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Abstract 

1 .  

This repor t  describes another result i n  a continuing effort 

t o  extend t h e  various c l a s s i c a l  i n t e g r a l  transformations t o  
j 2  
I d i s t r i bu t ions .  Herein,' we general ize t h e  K transformation 
I 

of o rder  1 J 
i .p (- z C Rep 5 1. The procedure i s  t o  'first 

i constrra& a 3 t e s t i n g  funct ion space X 7  / ( a  t h a t  is closed under 
I 
I 

1 p e r t a i n  Bessel-type d i f f e r e n t i a t i o n  operators  and cort a in s  

t h e  funct ion % ( s t )  (qe s > a >  0 , O <  t <-- 1, 
!;r 

where I€ fs t he  modified Bessel func t ion  of t h i r d  kind and 

I 
/Y 

orderr . The d u a l 9 , a  of 5 , s  cons i s t s  of those d i s t r ibu-  

t i o n s  that can be transformed by our method. For g e  p t a  

t h e  transform F ( s )  of f i s  defined by f l s )  =<f ( t ) ,  

1, (st)> (Re s> a ) .  , 

For t h i s  general ized transformation we e s t a b l i s h  an 

a n a l y t i c i t y  theorem, two inversion formulas, a uniqueness 

theorem, and a cont inui ty  theorem, Two appl ica t ions  t o  t h e  



LIST OF PREVIOUS PUBLICATIONS PRODUCED UNDER 

CONTRACT AF19 ( 629) -2961 

i i 
SCXENTIFIC REPORTS ; 2 .  , .  

of Engineering Tech. Rep, 26, S t a t e  University of New York 

a t  Stony Brook; August 1 5 ,  1964. 

5. A.,  H, Zemanian, "~r thonormal  S e r i e s  Expansion of Certain 

1, A. H, Zemanian, "A Time-Domain . -Characterizat ion of ka t iona l  
1 '. 

' I  

Positive-Real Matrices.'' F i r s t  Sc ienk i f ic  Report, AFCRL- I I a! I )  . I 
1, i ,  

63-390, College of hngineering Tech. Rep. 12, state  University , !i L 

:. ! ' 
of New York a t  Stony Brook; August f ,  1963. i , ..: , , I .  

, t i  I : I  

2 ,  A ,  H , Zemanian, "A Time-Domain Characterizat ion of Posi t ive  i i: l .i 
' L I  

. .i 1, 
Real Matrices. Second S c i e n t i f i c  Report, AFCRL-63-391, : '  . .,', t l  

1 I 

College of Engineering Tech. Rep. 13, S t a t e  University of ! I .  ! I  11 
,.,:, 
i t  -, 

New York a t  Stony Brook; August 16, 1963. (I:$ !:.. 
,I.; 

3. A .  H. Zemanian, "The Time-Domain Synthesis of  distribution^.^ 

Third S c i e n t i f i c  Report, AFCRL-6L-191, College of Engineering 
: 9 i t  

Tech. Rep, 19, S t a t e  University of New York a t  Stony Brook; 

. February 1, 196!~, . 

he A. H, Zemanian, "The. Uistr ibubional  Laplace and Hel l in  Trans- i !: 
formations , v r  Fourth S c i e n t i f i c  Report, AFCRL-64.685, College I : 

. Dis t r ibu t ions  and Distributional,  Transform Calculus ," 

Fifth S c i e n t i f i c  Report, AFcRL-64-995, College. of Engineering 

Tech, Rep. 22, S t a t e  U n i v e r ~ i t y  of Mew hrk a t  Stony Bmok; 

~uyember 15, 1964. 
. 



; '1 i 

6, T. Laughlin, Table of Dis t r ibu t iona l  Mellin Transf oms 

AFCRL-65-645, College of Epgineering Tech. Rep. 40, S t a t e  

,,, University of New York a t  Stony Brook; June 15, 1965. 

* ; I  

7,  A. H . Zemanian, "The Dis t r ibu t iona l  Hankel Transformation" i t ;  
a .  

' 

S c i e n t i f i c  Report No, 7, AFCRL-65- 6 4 4  college of EngLneering 
, .  

Tech. Rep* 4b, S t a t e  University of New York at Stony Brook; 

September 27, 1965. 

FINAL REPORT : - 
A.  H . Xemanian, !'Application of Generalized Function Theory 

t o  Network Rea l i zab i l i t y  Theory and Time Domain Synthesis 

of Positive-Real Functions ," AFCRL-65-316, Colle ge of 

Engineering Tech. Rep. 41, s t a t e  Univers i ty  of New York 

a t  Stony Brook; 

I 
; 5 } *  ,<' 

PAPERS : 
: ; I ! '  
. !I,; 

1 ;  
1. A .  H . Zemanian, "The Time-Domain Synthes is  of Dis t r ibut ions  v n  

i I /  1 i 

Proceedings of t h e  F i r s t  k l l e r t o n  Conference 013 Ci rcu i t  ! ti, [ t i  . 
Theory, University of I l l i nogs ;  1963 I;, 

. L , "  

2. k. H. Zemanian, "The Ap~roximation of b i s t r i bu t ions  by the  I ,  ; I ,  

i .  
Impulse Responses of RLC Two-ports.n Proceedings of .the , . 

I 

International.  Conference of ~ i c r o w a i e s ,  Ci rcu i t  Theory, and . . 
Informat ion Theory j Tokyo; September, 19640' 

S 
. 3 3 ,  A. H. Zemanian, "The Time-Domain Synthes is  of Dist r ibut ions  ." I 

IEEE ~ r a n s a c t i o n s  on circuit  Theory, Val. CT-11, pp.' 487-493; 1 1 '  I ! 

December, 19646 . I .  L /.' 
t: ! . 
I I 

s I 

I I 

i' * 
I' 

A r  . 



I, A. H. Zemanian, "A Characterization of the Inverse LaPlace Trans- 

I forms of Rational Positive-Real Functions. " J , Soc . I ndust . Appl. 
1 

i a t h e  , V O ~ .  13 ( June 1965) pp 463-468. 

5, A. H.  Zemanian, Wome Convergence Properties of Ekponential Series 

Expansions of Distributions a J. Math. Anal, Appl. , accepted for , . r  
, ;  I 
. ' /  

' a  I publicat5on. ;:;;;, 1 
: , .!!? 
,! $;.i i 

6, H. Konig and A. H. Zemanian, "Necessary and Sufficient Conditions 

for a Matrix Distribution t o  Have a Positive-Real  lace Transform.n 

J. Soc. IndWt.' Appl. Math., accepted for publication. 

7. A. H. Zemanian, "The Distributional Laplace and, Mellin !bansforma- 

tions . " J . Soc . Indus t . Appl. Math., accepted for publication. 

