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Abstract .  The ob jec t ive  of t h i s  work i s  the i n v e s t i g a t i o n  

of a l l  poss ib le  cu r ren t  d i s t r i b u t i o n s  i n  an i n f i n i t e  e l e c t r i c a l  

network s u b j e c t  only  t o  Kirchhoff ' s  node and loop laws. These . 
laws a r e  i n  genera l  no t  s t rong  enough t o  y i e l d  a unique s e t  of 

branch c u r r e n t s ,  A l l  p r i o r  i n v e s t i g a t i o n s  of i n f i n i t e  networks 

imposed a d d i t i o n a l  requirements,  such a s  f i n i t e n e s s  of the t o t a l  

power d i s s i p a t i o n ,  i n  o rde r  t o  f o r c e  uniqueness,  but i n  doing 

so the  o the r  poss ib le  respnonses of 'a network were d iscarded,  ' 
.d 

The main r e s u l t  of t h i s  work holds  no t  f o r  a l l  countably 

i n f i n i t e ,  l o c a l l y  f i n i t e  networks but  f o r  some f a i r l y  genera l  

c l a s s e s  of such networks. I t  s t a t e s  t h a t ,  i f  t he  cu r ren t s  i n  

c e r t a i n  branches,  c a l l e d"  j o i n t s " ,  a r e  a r b i t r a r i l y  chosen, then 
c u r r e n t s  

a l l  o the r  branch a r e  uniquely  determined, Moreover, a l l  poss ib le  
A . 

s e t s  of branch c u r r e n t s  s a t i s f y i n g  on iy  the  node and loop laws 

a r e  encompassed i n  t h i s  r e s u l t ;  one need merely choose the j o i n t  

c u r r e n t s  p roper ly  i n  'order t o  o b t a i n  any given permiss ib le  s e t  

of branch cur ren t s .  Another r e s u l t  concerns the idea  of a  

homogeneous cu r ren t  f low;  t h i a  i s  a  s e t  of branch cur ren t s  

s a t i s f y i n g  t h e  node and loop laws when a l l  sources  a r e  s e t  equal  

t o  zero,  The dimension of the  l i n e a r  space of a l l  homogeneous 

c u r r e n t  f lows i s  shown t o  be equal  t o  t h e  c a r d i n a l  number of' the 

s e t  of . j o i n t s .  F i n a l l y ,  i t  i s  wor,klh not ing  t h a t  our a n a l y s i s  

provides a  method f o r  c a l c u l a t i n g  t h e  c u r r e n t  i n  any given 



branch through a  f i n i t e  number of computational s t eps .  
I - 

1. In t roduc t ion .  I n  a d d i t i o n  t o  the  f a i r l y  ex tens ive  l i t e r -  ----- 
a t u r e  on lumped i n f i n i t e  t ransmiss ion  l i n e s ,  the i d e a  of an 

I i n f i n i t e  e l e c t r i c a l  network has  been cropping up i n  the  l i t e r a t u r e  

I f o r  q u i t e  some time now. See,  f o r  example, r-2, 1'81, 191, [ll' - 1171. 
I n  f a c t ,  some of these  works employ i n f i n i t e  networks t o  model 

phenomena governed by p a r t i a l  d i f f  e p e n t i a l  equat ions [ S ] ,  [ll] - [ 161. 
However, i t  was only u n t i l  the  r e c e n t  works of H.Flanders 163, C73 

t h a t  a  genera l  method f o r  analyzing a  f a i r l y  u n r e s t r i c t e d  c l a s s  ' 

of i n f i n i t e  networks was devised. A l t e r n a t i v e  methods of s t i l l  

more r e c e n t  v in tage  a r e  g iven  i n  f31, [49, [18] - 1201. 

Actual ly ,  Kirchhoff ' s  node and loop laws coupled with t h e  

r e l a t i o n s h i p s  between vol tages  and c u r r e n t s  imposed "by the elementi  

- C of t h e  network a re  no t  i n  genera l  qtrong enough t o  y i e l d  e unique 

c u r r e n t  d i s t r i b u t i o n  i n  the  i n f i n i t e  network. For example, 

assuming t h a t  each branch i n  the  end less  s e r i e s  c i r c u i t  of 

F igure  1 has  a  complex impedance and t h a t  t h e r e  i s  no mutual 

coupling between branches,  we see  t h a t  any complex value i s  

allowed f o r  the  cu r ren t  i flowing t h e r e i n .  Indeed, Kirchhoff ' s  
* 

node law i s  obviously s a t i s f i e d  and Kirchhoff 1s loop law, which 

i s  a requirement only  f o r  f i n i t e  loops ,  i s  au tomat ica l ly  s a t i s f i e d  

s i n c e  the network has no f i n i t e  loops.  I n  t h e  aforementioned 

methods f o r  analyzing an i n f i n i t e  network, a  unique cur ren t  

d i s t r i b u t i o n  i n  the network i s  acheived by imposing a d d i t i o n a l  

requirements s;ch a s  the  f i n i t e n e s s  of the t o t a l  power d i s s i p a t i o n  

throughout the  network. Thus, i f  every  branch r e s i s t a n c e  i n  

Figure 1 were one ohm, then  i w3uld have t o  be zero f o r  tine t o t a l  

power d i s s i p a t i o n  t o  be f i n i t e .  



The ob jec t ive  of t h i s  work i s  t o  i n v e s t i g a t e  t h e  c l a s s  of 

a l l  cu r ren t  d i s t r i b u t i o n s  i n  a  given i n f i n i t e  netwc~rk. We impose 

only  Ki rchhof f ' s  node and loop laws, and the re fo re  many d i f f e r e n t  

curpent  d i s t r i b u t i o n s  a r e  poss ib le .  Actua l ly ,  i n  a d d i t i o n  t o  t h e  

node and loop laws we a l s o  have the  connections between vo l t ages  

and cur ren t sFesu l t ing  from t h e  elements of the  network. That 

the  l a t t e r  a r e  also opera t ive  w i l l  be t a c i t l y  understood throughout 

t h i s  work,and we w i l l  u s u a l l y  not  mention them e x p l i c i t l y .  Unlike 

f i n i t e  networks, i n f i n i t e  networks with d i s s i p a t i o n  i n  a l l  branches can 

c a r r y  a  c u r r e n t  f low under the  node and loop laws even when the re  

a r e  no .voltage o r  cu r ren t  sources p resen t .  

For the sake of a  more concise terminology, whenever a  graph 

of a  network has  a  c e r t a i n  proper ty ,  we & a l l  say t h a t  the network 

i t s e l f  hzs  t h a t  property.  We 3ha.14 a s s m e  t h a t  our networka a r e  

connected, countably i n f i n i t e  ,and l o c a l l y  f i n i t e ;  t h a t  i s ,  the 

s e t  of a l l  nodes i s  countable and every  node has a  f i n i t e  number 

of i n c i d e n t  branches. We allow p a r a l l e l  branches but  d o  not  permit  

i s o l a t e d  nodes or  s e l f  loops.  ( A  se l f- loop  i s  a  s i n g l e  branch 

both of whose ends coincide a t  a  s i n g l e  node. ) Voltages,  c u r r e n t s ,  . 
and impedances a r e  complex numbers ,and mutual coupling between 

branches i s  allowed. We s h a l l  a l s o  assume t h a t  t h e  network 

possesses  on ly  vol tage sources ;  t h i s  i s  r e a l l y  no r e s t r i c t i o n  

s ince  c u r r e n t  sources can always be converted i n t o  vol tage sources.  

The main r e k u l t  of t h i s  work i s  an ex i s t ence  theoren  f o r  .the 

c u r r e n t  d i s t r i b u t i o n  i n  t h e  network. I t  s t a t e s  t h a t ,  i f  the c u r r e n t s  

i n  c e r t a i n  branches,  c a l l e d  " j o i n t s " ,  a r e  a r b i t r a r i l y  chosen, 

then the  c u r r e n t s  i n  a l l  o the r  branches a r e  uniquely deterrr~ined, 



and lndesd every c u r r e n t  d i s t r i b u t i o n  s a t i s f y i n g  E i r c h h o f f ' s  

node and loop laws can be uniquely s p e c i f i e d  by ass ign ing  the  

j o i n t  c u r r e n t s  properly.  l h i s  r e s u l t  has been established riot 

f o r  a l l  i n f i n i t e  networks but  r a t h e r  f o r  what appears  t o  be a  

f a i r l y  broad c l a s s  of i n f i n i t e  networks. -4 v a r i e t y  of examples 

f o r  which our  method works and one for which i t  d o e s n ' t  appear 

t o  work w i l l  be given. Our ex i s t ence  theorem con ta ins  a  step-by- step 

procedure f o r  computing any g iven  branch cur ren t .  I n  p a r t i c u l a r ,  

the  c u r r e n t  i n  any branch can be computed by so lv ing  a  f i n i t e  

number of l i n e a r  simultaneous equat ions  having only  a  f i n i t e  number 

2. Some examples. To motivate  our subsequent discussi .ons ----- 
we s h a l l  now presen t  a  number of examples showing hiw the  branch 

1 -  - ~. 
c u r r e n t s  can be computed i n  a  step-by- step procedure. A s  i n  

F igure  1, branches w i l l  be ind ica ted  by l i n e s ;  i t  I s  understood 

t h a t  each branch i s  a  s e r i e s  c o n ~ e c t i o n  of a  complex impedance 

and a complex vol tage  source,  e i t h e r  o r  both of which. may be zero.  

Example 2.1, I n  Figure 2  l e t  us  a s s i g n  a r b i t r a r i l y  the  cu r ren t s  

i n  branches 1, 2, and 3. ?his determines t h e  currenCs i n  branches . 
0 and -1 by Kirchhoff ts node law and ' the c u r r e n t  i n  branch 4 by 

Ki rchhof f t s  loop ,law. Then,the c u r r e n t  i n  branch -2 i s  obtained 

by the loop law and the  c u r r e n t s  i n  branches 5 and 6 by the  node 

law. Continuing i n  t h i s  way, we can ob ta in  the  cu r ren t  i n  any 

branch. Thus, we cannot a r b i t r a r i l y  ass ign  a c u r r e n t  t o  any o t h e r  

branch once t h e  c u r r e n t s  i n  branches 1, 2, and 3 a r e  assigned.  

Another choice of c u r r e n t s  i n  branches 1, 2, and 3 w i l l  y i e ld  a. .  

d i f f e r e n t  cu r ren t  d i s t r i b u t i o n  throughout t h e  network. Xoreover, 



i t  can be seen t h a t  an i n i t i a l  choice of the  c u r r e n t s  i n  only 

two or l e s s  branches w i l l  n o t  determine the  branch c u r r e n t s  i n  

the r e s t  of t h e  network. 

A h e u r i s t i c  approach t o  t h i s  s i t u a t i o n  i s  t o  assume t h a t  t h e r e  

a r e  energy sources out  a t  i n f i n i t y  feeding c u r r e n t s  i n t o  t h e  

network. A s  wi th a  common approach t o  f i n i t e  networks, l e t  us  

choose a spanning t r e e  T f o r  our network and assume t h a t  the  

c u r r e n t  d i s t r i b u t i o n  c o n s i s t s  of a  superpos i t ion  of fundamental 

mesh cu-rrents.  Let us  f u r t h e r  assume t h a t  the  c u r r e n t s  coming . 
from the  sources out  a t  i n f i n i t y  a r e  fundamental mesh c ~ r r e n t s .  

We choose T a s  the subgraph c o n s i s t i n g  of the two endless  

h o r i z o n t a l  paths  and the  s i n g l e  v e r t i c a l  branch numbered 1, . 

Thus, T i s  the graph induced by a i l  branches o t h e r  chan 

. . ., -5, -2, 4, 7, . . . . Now,the sources a t  i n f i n i t y  cannot feed  

c u r r e n t  exc lus ive ly  through t h e  t r e e  i f  branches 1 , 2 ,  and 3 a r e  

removed.In t h i s  f a sh ion  the  s p e c i f i c a t i o n  of  t h e  cu r ren t s  i n  

bra.nche5 1, 2, and 3 i n d i r e c t l y  s p e c i f i e s  the  sources a t  i n f i n i t y .  

