igns  t o  each func t ion  i n  D t he  number, 

I 
I = -u(t) J'- -m s i n  rjt d5(7l) - O(t) -I- u ( t )  SO -0clb s i n q t  ~ L ( V )  % . ~ ' " ( t ) .  

i (7) 
1 ( A g a i n ,  e e e  t2 ;  theorem&]) .  Now, t h e  elements of 

) are  all continuous funct ions  f o r  a l l  t and it fol lows t h a t  both terms 

7 on the r ight-hand s i d e  of ( 7 )  define zero-order matr ix  d i s t r i b u t i o n s .  
f' .- 
I This e s t a b l i s h e s  a l l  o f  condition 1, 3 .  



- 
! 

Cons t ruc t i ng  w (t 1 according t o  ( 2 )  and us ing  t h e  p r o p e r t i e s  of A 

t h e  m a t r i c e s  Q ,  _A, _K(?) ,  and k(?) ,  We see  t h a t  

t T h e r e f  o r e ,  

S i n c e  y * E ( ?  ) - jL_(7)) jx is  a r e a l  nondecreasing bounded f u n c t i o n  of 
9r' 

7 for a l l  cho ice s  of y ,  y"F(7) + j ~ , ( q j ~  must have t h e  same p r p p e r t i e s .  - 4 

I C o n d i t i o n  2 now fo l lows  from t h e  Bochner-Schwartz theorern, (See  

I S e c .  -11 of  [l] f o r  a s ta tement  of t h i s  theorem. 

] S u f f i c i e n c y :  Assume that ,  w ( t )  s a t i s f i e s  cond i t i ons  1 and 2 .  Since 
d-4 

I y * ~  (t)y is  nonnega t ive-def in i te ,  it is  a l s o  of  slow growth [5: Val. 11, 
-h w 

P O  1321. Idoreover, i n  forming v ~ ~ ( t )  from _w(  t 1, only t hose  terms 

I i n  t h e  e lements  of X( t )  t h a t  a r e  concen t ra ted  on t h e  o r i g i n  can 

cancel out .  These terms a r e  known t o  be on ly  the d e l t a  f u n c t i o n  

l and a f i n i t e  number of d e r i v a t i v e s ,  which a r e  a l s o  d i s t r i b u t i o n s  of 

s l o w  growth.  It fo l lows  t h a t  ~ ( t )  i s  a ma t r ix  d i s t r i b u t i o n  of s l o w  

growth, There fo re ,  t h e  Laplace t rans form ~ ( s )  of  ~ ( t )  e x i s t s  and 

I is a n a l y t i c  f o r  Re s > 0.  I n  a d d i t i o n ,  s i n c e  is r e a l ,  $ ( s )  is 

I real f o r  r e a l  p o s i t i v e  s o  

1 The proof w i l l  be completed when we show t h a t  

I 

f o r  Re  s > 0 and f o r  every choice of  y ,  where 
1 CY 



I 
I According t o  t h e  cl is t r ibut  iona.1 inverse Laplace t ransformation,  

I we may r e l a t e  w ( t )  t o  W ( C + J W )  f o r  c )  0 through t h e  sy rnb~l i c  
'u /U 

e x p r e s s i o n ,  

S i n c e  & ( s )  i s  real f o r  r e a l  pos i t ive  s, t h e  r e f l e c t i o n  p r i n c i p l e  
'. 

shows t h a t  PJ (c-j:o) k *-]. Using t h i s  f a c t ,  we may wr i t e  
.-LL &. 

and 

If we can show t h a t  t h e  Left-hand s i d e  of (12) i s  a  nonnegative- 

definite d i s t r i b u t i o n ,  then ( 9 )  will follow frorn t h e  Bochner-Schwartz 

theorem and t h e  f a c t  t h a t  \i(s) i s  analy t ic  for Re s )  0. 
& 

and, consequent ly,  we obtain from the  decomposition (1) that 
I 

-ct c t  T -ct ct T -  
e w ! t )  + e  w (-t) = 2~c&'(t)-t-e w (t)+e w i - t ! ,  

'L, I... +%O .+- 0 

I M o r e o v e r ,  (1) a l s o  shows t h a t  

1 Since  wo(t is of zero order ,  ~bct , .b ( t ,  depends only on  he values of 
I ,'u 
I 
I #(t) o v e r  O > i t < a r a n d n o t  o n t h e  der iva t ives  of f i ( t ! [5 :  Vol. I, 