. . ' 8, A. H. Zemanian, " I m r s i o n  Formulas for the Mstributional Laplace 

I Transformation." J. Soc. Indust. Appl. Math., accepted for publica- 

9, A. H. Zenanian, llOrthonormal Series Expansion of Certain Distributions 

and Distributional Transform Calculus, fl J* Math. Anal. Pgpl., ac- 1 !j I [  

cepted for publication. 
.* ' 

10. A. H. Zemanian, I1A Distributional Hankel Transformation, J. Soc. 

Indust. Appl. Math. 

ll. A. H. Z e d a n ,  *The Hankel Trt@8formation of Certrin Distsibutiom 
I 

of Rapid Grawth,* J. S O C ~  Indust. Pgpl..Matha . 

d 
" 9 

I ' b * 



1 This repor t  describes ano the r . r e su l t  i n  a continuing - 

I e f f o r t  t o  extend t h e  various c l a s s i c a l  integral t rans-  

I format ions t o  d i s t r i bu t ions  [lj-[ 51. Here we general ize  t h e  

i K transformation of o r d e v  656 Re/u 5 f 1 ; t h i s  t rans-  
1 

I formation f o r  or'dinary funct ions  was first invest igated by Y -  

Mei j e r  [6] and subsequently by Boa* C71, [el,  and E r d e l ~ i  

I C93. I 

Let z and r be complex variables,  A s  i s  customary, 

I[/u ( 2 )  denotes t he  modified Bessel function of t h i r d  

I kind and order  /O 110; p. 2071, If f (t ) ' is ; su i tab ly  1 

r e s t r i c t e d  funct ion defined on 0 < t <a, then i ts K t r ans -  

form of o r d e r p  is a funct ion F ( a )  of t h e  complex 

va r i ab l e  s = r + i w ,  defined on some half-plane R e  s >fly2 0 

O n e  bf  'Mei j e r t s  r e s u l t s  i s  t h e  following inversion theorem 

f o r  (1) 116; theorem 31, We s h a l l  subsequently make use of it 

t o  g e t  an inversion formula f o r  our d i s t r i bu t iona l  t rans -  *. 
i formation. f 

I Meijer's'theorern: & F [ s )  -- be an ana ly t i c  funct ion 

on t h e  half-plane He s > a 2 O r  Far .some r e a l  Constant -- 



converge. Moreover, assume - t h a t  F ( s )  9 bounded fcr 
1 

R e  s2/3 and t h ~ t  F ( c +iw) + 0 a +, uniformly 

- -1 f o r  < 6 . d ' ina l ly ,  assume that  -, 5 &p f 
Then (1) holds for He s >/3 where f ( t )  fiiven & -3 

and Ir ( 1 ; )  i s  the  modified Bessel  funct ion  of first kind - -- 
I 

and order .  110; p. 207d. -- 

Another i n v e r s i o n  formula f o r  t h e  ordinary K t r a n s -  

forrna.tion has  been developed by Boas [7]. It i s  a modi- 

I f i c a t i o n  of  the  Post-Widder inve r s ion  formula f o r  the  

I Laplace t ransformat ion  [ll]. This t o o  w i l l  be  genera l ized  

I t o  c e r t a i n  d i s t r i b u t i o n s ,  

I Our procedure f o r  genera l i z ing  (1) t o  d i s t r i b u t i o n s  

I i s  a combination of t h e  methods used i n  [l] and C41. For 

i each real p o s i t i v e  number a and complex p a r a m e t e r r  (05 54) 

I we c o n s t r u c t  a t e s t i n g  funct ion  space  GJ" of i n f i n i t e l y  

i d i f f e r e n t i a b l e  func t ions  4 ( t )  on 0 < t < 6 which is 

c l o s e d  wi th  r e spec t  t o  c e r t a i n  Bessel-type d i f f e r e n t i a t i o n  

o p e r a t o r s  and whose elements t end  t o  zero.at l e a s t  as fast 

i -at L 
as& ~ z - P  as t -PM , It t u r n s  out t h a t  t h e  ke rne l  

, 

f u n c t i o n  Kp (st) i s  i n  +,& f o r  Re s > a . Moreover, 

1 since Kf (2) x KT ( z ) , our r e q u i r e m e n t  t h a t  R e p  2 0 
.i 



I The dual space?: a of 5, a cons i s t s  of those d i s t r i b u t i o n s  
I 

- I 20 which we may apply our generalized K transformation of 

Order/ 
5' i s s i m p l y  , The transform F(s) of f C  ,& 

defined as the  app l ica t ion  of f t o  a K ( s;&) r 

! ( s )  = ?(st)) (Re s>a) . ( 3 )  I 

Among the  various proper t ies  of t h i s  transformation, 

I which vde s h a l l  develop, a re  t he  invers ion formulas mentioned 

above, theorems on ana ly t i c i t y ,  colltinuity, and uniqueness, 

and an bpLrational calculus t h a t  is  useful  when deal ing with 

d i s t r i b u t i o n a l  d i f f e r e n t i a l  equations containing c e r t a i n  

Bessel-type d i f f e r e n t i a t i o n  operators.  A s  an app l ica t ion  

I of t h i s  l a t t e r  r e s u l t ,  two types of time-varying e l e c t r i c a l  
I I networks a r e  analyzed a t  t h e  end of t h i s  work. 

A few words about our terminology and notat ions:  By 
l 

a smooth func t ion  we mean a funct ion t h a t  possesses ordinary 

de r iva t ives  of a l l  orders at a l l  points  of i t s  domain, We 

s h a l l  make considerable use of the .following d i f f e r en t i a t i on  
' 

operators .  
i 

i 
I If (Q i s  a smooth funct ion on 0 .C t <", we shall also 

, . 



I employ t h e  not a t i o n :  

I a? 

From t h e  r u l e  f o r  t h e  d i f f e r e n t i a t i o n  of products we s e e  
3 t h a t  @ (t  ) has t he  form . 

I where the  6,& are cons tan t s  depending on t h e  value of r e  
1 This  type  of computation a l s o  shows t h a t  

from which it fo l lows  t h a t  C( lj'pl= ( p t . h j ~ f .  

When dea l ing  wi th  multivalued func t ions  f(z) of t h e  

complex v a r i a b l e  z , it w i l l  always be understood that we a r e  
r 
I r e s t r i c t i n g '  f ( z )  t o  its p r i n c i p a l  branch, and z is  

I requi red  t o  satisfy -IT( 2, c_ rr . 

I The n o t a t i o n  f ( t )  f o r  a s i n g u l a r  d i s t r i b u t i o n  f 

I merely i n d i c a t e s  t h a t  the  t e s t i n g  funct ions  on which f is 
I 

def ined  have t as t h e i r  independent var iable .  < f ,  > 
denotes t h e  number assigned t o  some element i n  a c e r t a i n  

I t e s t i n g  f u n c t i o n  space by a d i s t r i b u t i o n  f i n  t h e  dua l  
r 

I . .  space. 

is t h e  open i n t e r v a l  0 '  DI denotes t h e  



1 I 

space of  smooth funct ions  whose suppor t s  a r e  compact sub- 

s e t s  o f  I ,  Ke a s s i g n  t o  Il t h e  6opology t h a t  makes its 
I 

dual D? t h e  space of Schwartz d i s t r i b u t i o n s  on I 

C12; Vol. I,,  p. 651. pz and &,' a r e  r e spec t ive ly  t h e  

space of smooth f u n c t i o n s  on I and t h e  space of d i s t r i b u t i o n s  

having compact suppor ts  with r e s p e c t  t o  I, These spaces haze 
I 

t h e i r  customary topologies  [12; Vol, I ,  pp, 88-90]. 