We could of course have s t a r t e d  with another  spanning t r e e  but  

t h a t  t r e e  would have t o  have the  p roper ty  t h a t  e x a c t l y  th ree  branches . 
* 

i n  i t  must be removed i n  order  t o  s t o p  a l l  c u r r e n t s  flowing 

e x c l u s i v e l y  i n  the  t r e e .  This i s  because e x a c t l y  t h r e e  independent 

sources can be connected out a t  i n f i n i t y  between the  f o u r  
tf 

i n f i n i t e l y  londlegs of T. For  example, thk t r e e  c o n s i s t i n g  of 

the  branches ... :,' -5, -3, -2 ,  -1, 1, 3 ,  4, 5, 7, - * *  

possess  the s t a t e d  p roper ty  and would n o t  the re fo re  be a proper i 
choice.  These admit ted ly  nebulous i d e a s  provide never the less  

a  c lue  f o r  our subsequent d i scuss ion ,  



Example 2 .2 ,  In F igu re  3 we have u:l i n f  in i t 'e  g r i d  t h a t  - 
covers  a  h a l f - p l a n e .  Let  u s  assume t k a t  t he  c u r r e n t s  i n  a l l  t h e  

branches  l a b e l e d  ag, where k  = ...,.- 1, 0, 1, ..., a r e  given.  

Then, t he  node law determines  t h e  c u r r e n t s  i n  a l l  t h e  branches  

bk;  n e x t ,  t he  loop law de te rmines  t h e  c u r r e n t s  i n  a l l  t he  ck ;  

t hen ,  t h e  node law de te rmines  t h e  c u r r e n t s  i n  the  dk,  and s o  

f o r t h .  Thus, t h e  s p e c i f i c a t i o n  of t h e  c u r r e n t s  i n  t h e  ak de te rmine  

t h e  c u r r e n t s  i n  t he  r e s t  of t h e  network. 

Here a g a i n ,  t h e  ak can be viewe6 a s  branches whose removal 

d i s r u p t s  a l l  end le s s  p a t h s  i n  a  c e r t a i n  spanning t r e e ,  That  
t 

t r e e  can be taken  t o  be t he  subgraphknduced by the  ak and a l l  

h o r i z o n t a l  branches  b  k~ dk, f k ,  * a .  

Example 2.3, m e  one-ended l a t t i c e  s t r u c t u r e  of F igu re  4 
, can be viewed a s  an i n i ' i n i t e  sequence of b r i d g e s .  Branch 1 is 

the  c e n t r a l  branch of t h e  b r idge  whose arms comprise t h e  s e t  

B1 of branches 2, 3, 4, and 5; branches  6, 7 ,  8, and 9 a r e  the  

arms of t he  n e x t  b r idge  ,, and we denote  t h a t  s e t  by B2;  e t c .  

If we s p e c i f y  t he  c u r r e n t  i n  branch 1, then  Kirchhoff  I s  node law 

a p p l i e d  t o  t h e  two nodes of branch 1 and K i r c h h o f f l s  loop  law 

a p p l i e d  t o  the loops  1, 2, 4 and 1, 3, 5 y i e l d  f o u r  equa t ions  

i n  t h e  f o u r  unknown c u r r e n t s  2n branches  2, 3, 4, and 5, If t h e  

b r i d g e  i s  unbalanced,  t h e  equa t ions  can be so lved .  Once t h i s  

i s  done, t h e  node and l o o p  laws de te rmine  i n  t he  same f a s h i o n  

t h e  c u r r e n t s  i n  branches  6, 7, 8, and 9 s o  long  as t h i s  b r idge  

i s  a l s o  unbalanced.  Continuing t h i s  s tep- by- step procedure ,  we 

o b t a i n  t h e  c u r r e n t s  i n  a l l  branches .  To i d e n t i f y  branch 1 a s  a  

branch whose removal opens up 81.1 e n d l e s s  p a t h s  i n  a c e r t a i n  

t r e e ,  we choose t h a t  t r e e  a s  t he  one induced by  the  branches  

1, 2, 5, 6 ,  9 ,  10, 13, . 



A t  t h i s  p o i n t  i t  i s  worth p o i n t i n g  ou t  a  f 3 c t  concerning 

the  homogeneous c u r r e n t  f i o b i ~  i n  t h e  e x m p l e s  p re sen ted  so  f a r .  

By a  homogenesus ~ u u r r e c t  f l a x  j n  a  g i v e n  network we mean a s e t  

of branch c u r r e n t s  which s a t i s f y  K i r c h h o f f ~ a  node and loop laws 

when a l l  sources  i n  t h e  network a r e  s e t  equa l  t o  zero.  IA homogeneous 

c u r r e n t  f low i s  c a l l e d  rronzero i f  a t  l e a s t  one of  i t s  branch c u r r e n t s  

i s  nonzero. The network of F igu re  1 obvious ly  posses ses  a nonzero 

homogeneous c u r r e n t  f low whatever be i t s  b ~ a n c h  impedances. The 

sxame i s  t r u e  f o r  t h e  networks of' F i g u r e s  2 and 3 if a l l  branches  

have nonzero impedances. We need mere ly  s p e c l f  y  nonzero values  

f o r  t h e  c u r r e n t s  i n  b ranshes  1, 2, and 3 f o r  F igu re  2 and nonzero 

va lues  f o r  t h e  c u r r e n t s  i n  t h e  branches  a f o r  F igu re  3 .  Upon 
k 

s e t t i n g  a l l  sources  equa l  t o  ze ro  and then  computing a s  b e f o r e ,  

we w i l l  o b t a i n  t he  corresponding. homogeneoi~s c u r r e n t  f lows.  Ilh i s  

procedure  w i l l  work no m a t t e r  what nonzero va lues  t h e  branch 

impedances assume, 

This i s  no l c n g e r  t h e  case  f o r  t h e  n e t w  r k  of F igu re  4. 

I t  w i l l  n o t  have a nonzero homogeneou-s c u r r e n t  f low i f  every  b r i d p  

i s  balanced.  Fo r  t h e n ,  t h e  c u r r e n t  i n  branch 1 must be ze ro  

s i n c e  i t  i s  the  c e n t r a l  branch of t h e  f i r s t  b r idge .  S i m i l a r l y ,  

t he  c u r r e n t  pas s ing  through the  f i r s t  b r i d g e  i s  the  c e n t r a l  c u r r e n t  

f o r t h e  second br idge ,  and s o  I t  t o o  must be zero .  T h i s  i n  t u r n  

i m p l i e s  t h a t  t h e  c u r r e n t  i n  t he  arms 2, 3, 4, and 5 must be zero.  

Continuing i n  t h i s  way, we s e e  t h a t  e v e r y  brsnch  c u r r e n t  i s  zero .  

A c t u a l l y ,  t h e  network of F igu re  4 w i l l  n o t  have a  homogeneous 

c u r r e n t  f l o w  i f  t h e r e  e x i s t s  a n  i n f  i f i i t e  subsequence f Eik,j 
I 

of t h e  arm s e t s  B such t h a t  tkie azns  o f  e v e r y  U a r e  balanced 
k 4 

w i t h  r ega rd  t o  t he  corresponding b r idge .  
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We conclude t h a t  no t  eve ry  inf-i n i t e  network ' con ta in ing  an  

e n d l e s s  pa th  posses ses  a  nonie ro  hornogsncous c u r r e n t  flow. 

3. Some concepts  concerning i n f i n i t e  e a o h s ,  Our subsequent  --. '. , *. " .-- ̂ -.."I' -.C' .--/%-- - ---."..--. ---...-. -.- 
d i s c u s s i o n  w i l l  employ c e r t a i n  n o t i o n s  concerning i n f i n i t e  

g raphs .  We s h a l l  d e f i n e  them he re  and develop some p re l imina ry  

r e s u l t s .  A c t u a l l y ,  we have a l r e a d y  used some of the  terms de f ined  

below, b u t  n e v e r t h e l e s s  we g i v e  t h e i r  d e f i n i t i o n s  h e r e  t o  avoid 

subsequent  ambiguity.  

We assume t h a t  t h e  r e a d e r  i s  a l r e a d y  f a m i l i a r  wi th  t h e  i d e a  

of a connected,  countab ly  i n f i n i t e ,  l o c a l l y  f i n i t e  graph G i n  

which p a r a l l e l  brsnches  a r e  al lowed b u t  no i s l o a t e d  v e r t i c e s  or  

s e l f - l o o p s  a r e  pe rmi t t ed .  I n  g e n e r a l ,  w e  denote  branches  by  bk 

and nodes by  rlk,  bu t  o t h e r  symbols a r e  a l s o  used. d - walk  W in 

G i s  a n  a l t e r n a t i n g  sequence of b r snches  and nodes such t h a t  

e v e r y  branch i s  immediately preceded and succeeded -by the  two 

nodes t o  which i t  i s  i n c i d e n t .  W i s  s a i d  t o  be f i n i t e ,  - one-ended, - 

o r  e n d l e s s  i f  t h e  sequence i s  f i n i t e ,  one-way i n f i n i t e ,  o r  two-way 

i n f i n i t e

q  

r e s p e c t i v e l y .  A pa th  P i n  G i s  a  walk such t h a t  no node 

appears  more t h a n  once i n  P. A l o o p  L i s  a f i n i t e  walk such t h a t  - 
no node appears  more than  once except  f o r  t h e  f i r s t  and l a s t  

nodes;  t h e s e  nodes a r e  i d e n t i c a l  and appear  nowhere e l s e  i n  L. 

If we remove t h e  branches  bl, b2, b ... f r o m G  b u t  d o n o t  
3 ' 

remove t h e  nodes t o  which bl ,  b2, b3, ... a r e  i n c i d e n t ,  we 

denote  t h e  r e s u l t i n g  graph by  G1 - bl - b2 - . . .  
A t r e e  T i n  G i s  any connected subgraph of G t h a t  c o n t a i n s  

no loops . '  A t r e e  may be f i n i t e  o r  i n f i n i t e .  T i s  s a i d  t o  be 

spanniny i f  i t  con ta ins  all t h e  nocies of G; i n  t h i s  ca se ,  'T inust 

be i n f i n i t e  s i n c e  G i s  i n f i n i t e .  



The fo rego ing  a r e  cornion d e f i n i t i o n s .  We now in t roduce  

some new concepts  and to rx ino logy  which k ~ i i l  be u s e f u l  i n  our  

subsequent  development. Let  T be a. r e e  i n  G .  I f  T 

c o n t a i n s  an e n d l e s s  pa th  P1, choose any brench b  in P1 and 1 

remove it from To T - bl w i l l  have p r e c i s e l y  two components, b o t h  

of which a r e  i n f i n i t e  t r e e s .  I f  T - bl c o n t a i n s  a n  e n d l e s s  p a t h  P2, 

choose any branch b2 i n  P2 and remove it. T - b, - b2 w i l l  
* 

have e x a c t l y  3 components each of which i s  an i n f i n i t e  t r e e .  

We cont inue  t h i s  procedure  of removing a  branch b  from an e n d l e s s  
k 

path  Pk conta ined  i n  T - bl - b2 
- ... ' 

bk-l u n t i l  t h e r e  no  

longera e x i s t s  any e n d l e s s  p a t h s ,  If che process  t e rmina t e s  a f t e r  

a  f i n i t e  number, say ,  m of branches  a r e  removed, t hen  T - bl - * e o  - b m 

w i l l  have m + 1 components. Otherwise,  an  i n f i n i t y  of' branches  

must be removed i n  c r d e r  t o  b reak  a l l  e n d l e s s  p a t h s  and the  r e s u l t i c g  

graph T - bl - b2 - * * *  w i l l  have a n  i n f i n i t y  of components. 

Me s h a l l  r e f e r  t o  t h e  bk as j o i n t s .  The f i n i t e  o r  i n f i n i t e  s e t  

J = {bk: k = 1 ,  2, ...I of al l  j o i n t s  w i l l  be c a l l e d  a  full s e t  

of  J o i n t s .  The components of T - - bl 
- b2 w i l l  be c a l l e d  

l imbs.  

Lemma 3 .1  me s t ruc- ture  of a l i m b l .  

( i )  Every limb i s  a n  i n f i n i t e  t m e  con ta in ing  no end le s s  pa ths .  

( i i )  Every node of G i s  conta ined  i n  a unique l imb,  

( i i i)  Given any  node of G t h e r e  e x i s t s  a unique one-ended 

pa th  ? s t a r t i n g  a t  t h e  node and c o n t d n e d  i n  t h e  l imb t h a t  

c o n t a i n s  the  node. 

(iv)' A l l  o t h e r  p a t h s  s t a r t i n g  a t  t h a t  node and conta ined  

e x c l u s i v e l y  i n  t h e  l imb are f i n i t e .  