P. 931. It  fol lows t h a t  
F 



1 Now, - > and & ( t )  is  a  nonnega t ive-def in i te  d i s t r i b u t i o n .  

T h e r e f o r e ,  t h e  first term on t h e  r ight-hand s i d e  of (14) is non- 

n e g a t i v e - d e f i n i t e  f o r  every y and f o r  c)  O o  
4Q 

.L[w (t )+wT (-t )Iq i s  nonnegative- Also,  by cond i t i on  2 and (13 ) ,  y- 
,,,P.' .' +O 

d e f i n i t e  f o r  every  y.  It i s  a  f a c t  t h a t  emclt1 ( c )  0 )  i s  a l s o  non- 
/r, 

n e g a t i v e - d e f i n i t e ,  We now invoke a theorem of Schwarta r.5 : Vole 11, 

P O  134, theorem XIX] t o  conclude t h a t  t h e  second term on t h e  r i g h t -  

hand s i d e  of (14) i s  nonnegat ive-def ini te  f o r  every y and f o r  C )  0 .  
)?c 

QOE.D,  

The p r i n c i p a l  conclusion of our p rev ious  r e p o r t  [l], which 

c h a r a c t e r i z e s  t h e  u n i t  impulse response m a t r i x  of any lumped l i n e a r  

1 fixed f i n i t e  and pass ive  n-port ,  now appears  as  a s p e c i a l  case of 

( the above theorem. 
I 

I C o r o l l a r y :  - Let w ( t )  be an n~  n ma t r ix  d i s t r i b u t i o n  and l e t  W ( S )  
'V 

-- 4 4  

I 
be i t s  La.place t ransform,  Necessary & s u f f i c i e n t  condi t ions  for -- 
W( s ) to be n o s i t i v e - r e a l  and r a t i o n a l  a r e  t h e  fol lowing.  
CL, 

- 

( H e r e ,  jy--- A i s  a r e a l  symmetric nonnega t ive-def in i te  matrix, B is  2 
w -  

I real c o n s t a n t  mat r ix ,  & v ~ w ( t )  > a r e a l  m a t r i x  d i s t r i b u t i o n  whose 
I <..* 

e l e m e n t s  c o n s i s t  of f i n i t e  l i n e a r  combinations - of terms of t h e  form, 

i 

where  7) i s  a  nonnegative i n t e g e r  - and &' 2 complex cons tan t .  
6 .  



I 20 I For every nX 1 constant  vec to r  j and f o r  w h ( t )  a i v e n  bx ( 2 )  - 
4.P 

t h e  q u a n t i t y  y:kw ( t  ) y  i s  a n ~ n n e ~ a t i ~ e - d e f  i n i t e  d i s t r i b u t i o n ,  I - , L .  ."h rd - - 

I When d e a l i n g  wi th  one-ports our conclusions  s i m p l i f y  i n t o  t h e  

f o l l o w i n g ,  

i C o r o l l a r y :  w ( t )  -- be a d i s t r i b u t i o n  --- and l e t  t h e  func t ion  W ( s )  

be i t s  Laplace t ransform.  W ( s )  i s  p o s i t i v e - r e a l  if and only if --- 7 

where A i s  a  nonnegative constant  and w ( t )  a r e a l  d i s t r i b u t i o n  - -  - 0 
of zero o r d e r  w i t h  support  i n  0 5 td,, - . -  -- - - 

2 , t h e  even p a r t ,  -- 

of w(  t ) & 2 nonnegat ive-def ini te  d i s t r i b u t i o n .  I - 

I C o r o l l a r y :  - Let w ( t )  2 d i s t r i b u t i o n  --- and l e t  t h e  f u n c t i o n  W(S) 

be i t s  Laplace  transform, W(s) is p o s i t i v e - r e a l  _and r a t i o n a l  if -- 
and o n l y  if - 

w h e r e  ji ---- and B a r e  r e a l  cons tan ts  wi th  A20 & w l ( t )  a r e a l  

I d i s t r i b u t i o n  tha . t  c o n s i s t s  of a f i n i t e  l i n e a r  combination of terms 

of the form (15), and I --- 
2 ,  t h e  even p a r t  (16)  of w ( t )  i s  a nonnega t ive-def in i te  

d i s t r i b u t i o n .  

I 