I - 2* - The T e s t i h ~  Function Space %,q . 
Throughout t h i s  work, a w i l l  denote a  r e a l  p o s i t i v e  

I 
number and/ a complex number s a t i s f y i n g  01 5 

I 
I Let h ( t )  be a f i x e d  smooth funct-ion on 0 < t < O= such 

l- -'-hltT- h 16g t f o r  0 < t < s , t h a t - .  h  ( t)<$- -9' CoIfO;<-t  c ~ .  9 .-- -. - - 

and h  ( t )  = -1 f o r  1 < t < H  We def ine  t h e  t e s t i n g  func- 
I X 

t i o n  space  /,a as t h e  space of a l l  complex-valued smooth 
1 .  

fuhc t ions  ( t )  on 0 < t C m  f o r  which a l l  of t h e  

fo l lowing q u a n t i t i e s  </((lL (b) n 0 ,  1, 2, ) e x i s t .  



Notb t h a t  t h e  czse where 0 i s  a s p e c i a l  one; it w i l l  i 1 r ' I 
.' 1 

require  an  independent a n a l y s i s  a t  a number of po in t s  i n  t h e  I 
I I 

1 

following development. Also, t h e  p rec i se  behavior of II 
d 

I 

h ( t )  on 4 < t < I w i l l  not a f f e c t  our  r e s u l t s ;  throughout , 

! t 
discussion it i s  understood t h a t  h (t) is a f i x e d ,  though I . .  

1 
1 I I 

unspecif ied,  f u n c t i o n  on 3 € t < 1, . , t .  i. 

%,a is a l i n e a r  space over t h e  f i e l d  of'complex 

: , h  . . a  
P . ; 
f ,I' 

,! ,.. 
i;.. ::- 
. . . . 

t 
1 

numbers. We a s s i g n  t o  it t h e  topology generated by using a l l  , 
# 1. 

1 I -' 

I XC'~ . (n= 0, 1, 2,  .. . .) as seminorms. Hence, $fa i a  " !  
1, r l  

I 
I a Hansdorff l o c a l l y  convex topo log ica l  l i n e a r  space t h a t  
I 

s a t i s f i e s  t h e  first coun tab i l i ty  axiom. , : *; * . . 
I I , . 

5 An ,equivalent  topology is generated i n  ,a by t h e  - 

following s e t  of norms. 

I i 

These seminorms a r e  i n  concordance [13; p. 53. Indeed, l e t  1- i 
be a Cauchy sequence with respect  t o  both P PI 

P 

and p ~ t ?  . For de f in i t eness  assume t h a t  p < q. If 

f $ a ( L F I J 9 0  as Y 300 , then  obviously /:'(o~) 90 

PI " 
Conversely, assume t h a t  'pp, ( L ~ ) + o  as P*@ ; we wish to 

""(&)-+o show th'lt r $ ' * ( & p ) ~ o  . From t h e  f a c t  t h a t  f i  
I 

I .  i t  follows t h a t  fig*. Op is t h e  i d e n t i c a l l y  zero  funct ion  
. . 

and t h a t  the convergence of lob] is uniform on every com- 

a pact  subset d- of ( O f &  ) r Moreover, an induct ive  argument 



based upon ( h )  shows t h a t  In 3 Qy 1" converges uniformly on 
l 

each f o r  every n= 1, .. , q. Hence, we may interchange b 

' :  d i f s e r e n t i a t i o n  with t h e  limiting process t o  conclude t h a t  
1. ! 4 

' I a".,= y#& I h~-+& - = 0 uniformly on each JL f o r  every : ; 
1 

n P O ,  1, . a * ,  q. From ( 4 )  and the  fac t - tha t [p ,S  i s  a Cauchy f 

/"/ " r ' I  

sequence with r e s p e c t  t o  we now i n f e r  t h a t  &.&,, p& {Q.,); 0. '.: 

,'; . j 
I 

I The fac t  t h a t  t h e  f : la are a l l  i n  concordance implies 
a , 

i i .  1 t h a t  5, r i s  a countably normed space [l); p. 61. I I 
I . ;  ' 

I .  
! 8 1 .  8 

! I ,  , 
'0, , 

: , a ,  Ye now l is t  some p roper t i e s  of t h e  space 
r i  il 
'.,I 

11 

(i) For Re s>a, d5X K/u- ( s t ) € + , a .  Indeed, 4X' l ( r ( s t )  :i 1.. 

is a n a l y t i c  f o r  Re s>O and 0 < t < P- and hsnce smooth on 

0 < t < 00 . Also, from t h e  s e r i e s  expansion of -6l? Kp ( s t )  
)J ' <  

[lo; p. 2071 and t h e  asymptotic behavior of Kp (s t )  li ' 
as t [ l l r ;  p. 24j is i s  c l e a r  t h a t  t h e  quan t i t i e s  

8 C m K p  ( s t ) ]  exist f o r  a l l  n- 0, 1, 2, .... ( I n  
! 

tl i ' 
I: : 

were devised t o  provide prec ise ly  f a c t ,  t h e  seminorms & 
I ' 

t h i s  property.  ) 

K (ii) Let 0 < a < b. Then, p, ~ ~ 5 , s  and t h e  topology of 

gp, b is; s t r o n g e r  t h a n  the topology induced on it by Kp,a 

This follo$s immediately from the  inequa l i ty  x0 / / Q  &) < & p ~ b ~ o ~  11 

, 
,1 

(iii) DI c KP ,a, and t h e  topology of Dl is s t ronger  than 
. 1  

1 '  I 

* A  
', 3 
,: :; I , 

' 1 I 



t ha t  induced on it by 'iyq 

I E (iv) +,a i s  an everywhere dense subspace of , 
i 

fc: I and t h e  topology of $,a i s  stronger than t h a t  induced o n  it 
. I 

i 

by tz Indeed, we obviously have t h a t  &~$,,t L gx . . . 
Sirice % is everywher; dense i n  & , the  same may be s a i d  + I  s h  

I ' of 5.4 . .&ioreover, an inductive argument based upon ( 4) 

shows that every neighborhood of 0 induced on 

topology contains a neighborhood of 0 i n  the 

" . 
x is a continuous l i n e a r  mapptng of p , s  

PA L I Gf/*r3)=x Q 0 1, 2, ...) if 
-2 

1: 

st 

1 I. 
h i )  5 I is a sequent ia l ly  complete space. To s ee  t h i s ,  

we aga in  employ an inductive argument based upon ( L )  t o  
. !* 

I I 
I 

or0 
first conclude ' t ha t ,  if , ,, 

I 

converges i n  t ' 

1 
I1 

then, f o r  each n, r b n  @, fg , converges uniformly on every 1 

1 1  
il 

I compact subset  of I. Hence, the re  e x i s t s  a smooth funct ion 
I* 

4' on I such t h a t  &wb"@$%)-~efi)at every point of I* 

Since 8 ( ) 'a where 3j.is;independent of d , it ifiZl.ows 
j 

, < B. That is @ e K p a  t h a t  ~ ~ ' O C Q )  . 
n 

I 
i 



i 
i 2. The D i s t r i b u t i o n  

I X 
8 

The dual  space / a  of 5,b c o n s i s t s  of a l l c o n t i n u o u s  
* l i n e a r  f u n c t i o n a l s  on , a  . We s h a l l  employ only the weak A 
( $ 1 ,  

t 

topology of X' . Under the  customary d e f i n i t i o n s  of  equa l i ty ,  /GfiR, ! . :  i 

addi t ion ,  and multiplicat;on by a comple'x number, ga is  a , . . . 