P 
( v )  Only a f i n i t e  number o f  t h e  l a t t e r  f i n . e  p a t h s  have 

no branches  i n  common w i t h  P o  



Proof. By i t s  d e f i n i t i o n  eve ry  l imb must be. a  t r e e  con ta in ing  

. , g t  one of the  l imbs ,  say ,  F no e n d l e s s  p a t h s .  Le-c us s s s m e  ti -- 

i s  a f i n i t e  t r e e .  Because of our  I p c a l - f i n i t e n e s s  c o n d i t i o n ,  

t h e r e  can be on ly  a  f i n i t e  number of j o i n t s  connected t o  F i n  

t h e  o r i g i n a l  t r e e  T.  ' h i s  means t h a t  i n  t h e  p roces s  of removing 

t h e  j o i n t s  one by  one t h e r e  w i l l  be one s t a g e  a t  which t h e r e  e x i s t s  

e x a c t l y  one j o i n t  connected t o  F. But t h i s  i s  imposs ib le  because 

t h a t  j o i n t  w i l l  no t  t h e n  be i n  an e n d l e s s  pa th .  This  c o n t r a d i c t i o n  

e s t a b l i s h e s  ( i ) .  

( i i )  fo l lows  from the  f a c t  t h a t  a t  no p o i n t  i n  t h e  process  

of g e n e r a t i n g  l imbs i s  a node removed. 

To e s t a b l i s h  ( i i i ) ,  we f i r s t  observe t h a t  eve ry  i n f i n i t e  

t r e e  must c o n t a i n  a one-ended pa th  12; p. 171. By t h e  connectedness  

. . of' each l imb we can conclGde t h a t  t h e r e  e x i s t s  ~t l ea s?  one 

one-ended p a t h  s t a r * t i n g  a t  any g iven  node of a l imb and contained 

i n  t h a t  l imb. We cannot  hsve two d i f f e r e n t  one-ended pa ths  i n  

t h e  l imb s t a r t i n g  from t h e  same node f o r ,  o the rwi se ,  t h e  l imb would 

c o n t a i n  e i t h e r  a l oop  o r  an  e n d l e s s  pa th .  This 1aul .3 c o n t r a d i c t  

t h e  f a c t  t h a t  each l imb i s  a  t r e e  posses s ing  no e n d l e s s  pa ths .  

( i v )  fo l lows  immediately from ( i i i ) .  

F i n a l l y ,  f o r  ( v )  , l e t  no be a node i n  a l imb L and l e t  us  

cons ide r  t h e  subgraph H of L c o n s i s t i n g  of  a l l  f i n i t e  pa ths  i n  

L s t a r t i n g  a t  no and having no branches  i n  common wi th  t h e  unique 

one-ended pa th  P i n  L t h a t  s t a r t s  a t  no. I f  t h e r e  a r e  an i n f i n i t y  

of such p a t h s ,  t hen  H must be an i n f i n i t e  connected graph and 
Q 

t h e r e f o r e  must c o n t a i n  a  one-ended pa th  r2; p.  171. Since P snd 
A 

Q a r e  d i s b i n c t ,  t h i s  c o n t r a d i c t s  ( Lexqa 3.1 i s  hereby establis 'nc-2.  



Another concept  we s h a l l  i n t r o d u c e  i s  t h a t  of a  "twig". 

Consider a t r e e  c o n t a i n i n g  8 ' ;  l e a s t  one eridless p a t h .  Then 

c o n s i d e r  t h e  s e t  of a l l  b ranchss  dl, d2,  . . . t%at  a r e  n o t  con t s ined  

i n  e n d l e s s  p a t h s ,  A t w i ~ ~ i s  a component of t h e  subgraph induced 

by t h e  s e t  of a l l  dk. T wi th  a l l  i t s  twigs  removed ( i . e . ,  

T - dl - d2  - ) w i l l  be c a l l e d  a  s t r i p p e d  t r e e .  S i m i l a r l y ,  

a s t r i ~ n e d  l i m b  i s  a  component of t h e  subgraph ob tz ined  by 

renovin; from T a  f u l l  s e t  of j o i n t s  and a l l  t h e  dk. ( I s o l a t e d  nodes 
a r e  i gno red . )  

Our nex t  o b j e c t i v e  i s  t o  show t h a t  t h e  c a r d i n a l i t y  of any 

f u l l  s e t  J of j o i n t s  i s  an i n t r i n s i c  p r o p e r t y  o f t h e  t r e e  T arx? 

does n o t  v a r y  f o r  d i f f e r e n t  cho ices  of J, Assum f o r  t h e  moment 

t h a t  t h e r e  a r e  o n l y  a f i n i t e  nonzero number of e n d l e s s  p a t h s  i n  

n T and c o n s i d e r  t h e  cor responding  s t r i p p e d  t r e e  Ts.  l h e s e  e n d l e s s  

p a t h s  l i e  e x c l u s i v e l y  i n  T and e v e r y  branch of T l i e s  I n  a t  
S S 

l e a s t  one e n d l e s s  pa th .  Uiven any cho ice  of a full s e t  J of j o i n t s  

we can choose a  f i n i t e  s u b t r e e  T o f  Y s  t h a t  c o n t a i n s  e v e r y  j o i n t  
f 

because t h e r e  a r e  o n l y  a  f i n i t e  number of j o i n t s .  Then, Ts i s  

t he  union 11; p.  761 of Tf and a  f i n i t e  number of s u b t r e e s  P 1' 

P2, . .. , Pn such t h a t  t h e  nodes of Pk and t h e  nodes of P forin 
j 

d i s j o i n t  s e t s  i f  k # j. Each end-node of PlC must a l s o  l i e  i n  

Tf s i n c e  Ts h a s  no twigs .  

Ac tua l ly ,  each Pk i s  a  one-ended pa th  t h a t  i s  cannected t o  

Tf o n l y  a t  i t s  end node. Indeed,  upon a p p l y i n g  Lemma 3.1(1) t o  

Ts and n o t i n g  t h a t  T~ i s  f i n i t e ,  we see  f i r s t  of a l l  t h a t  Pk is  

an i n f i n i t e  t r e e  c o n t a i n i n g  no e n d l e s s  p a t h s ,  Now, assume 

t h a t  Pk is n o t  a one-ended pa th .  Then, P c o n t a i n s  a  node n  
k 0 

whose degree  i s  g l > e a t e r  than  t w o .  By (iii) and ( i v )  of  Le~ma  3.1, 

t h e r e  e x i s t s  a f i n i t e  pa th  Q p a s s i n g  through no and t e r m i n a t i n g  



a t  two end nodes n  and n  of Pgs Gut t hen ,  n  and n  must 
1 2 1 2 

a l s o  l i e  i n  5 ,  and S O  Q i s  p a r t  of a  loop  i n  Tss  h i s  c n n t r a d i c t s  

t he  f a c t  t h a t  Ts i s  a  t r e e .  Thus, P i s  a one-ended pe th .  I t  k 

i s  connected t o  T on ly  a t  i t s  unique end node because,  were it f 

t o  be connected t o  Tf a t  two o r  more nodes,  t h e r e  would a g a i n  

be a loop  i n  T s s  

S ince  Tf i s  f i n i t e ,  i t  now f o l l o w s  t h a t  e v e r y  l imb r e s u l t i n g  

from t h e  g iven  J c o n t a i n s  one and o n l y  one P k; t h a t  i s ,  t h e  

number n  of the  Pk i s  equa l  t o  the  number of l imbs.  

Every i n f i n i t e  p a t h  i n  T c c n s i s t s  of t h e  union of two one-ended 

p a t h s ,  say,  P and P where k # j ,  and a  f i n i t e  pa th  i n  Tf:  
k j ' 

converse ly ,  every  such un ion  y i e l d s  an  e n d l e s s  p a t h  i n  Ts Since 

n i s  the  number of P i t  f o l l o w s  t h a t  t h e r e  e x i s t  in - 112 
k' 

e n d l e s s  pa ths  i n  T. But,  t h e  number of en2 lc sc  paths i n  T  i s  

an i n t r i n s i c  p r o p e r t y  of T and does  no t  depend upon t h e  choice 

of J. Therefore ,  t h e  same can be s a i d  of t he  number n. 

Now, t h e  choice  of a  j o i n t  i n  Ts p a r t i t i o n s  t h e  s e t  {pk]L1 

i n t o  two s u b s e t s ,  two of t h e  P be ing  i n  t h e  same s u b s e t  i f  ard 
k 

o n l y  i f  t h e r e  e x i s t s  an e n d l e s s  p a t h  pas s ing  through both of 

them and n o t  through the  j o i n t .  Upon choosing two jo i f i t s  i n  T s ,  

we w i l l  p a r t i t i o n  Pk i n t o  t h r e e  s u b s e t s  under t he  same r u l e .  

%is proces s  can be cont inued  u n t i l  each  s u b s e t  c o n t a i n s  e x a c t l y  

one Pk, a t  which p o i n t  we w i l l  have chosen n  - 1 j o i n t s .  It 

fo l lows  now t h a t  t h e  number of j o i n t s  i n  a  f u l l  s e t  J i s  independent  

of  the  choice  of t h e  j o i n t s ,  

Le t  us t u r n  now t o  t h e  case  where T posses se s  an  i n f i n i t y  

of e n d l e s s  p a t h s .  'ilken, J xust have a n  i n f i n i t y  of' joints. 

Indeed,  i f  on ly  a  f i n i t e  number, s ay ,  k of j o i n t s  s u f f i c e d  t o  

d i s r u p t  a l l  e n d l e s s  p a t h s ,  t h e n  t h e  removal of t h e s e  k j o i n t s  



frcm Tg w o ~ l d  y i e l d  exac1.y k + l  conponente,  none of which 

corrtains a n  e n d l e s s  path.  3 i ~ t  t h i s  i r n p i i ? ~  t h a t  Ts would 

have e x a c t l y  k! e n d l e s s  p a t h s ,  and t h e r q f o r e  SO t o o  would T. 

Th is  i s  a  c o n t r a d i c t i o n .  Thus, t h e  c a r d i n a l i t y  of J i s  SO, 
t h e  c a r d i n s l  n w ~ b e r  f o r  a  coun tab ly  in f :n i te  s e t .  

I n  t h i s  c a s e  we w i l l  a l s o  have an  i n f i n i t y  of l imbs .  

Consequently,  t h e  c a r d i n a l i t y  of the  s e t  of l imbs must a l s o  be 

s i n c e  i t  c a ~ n o t  be g r e a t e r  t h a n  t h e  c a r d i n a l i t y  of  t h e  s e t  

of branches .  

We summarize our  f o r e g o i n g  5 i s c u s s i o n  a s  f o l l o w s .  

Lemma 3.2. - I f  a. t r e e  T c o n t a i n s  a t  l e a s t  one end le s s  p a t h ,  
J 

t h e n  t h e  c ~ r d i n a l i t y  of a f u l l  s e t  of j o i n t s  i s  independent  of 
.fi 

the  cho ice  of t h e  j o i n t s  and i s  e q u a l  t o  one l e s s  t han  t h e  

c a r d i n a l i t y  of the s e t  o f  i imbs r e s u l t i n g  from t h e  removal of 

J from T. 

Let  u s  r e t u r n  now t o  our  i n f i n i t e  g raph  G and assume t h a t  

a  spanning t r e e  T and a  f u l l .  s e t  J of j o i n t s  i n  T have been 

chosen. Thus, t h e  l imbs  i n  G a re  t h e  ccmponents of t h e  subgraph 

of T ob t a ined  by removing a l l  j o i n t s  i n  J from T. A s  i s  

commonly done, e v e r y  branch n o t  i n  T w i l l  be c a l l e d  a chord, 

Given a  chord,  t h e r e  e x i s t s  a  un iaue  l o o p  c o n s i s t i n g  of the 

chord and unique t r e e  p a t h  connec t ing  t h e  nodes of t h e  chord ;  
+t 

t h i s  l o o q w i l l  be  c a l l e d  t h e  chord- t ree  loop.  Moreover, i f  

bo th  nodes of t h e  chord a r e  con ta ined  i n  a  s i n g l e  l imb,  we 

s h a l l  a l s o  r e f e r  t o  . t h a t  l o o p  a s  t h e  chord- limb looo.  On t h e  

o t h e r  hand,  i f  t he  two nodes a r e  con ta ined  i n  d i f f e r e n t  l imbs ,  

it f o l l o w s  from Lemma 3 ( 1 i i )  t h a t  t h e r e  e x i s t s  a  unique end less  

pa tk2  c o n s i s t i r , ~  of the  ci~oru '  an? i , . , ~  k",::o u~:i \?u:_? o~~:c-c:ndeC! p a t h s  

s t a r t i n g  a t  the nodes 3f t he chord and remaining w i t h i n  t h e i r  



r e s p e c t i v e  l i m b s ;  t h i s  e n d l e s s  p a t h  w i l l  be called t h e  chord- limb 

p a t h .  L a t e r  on, i t  vd 11 ka  cmvert:! c r , t  ?I?:, t o  have t o  r e f e r  t o  

chord- limb loops  and chord- limb p a t h s  wi th  two s e p a r a t e  names. 