1 l i n e a r  space over t h e  complex-number f i e l d .  Since '3' p . 4  i s  a , 

s e q u e n t i a l l y  complet; cou~L&~; hormed space, , is  a l s o  

sequen t i a l ly  complete L13; p. 13,  theorem 161. Other p roper t i e s  

of $a a r e  t h e  following: 
i 

(i) l e t  0 < e < b. The r e s t r i c t i o n  of fdp:a t o  

impl ies  convergence b . Also,,. convergence i n  , 
i n  9 j . These s tatements  a r e  consequences o f  note  (ii) 

i n  t h e  preceding s e c t i o n .  

(ii) The r e s t r i c t i o n  of fg$t:9 t o  & i s  i n  , and 
I 

convergence i n  -$yo impl ies  convergence i n  Jz , . This  fol lows 

from no te  (iii) i n  t h e  preceding sec t ion .  

E' 
;' 

i i )  f - i s  a subspace of $a . The weak topology of r 

I 
: 
I . .  El by.$:a . These i is  s t r o n g e r  than  t h e  topology induced on 2 - ? 

i 

statements  fo l low r e a d i l y  from n o t e ( i v )  i n  t h e  preceding sec- 
t 

- 

K 1. t i on .  Note t h a t ,  because p,a i s  everywhere dense i n  fz , 
3 I the cont inueus f u h c t i o n a l  ; b & vanishes on & whenever it 

I 
vanishes on , d Hence, we can i d e n t i f y  wi th  a s ibspace 

i 
1 

I ( i v )  For each f , t h e r e  e x i s t  a nonnegative i n t e g e r  k 

? r and a p o s i t i v e .  cons tant  C such that, f o r  all Q C K ~ , ~ ,  kf*.~ c ~ ' '  t,- 
1 

The proof of t h i s  is  i d e n t i c a l  t o  that of theorem 3.3-1 of E153.  b 
' . . I  \ 

r 
4 

I I 



I 
? , . ( v )  Let  a be a pos i t ive  number and f .a l o c a l l y  
I 

t i n t eg rab le  func t ion  on I with t h e  fol lowing property:  If 
-at 1 

/(* f 0, then e f iu4 " $6) is  dbse lu te ly  i n t e g r a b l e  on 

I la* 
0 < t < 6 ; If /CC = 0 ,  then e k) $6) is a b s o l u t e l y  

in teg rab le  on O t < e . Corresponding t o  t h e  f u n c t i o n  f ,  

i we de f ine  on a a regular d i s t r ibu t ' i oh ,  which we also 

I 
I denote by f ,  through the equation 1 

That t h e  d i s t r i b u t i o n  f i s  t r u l y  i n  :, fo l lows from the 
I 

I It r e a d i l y  fo l lows  from note ( v )  .of t h e  preceding s e c t i o n  

i t ha t  f -+ f Gtp3 is  a continuous l i n e a r  mapping of 9, - i n t o  

, . Also, no te  t h a t  f f t z , y J  . 

1 .  Let u s  f i v e  a n  example of t h e  d i s t r i b u t i o n a l  opera t ion  1 . .  
I 1 - " /Up/ -  by computing R Q K p  (t) where O<Ref S y  * r P 

(Note t h a t  Kp (t) c K/L fi for every '& 0.) For Cis gF,, , 
t 



I n t e g r a t i n g  by parts we g e t  

$- 

t The upper l i m i t  term i s  c l e a r l y  equal  t o  zero. The lower l i m i t  

. term e x i s t s  by v i r t u e  of t h e  f a c t  t h a t  both of t h e  above 

i 
i i n t e g r a l s  e x i s t  as t h e i r  lower l i m i t s  appraach zero  through 

I pos i t ive  values.  We denote t h i s  lower l i m i t  term by 

i It is r e a d i l y  seen  t h a t  A def ines  a d i s t r i b u t i o n  f~ i n  Fa. 
I 
1 I n t e g r a t i n g  by p a r t s  again,  we get 

Once again  %.he upper l i m i t  term i s  zero.  The lower l i m i t  term . 

I which e x i s t s  f o r  t h e  same reasom as above, def ines  a d i s t r i b u -  

I t i o n  fg i n  9~ /,,. Thus, i n  the  sense  of d i s t r i b u t i o n a l  d i f f e r -  

/ e n t i a t i o n  we have shown t h a t  

The D i s t r i b u t i o n a l  & Transformation. k* - 

I - i 
Let f be a member o f p e  for  some/. and a. ' I n  view of 

. note (i) of Sec. 3 ,  t h e r e  e x i s t s  some r e a l  number 3 0 de- I 
t 

f~'p'afor all srv - and pending upon f such t h a t  ! 
I' 

L 



/ f o r  O < a < b - .  ~ ~ o L e ( i ) a f S e c . 2 a l l o w a u a t o d e f i n e L h e  

. order  K transform of f as 

F ( s )  = R p  f - < f ( t ) , 6 T ?  K (s t )> ( h e s > q )  . ( 5 )  r 
This d i s t r i t j u t i ona l  transformation w i l l  be denoted by R . / "  
Also, we s h a l l  c a l l  ( 5 )  an R i  transform and s h a l l  say 

t h a t  -f is  R,+ - t ransferable wi th  a region ( o r  half-plane) 

of d e f i n i t i o n  R e  s > 7 . The number w i l l  be ca l l ed  

the  abscissa  of def in i t ion .  

A s  a  simple example, we compute the  R p  transform of t he  

d i s t r i bu t ion  fg defined a t  t h e  end of the  preceding section. 

Our d i s t r i b u t i o n a l  -order K transformation contains /" 
the  ordinary transformation a s  a spec i a l  case whenever f 

i s  a funct ion t h a t  s a t i s f i e s  t he  rec&.rements of note (v)  

i n  Sec. 3 f o r  a l l  a > 9 .. I n  t h i s  case ( 5 )  takep on the  

Yorm of (1). I 

We now d igress  -for  a moment t o  es tab l i sh  some i nequa l i t i e s  

t h a t  we s h a l l  need. 