We dl1 r e f e r  t o  t h e s e  two e n t i t i e s  a s  chord- limb o ~ b s .  S o m e t i ~ e s  

we des igna2e a  chord by a  symbol, s a y ,  b  and then  r e f e r  t o  t h e  

b - t r e e   loo^ and b-limb orb.  

S i m i l a r l y ,  t h e  nodes of  any g i v e n  j o i n t  must l i e  i n  two 

d i f f e r e n t  l imbs.  By Lemma 3 , 1 ( i i i )  a g a i n ,  t h e r e  e x i s t s  a  unique 

e n d l e s s  pa th  pas s ing  through t h e  j o i n t  and t h e  two l imbs c o n t a i n i n g  

t he  j o i n t  Is nodes. Tnis e n d l e s s  p a t h  w i l l  be c a l l e d  t h e  

Joint- l imb pa th ,  o r  t he  b- limb path i f  t h e  j o i n t  i s  denoted by b, 

I n  summary then  we can s t a t e  t h e  fo l l owing .  

q ~ e m q a  3.3. Every chord l i e s  i n  a  unique chord- limb orb ,  and e v e r y  

I j o i n t t i e s  i n  a  unique j o in t - l imb  p a t h .  

4, Curren t  f low. From now on, we s h a l l  assume t h a t  e v e r y  branch 
MCCC,_ .*-+- C_YIV,-,-C. .---Y-- - 

i n  G ha s  a n  o r i e n t a t i o n .  The c u r r e n t  i n  any branch i s  a  complex 
n 

number measured wi th  r e s p e c t  t o  t h a t  b r a n c h ' s  o r i e t a t i o n .  A s  
I\ 

b e f o r e ,  we assume t h a t  we have f i x e d  upon a  spanning t r e e  and 

' a  f u l l  s e t  J of j o i n t s  i n  our  graph G.  

Lemma h.1. A s p e c i f f c a t i o n  of a l l  t h e  chord c u r r e n t s  and 

j o i n t  c ~ r r e n t s  un ique ly  de te rmines  a l l  t h e  branch c u r r e n t s  i f  

Kirchhoff  's  node law i s  s a t i s f i e d  a t  every  node. 

Proof .  We need t o  de te rmine  t h e  c u r r e n t s  i n  a l l  t h e  l imb 

branches .  Let  L be any l imb.  ' h e n ,  L posses se s  a t  l e a s t  one 

node n hav ing  e x a c t l y  one l imb b i n c i d e n t  t o  i t .  F o r ,  if 1 1 

t h i s  were . n o t  s o ,  L would have t o  c o n t a i n  an e n d l e s s  pa th .  If' 

n  has  o t h ~ r  b r a n c h e s  iccldeilt t:; -:';, t h e  1r:ttcr b;.cncl!es xi11 
1 

s l l  be chords o r  j o i n t s .  Thus, K i r c h h o f f t s  node law a p p l i e d  to 



n  un ique ly  de te rmines  t h e  c u r r e n t  i n  b 3 1' 

Next we cons ide r  e l t h c r  L - b o r  sriy o t h e r  l imb and 1 

determine t h e  c u r r e n t  i n  ano the r  l imb branch by apply ing  KirchQoff Is 

node law t o  a node, o n l y  one of whose i n c i d e n t  branches  i s  

ccn ta ined  Ln e i t h e r  L - bl o r  t h a t  o t h e r  l imb. Continuing i n  

t h i s  f a s h i o n ,  we determine a l l  branch c u r r e n t s .  

Assumption 4.1. We assume t h a t  each chord c u r r e n t  f lows  

along i t s  chord- limb orb and t h a t  each j o i n t  c u r r e n t  f lows  a long 

i t s  corresponding jo in t - l imb  p a t h .  ' h e  d i r e c t i o n  of each such 

c u r r e n t  f low ag rees  wi th  t h e  o r i e n t a t i o n  of t h e  corresponding 

chord o r  j o i n t .  

That we a r e  f r e e  t o  adopt Azeumption 4.1 wi thout  v i o l s t l n g  

Kirchhoff  1s node law can be shown a s  f o l l o w s .  u iven  any noae " 0  

i n  some limb L, l e t  F denote  t h e  union of a l l  t he  f i n i t e  ~ a t h s  

s p e c i f i e d  i n  ( v )  of Lemma 3.1, Thus, F i s  a  f i n i t e  t r e e .  Now, 

eve ry  chord c u r r e n t  o r  j o i n t  c u r r e n t  t h a t  pas se s  through no under  

Assumption 4.1 passes  i n t o  o r  ou t  of L  a t  one of the r,odes of F .  

Because C i s  l o c a l l y  f i n i t e ,  i t  fo l lows  t h a t  on ly  a  f i n i t e  number 

of chord c u r r e n t s  and j o i n t  c u r r e n t s  f low through n 0' But, 

eve ry  such chord o r  j o i n t  c u r r e n t  by i t s e l f  s a t i s f i e s  Kirchhoff Is 

node law a t  no, and t h e r e f o r e  so  t o o  do the  branch c u r r e n t s  

i n c i d e n t  a t  no. S ince  eve ry  node l i e s  i n  some limb accord ing  t o  

Lemma 3.1 (ii ) ,  Kirchhoff  1s node law i s  s a t i s f i e d  everywhere. 

Since t h e  c u r r e n t  i n  a  branch i s  a  combination of some o r  

a l l  of t he  chord and j o i n t  c u r r e n t s  impinging on one of i t s  

nodes through a d j a c e n t  b ranches ,  the  argument of  t h e  preceding 

- .  paragraph a l s o  shoxs ti-ist tach 1 l n x  ~ r , a n c n  C L ~ P Y ~ C S  c n l y  a : ' in i t€  

number of chord c u r r e n t s  o r  j o i n t  c u r r e n t s .  We c a l c u l a t e  t h e  

c u r r e n t ' i n  any limb branch  bo by summing t h e  chord c u r r e n t s  



and j o i n t  c u r r e n t s  i n  bo a f t e r  a f f ' i x i n g  a  p l u s  (minus)  s i g n  t o  

such a  c u r r e n t  i t  i t s  f l o u  agtrees ( r s n p e c t i v e l y ,  d i s a g r e e s )  

wi th  t h e  o r i e n t a t i o n  of t h e  branch.  

I n  view of Lemma 4.1, we have now ob ta ined  t h e  fo l l owing  

r e s u l t .  

Lemma 4.2. Upon s p e c i f y i n g  a l l  chord c u r r e n t s  and j o i n t  

c u r r e n t s  and t h e n  computing t h e  remaining brhanch c u r r e n t s  i n  

accordance with Assumption 4,1, we o b t a i n  t h e  unique s e t  o f  

branch c u r r e n t s  d i c t a t e d  by Kirchhoff  ' s  node law. 

5. P a r t i t i o n i n g  i ~ b f i n i t e  s u b n e t w ~ r k s .  Given a n  i n f i n i t e  -- \ -." - <", . Z -*.. C - , Y _ --_LIr.-..- _*-- 

network ??, we d e f i n e  t h e  union U?Ik of a f i n i t e  o r  i n f i n t e  

c o l l e c t i o r i  of subnetworks 1 of $1 i n  t h e  same way as  f s t h e  
k 

union of subgraphs of  s gi-?en f i n i t e  g r ~ p h  [ l ;  p .  751. U Ilk i s  

t h a t  subnetwork of whose node s e t  i s  t he  union U N ( 8  k) of t h e  

node s e t s  Ii(nk) of t h e  qk and whose branches  a r e  t nose  brsanchcs 

of n having bo th  nodes i n  UN ( R  k ) .  On t h e  o t h e r  hand,  a p a r t i t i o n  

of a subnetwork 9% of fl i s  a c o l l e c t i o n  of rubnetworks 

nk of m such t h a t  e v e r y  branch of m occurs  i n  one and o n l y  

one of t h e  n k  2nd jn = U l I k .  r ' i n a l l y ,  11 - ??? deno te s  t h e  
t 

subnetwork of * induced by a l l  b ranches  t h a t  a r e  n o t  i n  $3, 

We a r e  now ready  t o  s t a t e  our  main theorem. 

Theorem 5.1. Let  be an i n f i n i t e  network s a t i s f y i n g  the 

c o n d i t i o n s  s t a t e d  i n  t h e  penu l t ima te  paragraph of t h e  I n t r o d u c t i o n  

and pos se s s ing  a t  l e a s t  one e n d l e s s  pa th .  Assume t h e r e  e x i s t s  

a  spanning t r e e  T, a  f u l l  s e t  J of j o i n t s ,  and a p a r t i t i o n  { f i  k j  

of a subnetwork of f l  ( p o s s i b l y  %? = ) i n t o  f i n i t e  subnetworks 

":'ch t h a t  t h e  f ' s l l ( ~ r i i n ~  c3r..'i$: :r.z a r e  s?t! s y i c d .  



(i) 3/)1 c o n t a i n s  a l l  t h e  chords  of  f'?, and, i f  a  chord i s  

i n  f ln3  then the  cor responding  ch2r.d-tree loop  l i e s  e n t i r e l y  w i t h i n  

Uk.rl?lk nnd t h e  cor responding  chord- limb o rb  l i e s  e ~ t i r e l y  wi thi r?  

( i i )  A r b i t r a r y  mutual  coupl ing  between t h e  branches  of a  

s i n g l e  flk i s  a l lowed,  b u t  mutual  coupl ing  between a branch bl 

i n  n and a  branch b2 i n  nm, where k -= m ,  i s  allowed on ly  i f  
k 

t h e  f o l l o w i n g  u n i l a t e r a l  p r o p e r t y  h o l d s :  The cu-rrent  i n  bl may 

produce a nonzero - vo l t age  i n  b b u t  a  c u r r e n t  i n  b2 produces  2 ' 
ze ro  vo l t age  i n  b 1' 

i f )  Wri te  down t h e  equa t ions  d:ctated b y  Kirchhof'f r s  

loop  law around the  cho rd- t r ee  l oops  f o r  e l l  t h e  chords  i n  M k ,  

t r e a t i n g  t h e  cDrresponding chord c u r r e n t s  a s  unknowns but t r e s t i n g  

a s  known a l l  t h e  j o i ~ k  c u r r e n t s  s-y?d n l l  the o t h e r  chq rd  c11rrent.s 

( t h a t  i s ,  t h e  chord c u r r e n t s  f o r  t h e  chords  i n  a l l  'Q,, where 

m # k ) .  I n  doing s o ,  l e t  t h e  c u r r e n t  in each lirnb-branch be 

computed i n  accordance with Assunr t i on  4.1. Le t  Zk be t he  

s aua re  ihpedance m a t r i x  ob t a ined  by w r i t i n g  t h e s e  equa t ions  I n  

t h e  m a t r i x  form Zk&k = ,$, where c  i s  t h e  v e c t o r  of unknowz -k 

chord c u r r e n t s  f o r  t he  chords  i n  3 and p i s  a  v e c t o r  of known 
k &k 

q u a n t i t i e s .  Assume t h a t  Zk i s  nons ingu la r  f o r  e v e r y  k.  

Then, upon a s s i g n i n g  an a r b i t r a r y  c u r r e n t  t o  each j o i n t ,  

we have t h a t  Kirchhoff  Is node and l o o p  laws un ique ly  determine 

t h e  c u r r e n t  3.n every  branch  of 'n ; moreover, any s e t  of branch 

c u r r e n t s  t h a t  s a t i s f y  Kirchhoff  ' s  node and ioop  laws cor responds  

i n  t h i s  w s q  t o  a p a r t i c u l a r  cho ice  of j o i n t  c u r r e n t s .  

. . ?roof. Y i p s t  asscae t h a t  ti?: Y: i 3  ~ r a r y  c~ir rc :nt  k lES  been  



as s igned  t o  each j o i n t .  The v e c t o r  g i s  a f u n c t i o n  of t h e  A< 
v o l t a g e  s o u r c e s ,  impedances, end j o i n t  c u r r e n t s ,  aI-1 o f  which 

a r e  knomi qusnt i . t iez .  Because  of cor idi t iona ( i )  and (ii ) ,  gk 

i s  a l s ~  a f 'unction of t h e  chord c u r r e n t s  f o r  t h e  chords i n  

An, T,, . * *  9 / (k- l ,  b u t  i t  does n o t  depend on t h e  chord c u r r e n t s  

n f o r  the chords  i n  nk+ly k+2y . . . (When. k = 1, t h e r e  a r e  no  

chord c u r r e n t s  i n  g Since  each Z i s  non? ingu la r ,  we can  A*  k 

s o l v e  i n  t u r n  each o f t  he e a u a t i o n s  Z c - k& - 5 k  
f o r k  = 1, 2,  ... 

t o  determine t h e  c and t h e r e b y  any chord c u r r e n t .  
-k 

Since  a l l  t h e  j o i n t  c u r r e n t s  have bezn sy:ecif'ied, w e  have 

from Lemla 4.2 t 3 a t  a l l  t h e  brsnch cur2ren ts  a r e  un lque ly  dcte,r:ined 

under t h e  impos i t i on  of Kirchhof'f I s  node l a w .  Noreover,  !ilrc'irho?f I s  

loop  I n w  i s  s a t l s f ' i e d  around each cho rd- t r ee  l o c p  s ince  tiiis iz ' 

p r e c i s e l y  whgt  t h e  e q u a t i o n s  Z c  = a r e c u i r e .  Also,  ii, e m  b e  k..k . A+.. 

s h o r : ~  i n  j u s t  t he  same way a s  i s  dcne f o r  f i n i t e  n e t w ~ r k s  t h a t  

t h e  sum of t h e  vo l t age  drops  around an  a r b i t r a r i l y  chosen loop 

L i s  e q u a l  t o  t h e  sum of the vo l t age  drops  around a  f i n t t e  

number of cho rd- t r ee  l o o p s  [ l o ;  4.5-13. Thus, Kirchhoff I s  

loop law i s  s a t i s f i e d  around L a s  we l l .  
0 

F i n a l l y ,  l e t  u s  assme t h a t  w e  a r e  g i v e n  any  s e t  of branch 

c u r r e n t s  t h a t  s ~ t i s f  y Kirchhoff  I s  node and l o c p  laws.  This 

means t h a t  we have s p e c i f i e d  t h e  j o i n t  c u r r e n t s  a s  w e l l .  Since 

t h e  loop  law i s  s a t i s f i e d  and each Z i s  i o n s i n g u l a r ,  t h e  
k 

e q u a t i o n s  Z c  = &  
k'-k 

must y i e l d  p r e c i s e l y  t h e  same chord c u r r e n t s  

as t h e  g iven  ones. On t h e  o t h e r  hand, t h e  l imb-brsnch c u r r e n t s  

r e s u l t i n g  from As~:umption 4.1 m ~ s t  a l s o  agree  w i th  those  g lven  

because of' tine un lq~ ienes s  a s se r . t i on  31' ier.n:a i1.2. i : : i ?  s t f > , p i c - . e s  

t h e  p roo f .  



Note t h a t ,  s i n c e  each branch c a r r i e s  o n l y  a ' f i n i t e  nunlber 

of chord c u r r e n t s ,  we need compute o n l y  a f i n i t e  number o f t h e  

sk and then  a p p l y  Aseum?tior, 4.1 i n .  oriler t o  de te rmine  t he  

c u r r e n t  i n  any given  branch.  Th i s  i n v o l v e s  no more t h a n  a  f i n i t e  

number of computat ional  s t e p s .  

I t  i s  a l s o  worth ment ioning t h a t ,  i f  does  n o t  pos se s s  

a n  e n d l e s s  pa th  ( i n  v i o l a t i o ~  of t h e  h y p o t h e s i s  of Theorem 5.1 ), 

i t  must c o n s i s t  e x c l u s i v e l y  o f  a n  i n f i n i t y  of f i n i t e  b locks .  

Thus, i t s  behav ior  can be a n a l y z e d  b y  app ly ing  t h e  techniques  

f o r  f i n i t e  networks t o  each of t h e  blocks. 

e 1 .  I n  t h e  netwcrk of z ' i gu re  3 l e t  T be t he  t r e e  

induced by a l l  t h e  b ranches  a and a l l  t h e  h o r i z o n t a l  branchas  k 

b ,  d  , . . . Then, t n e  a will ccmprise a f u l l  s e t  J of 
k 

j o i n t s .  Fo r  * we may choose t h e  subnetwork Lnddced by  brnnches 
L .. 1 

aO,  bO, bql, and cO;  i n  % t h e r e  i s  b u t  one chord,  namely, 1 co ' 
For  n, use a bl, cl,  t h e  chord be ing  cl. For f13 use a _  1' 

b_2, c - ~ ,  t h e  chord be ing  cel. F o r  3 use do, del, e o ,  4 t h e  

chord be lng  e  For 2 use a2, b2,  c2,  
0' 5 t h e  chord be ing  c2. 

Fo r  f ib use d end c with  e l  be ing  t h e  chord.  For  f i  use 
-c 1 1 7 

b - 3 9  and c -2 with cm2 being t h e  chord,  Fo r  R 8  use  d_2 

and e-l wi th  e-l 9s t h e  chord.  F o r  3 use f o ,  f-l, a"d g w i th  
9 0' 

go as t h e  chord.  Cont inuing i n  t h i s  t r i g n g u l a r  f a s h i o n ,  w e  

can choose our  flk such t h a t  c o n d i t i o n  ( i )  of Theorem 5.1 i s  

s a t i s f i e d .  (Note t h a t  each  cho rd- t r ee  l oop  l i e s  t o  t h e  l e f t  

of' its chord and each cho rd - l i nb  p n t h  l i e s  t o  t h e  r i g h t  ?f i t s  

chord. )  Assume t h e r e  i s  no mutual  coupl ing  so  t h a t  ( i i )  i s  trivially 

sa t ; i s f i e ; l .  Now each 'fi ha:; ~ ~ 1 : ;  :ni: char;?, and sn Z, 1s a  1 S 1 
k A 

m a t r i x .  Zk will be nons ing i l l a r  i f  each chord impedance i s  nonzero ;  

i n  t h i s  case  c o n d i t i o n  ( i i i )  w i l l  a l s o  be s a t i s f i e d .  Upon 



ess igninp,  a  c i l r r en t  t o  each a k ,  w e  c a n  conclude from meorem 5.1 t h a t  

t he  network h a s  a unique c i i ~ r e n t  irk e v s r y  branch.  

Exam&,2. Ir! t h e  network of F igu re  4 we choose a s  our 

t r e e  T t h e  subgraph induced by t h e  b ranches  1 , ' 2 ,  5, 6,  9, 1 0 ,  

13, . . . . The chords a r e  now t h e  d i a g o n a l  b ranches ,  S ince  T 

I.3 s imply a n  end le s s  p a t h ,  o n l y  one j o i n t  i s  needed f o r  our  f u l l  

s e t  J ;  l e t  t h i s  be branch 1. Choose f o r  ?? t h e  subgraph induced 
1 

by branches  l t  2, 3,  4, 5, f o r  f12 that induced b y  branches  6, 

7 ,  8, 9 ,  f o r  ? th9t induced by  branchez 10,  11, 12, 13, and 
3 

s;, f o r t h .  Condi t ion ( i )  can now be s een  t o  be s a t i s f i e d .  With 

r o  mutaal  coupl ing ,  concli t ion (ii) i s  a l s o  s a t ?  s f i e d .  F i n a l l y ,  

i f  t h e  b r idge  cor17esponding t o  each nk i s  unbslenced ( i . e . ,  l e t t i n g  

z, be t h e  impedance i n  branch k,  we r e q u i r e  t h a t  z 
.C 225 # f3Zj+, 

' Z6z9 + z7z8, ...), then  eacn z is ti 2% 2 nons ingu la r  ma t r ix  so k 

t h a t  c o n d i t t o n  (iii) is f u l f i l l e d .  Thus, upon choosing t h e  

c u r r e n t  i n  bra:~ch 1, we de te rmine  t h e  c u r r e n t s  i n  a l l  o t h e r  

branche s , 

6. The s e t  crf b r anch- cu r r en t  v e c t o r s .  Our o b j e c t i v e  i n  ---- -- -.-.-..--\-* MA. A4 ./.. -. -- -"- - d - - .,- - 

t h i s  s e c t i o n  i s  t o  deve lop  a n  e x p r e s s i o n  f o r  t h e  branch c u r r e n t s  

and then  t o  d i s c l ~ s s  t h e  d i m e n s i o n a l i t y  of t h e  space of homogeneous 

c u r r e n t  f l ows .  We assume throughout  t h i s  sPc.ti 'on t h a t  t he  

h y p o t h e s i s  of  Theorem 5,1 ho lds ,  

Let  u s  nunber al.1 t h e  b ranches  of our  network u s i n g  t h e  

1. . . .lT w i ' l l  deno te  t h e  p o s i t i v e  i n t e g e r s .  = [il, i2, 3 ,  

branch- cu r r en t  v e c t o r ,  where lm i s  t h e  c u r r e n t  i n  t h e  mth b ranch  

measured wi th  r e s p e c t  t o  t he  o r i e n t a t i o n  of t h a t  branch.  Here 

Thus, i s  an 1 v e c t o r ,  

4 



S i m i l a r l y ,  2 - [el, e2. . .]I w i l l  

deno te  t h e  b ranch- vol tage  3.331 ce v c c t o r ,  where e  i s  t h e  v o l t a g e  m 

r i s e  i n  t h e  mth branch neasured  i n  t h e  d i r e c t i o n  of' t h e  b r a n c h ' s  

o r i i en t a l i on ,  

Next, w e  number a l l  t h e  j o i n t s  c o n s e c u t i v e l y  u s i n g  aga in  

t h e  p o s i t i v e  i n t e g e r s  u n t i l  a l l  j o i n t s  a re  numbered. Thus, each 

j o i n t  w i l l  have two numbers assigaed t o  i t ,  i t s  number 8 s  a  

Orsnch and i t s  n-mber as a j o i n t .  j = [jI, j2, .. .I w i l l  be 
m% 

th.: j o i n t - c ~ t r r ; e n t  v e c t o r ,  w'nere j i s  the  c u r r e n t  i n  t h e  rnth 
M 

j o i n t  measured i n  t h e  d f r e c t i o n  of t h e  j o i n t  ' a  orie111;ation. 

S i ~ n i l a r l y ,  i n  a d d i t i o n  t o  a c h o r d ' s  b r m c h  number, w e  

E S S ~ ~ I I  9 tho;-d n u ~ b c r .  t o  ever.y chord,  b u t  now w e  do  s o  i n  a a p e c i a l  

way. 1 1 l ~  c o ~ s e c u t i v e l y  number t'he chords  1, 2, 3,  , . , s t a r t i n g  

' first with t h e  c h o r d s  i n  then  proceed ing  t o  t h e  chords i n  

f i 2 ,  t h e n  t o  t h e  chords  i n  11 2nd s o  f o r t h .  2 = [el, c2, ...I T 
3' 

i s  t h e  chord- cur ren t  v e c t o r ,  where cm i s  t h e  c u r r e n t  i n  t h e  m t i ~  

chord meesured i n  accordance wi th  t h e  cho rd ' s  o r i e n t a t i o n .  