- 1- be such t h a t  f 0 0 6 R e p  C % Lemma 1: &p - -P 



and - * L ~ L & )  (7) 
\ebe(CCy-fi +-r 

and B p  9 cons tants  wi th  r e spec t  9 a 6. where A - r" 

Proof: From t h e  power s e r i e s  expansion of K p  ( Z )  

[lo; p. 2071, t h e  asymptotic behavior of K /' ( 2 )  as 
z + 4 [14; p. 243, and the  fac t  t h a t  Kp ( a )  is  analytic 

everywhere except  a t  z=O and z= ~o , it fol lows that 

and 

where C 
and E/c are cons tants  wi th  r e spec t  t o  z. Hence, 

given any TX), 
I 

l and I 

I Moreover, t h e  asymptot ic  behavior of K ( 2 )  as z 36 shows 
/-+ 

t h a t  
1 

e a' K -  (p t ) =  K e  P - P ' ) ~  (Pt)r - 
. . [I to b$i)] (10) - 

1 Ct+=-! R p.o) 
I 
I 

Expressions (8) and (10) e s t a b l i s h  ( 6 ) .  The asymptotic behavior 
I 

of K r  ( 2 )  as z 3pl. also shows t h a t  

C11) 
e a i ~ p t ) ' y  K - - ,  r, 



Expressions (9) arid (11) e s t a b l i s h  (7), Q, E, D, ' 

t 

Lemma 2: For  any a > 0, 

and - 

where A. - and B a r e  cons tants  with r e spec t  to s and t. 
0- 

Proof: The power s e r i e s  expansions [lo; p.. 2071, t h e  

asymptotic behavior  [14; p. 241, and t h e  analyticity of 

KO ( 2 )  and K1 ( 2 )  show that 

and 

where C, and Eo a r e  cons tants  w i t h  r e spec t  t o  z .  Moreover, 

I it follows fmm t h e  d e f i n i t i o n  of h( t) t h a t  

f .  Consequently, f o r  any given T > 0, 



and 

t Furthermore, by t h e  asymptotic behavior of KO ( 2 )  as z , 
I 

Expressions (14) and (16) imply (12).  Also, t he  agyrnptotic 

behavior of K-l ( 2 )  as z y ie lds  

k p r e s s i o n s  ( 1 5 )  and (17) imply (13). Q ,  E. D, 
, 

Theorem A: F ( s )  = Rp f for Re s >q . Then, 

- .  

Proof: Let s be an  a r b i t r a r y  but fixed .point  i n  the  

region of def in i t ion .  Choose t h e  r e a l  posi t ive  numbers 

I a ,  b ,  r, and rl such t h a t  7 < a < b s R e  8-rl Ule s-r < R e  s* 

I Fina l ly ,  l e t  A ? be a nonzero complex increment suEh that  

I 1 A }  < r and consider the  expression 

I 



1 .  
where t 

I 
I The series expansion and asymptotic behavior of Kp (st)  

t shotrs t h a t  d 

s o  t h a t  (18) and (19) have a sense,  . 
is in K/c, a 

/z # 0 and l e t  C denote t h e  c i r c l e  wi th  Now, assume t h a t  

I center  a t  s and rad ius  equal t o  rl. Since 

[ K./.tx (s t ) ]  - Kp (st)  

and s i n c e  we may interchange our d i f f e r e n t i a t i o n s  with r e spec t  

t o  s and t ,  f @4b1(t) can be w r i t t e n  a s  a c losed i n t e g r a l  
AP 

on C as fo l lows [16; pp. 120&121]. 

I 
I 
1 Let A p  be a bound on ent(3t)'?/(. Gt) f o r  0 < t <a and 

J / a11 5 6 C 
, 

( s e e  lemma 1). Then, , s e t t i n g  / =pet $ti I . 1. 
1 we may w r i t e  

I at P-'~$J 6 4 r ~ ' ~ + )  1 L I A , L I ~ ~ J  wa+fffi . I d 3  
I 

le AP 2 q  c (ad'- ( 3 7% - A& 

I i 

5 l d p I  & r, (lPi+r,) i 

I. : 
I;' bi -~)  

i  his proves t h a t  $ z L ( 3 / . ) + o  as i A p ; - + o . ,  

I Ak 
i 

I Using t h e  fact  t h a t  t 



1 we can show i n  a s i m i l a r  fashion t h a t  
t 

rak+',,d 1 p+~ 6, ( ~ p ~ + ~ , ~ z k ~ + ~ ~ e ~ ~ ~ ~ L  
( 6 )  - 

' r j2  ( r , - r )  
, 

b 

where B /" is  a bound on e a t ( j t ) ' ~ $ - , h $ f o r  0 < t <ao 
and a l l  3 6 C  ( s e e  lemma 19. Thus, 

b/Pra 
2 &+f I%.,.> 9 0 ar 1 4 p 1 3 0 .  

Altogether ,  $ converges t o  zero i n  K / , a as / d p l * O  
QP 

I ConsequentiLy, (19)  impl ies  (18) when / f 0. The proof f o r  

I t h e  case w h e r e p  = 0 is t he  same as t h e  abova except f o r  

I some minor modif ica t ions  and t h e  use b r  l e m m a  2 i n  place of 

I lemma 1, 

I I n  t h e  next  proof we s h a l l  have need of t h e  fo l lowing 

useful operation-transform formula. 
b 

I 

Lemma 1: If F ( s )  = Fip f for Re s >? , ' t h e n  

R/ 
I j l t r7 

= Rp fls'('*' = sr4 F (s)  for Re +v & 

k = 1, 2 ,  3 ,  .... 

! Proof: Th i s  is an immediate consequence of note  ( i v )  

of Sec. 3 and equat ion (20) . 
We now derive a c l ia rac ter iza t ion  of t h e  R 

[ i n  terms of  t h e i r  growth as s+-. 
P transforms 

i 

I Theorem 2: A necessary and suf'ficient condi t ion  for g 

f f u n c t i o n  F Is) & R / u  t ransform . -  i s  - that. t h e r e  5 h a l f -  

>lane R e  s 3 b .> o on which E s) 18 a n a l y t i c  bounded -- 
I 



according 

I F ( s l l  6 P b ( 1 8 1 )  

1 where Pb ( ( s ) - i s  2 polynomial s , 

I 
A s  we s h a l l  s e e  i n  t h e  fo l lowing proof, b can be any 

r e a l  po in t  i n  t h e  half-plane of dcif ini t ion.  However, Pb ( \ s \ ) 

w i l l  depend i n  g e n e r a l  on the  choice  of b, 

Proof:  ~ e c e s s i t y  : Assume t h a t  F ( s )  = R/, f f o r  
* .  