Next, we l e t  

be t h e  v e c t o r  of chord c u r r e n t s  f o r  t h e  chorc3.s ' in  fik, where 

k = 1, 2, . . . and nk i s  t h e  number of chords ' in  flk. Thus, 2 

can be w r i t t e n  i n  p a r t i t i o n e d  form as  

L e t  ~s 11or.i WI-i t e  t h e  fi.irctlhof 1-loop-law esuat;ions f o r  t he  

cho rd- t r ee  l oops  cor responding  t o  t h e  chords. i n  f i l e  I n  m a t r i x  



form we o b t a i n  

where t h e  m a t r i c e s  E and J have n  r o w s  and each  of  t h e i r  rows 1 1 1 

h a s  on ly  a f i n i t e  number of nonzero e n t r i e s .  .The same equa t ions  

f o r  n2, .*. , ", ... y i e l d  

, A s  S e f o r e ,  E and J have n rows and each row has  on ly  a f i n i t e  
k k k 

nurLber of nonzero e n t r i e s .  Moreover,  Xg,* i s  an n x n  matrix. 
k rn 

Since  by a s s m p t i o n  each Z i s  n c n s i n g u l a r ,  w e  'my e l i m t n a t e  
k 

t h e  4 ,  .. . %-1 from t h e  equa t ion  for Zkc& by u s i n g  the  p r i o r  

equa t ions .  Then, s o l v i n g  t h a t  equa t ion  f o r  sk, w e  g e t  
/ 

where a g a i n  W and W J,1" have n rows and each row ' h a s  on ly  a  E,k k . .  

f i n i t e  number of  nonzero e n t r i e s .  Upon s e t t i n g  

we o b t a i n  

We now d e f i n e  some inc idence  m a t r i c e s .  Le t  CC be t h e  
. \  



m a t r i x  whose k,m e n t r y  i s  1 o r  -1 i f  branch m i s  i n  t h e  

chord- limb o r b  f o r  c h o ~ d  k a r ~ 6  t h e  o r l e n t a t i o n s  of t h e  branch 

and t h e  o rb  ag ree  o r ,  respectively, d i s a g r e e .  (We o r i e n t  t h e  

o rb  i n  accordance wi th  t h e  o r i e n t a t i o n  of i t s  chord,  and s i m i l a r l y  
and jo ln t - l imb pa ths .  

f o r  cho rd- t r ee  loops  ) That k , m  e n t r y  i s  z e r o  i f  branch m i.s A 
n o t  i n  t h e  chord- limb o rb  f o r  chord k. S i m i l a r l y ,  l e t  C be t h e  3 
m a t r i x  whose k,m e n t r y  i s  1 o r  -1 i f  branch rn i s  i n  t h e  j o in t- l imb  

pa th  f o r  j o i n t  K wi th  agreement o r  r e s p e c t i v e l y  disagreement  i n  

t h e  o r i e n t a t i . o n s  and whose k , m  e n t r y  i s  z e r o  i f  b r snch  rn i s  not  

i n  t h e  j o in t - l imb  path f o r  j o i ~ t  k .  S ince  on ly  a  f ' i n i t e  number 

cf j o in t- l imb  p a t h s  and chord- limb orbs  pass through any g iven  

t r z n c h ,  each colunn o f  C o r  CJ c o n t a i n s  o n l y  s f i n i t e '  number 
C 

of  nonzero e n t r i e s .  A s  a  r e s x l t ,  we have the f  cillo.v~ine; e q u a t i o n s  

r e l a t i n g  t h e  b~ lc~nch -cu r r en t  v e c t o r  4 t o  t h e  b r ~ n c h - v o l t a g e - s c ) t ~ ~ c e  

v e c t o r  and  t h e  j o i n t - c u r r ~ e n t  v e c t c r  j .  
#w=. 

. . 
Here, K has a n  i n f i n i t y  of columns and the rjumber n J ,  of columns 

of H equa l s  t h e  number of j o i n t s .  Thus, nJ =- if' t h e r e  a r e  

an i n f i n i t y  of j o i n t s .  On t h e  o t h e r  hand,  each row of K and H 

has o n l y  a  f i n i t e  number of nonzero e n t r i e s .  This  e x p r e s s i o n  

shows t h a t  e ach  branch c u r r e n t  i s  a f u n c t i o n  n o t  o n l y  of t h e  'branch .. 

v o l t a g e  sou rces  b u t  a l s o  of t h e  assumed j o i n t  c u r r e n t s .  I n  o t h e r  ' 

. - 1 .::, even z7i:cn c ? l l  hi-arici-: vcl i ;*i t ;c  :,c-utrec? are -?i:i,d, t i l e r e  is 

an  i n f i n i t y  of p o s s i b l e  b r anch- cu r r en t  v e c t o r s  s o  long  as t h e r e  

e x i s t s  a t  l e a s t  one j o i n t .  The l a t t e r  occurs  i f  t h e  network 3 
* 



c o n t a i n s  a t  l e a s t  one e n d l e s s  pa th .  

Le t  us now d i s c u s s  t:~s 31ianch c l l~~ran" ,  o c c u r r i n g  when e v e r y  

bl~anch v o l t a g e  source  i s  ze ro .  We s h a l l  s a y  t h a t  t h e  b ranch- cur ren t  

v e c t o r  A i s  ~ o m o ~ e n e o u s  whenever = .$. I n  t h i s  c a s e ,  &, = Hj, 
m 

and i t  fo l l ows  t h a t  t h e  s e t  4 of a l l  homogeneous branch- current  

v e c t o r s  i s  a l i n e a r  space  under  componentwise a d d i t i o n .  

l iext ,  l e t  I denote  t h e  nJX 1 v e c t o r  whose k t h  e n t r y  i s  1 
mk 

a n d  whose o t h e r  e n t r i e s  a r e  a l l  0.  The, with jk be ing  t h e  k t h  

j o i n t  c u r r e n t ,  w e  have 

3bserve t h a t  , i s  a  l i n e a p l y  i nde renden t  s e t  i n  t he  space d . 
Indeed,  cach j o i n t  c a r r i e s  no jo int  c u r r e n t  o t h e r  t h a t  i t s  own and 

no chord c u r r e n t ;  consequent ly ,  t h e  e n t r y  in E l  cor respcnding  -k 

t o  t h e  brsnch nurnber f o r ,  s a y ,  t h e  ~ t h  j o i n t  i f  1 f o r  k = m and 

i s  0 f o r  k i( m. tr'e cen conclude t h a t ,  when nSJ i s  f i n i t e ,  ~ H A J  
> 

i s  B b a s i a  f o r  4, and ..!? i s  nJ-dimensional .  When nJ i s  50, 
d i s  i n f i n i  t e- d imens iona l .  

Theorem 6.1, Under t h e  h y p o t h e s i s  of Theorem 5.1, t h e  - 
c a r d i n a l i t y  of a f u l l  s e t  J of j o i n t s  i s  e q u a l  t o  t h e  dimension 

of t h e  l i n e a r  apace d o f .  a l l  homogeneous. b ranch- cu r r en t  v e c t o r s .  

From t h i s  theorem and Lemma 3.2 i t  fo l l dws  t h a t  a l l  t r e e s ,  

f o r  which t h e  hypo thes i s  of Theorem 5.1 i s  s a t i s f i e d ,  pos se s s  the 

same c a r d i n a l  number of j o i n t s  and t h e r e f o r e  t h e  same c a r d i n a l  

number of  l imbs,  

.7 .  A g e n e r a l  c l a s s  of networks  s a t i s f y i n g  t h e  c o n d i t i o n s  
--L-CU-h___h___h___h___.---h___h___--ah___ ... . - ^  \ -. *. ...- -.-.-^_ -.,. . I . ̂_ -...- -. . __ -_ ..̂  _ -. . \ .\ ._.. _ _ .#_ ,_ZC-_ C .- . I 

<? 4- --'- - \ .  L 7 ., , . 
<..- & .  i .  * , .., sl1311 noi.; ~ ~ . ~ c . ~ ~ L t : ~  2: ra',r:i-y 2r.cr.d cl,:ls3 of 

networks t h a t  s a t i s f y  t h e  h y p o t h e s i s  of Theorem 5.1, One c o n d i t i o n  

we s h a l l  impose i s  t h a t  t h e r e  be no p a r a l l e l  b ranches ,  However, 
< 



1.n t hose  c s s e s  were mutual  coupl ing  does n o t  e x i s t  t h i s  i s  no 

r e s t r i c t i o n  because p a r a l l c l  b r a n c h e s  c s c  t hen  be combined i n t o  

a s i ~ g l e  branch through Thevenints  t h e  orem. 

We make use of  t h e  f o l l o w i n g  s t anda rd  terminology.  I f  N i s  

a  s u b s e t  of t h e  s e t  of nodes o f  our  network n, t h e  subpraph 

induced N i s  the graph whose node s e t  i s  N and whose branch s e t  

c o n s i s t s  of t h o s e  b ranches  i n  ?'? hav ing  a l l  t h e i r  nodes i n  N. Th is  

s u b p a p h  w i l l  be denoted by (N). Here a r e  t h e  r e s t r i c t i o n s  on 

t h e  g raphs  o f  t noss  networks we wish t o  cons ide r .  

Conr?i t i c n s u .  L e t  d'? be a connected,  couritr~rbly i n f i n i t e ,  -.--- 

l o c a l l y  f i n i t e  network havrng  no p a r a l l e l  t raz icnes ,  i s o l a t e d  

n ~ d e s ,  o r  s e l f  loops  and s a t i s f  yrng t h e  roll-owing c o n d i t i o n s :  

I t s  s e t  of nocles can  be p a r t i t i o n e d  i n t o  ( f i n i t e  o r  i n f l n l t e )  I 

I 
' s z b s e t s  N I? ... such t h a t  a t  l e a s t  one hT h a s  two o r  more 1 2 3, i 

nodes and such t h % t  

(1) each  branch e i t h e r  l i e s  e n t i r e l y  w i t h i n  <xi) o r  has 

one node i n  < N ~ )  and t h e  o t h e r  node i n  ( N ~ + ?  f o r  some i ,  1 
OIIC' or  rnore 

(ii ) each node i n  Ni i s  a d j a c e n t  t o  A nodes i n  N i+l' and f i n i l l y  

( i i i )  no two d i s t i n c t  nodes i n  N a r e  a d j a c e n t  t;o t h e  i 

same node i n  N 
i+l ' 

The networks of Figures  1 through 3 .ss.t3 sf y '  Condi t ions  7 .I. 

Fo r  example, i n  F igure  3 w e  may t a k e  a l l  t h e  .nodes l y i n g  on a  I 
v e r t i c a l  l i n e  a s  compris ing one of t h e  N 

i* 

We w i l l  now i n d i c a t e  how a p p r o p r i a t e  cho'ices of a t r e e  T, 

a f u l l  s e t  J of j o i n t s ,  and t h e  subnetworks ny can be made. 

Before do ing  s o  however i t  w i l l  be convenien t  t o  i n t roduce  s t i l l  

i n  Ni and t h e  o t h e r  node i n  Ni+= f o r  z ~ m e  i .  A t a n ~ e n t i a l  branch 

i s  a  branch wi th  bo th  nodes i n  Ni f o r  some i. 
.. 



The c h c i c e  of T. F o r  T w e  choose  a  subgraph i n  ?? such 

t h a t  eve ry  r a d i a l  br-*anst! i s  i n  T, a n d ,  f '~;1~' e v e r y  i, t h e  b r a n c h e s  

B ) induce  a  s s s n n i n g  t r e e  i n  t h a t  a r e  b o t h  i n  T and i n  (ljk=l 

( 1  N ~ )  " 

A c t u a l l y ,  T can a lways  be chosen by  f i r s t  choos ing  a t r e e  

i n  ( N ~ ) ,  t h e n  e x t e n d i n g  t h e  t r e e  by  hdding a l l  r a d i a l  b r a n c h e s  

between N and N t h e n  appending enough b r a n c h e s  i n  < N ~ )  t o  e x t e n d  1 2' 

t h e  t r e e  t o  a l l  ;lodes i n  (N~), t h e n  a d d i n g  a l l  t h e  r a d i a l  b r a n c h e s  

bctween N &ria I; and s o  f 3 r t h .  C l e a r a l y  t h o  r e s u l t i n g  subgraph T 
2 2 2 ' 

co1-.t2ins a l l  ncdes  of' ?? but r,o finite 1-oops; t h a t  i s ,  '1 i s  a 

ST-anr;ir,g t r e e  i n  f l  . 
The chn ; c$  of J. E v e r y  t a n g e n t i r j l  T-blaanch i s  chosen t o  be 

a j o i n t ,  and,in a d d i t i o n ,  f o r  each i and ehch node no i n  ( N ~ ) ,  

a l l  b u t  one of the b r a n c h e s  t h a t  a r e  I n c i i ? e n t  t o  n and conrscl; 0 

t o  nodes  i n  N i + l  a r e  a l s o  chosen a s  j o i n t s .  

We h s v e  t o  show t h a t  t h e s e  c h o i c e s  comprise a  F u l l  s e t  J 
e 

of j o i n t s ,  "le w i l l  use t h e  f a c t  t h a t  a l l  r a d i a l  b r s n c h e s  aye i n  

T. By C o n d i t i o n  7 . 1 ( I i  ) ,  f rom e v e r y  node no t h e r e  e x i s t s  a  one-ended 

p a t h  s t a r t i n g  a t  n and c o n s i s t i n g  e n t i r e l y  of r a d i a l  , b r a n c h e s .  
0 

By C o n d i t i o n  7.1 (111 ) , a n y  one-ended e n t i r e l y  r a d i a l  p a t h  s t a r t i n g  I . .  
a t  one ncde o f  a t a n g e n t i a l  T-brsnch does  net ~ e e t  any of t h e  I 
nodes of t h e  one-ended e n t i r e l y  r a d i a l  p a t h s  ' s t a r t i n g  a t  t h e  node 

of t h a t  T-branch. Thus, t h a t  t a n p e n t i a l  T-branch l i e s  i n  a t  

l e a s t  one e n d l e s s  pa th  in T and can  t h e r e f o r e  be chosen as a 

j o i n t ,  Indeed ,  eve ry  t a n g e n t i a l  T-branch can  be chosen a s  a 1 
j o i n t  s i n c e  t h e  removal of a n y  such b ranch  d o e s  n o t  d i s t u r b  the  

{ r :  c ~ i , l i e s c ;  ;~,L::Y; L: ::-.:- C J * ~ : ~ ; ~ I  l?~:? 0 :  k i e ~  t ~ n g c - n t f r l  
I I 

T- branches ,  I 



Now, c c n s i d e r  the  subgraph induced by a l l  r a d i a l  branches .  

I f ,  f o r  some node no i n  N1, t h e r e  arhe two o r  more r a d i a l  b renches  

i n c i d e n t  t o  n and t o  nodes i n  Xi+:, 0 t h e n  t h e r e  e x i s t s  a t  l e a s t  one 

e n d l e s s  pa th  c o n s i s t i n g  of two one-ended e n t i r e l y  r a d i a l  p a t h s  s t a r t i n ?  

a t  no. The removal of any branch i n c i d e n t  t o  no and a node i n  N i +I. 

b reaks  a t  l e a s t  one such e n d l e s s  T-path,  We may cont inue  removing 

r a d i a l  branches  i n c i d e n t  t c  no and nodes i n  Ni+= u n t i l  a l l  b u t  one of 

them a r e  removed. If we do t h i s  a t  e v e r y  node, we w i l l  c b t a i n  t h e  

remaining j o i n t s  a s  i n d i c a t e d  i n  our  cho ice  cf  J. 

S ince  a t  l e a s t  one N c o n t a i n s  two o r  more nodes,  3 i s  no t  
f 

empty; rcoreover, T and ?1 posses:; a t  l e a s t  one e n d l e s s  pa th .  

The graph r e m a i n i ~ g  sf t e r  t h e  remcvul of a l l  t h e s e  j o i n t s  
e n d l e s s  

from T does n o t  c9nt)ai.n a n  e n d l e s s  p a t h  s i n c e  eve ry  T-path must 
/\ 

e i t h e r  p a s s  througli a  t a n g 2 n t i a l  T - b ~ a n c h  o r  p a s s  t h ~ o u g h  two 

a d j a c e n t  r a d i a l  b ranches  i n c i d e c t  s t  a  node i n  N and tt:c c i i s t i n c t  i 

nodes i.9 h' i+l* So t r u l y ,  J I s  a  f u l l  s e t  of j o i n t s .  

For  l a t e r  use some o b s e r v a t i o n s  a r e  worth xak ing  a t  t h i s  p o i n t .  

e m  7  If w e  yemove a l l  j o i n t s  f r o m  T,  we o b t a i n  a  s e t  

of l imbs.  each  of which i s  a cne-ended pa th  c o n s i s t i n g  e n t i r e l y  

of r a d i a l  b ranches .  Moreover, e v e r y  eborci-limb o rb  i n  f l  i s  an 

e n d l e s s  pa th  whose on ly  t a n s e n t l a 1  branch i s  t h e  chord i t s e l f ' .  

If t h n t  chord l i e s  i n  (Ni) ,  t h e n  i t s  chord- limb p a t h  i s  contained 

i n ( u "  k=i  N ) .  k 

This  lemma fo l l ows  d i r e c t l y  f rom our cho ice s  o f  T and J. 

Lernna 7.2. L e t  fi s a t i s f ' y  Condi t ions  7.1 and l e t  T be chosen 

a s  i n d i c a t e d  above. Choose a  chord b  in, say ,  ( N ~ ) .  Then, t he  

b - t r e e  l c o p  i s  con ta ined  i n  NJ. Horoover, t h e  b- t r ee  loop 

~ C C ?  b- lL i r :b  72th >;:ix,-e :>ri;. ccc  ;-:- -:I i:1 Cr'T1'; '7??? 5 ; ? : L -P?? ,  ? . :OFP?VP~ '+  

t h e  o t h e r  chord- limb p a t h s  t h a t  have branches  i n  common with t h e  



b - t r e e  loop  a r e  f i n i t e  i n  number and cor r sspond  t c  chords  i n  t h o s e  

(N~) f o r  which k < i. 

This  lemma f o l l o w s  e a s i l y  f rorn . the  p reced ing  one. 

The choice  of t he  o a r t i t i o n - $ f l k ) .  I n  t h e  fo l l owing  procedure ,  

each nk i s  c c n s t r u c t e d  b y  f i r s t  chocsirig a  c e r t a i n  s p e c i f i e d  chord. 

If t h a t  chord does n o t  e x i s t ,  i t  i s  unders tood t h e t  t h e  cor responding  

s t e p  i s  s imply  skipped.  

Choose any  chord bl in < N ~ )  2nd l e t  f i l  be t h e  unique b  - t r e e  1 

loop .  

Next,  choose a chord c i n  {I< ) and examine t h e  c - t r e e  l cop .  
2 

By L e m a  7.2, t h e r e  w i l l  be a t  most a f i n i t e  number of chord 

c u r r e n t s  f lowing  i n  t h e  v a r i o u s  branches of  t h a t  loop ,  Denote 

t h e  cor responding  c h c ~ d s  b y  b b  . . . , b d .  By Lemna 7.1, 
2' 3" 

b2, ... , bA w i l l  a l l  l i e  i n  ( 1 3 ~ ) .  Choosing k = 2, ... , A in 
t u r n ,  we l e t  nk be induced by  bk ail6 t h o s e  b ranckes  of' t h e  

bk- t ree  loop  t h a t  have n o t  been a s s igned  t o  p r i o r  subnetworks. 

We then  l e t  f i d + l  be induced by  c  = bA+l and t h e  o t h e r  unass igned 

branches '  of t h e  bd+l- t ree  loop .  

Next,  we choose any chord bi+2 i n  <N1)and c o n s t r u c t  %d+2 

a a  be fo re .  Following t h i s ,  we choose a chord i n  (N*) anCl proceed 

a s  i n  t h e  p reced ing  paragraph  t o  c o n s t r u c t  s e v e r a l  more subnetworks,  

say, *A+3, b e *  9 % p a  Then, w e  choose a chord d i n  (I{ ) and exan ine  
3 

t h e  d - t r e e  l oop  a s c e r t a i n i ~ g  which chord- l inb  p a t h s  meet i t  f o r  

chords  t h a t  have n o t  as  y e t  been used t o  g e n e r a t e  subnetworks.  

With t h e s e  l a t t e l >  chords ,  we g e n e r a t e  as  b e f o r e  subnetworks f i r s t  

u s i n g  t hose  chords -i n  (Nl} and then u s i n g  t hose  chords  i n  (N*) 

a ~ d  a n y  o t h e r  nel:cieci cnc;.r;l",s f r ,  , , cbt,ajnir15 t:?preb.i 3.+-19 * . .  ) 
A 

Y *  
F i n a l l y ,  we l e t  73 

Y +I 
be induced by  d = hyil slid those  



branches  i n  t h e  d- t r ee  l o o p  t h a t  have  n o t  as y e t  been ass igned  

Proceeding i n  t h i s  t r i a n g - d l a r  f a s h i o n ,  we can choose our  

scbn.jfworks i n  such a  way t h a t  each chord. b  l i e s  i n  some M k  
k .  

and e v e r y  'f?' cor?ta lns  on ly  one chord b  k *  
Kote a1.so t h a t  

1c 

c c n d i t i o n  ( i )  of  Theorcm 5.1 i s  a u t o m a t i c e l l y  s a t i s f i e d  by t h i s  

p rocedur r ,  Indeed ,  g i v e n  any chord .bn ,  a l l  branches  of the 

b - t r e e  loop  t n a t  do n o t  l i e  i~ f o r  sor:.,e k c n  induce 
II k n 

I 

s o  t h a t  t h a t  l c o ~  l i e s  i n  [Iksn f i r "  On t h e  o the r  h a n d ,  n o  branch 

of t h e  b - l imb p n t h  can l i e  i n  UkSna1 fjic9 for; o t h e r u i s s  oxr  n  

procedl,:rs would have  requ-ired u s  t o  choose  'k as the. c h o r d  for 
n 

/ one o f  tlrle p r i o r  where j 2 n  - Ic I ,  the b -14;r;b ~ b t h  l i e s  
j ' r- 

-in .I? - II 
L6fi-l j $ k o  
6.- 

n Lkc oSjecf , ive  of t h i s  s e c t i c n  i s  tho  f c l l o w i ~ g  r.e!:u'LT, 

Theorer! 7,I. Let  f l  be a  ~ e t x o r k  se t i s f ' y ing  CondLtions 7,1. -- 
Assume t h a t  each branch i s  a s e r i e s  ccnnec t fon  of a complex 

impedance and a  complex v ~ l t a g e  sou rce ,  e i t h 3 r  o r  b o t h  of w!~i.ch 

may be zero .  Choose T, J ,  an8 iflk\ 8s i n d i c a t e d  above,  and- 

assume t h a t  e ach  chord impedance i s  nonzero.  A l s o ,  assume t h a t  

t h e r e  a re  n e i t h e r  cur re f i t  sou rces  nor mutual  cr>dplir ,g.  Tnen, 

% s a t i s f i e s  the h y p o t h e s i s  of Theorem 5, l .  

Proof.  We have a l r e a d y  noted t h a t  fl s a t i s f i e s  c o n d i t i o n  ( i )  

of Theorem S o l .  S ince  t h e r e  i s  no  mutual  coupl ing ,  c c n d i t i o n  (ii ) 

i s  t r i v i a l l y  s a t i s f i e d .  

N o w ,  each nk p o s s e s s e s  e x a c t l y  one chord b and s o  t h e  
k'  1 

m a t r i x  Z d e s c r i b e d  i n  c o n d i t i o n  ( i i i)  i s  a 1 X 1 m a t r i x  whose elercent I< 
i s  t h e  in ,pasarcc  I n  c h o ~ ~  She 2 5 ~ - c c  iU:,L: ::; A t r - * : r ~ ~ i  , 

I(. 

nonsingulnr. It f o l l o w s  t h a t  f i  does  s a t i s f y  a l l  the assumptions  I 
I 



i n  Theorem 5.1. 

C o r o l l a r r  u. If' 47 s u t 5 s f ; e s  t he  h g p c t h e s i s  of *Theorem 7.1, 
P 

ther , ,  "f": posses se s  a nonzero homogeneous c u r r e n t  fl.ow. 

Proof, Aince J i s  n o t  empty, we can choose a t  l e a s t  one 

j o i n t  c u r r e n t  a s  nonzero,  This y i e l d s  a  nonzero h~mogeneous  

c ~ r ~ e n t  f low when a l l  sou rces  a r e  s e t  equa l  t o  ze ro ,  

8. 1";ore examples, i fe have u lyeady  mentioned t h a t  t'ce 
_ _ < ^  ̂ A  _ - c =  " -,. % 

networks of F i g u r e s  1, 2,  and 3 s a t i s r y  Condi t ions  7 ,1 ,  In  f a c t ,  

t h e y  a l s o  s s t i s f y  t h e  h y p o t h e s i s  of  Theorem 7.1 i f  sui ta ' r - lc  cho ice s  

of T ,  J, and i??k$ and a p p r o p ~ i a t e  a s s u a p t i o r ~ s  on t h e  c l cncn t  v a l u e s  

a r e  male. On t h e  o t h e r  hand,  t h e  ne twork of' Fi&upe 4 Ccas not  

appear  t o  s a t i s f y  Conditio:ls 7 .1  s i n c e  c ~ n d i t i o n  ( i i i)  scen;s 

unat ts :nable ;  i n  f a c t ,  t h e r e  does! n o t  appeay  t o  b e - a n y  way of 

choosing T and the  I %  kl such t h a t  secb <Ik has  on ly  O L P  ellord,. 