Iie s > g_CI' , Theorem 1 s t a t e s  t h a t  F ( s )  is  a n a l y t i c  f o r  

Re s >air . Choose two r e a l  numbers a and b such t h a t  

r-t < a b . BY no te  (i) of Sec. 2, K~ ( s t ) t J Y  ha 
? 

f o r  Re s 2 b,  Also, by note ( i v )  of Sec. 3 ,  t h e r e  e x i s t s  a 

i constant  C and an  i n t e g e r  r such t h a t  

i 

Moreover, if Re s > 0, we can use  (20)  and ( 2 1 )  to w r i t e  

1 and 

The i n e q u a l i t y  . (22) now follows from lemmas 1 end 2. 

C ./ 

* 

2- - 



I Sufficiency: Let m be an even in teger  such t h a t  

m-2 i s  no less than the  degree of P ( s ) . Then, ern ~ ( s )  
b 

I s a t i s f i e s  t h e  hypothesis of Meijerts  %heorem, which was 

1 s t a t e d  i n  t h e  introduction.  Consequently, f o r  He s > c > b, ? 

son ~ ( 8 )  = g [ t )  "kO Xy (s t )  dt  (23) 

.- I 
g ( t )  = pte som F ( S )  = ' \ . .  Orn~(s) p 5 ( st) ds  

i - - 

From [lo; p. 2071 and C14; p ,  86, eqn. ( 5 )  1, we see t h a t  

I is a continuous bounded function of ( s  ,t ) f o r  a l l  s on t he  
- - 

l i n e  s= c+iw (-e0< W <  ) and f o r  0 k t <&, .znence,---%h-e 
-ct i n t e g r a l  when mul t ip l ied  by e , i n  (24) converges uniformly 

1 f o r  0 < t <- , and ewct  g ( t )  i s  continuous and bounded f o r  

I 0 < t:. < . By note ( v )  ijf Sec. 3 ,  g ( t )  is a continuous 
I 
! funct ion i n  Sfd f o r  d>c. Hence, (23) i s  a pa r t i cu l a r  
1 

I d i s t r i b u t i o n a l  R transform whose region of def in i t ion  
1 r 
\ 
I contains t h e  half- lane Re s 2 d. From lemma 3 we ge t  

F ( s )  R .  g Cmt/43 f o r  a t  l e a s t  R e  s +>, d. This completes the 

I. proof, 
I 



The preceding proof has e s t ab l i shed  t h e  fo l lowing in-  i 

version formula : 

Corol la rv  a: &eJ F(  s) = R/, f k R e s > p  

l e t  m =even i n t e p e r  such t h a t  m-2 no l e s s  than  t h e  - 
degree of Pb ( I s ) ,  - where P i s  a polynomial s s p e c i f i e d  

b - -  
i n  theorem 2. ~ h e n , i - f  = ~ _ ( R ~ Q ~ . ~  m ~ - [ ~ ~ - - g a m  F( s ) ]  where - - 
t he  t ransformat ion  R - ' is  defined +n (24)  C /*4 - 
r e a l  number g r e a t e r  t h a n  b. 
7 

It may be worth emphasizing t h a t  t h e  d i f f e r e n t i a t i o n  
i 

i n  Rr Qp a r e  t h e  d i s t r i b u t i o n a l  operat ions def ined  i n  i 

.I: 
C 

note ( v i )  of Sec. 3,  r 1. 

Me a r e  now prepared t o  s t a t e  a uniqueness theorem, p 

t 

Theorem 2 :  If F ( s )  = Rp f for Re s > 9 , 
: 
I 

G ( s )  = R L  g for R e  s >@ F .  j - -  and if  F ( s )  = G ( s )  on some 
I 

half-plane Re s 2 b > max ( ~g - , "s- ) , then  f=g i n  t h e  

sense of e q u a l i t y  X ' 6 . 
/"' ! 

i 

Proof: Choose c > b. Then, by the  inver s ion  formula (25), 



iLs an  example of t h e  use of . formula (25) ,  cons ider  t h e  

I funct ion  F ( s )  4? ( ~ e  s > 0 ) .  By theorem 2, this is s 
I 

R transform. To compute the  corresponding member $6 x;o 
0 

( f o r  any a > 0) ,  choose m * 4, Then, by 117; p a  127, eqn, (3.13, 

To compute t h e  d i s t r i b u t i o n a l  d i f f e r e n t i a t i o n s  i n  ( ~ ~ ( 2 , ) ~  g ,  

choose an a r b i t r a r y  @ 6 xo,, . Through some i n t e g r a t i ~ n s  

by p a r t s  and t h e  use of t h e  order  condi t ions  on & (t) as 

t -4 0+ and t -+- t h a t  a r e  i m p l i c i t  i n  t h e  seminorms 

~ f ~ '  , we ob ta in  

1' The l a s t  e q u a l i t y  can be  used as t h e  def in ing  expression i 

I f ~ r f € z : , ~ .  A d i r e c t  computation r e a d i l y  shows t h a t  
1 Ro f W (Re s > 0) .  

I ,  

/ 
The s e q u e n t i a l  completeness of , and note (i) 

i of Sec. 2 immediately y i e l d  t h e  fo l lowing c o n t i n u i t y  theorem. 
i 

! 

Theorem 4: If conver~es  f o r  some -- 



a >  O & i f R /  f, = Fy ( s ) ,  t hen  Rp lim& -4 f; F(s) 

I e x i s t s  for l e a s t  R e  s > a, - and F,, ( S ) *  F ( s j  po in t -  

wise on t h e  ha l f -p lane  Re s > a, ---- 

irje conclude t h i s  sec t ioh  with a genera l i za t ion  of 

Boas' extension t o  t h e  ordinary K t ransformation 171 of 

I t h e  Post-Widder inve r s ion  formula f o r  t h e  Laplace transforma- . 

/ t i o n  C11; g .  2,881. The s i m i l a r i t y  of t h e  fol lowing r e s u l t  

with theorem 3 of [3) may be noted, 

Theorem 2:  f R/c  -transformable d i s t r i b u t i o n  

t;kiose support  & contained is t h e  i n t e r v a l  T C t < - (TX). - 
Let F ( s )  = Rp f (Re s >r4 ) ,  Then, kt& sense of  con- - 

It i s  understood he re  t h a t  t h e  d i s t r i b u t i o n a l  d i f f e r e n t i a t i o n s  

i n  F'?P~ a r e  with respect  t o  t h e  argument of F. 