We s h e l l  now p r e ~ e n t  a number o f  o t h e r  examplee.  Scrat? o r  

t h e  fo l l owing  networks can s a t i s f y  t h e  hypotheses  of both  Theorems 

5.1 and 7.1, Others  do n o t  appea r  t o  d o  s o .  Hencefor th ,  t h e  

branches  i n  t h e  t r e e  T w i l l  be denoted by s o l i d  l i n e s ,  with t h e  

j o i n t s  be ing  i n d i c a t e d  by t h e  t h i c k e s t  l i n e s ,  The chords w i l l  

be denoted b y  d o t t e d  l i n e s .  We i n d i c a t e  i n  t h i s  way our  c h o i c e i  
p e n u / t i c ~ a Z e  

of T and J.  I n  a l l  b u t  t he  example we w i l l  a l s o  i n d i c a t e  what 
A 

our cho ice s  of the  nk a r e .  I n  t h e s e  ca se s  a p p r o p r i a t e  element 

v a l u e s  can then  be ' a ss igned  t o  i n s u r e  t h a t  t h e  corresponding 

m a t r i c e s  Z a r e  nons ingu la r  and t h a t  mutual coupl ing  e i t h e r  
k 

s a t i s f i e s  c o n s i t i o n  ( i i)  of Theorem 5.1 o r  i s  n o n e x i s t e n t  f o r  

Theorem 7.1, 

T ' .. < ?. . - (7 
-, '~.<>., . : ,: 1- . 17% g?.:r7e 5 zi:c-,,;:: :3. I;:? $.., +- ?>'.: 

r; <. : ,  f , , p{ ; ;  , -  - .  .b.:.-; 
A -. 

----we- 
. .. .. I . _.  L' ., .. 

hypotheses  of  both  nleorerns 5.1 and 7.1. An a p p r o p r i a t e  s e t  o f  



cnn be o b t a i n e d  by  modi fy ing  t h e  triangular p r o c e d u r e  of 

Example 5.1. F o r  Condi:ir;rs 7,1, l a  t h e  v e r t i c a l  l i n e  of j o i n t s ,  

and,  f o r  i = 2 ,  3, ... , each N i s  t a k e n  t o  be  a p a i r  of v e r t i c a l  
i 

l i n e s  o f  b ranches  e q u a l l y  d i s t a n t  f rom N 1' 

Example 82. ' h e  network of' r ' igure 6 i s  a n o t h e r  network t h a t  

can s a t i s f y  t h e  h y p o t h e s e s  of Theorems 5.1 ar,d 7.1. An a p p r o p r i a t e  

s e t  of file i s  indicated b y  t n e  nurr ters  w i t h i n  t h e  f a c e s  of t h i s  

p l m e  n e t w o r ; ~ ,  'his n l m b e r t ~ g  can be  c o n t i n u e d  by e x t e n d i n g  the  

L r ~ d i c a t e d  t r i a n g u l a r  a r r a y .  Ssch  51 c o a n l s t s  o f  t h o s e  b r a n c h e s  
k 

tf-ln,.t; b o r d e r  t h e  f a c e  k and another f a c e  rr., hihere rn 4 k ,  For 

t i e  14, of C o n d i t i o n s  7,l we can  chz~cse  p a i r s  of lines p a r a l l e l i n g  acd 
I 

c q ~ a l l y  distf! .nt from t h e  boldf 'nce  l i n e  ( i  .e , ,  the  s e t  .of j o i n t s )  

:n F'tgure 6 .  

E l  -,-- . The network of' Fif;urt= 7 can s a t i s f y  t h e  hy: )o t les is  

a l '  Thecrcm 5.1 when T,  J ,  and $1 are chosen a s  sholirn. The f ik  
k 

a r e  i n d j c a t e d  a s  i n  t h e  p r e c e d i n g  e x a m p l e .  Kowever, t h e  ne twork 

does  n o t  seem t o  s a t i s f y  t h e  h y p o t h e s i s  of h e o r e m  7.1 because 

t h e r e  does  n o t  a p p e a r  t o  be a n y  c h o i c e  of t h e  N f o r  which 
i 

C o n d i t i o n  7.1 ( i i i  ) i s  s a t i s f i e d .  N e v e r t h e l e s s ,  e v e r y  f T k  i n  F i g u r e  7 

c c n t a i n s  e x a c t l y  one chord.  I 
Exanole  8.4. We have  a l r e a d y  r - ~ ~ a r k e d  :that t h e r e  does n o t  

seem t o  be a n y  way of  c h o o s i n g  t h e  j? i n  -figure 4 such t h a t  e v e r y  
k I 

l T k  c o n t a i n s  o n l y  one chord .  k i g u r e  8 i s  a n o t h e r  such  network.  

Thus, t h e  h y p o t h e s i s  of Theorem ?,I does  n o t  a p p e a r  t o  be s a t i s f i e d , .  

A s e t  of fik such  t h a t  t h e  h y p o t h e s i s  o f  Theorem 5.1 c a n  be s a t i s f i e d .  

i s  i n d i c a t e d  a s  f o l l o w s .  fll i s  induced  by  t h e  f i v e  b r a n c h e s  

3,  e t c .  1 

Example 8.5. F i g u r e  9 shows a ne twcrk  for which t h e r e  ., 



does n o t  seem t o  be any way of choosing t h e  T, J,. and Rk such 

t h a t  t l ~ c  fi, a r e  f i n i t e  ~ u t n o t w o r k r .  F o r  exaxple ,  i f  we chocse 

T and J a s  shown and t h e n  w r i t e  Kirchhoff  's vo l t age  law around 

t h e  cho rd- t r ee  loop  f o r  chord 1, we f i n d  t h b t  t h e  equa t ion  c o n t a i n s  

t h e  c u r r e n t  f o r  chord 2. So,  if fil  c o n t a i n s  chord 1, it, must 

a l s o  c o n t a i n  chord 2 if Z i s  t o  be a square  m s t r i x .  But, by t h e  1 
same r ea son ing ,  i t  must also c o n t a i n  chord 3. Ccnt inuing i n  t h i s  

f a s h i o n ,  we see  t h a t  must c o n t a i n  an i n f i n i t y  of  chords and 

hence cannot  be a f i n i t e  subrletr-:ark. '.bus, i t  appears  t h a t  

'I?lsorems 5.1 and 7,l a r e  n o t  a p p l i c a b l e  t o  t h i s  network,  

lTxannle 8,6, Another f z i r l y  gener.al c l a s s  of  networ:ks f o r  - 
which Theorem 5.1 h o l d s  i s  i n d i c a t e 6  i n  F igu re  10. The nodes of 

t h e  n e t ~ ~ o r k  arae ind ice . t ed  by heavy  d o t s ,  t h e  l imb branches by 

t h e  t h i n  s o l i d  l l n e s ,  and t h e  j o i u t s  by t h e  h e : ~ v y  s o l i d  l i n e s .  

The chox,ds a r e  no t  shown. I n s t e a d ,  t h e  d o t t e d  l i n e s  now d e l i n e a t e  

p o r t i o n s  of the  network t o  ~ i h i c h  t n c  chords  ax7e r e s t r i c t e d ;  i n  I 

E? 
p t i c u l s r ,  t h e  two nodss of any g iven  chord a r e  r ~ c , = l i r $ d  t o  l i e  
/' \ 

w i t h i n  a . r e g i o n  enel-nsed by one cf t h e  d o t t e d  l i n e s .  This c o n d i t i o n  

r e s t r i c t s  t h e  conf luenccs  between t h e  chord c u r r e n t s  i n  such a 

way t h a t  a p roper  sequence of f i n t t s  subne tuorks  Pk  can  be 

chosen;  each f lk  w i l l  be n subnetwork con ta ined  w i t h i n  one o f  

the  d o t t e d  l i n e s  t o g e t h e r  wEth t hose  l imb branches  t h a t  i n t e r s e c t  I 
t h e  lower  h o r i z o n t a l  p o r t i o n  of t n s t  d o t t e d  l i n e .  I 



9. Countably  i n f i n i t e  ne tworks  t h a t  a r e  n o t  l o c a l l y  
, - *./ . - -  . .- 

f i n i t e ,  Under c e r t a i n  c i r c ~ ~ m s t a n c e s ,  a c o u n t a b l y  i n f i n i t e  

n s t w ~ r k  ?I that ;  i s  n o t  l o c s l l y  f i n i t e  n a y  a l s o  be a~ial .yzcd by 

G - J ~  ~ e t 2 i o d  a s  f o l lob?? ,  f i  i s  srpanded i n t o  a l o c a l l y  finite 

ne tuq rk  12, b y  r e p l s c i n g  e v e r y  node no of i n f i n i t e  degree  i ~ i t h  a 

one-ended or e n d l e s s  p a t h  P of s h o r t  circuits. The b r snchcs  bk 

i n c i d e n t  t o  no a r e  t h e n  connected  t o  t h e  nodss  i n  P i n  such a f a s h i o n  

t h z t  the  degrce  of each node in P i s  f i n i t e ,  By a  proDer 

ar rangement  of the  b ranches  b  i t  may occu r  t h a t  ?) sa1;lsfies ?21@ k e 

hypothes i  3 of  Theorem 5,l. A cho i ce  o f  j n i n t  c u r r e n t s  tlicn yields 

a  c u r r c ~ t  Z . ' i s t r ibu t ion  in ??. and t h i s  i n  t u r n  y i e l d s  3 cc;lrrent; 
e B  

d i s t r i b u t i o n  i n  Ti, which is o b t a i n e d  b y  assign-lng GO ar;y brLrit.,k 

i n  in '17 t h e  same c a r r e n t  that i t  h a s  F n  z ~i r . ch~!o f" f  f z  l o o p  Ien 
C 

h i i l l  be s a t i s f i e d  a rou~c?  e v s r y  loon i n  f?, rat! K-L~c:7'nof'f 's rret ' :9 ' 

law w i l l  be s a t i s f i e d  a t  t h e  nodes o f  finite degree  b u t  c c t  

n e c e s s a r i l y  at t h e  nodes of  i n f i n i t e  deg ree ,  Noseover,  ie i s  

n o t  d i f i ' i c u l t  t o  show t h a t  e v e r y  c u ~ r e n t  d - i s t r i b u t i o n  ln 1J1' that 

satisfies the l oop  and node laws,  i n  t h i s  way can be ob t a ined  

from a n  approprLa te  cho ice  of j o i n t  c u r r e n t s  i n  ??, . 
10 ,  I n f i n i t e  o p e r a t c r  ne tworks .  The r e s u l t s  of' t h i s  pape r  
. . -  

a p p l y  j u s t  a s  w e l l  t o  t hose  i n f i n i t e  ne tworks  whose sotlrce va lue s  

and impedance v a l u e s ,  r a t h e r  t h a n  be ing  complex numbers, a r e  

r e s p e c t i v e l y  e l e m e n t s  of  a B i l b e r t  s?ace H and bounded l i n e a r  

o p e r a t o r s  on thz ' t  space .  (See [ 3 ] ,  141 1183, and [191. ) Upon 



a p ? l y i n g  our rriethod t o  such a network, w e  f i n d  t h a t  t h e  

i r c~edance  n;at17ix Z Ind.i .eated i n  c o n i i i t i ~ r ~  (iii) of h e o r e m  5.1 
k 

I s  now R bounded linear o p e r a t o r  or! the d i r e c t  sum S = H Q - - *  @ H, 

xl?ere I i  Q c c u r s  as many tinies a s  t h e r e  a re  chords  i3rl,'l? . The k 

o n l y  a> ttr?rat:on we need make i n  'Theorem 5.1 is to ,issiune that 

7 j s i n v e r t i b l e  on S .  Sirnilax-lg, to keep Theorem 7.1  i n  f o r c e  "k 
~c need x e r e l y  r e v i s e  t h e  assumpticn on each chord  impedance b y  

sszuvlng t h a t  i t  i s  an i n v e r t i b l e  o p e r a t o r  on 3. 
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