1 Proof: Let C( be a xiember o f  dr with its support  con- 
f 
1 t a i n e d  i n  t h e  c losed  i n t e r v a l  CA,B] where 0 < A < B <# 

By making t h e  change. of 'variibable a = 2k ft , we may write 



I 
! where 

G a;) 

The d i f f e r e n t i a t i o n s  i n  t h e  right-hand s i d e  of (28)  a r e  wi th  

i respect t o  u; % (u) i s  a member of  4 and i ts  support  is 
! contained i n  t h e  c losed  i n t e r v a l  C a p ,  2k/A]. Also, F(u)  

i s  a smooth func t ion  on r$ < u < . So, f o r  a l l  s u f f i -  

c i e n t l y  l a r g e  k, t h e  right-hand s i d e  o f  (27) has a sense  

and is equal  t o  
2 

I 

<f(x) 9 - K~ (29 1 

Now, we s h a l l  show t h a t  we may interchange t h e  o rde r  of 

t h e  lvirmer p r o d u c t s v  i n  (29) .  Le t  A (x )  be a smooth f u n c t i m  

on 0 < x < t h a t  i s  i d e n t i c a l 1 9  equal  t o  1 on a neighborhood 

of t h e  support  o f '  f and i s  i d e n t i c a l l y  equal  t o  0 on 

0 < x < x. f o r  'some x, . 'Then, l e t t i n g  1 ( u )  denote t h e  

f u n c t i o n  t h a t  equals  1 - e v e r w h e r e ,  we may equate  (29) t o  



I Since as x -> ~d 

i it foll.ows t h a t ,  f o r  a l l  k such t h a t  zk '> °- B, 

1 i s  a t e s t i n g  f u n c t i o n  of r ap id  descent on t h e  (u ,x)  plane 

115; Sec. 4.21, It is understood he re  t h a t  (31)  is extended 
I 
I t o  nonposi t ive va lues  of u and x a s  t h e  zero funct ion .  

I 
Wareover, i f  a and cv a r e  such t h a t  ~€9,~ and 

> a > 0 ,  t hen  e-b* f ( x )  is d tempered d i s t r i b u t i o n  
d 

on -+< x <  P= [ l ~ ;  Sec, 4 . 3 1 .  (Here a l s o ,  w e  extend 

I f (x) o n t o  t h e  nonposi t ive x axis  as t h e  zero  d i s t r i b u t i o n . )  

To see t h i s ,  l e t  V X I C / ~ ,  , , w h e r e b  is t h e  space of 

I 
I 

t e s t i n g  f u n c t i o n s  of r ap id  descent  on t h e  x-axis. Consider 

I c l e a r l y ,  F+ e -p*A #' i s  a cont inuous l i n e a r  mapping from 
i. /S+ i n t o  X whenever >_ a. Hence, f -* e-@'f is a PG 

mapping from* ' into]: , t h e  space of  tempered d i s t r i b u -  
Pt& 

t i o n s  on t h e  x a x i s .  

~ h ' i s e  r e s l i l t s  allow us t o  invoke c o r o l l a r y  5.3-2a of C151 

and in terchange  t h e  order  of i n n e r  products  i n  (30) and 

t h e r e f o r e  i n  (29) . Hence, f o r  a l l  s u f f i c i e n t l y  large k, (27) 

is  equa l  t o  



To complete t h e  proof, we need merely show t h a t  as k-ocl 

/)($)?& [ x ) 9 , / ~ 4 ~ ( ~ ) i n  $ ,&for  ever; a> 0. Note t h a t  through 

I 

some i n t e g r a t i o n s  by p a r t s  and t h e  change 'of v a r i a b l e  . 

.. - 

y = ux/2k, we g e t  

6 (79 = 

where 

) 5 (kg) dr  

I n  a moment w e  s h a l l  show t h a t ,  f o r  every nonnegative i n t e g e r  

n and p o s i t i v e  cons tant  a ,  

as k uniformly on X < x < 4 where 0 < X < T, I n  view 

of ( 6) t h i s  impl ie s  t h a t ,  f o r  every ' n, D" ( A - CQ ) 4 0 P 
as k + a  uniformly on every compac8 subse t  o f  II. < x <- . 

i It t h e n  fo l lows that ,  as k-& ,/I +O i n s e q ,  which f 
is our  des i red  conclusion. 

I-. 

To proceed. Because of t h e  smoothness of  @ , we may 

I d i f f e r e n t i a t e  under t h e  i n t e g r a l  s i g n  t o  g e t  f o r  each n.,. 
2 2.41 - 

We have proved i n  a 



I when we show that 

, .  

uniformly on X < x < H ,  

uniformly on X < YK < @ . Thus, our proof w i l l  be complete 

By t h e  asymptotic behavior f o r  K Elk;  p. 241, f o r  .' : /" 3 

a given  f X, t h e r e  e x i s t s  a k, > 0 such t h a t  f o r  a l l  

L e t  Cn be a bound on Z"+'@~'/P' (z) f o r  0 < z <UO, Then, 
I 

f o r  a l l  k>k, and X ,< x <ad 

S i n c e  

(2 4) ! ( I1 

it fo l lows t h a t  yA ik(r) 9 0 uniformly on every compact subset 

of X $ x < - as k -r-c . Moreover, we have proved i n  C33 

t h a t  t h e  right-hand side of (35) converges uniformly to zero 

f o r  x > 3B/2 as k--. Qe E o  D. 



An CjperationnL Calculus ,  2. - 
Let ~ ( x )  be any polyn~rnial  and consider t h e  d i f f e r e n t i a l  

e q u a t i o n  

is a P -transformable d i s t r ibu t ion  and t h e  

d i f f e r e n t i a t i o n s  a r e  i n  t h e  d i s t r i b u t i o n a l  sense i n  accord- 

ance with note  ( v i )  of Sec. 3 .  We wish t o  f ind  a so lu t ion  u 

t o  ( 36) . Applying our Hp transformation and lemma 3, 

; w e  o b t a i n  H,q u = G ( s ) / p ( s 2 )  where G ( s )  = R/, g f o r  Re s >cp * 

Theorem 2 i n d i c a t e s  t h a t  G(s)/P (sv i s  t r u l y  a 
I Rp transform . 

L e t  ax be t he  l a r g e s t  of the  r e a l  par t s  of a l l  the  roots  

o f  P ( s2 ) . Then, u can be computed by choosing the constants 

I b a n d  c ( c > b > maw (r2 , b. 9 1) and applying the  

i n v e r s i o n .  formula (25).  By theorem 3 there  is no o the r  

d i s t r i b u t i o n  i n  3: ' 
Ptb 

t h a t  s a t i s f i e s  ( 3 6 ) .  

The extens ion  of t h i s  technique t o  simultaneous d i f f e r -  

e n t i a l  equat ions of t h e  form (361 i s  straightforward* 

Let us compare our Rr operat ional  ca lsu lus  with the  X )  

o p e r a t i o n a l  ca lcu lus  discussed i n  [4]. The R/I operational:. 
/" 

c a l c u l u s  so lves  t h e  same ty4.e of  d i f f e r e n t i a l  equation as 

does t h e  X )  opera t ional  calculus.  However, t h e  allowable /" 
s o l u t i o n s  i n  t h e  former case may be of exponential growth 

as t +& whereas they must be a t  most of slow growth tn 

the l a t t e r  cases.  Hence, so far as the  behavior as t ++ 



1 i s  concerend, t h e  8 /" t ransformation extends t h e  
i 
I t ransformation i s  much t h e  same way as does t h e  Laplace 

i t ransformation extend t h e  Four ier  t ransformation.  

On t h e  o t h e r  hand, t h e  s i t u a t i o n  concerning t h e  behavior  

o f  t h e  al lowable s o l u t i o n s  a s  t-s, O+ is somewhat d i f f e r e n t  

as i s  seen from t h e  fol lowing f a c t s . .  The $x t ransformation 
I 

i s  def ined  f o r  a l l  r e a l  va lues  of t h e  o rde r  p a r a m e t e r r  i n  

the range -2 -L 4 . Also, t h e  t e s t i n g  func t ions  f o r  t h i s  

case behave as does t h e  func t ion  \/t: .?/, ( t )  when t + O+J 

I here ,  
J~ 

i s  t h e  Besse l  func t ion  of f i rs t  kind and o rde r  /" 
I n  c o n t r a s t  t o  t h i s ,  t h e  R / u  t ransformation i s  defined f o r  . 

t those r e a l  o r  .complex values of 
1 

r t h a t  s j t i s f y  -4 C Rep r ,  

t (he have used t h e  f a f 3  t h a t  B r = H7 t o  r e s t r i c t  our  
I. 

above a n a l y s i s  t o  t h e  cases where 0 < Re ,< .) Moreover, - /Y 
i t h e  t e s t i n g  f tuict ions i n  t h e  present  work behave as does 

I (t) when t -3 0+. 

F i n a l l y ,  l e t  us note  t h a t  f o r  t h e  opera t iona l  

1 / 
ca lcu lus  t h e  s o l u t i o n s  of ( 3 6 )  i s  no longer '  unique i n  t h e  

I d i s t r i b u t i o n  space ' when ~ ( x )  has r o o t s  on t h e  axis 
/" -- -. < x < 0. I n  t h e  present  work t h e  s o l u t i o n  of ( 3 6 )  

I 
I i s  unique i n  K 3  for  every b > max .( r c ) no matter 
t /"I  *, t 
i 

ivhere t h e  r o o t s  o f  ~ ( x )  are, 



I 6. Applicat ions Certain Time-varying E l e c t r i c a l  

I Networks Under D i s t r i b u t i o n a l  ' k c i t  a t i o n s  . 
7 

Consider t h e  t ime-varying e l e c t r i c a l  network shown i n  

F i g ,  1 f o r  t h e  t ime i n t e r v a l  t <& The symbols a, b, 

t and c denote r e a l  nonzero cons tants ,  and p i s  a r e a l  
1 

f 

parameter r e s t r i c t e d  t o  t h e  range -2 </ 5 %  . Gerhrdi 

I has analyzed networks of t h i s  type  us ing  t h e  ord inary  Hankel 

t ransformation i n  t h e  case where t h e  e x c i t i n g  sources  a r e  

described by ord inary  func t ions  of time t. The d i s t r i b u t i o n a l  

E t ransformat ion  t h a t  has been developed i n  t h i s  work a l lows 

l one t o  analyze such networks when t h e  sources a r e  descr ibed  

by c e r t a i n  d i s t r i b u t i o n s .  We use t h e  c i r c u i t  of Fig. 1 t o  

i l l u s t r a t e  t h e  procedure, even though any network c o n s i s t i n g  of 

[ inductances and capacit imces,  whose t ime-var ia t ions  a r e  

I propor t ional  t o  f5"" and tvd' r i s p e c t i v e l y ,  can be 

analyzed i n  t h e  same way. 

1 Assume t h e  network i s  i n i t i a l l y  a t  r e s t .  Le t  q1 and - 

q be t h e  mesh charges;  t h a t  i s  2 
, q1 and q2 are d i s t r i b u t i o n s  

I such t h a t  Dql = i and Dq2 = i2 where il and i2 a r e  t h e  
t 1 

i n d i c a t e d  mesh cur ren t s .  Applying a mesh a n a l y s i s  we o b t a i n  

t h e  simultaneous d i f f e r e n t i a l  equat ions  

I 
v = D Ll (t) Dql + .99i - 92 



Making t h e  change of variable, 
-p -f "t 

Q r 3  ? I  U L  FL , 
and i n s e r t i n g  t h e  t ime v a r i a t i o n s  f o r  L ( t ) ,  ~ ~ ( t ) ,  and a 
C ( t )  , we convert  t h e s e  equations i n t o  

-1 + I  y - k  -(+)= Qtp-t ~t ~ C ~ - ~ M , + C ( % - % )  
I 

o -- c G,-h,) + b t  4 3 t -zp* '  f, t P- 2. U L  

R The a p p l i c a t i o n  of our dis t r i b u t i o n a l  /c t ransformation 

and lemma 3 y i e l d s  t h e  following a l g e b r a i c  equations when- 
1. 

ever the source vo l t age  i s  'such t h a t  t P' A v(  t ) is an 

- t r a n s  formable d i s t r i b u t i o n .  

= /pr &a&) I 

(Kote t h a t  the cases  where -5 ~ p c o  can a l s o  be transformed 

i n  t h i s  way s i n c e  R/ra 5 .) Solving (37)  we get 

bs" + c 
(3s) (Re s > g  1 

abs4 + c (a+b)  s2 

u ( s )  = C 
2 G(s) (Re s >eZ ) 

abs4 + c (a+b)s2  

Here, 5 and d; a r e  no longer  then  max (q , d where @d 

denotes  t h e  l a r g e s t  of t h e  r e a l  parts of t h e  r o o t s  of 

abs4 + c ( a + b )  s2. The app l i ca t ion  of the invers ion  formula (25 )  



' . 

-31- 

yields  ul and u which i n  tu rn  determine ql; q2, il and 
2" 

i2 

A s  a final a p p l i c a t i o n ' c o n s i d e r  t h e  c i r cus t  of Fig. 2 

f o r  t h e  t ime i n t e r v a l  C& t <4 . This c i r c u i t  has been 

analyzed f o r  ord inary- funct ion  vol tages v( t ) by Aselt ine 

[19]. The i nduc tance  L and capacitance C have f ixed  pos i t ive  

values, but  t h e  r e s i s t a n c e  H(t) var ies  according t o  R/t 

where R is a f i x e d  v a l u e  r e s t r i c t e d  t o  t h e  range 0 ,< R S 2L. 

Assume t h e  c i r c u i t  i s  i n i t i a l l y  a t  r e s t .  I n  terms of t h e  

change q on the c a p a c i t o r ,  t h e  d i f f e r e n t i a l  equation f o r  

th is  c i r c u i t  is  

I I 
where  2/u +1 =R/L. Hence, we h a v e ' z ~ ~ 5  r . Using the change 

of v a r i a b l e  u r tP4% q, this becomes " 

LL 
7 t , (g). 

p+t 'If t v ( t  ) is a n  Rr -transformable d i s t r ibu t ion ,  we 

may apply @ and lemma 3 t o  get  . 
/" 



I where , 

I 
i I n  t h i s  case @i i s  n o y e a t e r  than max ( -9 , 0 ) 6 The 

a p p l i c a t i o n  of the inversion f o r m a a  (25) t o  U(S) y i b l d s  

u ( t )  and thereby q(t) 'and i(t) = Dq(t)* 
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